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Abstract: Based on recent progress in cosmological thermodynamics, we present a new
thermodynamic formulation of the Friedmann equations in the new Haug-Tatum cosmology model,
as well as for other similar models put forward in the literature from different solutions to Einstein’s
field equation. Since the CMB temperature has been measured much more accurately than the
Hubble constant, we demonstrate that our thermodynamic formulation of the Friedmann equation
dramatically narrows the acceptable range for the critical density of the universe. Furthermore, we
show how our thermodynamic formulation leads to a more precise cosmological constant estimate.

Keywords: friedmann equations; FLRW; universal critical density; cosmological constant; haug-tatum
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1. The Friedmann Equation in Thermodynamic Form

The Friedmann-Lemaitre-Robertson-Walker (FLRW) metric is given by:

ds2 = c2dt2 − a2(t)
(

dr2

1 − kr2 + r2Ω2
)

(1)

where Ω2 = dθ2 + sin2 θ2ϕ2. The Friedmann [1] equation forms the backbone of multiple cosmological
models, including the Λ-CDM model. It can be derived from the FLRW metric and is typically
expressed as:

H2
0 =

8πρ + Λc2

3
− k2c2

3
(2)

where k is the curvature parameter and Λ is the cosmological constant. In 2015, Tatum et al. [2]
heuristically suggested the following equation for the CMB temperature:

Tcmb =
h̄c

kb4π
√

Rh2lp
(3)

where Rh represents the Hubble radius of the universe and lp denotes the Planck length [3,4]. However,
few have taken notice of this formula, and there could be several reasons for this. It was published in a
low-ranked journal, and additionally, no derivation of the formula based on known laws of physics
was presented. Haug and Wojnow [5,6] recently demonstrated that the equation can be derived from
the Stefan-Boltzmann law. Furthermore, Haug and Tatum demonstrated that it can also be derived
from more general geometric principles, where the observed CMB temperature can then be seen as the
geometric mean of the lowest and highest possible temperatures in the Hubble sphere. Tatum et al. [7]
has also reformulated formula (3) to (see also [8,9]) :

H0 =
Ω

T2
0 . (4)
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where
Ω

is a composite constant of the form

Ω
=

k2
b32π2G1/2

c5/2h̄3/2 = 2.91845601 × 10−19 ± 0.00003279 × 10−19 s−1 · K−2. (5)

This value is based on NIST CODATA 2018. The only uncertainty in the Upsilon composite
constant comes from the uncertainty in G, as the other constants, kb, c, and h̄, are exactly defined
according to the NIST CODATA standard at the time of writing.

This means that, in the Friedmann equation, we can rewrite it as:

H2
0 =

8πGρ + Λc2

3
− k2c2

3

T4
0

Ω2 =
8πGρ + Λc2

3
− k2c2

3

T4
0 =

8πGρ + Λc2

3
Ω2 − k2c2

3
Ω2

T0 =

(
8πGρ + Λc2

3
Ω2 − k2c2

3
Ω2

) 1
4

. (6)

Or, alternatively, solving for the density:

ρ =
3T4

0
Ω2 − Λc2 + kc2

8πG
. (7)

Subsequently, we will now only focus on flat space cosmology and set k = 0, which involves, for
example, several forms of Rh = ct cosmological models, see for example [10,11]. In addition, we will
first focus on the universal critical mass density, so we will also set Λ = 0, giving:

T0 =

(
8πGρ

3
Ω2

) 1
4

(8)

or, alternatively, from the critical density perspective:

ρc =
3T4

0
Ω2

8πG
=

3T4
0

(
k2

b32π2G1/2

c5/2 h̄3/2

)2

8πG
= T4

0
384k4

bπ3

c5h̄3 . (9)

This thermodynamic formula for the critical density was recently provided by Haug and Tatum
[9], but here the derivation is extended even further, so that we can see that G has canceled out; thus,
the only uncertainty in critical density formula (9) is the uncertainty in the observed CMB temperature,
T0. Furthermore, we must have:

k4
b384π3

c5h̄3 = σ
23040π

c3 (10)

where σ =
2π5k4

b
15c2h3 is the Stefan-Boltzman constant that is exactly defined since the 2019 re-definition of

the S.I. standard, again because h, c and kb were then exactly defined. So we can re-write the Friedmann
critical density also as:

ρc =
3T4

0
Ω2

8πG
=

3T4
0

(
k2

b32π2G1/2

c5/2 h̄3/2

)2

8πG
= T4

0
384k4

bπ3

c5h̄3 = T4
0 σ

23040π

c3 . (11)
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Dhal et al. [12] conducted one of the most recent and precise measurements of the CMB
temperature, obtaining T0 = 2.725007 ± 0.000024 K (see also [13,14] for comparison). Therefore,
we will use their CMB temperature as input to find a high-precision estimate of the critical density,
resulting in:

ρc =
3T4

0
Ω2

8πG
= T4

0
384k4

bπ3

c5h̄3 = T4
0 σ

23040π

c3 = 8.399481+0.000296
−0.000296 × 10−27 kg · m−3. (12)

Thus, we have a tighter-range estimate of the critical density of the universe than one can get by

using the traditional formula ρc =
3H2

0
8πG .

2. How the Thermodynamic Friedmann Equation Yields a Higher Precision Critical Density
Prediction in Comparison to the Standard Friedmann Equation

In this section, we compare the critical density predictions and uncertainties, using our new
formulation and inputs from four recent CMB studies, with those from five H0 studies. As we can
see from Table 1, our new thermodynamic version of the Friedmann equation leads to a dramatic
improvement in critical density precision in comparison to that of the traditional Friedmann equation
relying upon H0. The traditional method relying upon H0 also inadvertently incorporates the Hubble
tension problem, which clearly must widen the uncertainty greatly, as is clearly evident in the
table. Since critical density plays an important role in multiple cosmological models including, of
course, Λ-CDM, our new formulation should significantly enhance precision in a variety of estimates
concerning the large-scale structure of the cosmos.

Table 1. This table compares Friedmann critical density estimates and uncertainties predicted using
the new thermodynamic version of the Friedmann equation with those derived using the traditional
method that relies on H0 estimates. It is clearly evident that combining all recent CMB studies with
our new thermodynamic version of the Friedmann equation dramatically improves critical density
estimates and uncertainties.

CMB study : CMB measurement T0 : Friedmann critical density: ρc = T4
0 σ 23040π

c3 :

2023: Dhal et. al [12] : 2.725007 ± 0.000024K ρc = 8.399481+0.000296
−0.000296 × 10−27 kg · m−3

2009: Fixsen et. al [14] : 2.72548 ± 0.00057K ρc = 8.40532+0.00703
−0.00703 × 10−27 kg · m−3

2011: Noterdaeme et. al [15] : 2.725 ± 0.002K ρc = 8.3994+0.0247
−0.0247 × 10−27 kg · m−3

2004: Fixsen et. al [13] : 2.721 ± 0.010K ρc = 8.350+0.123
−0.122 × 10−27 kg · m−3

H0 Study : H0 estimate : Friedmann critical density: ρc =
3H0
8πG :

2023: Murakami et al. [16] : 73.01 ± 0.85 km/s/Mpc ρc = 9.9917+0.2340
−0.2313 × 10−27 kg · m−3

2021: Riess et al. [17] : 73.04 ± 1.04 km/s/Mpc ρc = 9.9999+0.2868
−0.28275 × 10−27 kg · m−3

2021: Planck Collaboration [18] : 67.4 ± 0.5 km/s/Mpc ρc = 8.5152+0.1268
−0.1259 × 10−27 kg · m−3

2023: Sneppen et. al [19] : 67.0 ± 3.6 km/s/Mpc ρc = 8.4144+0.9285
−0.8799 × 10−27 kg · m−3

2023: Balkenhol et. al [20] : 68.3 ± 1.5 km/s/Mpc ρc = 8.7441+0.3883
−0.3799 × 10−27 kg · m−3
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Once again, the basis for calculating Friedmann critical density using the thermodynamic
equations shown herein is our new and deeper theoretical understanding of the exact mathematical
relationship between the Hubble constant and CMB temperature, see again [7,8].

3. Incorporating the Cosmological Constant into the Thermodynamic Friedmann Formulation

Next, let us add the cosmological constant. It is assumed in the Λ-CDM model that:

Λ = 3
(

H0

c

)2
ΩΛ (13)

where ΩΛ is the portion of the energy density due to the cosmological constant. According to the
2018 Planck Collaboration [21], we have ΩΛ = 0.6889 ± 0.0056. Next we will use equation (7) to
incorporate a Hubble constant value of H0 = 73.04 ± 1.04 km/s/Mpc, as given by Riess et. al [17], into
our Thermodynamic Friedmann formula for density based on flat space (i.e., where k = 0):

ρ =
3T4

0
Ω2 − Λc2

8πG
= 1.49 × 10−27 ± 0.25 × 10−27 kg · m−3. (14)

This density value is only about 16.6% of the WMAP critical density value of 9.9 × 10−27 kg · m−3.
To get to the WMAP critical density when including the cosmologcal constant calculated from the Riess
H0, one must raise the current CMB temperature to a minimum of T0 = 3.23K, which is far outside
any confidence interval reported for the measured CMB temperature. Recently, Haug and Tatum [22]
have demonstrated how the Λ-CDM model formula for high cosmological redshifts likely leads to
overestimates of H0 from supernova studies, such as the well-known Riess et. al SH0ES study.

Alternatively, one could argue that it is not relevant to include Λ when calculating the density of
the universe, if the calculation will be used to compare with observed matter density. In the Λ-CDM
model, Λ is associated with dark energy, which appears to be not directly observable. Therefore, this
remains an open question.

We can also re-write the Friedmann critical universe equation as:

T4
0 =

ρcc3

23040πσ

H2
0 =

ρcc3Ω2

23040πσ
. (15)

And, when including the cosmological constant term and the curvature parameter, we have:

H2
0 =

ρcc3Ω2

23040πσ
+

Λc2

3
− kc2

3

H2
0 =

ρcc3
(

k2
b32π2G1/2

c5/2 h̄3/2

)2

23040π
2π5k4

b
15c2h3

+
Λc2

3
− kc2

3

H2
0 =

8πGρc

3
+

Λ
3
− kc2

3
. (16)

Which merely demonstrates that we can also go from the thermodynamic form back to the normal
form expressed through the Hubble constant.

Furthermore, the critical density in past cosmic epochs can also presumably be converted from
the Friedmann equation and re-written in thermodynamic form as:

ρc,t = T4
0 (1 + z)4σ

23040π

c3 = T4
t σ

23040π

c3 . (17)
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4. The Cosmological Constant in Thermodynamic Form

One can even write the cosmological constant itself in thermodynamic form. Again, the
cosmological constant in the Λ-CDM model is given as:

Λ = 3
(

H0

c

)2
ΩΛ. (18)

Since we have H0 =
Ω

T2
0 we can re-write it as:

Λ = 3

(Ω
T2

0
c

)2

ΩΛ. (19)

And, if we use the Dhal et. al [12] CMB temperature, T0 = 2.725007 ± 0.000024 K, we get:

Λ = 3

(Ω
T2

0
c

)2

ΩΛ = 1.567677 × 10−52 ± 0.000905 × 10−52 × ΩΛ m−2. (20)

This form is much more precise than can be achieved by starting from H0. We demonstrate this in
more detail in Table 2, by investigating the estimates and uncertainties predicted in the cosmological
constant using observations from four CMB studies and five H0 studies.

Table 2. This table compares the cosmological constant estimates and uncertainties using the new
thermodynamic version of the Friedmann equation with those derived using the traditional method
that relies on H0 estimates. It is clearly evident that combining all recent CMB studies with our new
thermodynamic version of the Friedmann equation dramatically improves cosmological constant
estimates and uncertainties.

CMB study : CMB measurement T0 : Cosmological constant Λ = 3
(Ω

T2
0

c

)2
ΩΛ :

2023: Dhal et. al [12] : 2.725007 ± 0.000024K Λ
ΩΛ

= 1.567677+0.000905
−0.000905 × 10−52 m−2

2009: Fixsen et. al [14] : 2.72548 ± 0.00057K Λ
ΩΛ

= 1.56877+0.00135
−0.00135 × 10−52 m−2

2011: Noterdaeme et. al [15] : 2.725 ± 0.002K Λ
ΩΛ

= 1.5677+0.0046
−0.0046 × 10−52 m−2

2004: Fixsen et. al [13] : 2.721 ± 0.010K Λ
ΩΛ

= 1.558+0.023
−0.023 × 10−52 m−2

H0 Study : H0 estimate : Cosmological constant Λ = 3
(

H0
c

)2
ΩΛ : :

2023: Murakami et al. [16] : 73.01 ± 0.85 km/s/Mpc Λ
ΩΛ

= 1.8687+0.0438
−0.0433 × 10−52 m−2

2021: Riess et al. [17] : 73.04 ± 1.04 km/s/Mpc Λ
ΩΛ

= 1.8703+0.0536
−0.0529 × 10−52 m−2

2021: Planck Collaboration [18] : 67.4 ± 0.5 km/s/Mpc Λ
ΩΛ

= 1.5926+0.0237
−0.0235 × 10−52 m−2

2023: Sneppen et. al [19] : 67.0 ± 3.6 km/s/Mpc Λ
ΩΛ

= 1.5926+0.9285
−0.8799 × 10−52 m−2

2023: Balkenhol et. al [20] : 68.3 ± 1.5 km/s/Mpc Λ
ΩΛ

= 1.6354+0.0726
−0.0710 × 10−52 m−2
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5. The Extremal Universe and the Haug-Spavieri Cosmology

Haug [23] has recently derived a similar equation to that of the Friedmannn equation from the
extremal solution of the Reisner-Nordström [24], Kerr [25] and Kerr-Newman [26,27] metrics; it is
given by:

H2
0 =

8πGρ − Λc2

3
. (21)

The same universe equation is also derived from the recent exact solution to Einstein’s field
equation [28], as provided by Haug-Spavieri [29,30]. Firstly, this solution does not yield a curvature
constant k, indicating a prediction of flat space. Secondly, the cosmological constant is not introduced
manually into Einstein’s 1916 field equation, as Einstein did in 1917 in his extended field equation [31].
Thirdly, the cosmological constant is negative rather than positive. For researchers primarily familiar
with the Λ-CDM model, this may seem unfamiliar, but the possibility of a negative cosmological
constant is actively discussed in the literature (see, for example, [32–38]). In this model, the

cosmological constant is precisely given by Λ = 3
(

H2
0

c2

)
, simplifying the equation further to:

H2
0 =

4πGρ

3
. (22)

Next, we can utilize the fact that H0 =
Ω

T2
0 and input this into the equation above. This gives us

the thermodynamic version of the Haug-Spavieri universe:

T4
0

Ω2 =
4πGρ

3
(23)

that can be rewritten as

T0 =

(
4πGρ

3
Ω2

) 1
4

. (24)

Solved with respect to ρ this gives:

ρ =
3T4

0
Ω2

4πG
=

3T4
0

(
k2

b32π2G1/2

c5/2 h̄3/2

)2

4πG
= T4

0
768k4

bπ3

c5h̄3 = T4
0 σ

46080π

c3 . (25)

where σ is the Stefan-Boltzman constant. The only uncertainty in the mass-energy density comes from
the uncertainty in the measured CMB temperature, since kb, h̄, and c are all defined as exact constants
by NIST CODATA 2018. If we again use the Dhal et al. [12] T0 = 2.725007 ± 0.000024 K, we get:

ρ = T4
0 σ

46080
c3 = 1.679896+0.000592

−0.000592 × 10−26 kg · m−3. (26)

Exactly half of this density comes from relativistic gravitational energy effects not taken into
account in other metrics, such as the Schwarzschild metric. This relativistic gravitational energy can,
in some sense, be labeled as dark energy, since it likely cannot be detected by any other means than
observed gravitational effects. To compare with observed energy levels, one should therefore likely
compare with only half of this value, which is 8.399481+0.000296

−0.000296 × 10−27 kg · m−3; see formula (12). In
both the extremal universe and the Haug-Spavieri universe, 50% of the relativistic gravitational energy,
which we can refer to as dark energy, arises directly from the mathematical solution itself; in other
words, there is no additional dark energy input after simply solving Einstein’s [28] 1916 field equation:
Rµν − 1

2 Rgµν = 8πG
c4 Tµν, according to the boundary conditions on which these metrics are based. On

the other hand, the Friedmann solution, when containing a cosmological constant, relies on Einstein’s
[31] extended 1917 field equation: Rµν − 1

2 Rgµν + Λgµν = 8πG
c4 Tµν, where Einstein, thoughtfully so,

inputted the cosmological constant by hand and called it his extended field equation. Tatum [39]
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has earlier provided a more heuristic perspective, discussing a universe composed of 50% matter
mass-energy and 50% dark energy. However, now we know that this could be the case directly from
Einstein’s 1916 field equation itself. The Einstein 1916 field equation has no cosmological constant, but
the cosmological constant of the form we will discuss below comes from deriving a universe equation
similar to the Friedmann equation when starting out from the extremal solutions or the Haug-Spavieri
solution; see again [23].

The above calculations appear to suggest that both the Haug-Spavieri universe and the extremal
universe models also accurately predict the observed energy density of the universe. Additionally,
they appear to suggest a potentially better explanation for the cosmological constant problem. For an
in-depth discussion, refer to [23,30]. Obviously, further study is necessary.

Furthermore, the critical density in past cosmic epochs of the extremal and Haug-Spavieri universe
models, re-written in thermodynamic form to include gravitational energy (“dark-energy"), must be:

ρc,t = T4
0 (1 + z)4σ

46080π

c3 = T4
t σ

46080π

c3 (27)

where, as usual, Tt = T0(1 + z). Furthermore, when not including gravitational energy (dark-energy),
it must be:

ρc,t = T4
0 (1 + z)4σ

23040π

c3 = T4
t σ

23040π

c3 (28)

which is the same as our earlier critical Friedmann equation re-written in thermodynamic form; see
formula (17).

In the extremal universe and Haug-Spavieri cosmology models, the cosmological constant in
thermodynamic form is given by:

Λ = 3
(

H0

c

)2
= 3

(Ω
T2

0
c

)2

= 1.567677 × 10−52 ± 0.000905 × 10−52 m−2 (29)

when using the Dhal et. al CMB temperature of T0 = 2.725007 ± 0.000024 K.

6. Conclusion

Making use of the new Haug-Tatum cosmology model, we have demonstrated that the Friedmann
equation can be re-written in thermodynamic form in terms of the Cosmic Microwave Background
(CMB) temperature, instead of the Hubble constant. In doing so, we have further derived useful
thermodynamic critical density and cosmological constant formulas. Since the CMB temperature
is measured much more precisely than the Hubble constant, our new formulation leads to much
tighter constraints on the critical density and the cosmological constant. Furthermore, our formulation
facilitates comparisons between different cosmological models. With reference to the extremal and
Haug-Spavieri metric models, their re-formulation herein even suggests the possibility that what is
being called dark energy could be a manifestation of unaccounted-for universal relativistic gravitational
energy.

Finally, it is particularly important to realize that the basis for calculating the Friedmann critical
density and the cosmological constant, using the thermodynamic equations shown herein, is our new
and deeper theoretical understanding of the exact mathematical relationship between the Hubble
constant and CMB temperature, which can be expressed in a very compact form using the Upsilon
composite constant.
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