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Abstract: We study the existence of positive solutions for a system of Hadamard fractional differential
equations on an infinite interval with nonnegative nonlinearities, subject to coupled nonlocal
boundary conditions which contain Hadamard fractional derivatives and Riemann-Stieltjes integrals.
In the proof of the main results, we use the Guo-Krasnosel’skii fixed point theorem and the
Leggett-Williams fixed point theorem.
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1. Introduction

We consider the system of nonlinear Hadamard fractional differential equations

{ MDY, x(t) + a(t)f(x(t), y(1) =0, t € (1,00), 1)

D y(1) + b(1lx(0),¥(0) = 0, 1 € (1),
supplemented with the nonlocal boundary conditions

x()=2'(1)=---=x"2(1) =0,

DY (o) = /1 T x(9)dn(s) + /1 " (s) da(s),

0 =y (1) = —y<m (1) = @
"Dy (oo ):/1 s)df (s +/ s)dfa (s

wherea € (n—1,n|,p € (m—1,m|,n,m € N, n,m > 2, HDﬁ denotes the Hadamard fractional
derivative of order x (for x = &, 8, — 1,8 — 1), the functions a,b : (1,00) - Ry and f,g: Ry xRy —
R verify some assumptions, (R4 = [0, %)), and the integrals from (2) are Riemann-Stieltjes integrals
with 91, 92, 81, £ : [1,0) — R functions of bounded variation.

We will prove the existence of positive solutions of problem (1), (2) under some conditions on the
data of problem, by using the Guo-Krasnosel’skii fixed point theorem and the Leggett-Williams fixed
point theorem. By a positive solution of (1), (2) we mean a pair of functions (x(t),y(t)), t € [1,00)
satisfying (1) and (2), with x(t) > 0, y(t) > Oforallt € [1,00),and x(t) > Oforallt € (1,00) ory(t) >0

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202305.0821.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 May 2023 doi:10.20944/preprints202305.0821.v1

20f24

forall t € (1, 00). This problem is a generalization of the problem investigated in [13]. In the paper [13],
the authors studied the system (1) with «, B € (1,2] (n = m = 2), subject to the boundary conditions

x(1) =0, HDg‘—l E Aj H11+y

_n H Hﬁf ©)
y(1) =0, D1+y Za L

where A;, ;>0 fori=1,....m,j=1,...,n,y >1,¢ > 1,and Hlﬁ is the Hadamard fractional

integral of order k with lower hmit lfork =ay,...,&m, B1,...,Bn, defined by

1 ot/ t\th
HI{;h(t):m/l <lns) %ds, £>0,

(for a function /i : [1,00) — R), (see [7]). The last conditions for co from (3) are particular cases of our
conditions from (2). Indeed we have

e}

D Ay = [T s am(s), and Yo fix(@) = [ x(s)dsmi(s),
j=1
with $,(s) = Y, A;H;(s), (91 = 0), and £ (s) = ] 10K ( ), (R2 = 0), where

o | T (1o - (02)) 0z

Hi(s) =
m(h’lﬂ) ', if S 21’],

and

! (VY
Izj(s): W((lm@)ﬁ —<lns) ), if 0<s<¢,
m(lné)ﬁf} if s> ¢,

fori=1,...,mandj=1,...,n Therefore, in our paper, we consider general orders for the fractional
derivatives in the equations of system (1). Besides, in the boundary conditions (2), the fractional
derivatives HD”‘ lx and HDﬁ y for co are dependent on both functions x and y, in comparison with
the condition (3) from [13], where the derivative of x is dependent only of y, and the derivative of y is
dependent only of x. In addition, the conditions (2) with Riemann-Stieltjes integrals generalize, as we
saw before, the conditions (3). These aspects represent the novelties for our problem (1), (2).

In what follows we will present other fractional boundary value problems studied in the last
years, and related to problem (1), (2), namely, some Hadamard fractional differential equations subject
to various nonlocal boundary conditions. In [14], the authors studied the existence of nonnegative
multiple solutions for the Hadamard fractional differential equation with integral boundary conditions

HD{‘Jru(t) +a(t)f(u(t)) = 0 t e (0, oo)
u(1) =0, HDY u(c0) = Z/\ HIPi

where &« € (1,2], 7 € (1,00), B > 0and A; > Oforalli = 1,...,m. In the proofs of the main
results of [14], they applied Leggett-Williams and Guo-Krasnosel'skii fixed point theorems. In [16], by
using the Banach fixed point theorem, the authors investigated the existence of the unique solution
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for the Hadamard fractional integro-differential equation subject to Hadamard fractional integral
boundary conditions

DY u(t) + f(t,u(t),F L] u(t)) =0, t € (1,0),
u(1) =u'(1) =0, ID} Mu(eo) = fy\i 1P u(n),
i=1

where v € (2,3),7 € (1,0),q > 0,8 >0and A; > O0foralli = 1,...,m. In [15], the authors
studied the existence of positive solutions for the nonlinear Hadamard fractional differential equation
supplemented with Hadamard integral and multi-point boundary conditions

HDT x(t) + o(t)f(t,x(t)) =0, t € (1,00),

m—2
x(1) =x'(1) =0, HD;’_le(oo) = aHIf+x(§) +b Z a;x(n;),

i=1
whereq € (2,3, 1< <m < - <ty <o,abecR anda; >0foralli =1,...,m—2. In
the main theorems they used the monotone iterative method to find two "twin" positive solutions of
the problem, and then they presented monotone iterative schemes convergent to a unique positive
solution. In [17], the authors investigated the nonlinear Hadamard fractional differential equation
with nonlocal boundary conditions

HD x(t) +a(t)f(t,x(t)) =0, t € (1,00),
x(1) = x'(1) =0, HD# Lx(c0) = ;txl’ B x(n) +b Z%ajx(gj), (4)
i= j=

wherew € (2,3), f; > 0and a; > Oforalli = 1,...,m0;>0forallj=1,...,n,1<n <G <...<
¢n < co. They studied the existence, uniqueness and multiplicity of positive solutions for problem (4),
by using the Schauder fixed point theorem, the Banach contraction mapping principle, the monotone
iterative method, and a fixed point theorem due to Avery and Peterson. In [18], the authors proved
a generalization of a fixed point theorem due to Avery and Henderson, and then they applied it to
problem (4) and proved the existence of at least three positive solutions of (4). We also mention the
monographs [1-4,6-8,10-12,19] for various fractional differential equations and systems of fractional
differential equations subject to diverse boundary conditions, and their applications in varied fields.

The paper is organized as follows. In Section 2 we present some preliminary results that will
be used in the next section, including the solution for the corresponding linear problem, the Green
functions and their properties. In Section 3 we give the main existence theorems for (1), (2), in Section 4
we present an example that illustrates the obtained results, and Section 5 contains the conclusions for
our paper.

2. Auxiliary results

In this section we present some preliminary results that we will use in the next section.

Definition 1. ([7]) For a function z : [a,00) — R, (a > 0), the left-sided Hadamard integral of fractional order
p > 0 with lower limit a is defined by

("1, z) (x) = F(lp) /ux (ln %)’H @dt, x> 0.
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Definition 2. ([7]) For a function z : [a,00) — R, (a > 0), the left-sided Hadamard fractional derivative of
order p > 0 with lower limit a is defined by

"D}, z(x) = (x;i)n A Pz(x) = I*(nlp) (x;i)n /ax (ln%)nipi1 @dt,

where n = [p] + 1.
For p = m € N, then 'DI", z(x) = (6™z)(x), x > a, where § = x% is the J-derivative.

Lemmal. ([7]) Ifa, B > 0,and a > 0, then

HIng (ln 2)151> (x) = I-‘(ll;(_'[f_)a) (lng)ﬁ+“7l ,
-1 e
Hpe (mi)ﬁ )(x)—r(;(f)a)(lnzy "

and in particular FDY  (In LYP=I(x) = 0,forj=1,...,[p] + L

Lemma 2. ([7]) Let p > Oand z,u € C[1,00) N L1(0, o). Then the Hadamard fractional differential equation
HDerz(t) = 0 has the solutions

n .
z(t) = Y ci(Int)P ™,
and the following formula holds

1Y MDY u(t) = u(t) + ) dilnt)P

where c;,d; ER,i=1,...,nandn = [p] + 1.

We consider now the system of fractional differential equations

HD& x(t) +h(t) =0, t € (1,00),
1y(t) +k(t) =0, t € (1,00),
where 11,k € C([1,00), R, ), subject to the boundary conditions (2). We denote by
0= T(w) - /1 (Ins)*~1 dsy(s), b= /1 w(lns)ﬁ—l a9, (),
_ a1 _ _ p-1 (6)
¢ /1 (Ins)*~1dsy(s), d=T(p) /1 (Ins)P~1 dfy(s),

A = ad — bc.

Lemma 3. Assume that a, b, ¢, d € R and the functions h,k € C([1,00),IR) satisfy the conditions
[ h(s) % < ooand [[7k(s) % < oo, If A # 0, then the solution of problem (5),(2) is given by

x(t) = —r(la) /j (m zy_lh(s)d:
e (] 3 w0
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. /f(/j@@)ﬁ k()‘”)dm(sﬁ e [1,00)

Proof. By Lemma 2 the solutions of system (5) are given by

x(t) = —r(la) /lt (ln i)“_lh(s)d:

+ay(Int)* 1+ ap(Int)* 2+ -+ a,(Int)*", t € [1,00),

8
(1) = —L/t <lnt>ﬁ_lk(s) ds ?
= r(B) 1 s s
+bi(Int)P 4 by(Int)P=2 -+ by (Int)P~, t € [1,00),
with a;, b; € Rfori =1,...,n,j = 1,...,m. Because x(1) = x'(1) = --- = x("=2)(1) = 0 and
y(1)=y'(1) =--- =y 2 (1) = 0 we deduce thata, = --- =a, =0and by = - -- = b, = 0. So, by
(8) we find
t a—1
K(t) =~ [ (m’*) he) 4t re [Le0),
[() 2 ” p-1 )
1 £ A
H=-——~/ (In-] & —blntﬁ’l,tel, :
() (,B)/1<ns> )% + b0, 1 [1,00)
We have AD{ x(t) = — [ n(s)% + alf( ) and HDerly fl )45 + by T(B). Then the last
conchtlons from (2), namely H D"‘ Ix = [ x(s)d$Hn(s) + fl dﬁz (s) and HD 1y(oo) =

[T x(s) d&i(s) + [ y(s) dfa(s for the solutlon (9) give us

f/looh(s) 9 4 aT(a) :/1°° r(lw)/l (m%)“_lh( )dT+a1(1ns)"“1: a9 (s)
Tt (n3)” e 1} o
—/;Ok(s)%—f—bll“ﬁ):/loo F(“ /( S ' Tt a(ins)* s

A etk n2) o sy 1} o0
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or
a {F(oc)—/ (Ins)* 1 ds,(s) ] —bl/ (Ins)P~1d$,(s)
1 1

0% i [ ([ (2) e s
o U ) e
o [ s s (s) 0y [T() - /1°°<1ns)ﬁ—1 19205
:/1wk<szois_sr(1@/1w /1 (m%)‘“h( )”f) a5 (s)
r<1;3>/1 </1 (n2)" k(T)dT>dﬁ2()

The determinant of the above system in the unknowns a; and b; is A, which by the assumption of this
lemma is different from zero. So the above system has a unique solution, namely

al—A[/w <d Fgfx)/”([(mj)“”h(r)df)dm(s)
r(w/ 1 lni)w s )dﬁz()
+b [ K is—lfm/l </1 (m%)“ h(t )dTT)dﬁl()
gl (02) ke s
L)AL\ T L ?
b=+ o f k(s)”is—“a)/1 / (n3)" e )dT>dﬁ1(s)
a | ! T)dﬁz(s)
e 0% st (] (o) ) e

i 1 () k0 4 ) st

By replacing the above formulas for a; and b in (9), we obtain the solution of problem (5), (2)
given by (7). The converse follows by direct computation. [J

Lemma 4. Under the assumptions of Lemma 3, the solution of problem (5),(2) is

x(¥) :/1 Gi(t,s) +/ Ga(t,s) te[1,00), )
y(t):/1 Ga(t,s)h +/ Ga(t,s)k te [1,00),
where the Green functions G;, i =1,...,4 are given by
a—1 o0 5]
Gi(t,s) = gu(t,s) + (lmz (d/l Qa(T,5)d$H1(7) +b/1 Qu(T,s) dﬁ1(1)> ,
a—1 oo o
QZ(t,s) _ (lntA) (d/ g‘B(T,S) dﬁz(’l’)-ﬁ-b/ g‘B(T,S) dﬁz(f)) ,
B 1 1 (11)
(lnt)ﬁ 1 © o
Galtys) = <c/1 2a(T,8) d591 (1) —i—a/l g,x(r,s)dﬁl(r)),

—~
—
=}
~

-1 o0
T) (c/1 gp(T,8)d9a(t) +a | gp(T,8) dﬁz(r)> ,

1
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— Ao+ (lnza_l 1°° [?Ei; 1°°(1m) 145, (7)
—r(lw) E /1 " (ln7)r? dﬁl(r)> /1 " (ln)p1 dﬁz(r)g
+% 1°°(1m) 14y (7) /1 " (In )P s, (1)
—Irﬂéii /S°° (n7) i (1)
+r(1a) (/1°°(1m)ﬁ1 dﬁg(T)) /s°° (in?) e (1)
_ rla) (/1°°(1m)ﬁ1 dﬁz(r)> (/w (m ) B dﬁl(r)ﬂ h(s)§
+ 1°° {— /s°° (m%)’“ 459 (7)
+I’(1/3)< (0 0) 1 dsa(o) / g)’o’_l d57(7)
+ loo(lm)ﬁfl dﬁz(r))
_I‘(lﬁ) [z ﬁhmz(r) AL ]k(s)is

:Aoj(lm {/{ g[lnr 1d,s§1 /oo(ln:)“_ldf,l(r)]

A
(/1 (InT)P~1dg,y (1) /1 (In7)* 1dn(r) - / 1n 'Xﬁ dﬁl(T):|

< | [Cmertasn o - [ U dﬁl(T)]}h(s)iS

St - [T () a0

g [ o) ([ (05" i)
- /f(lm)ﬁ*ldﬁz(ﬂ Aw(lnﬂﬁ*l a1 (1)

([ o tamo) ([ (m)ﬁ 1dﬁ2()

1

(/1 ln‘f)ﬁ 1d.7)2 )(/ 07 dﬁz )}}k(s)d:}
:A()Jr(lntgH {Aw{r(dwu (lnr) 1d551() /w(lng)“_l dﬁl(r)}
b)[/loo(lnr)"‘_ldﬁl( / (in ) Ay (T ” d:
+1O;{r(d/s)[/1 (In7)P~1 d,(7) / (1n )7[1@2 }
+F([5)U1 (In7)P~1 dfy (1) / ( ) A% (7 ]} dss}

(

[ b $)h(s )dss (lntA)a_l [d/; (/1 Qu(T,5) 491 (T )) (S)%
h(s) 2

Bw |~

doi:10.20944/preprints202305.0821.v1
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where g, and gg are given by (12), and G1 and G, are given by (11). In the last relations above we used
the equality

/ (In7)*~1ds; (1) / (1nT)”‘* dﬁl()
_/ (InT)* 'do (T +/ [ln’r nS lx_l]dﬁl(r)
=T [ gu(rs)dmn(7),

and similar equalities for $,(7), £1(7) and £(7).
In a similar manner, by (7) we find

y(t) = ()/<
s

A/ (In 1)~ 1k(s)
i
/ k(s)ﬁ %/ﬁ (/1 (1nj_)alh(r)d:> d54 (s)

D)C ) dfa(s)

% k(
{0 (] ) )

() L(p) Ji
By
n B—1 _ o0 00
LU {—”?(ﬁé’c/l ko) S +a [THe D
,FL‘X)/loo /15 <1r1i _171 ) — ) d&y(s)

é )
s T 3 ke

_ g, 4 0P {_Fl T(0)T(B) — T(B )/w(lns)“_ldﬁl(s)
F(a)/l (Ins)f~1 dfa(s) + (lns) 16, (s )) (/1°°(1ns)ﬂ—1 dﬁz(s)>

[<1 (Ins)* 1dﬁl )(/ (lnsﬁldﬁz )]/:ok(s)dss

+[rw) - [ <1ns> 1dm(>}/ k) =

(1) @ [ tame| [T ([ (102) w0 ) dmeo)
F() (@) — [ (Ins)* d (s) /1°° As(lni)ﬁlk(r)d;)dﬁz(s)
+(1 (ins)* %ml())/ ) =

(/1 (Ins)* 1dﬁ1(s>(/1 (/j(lni)a h()dT>dﬁl(s)>
r( </1 (Ins)*~1 d8 (s) )(/1 (f(mi)ﬁ k()dT)d.saz(s))}

\/

doi:10.20944/preprints202305.0821.v1
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=By + (lnzﬁil {/100 {— /:o (lng “ dsy (1)

+F(1‘X) (/1°°(1m)a—1 dsn (v )) ~ (10 5)" asmi(m)
+/100(1nr) 1 ag (1)

o) [ 0
—l—/ [ (a) lnT -1 48y (1)
1

T /100“”’ o)) (o e
—l—II:Elgg ; (InT) 1dﬁ1(r)> </1 (InT)P 1d5’)2(7.’))

/l (lnT)"‘_ldﬁl(T)> oo(lng P dga(r)

( ) :
r(la) /100(1nr) 145y, (1) /1 (In)* L dsy ()
—i—r(l) /f(lnr) Lo (1) /1°o(lnr) Lag (1)

[ (10 5)" doao)| oo
— gy IO {/f’{r(“a) Mw(lm)“ldﬁlu)—/f (m %) dﬁl(r)]

A
L ¢ [Am(lnr)“‘ldm(f)—/sm (1nI H dﬁl(r)”h(s)is

I'(a)
Sl o[
+ (Cﬁ [1 (n7)P ! dern (1) - | (lns)ﬁ* A5y (T )Hk() }

:/1gts)k ds 1“2'51[ oo( Tsdﬁlv.')h
/loo 1 Qa(T,5)d$H1(7) h(s)d:
() ks £

s

k(s

d
4—c/1 g/gTS )d$Hr(t k(s)?

—/1 g3f5)h s) — +/100g4 ,
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where G3 and G, are given by (11). O

Based on the definitions of the functions g, Sp Gi,i=1,...,4, we obtain easily the next lemma.

Lemma 5. We assume that the functions $)1, $2, R1, R are nondecreasing functions, a, d € Ry, b, c € R,
and A > 0, and let 0 > 1. Then the functions g, g, and G;, i = 1,...,4 have the following properties:
a) The functions gy and gg are continuous on [1,00) x [1,00);

b) 0 < gu(t,s) < r(llx)(lnt)“l, 0 < gp(t,s) < r(lﬁ)(lnt)ﬁl, Vt,s € [1,00);
8a(t,s) 1 gp(t,s) 1
~ 1+ (Int)r1 = T(a) 0= 1+ (Int)p-1 = rp)’

d) The functions G;, i =1, ...,4 are continuous on [1,00) x [1,00);
e) Gi(t,s) > 0forall (t,s) € [1,00) X [1,00) and i = 1,...,4;

f 1 le(;/ts)l_l = F(loc) * Al“l(oc) (d /100(1nT)a71 A (7) + b/loo(lnr)ail dﬁl(r))

= % =: Al >0, Vt,s € [1/00);

Ga(t,9) 1 00 _ 0o _
g 1+zlnt)"‘—1 = AT(B) < /1 (In7)” ld52(7>+b/1 (Int)P 1dﬁz(f)>

= % =1 Ay >0, V5 € [1,00);

1+g§1(ri’ts);1 = Arl(a) <C /100(11”)“71 401(7) H/loo(lm) " dﬁlm)

= % i A3 Z O, Vt,S 6 [1100)/

, Gy(t,s) 1 1 00 _ 0 _
) 1—|—?lnt)/3*1 =1t arp (C/l (In7)” 1”’52(7)“/1 (Int)P 1dﬁz(f)>

= % =Ny >0, Vi€ [1,00);

R Gi(t,s) (Ing)*~1
P S (nH*T = A+ (n6)~ 1)

X (d/loog,x(r,s)dﬁl(T) +b/100gtx(T,S)dﬁ1(T)) , Vs € [1,00);

Go(t,s) (InG)"‘_l
v tén[e w) 14+ (Int)a=1 — A(1+ (Ing)*-1)

X (d/l 8p(T,8) dn(T +b/1wgﬁ(r,5) dﬁz(T)) ,Vs € [1,00);

) min Galtis) (In6)F 1
telpo) 1+ (Int)P~1  A(1+ (Ing)F-1)

x(c [ sy +a [ ga<r,s>dﬁ1<r>),\fse[1,oo>;

)+

m) min Ga(t,s) (m@)ﬁﬂ

tel,0) 1+ (Int)P~1 = A(1+ (Ing)F-1)
)

X (c/1 gp(T,5)dHr(T) +a /1 gﬁ(r,s)dﬁz(r)) ,Vs € [l,00).

)0 < Vt,s € [1,00);

Remark 1. Under assumptions of Lemma 5 we find that a,d > 0 and b,c > 0, so Ay, Ay > 0 and
AZ/ A3 > 0.

We present now the fixed point theorems that we will use in the next section.
Let E be a real Banach space with the norm || - ||.

Definition 3. A nonempty convex closed set K C E is a cone if it satisfies the conditions:
a)ifu € Kanda > 0, then au € K;
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b)ifu e Kand —u € K, thenu =0,
where 0 is the zero element of E.

A cone K C E defines a partial ordering in E given by x < yifand only ify — x € K.

Definition 4. An operator A : D(A) C E — E is compact if it maps bounded sets into relatively compact sets.
An operator A : D(A) C E — E is completely continuous if it is continuous and compact.

Theorem 1. (Guo-Krasnosels’kii fixed point theorem - the fixed point theorem of cone expansion and compression
of norm type, [5]). Let E be a real Banach space with the norm || - ||, and let K C X be a cone in E. Assume Oy
and Q) are bounded open subsets of E with 0 € Q1, Q1 C O and let A: KN (O \ Q1) — K be a completely
continuous operator such that, either

D) || Aul| < ||lul|, Yu € KNaQy, and |Aul > ||lul|, Yu € KNay, or

i) || Aul| > ||ul|, Yu € KNoQy, and | Aul| < |ul|, Yu € KNoQy.
Then A has at least one fixed point in KN (Qp \ ).

We consider ® a nonnegative continuous concave functional on the cone K, and 0 < ¢ < d. We
define the convex sets K., K¢, K(®, ¢, d) by

Ke={uluek, ||u| <c}, Ke={u|uek, |u|| <c},and

K(@,c,d)={u|ueck, ©u)>c |ul| <d}.

Theorem 2. (Leggett-Williams fixed point theorem, [9]) Let K be a cone in a real Banach space E and ©(u) a
nonnegative continuous concave functional on K satisfying ©(u) < ||ul| for all u € K;, (I > 0). Suppose that
A : K; — K; is a completely continuous operator and there exist positive numbers 0 < m < ¢ < d < I such
that

i){u| ueK(@®,cd), O(u)>c}t#Dand O(Au) > c foru € K(©,c,d);

ii) ||Au|| < m for u € Kyy;

iii) ©(Au) > c foru € K(©,c,1) and || Au|| > d.

Then A has at least three fixed points uy, up and us satisfying

luil]| < m, O(up) > ¢, |us| >m and O(usz) < c.

3. Main results
We introduce the space

[x(t)]
X; = € C(I,R), — < ,
1 { (LR), b 3yt <

where I = [1, c0), with the norm ||x||; = sup,.; 1+| O]

W, the space

()]
X, = I,R —_
2 {yec(, ) Stgl%—(lnt)ﬂ—l <oy,

with the norm ||y[|» = sup,, H‘(ﬁ%’ and the space X = X; x X, with the norm ||(x,y)|| = ||x]|1 +

lly||2- The spaces (X1, || - [|1), (X2, - ]2) and (X, ||(+, -)||) are Banach spaces (see [14], Lemma 2.7).

Lemma 6. ([14], Lemma 2.8) Let Q) C X be a bounded set, which satisfy the following conditions:

t
(i) The functions 1—|—(xl(ni)"‘—1' x € Q are equicontinuous on any compact interval of I;
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(ii) For any € > 0, there exists a constant T = T(e) > 0 such that

x(t) B x(tz)
1+ (ln tl)"‘_l 1+ (11’1 fz)“_l

<€ Vt,tp >T, Vx e Q.
Then Q) is relatively compact in X;.
We define now the positive cone P C X by
P={(xy) €X, x(t) >0, y(t) >0, Vt € [L00)},

and the operator A : P — X by A(x,y) = (A1(x,y), A2(x,y)), (x,y) € P, where the operators
Aj P — Xjand Ay : P — X, are defined by

A1) ©) = [~ 611856 T+ [ Gt 9p(E)as), o) T, re,
Aa(x,)(8) = /fgs(t,s)a(s)f(x(s),y )2+ [T a6, uen S, ret

for (x,y) € P.

In what follows we present the basic assumptions that we will use in our main results.

(H1) aec(mn—-1nl,pe(m—1m],nmeN,nm>2 91,59,8, R :[1,00) = Rare nondecreasing
functions, a,d € Ry, b,c € R,and A > 0.

(H2)  The functions f, g € C(R4+ x Ry, R ), f, g # 0 on any subinterval of (0,00) x (0,00), and f, g are
bounded on Ry x Ry.

(H3)  The functions a, b : [1, oo) — Ry are not identical zero on any subinterval of [1,00), and 0 <
[ 285 < 00,0 < [ 28l < co,

Lemma 7. If (H1) — (H3) hold, then the operator A : P — P is completely continuous.

Proof. Under the assumptions of this lemma, we have A(x,y) € P forall (x,y) € P, thatis A: P — P.
We will prove this lemma in four steps.

(I) We show firstly that the operator A is uniformly bounded on P. Let S be a bounded set of
P. Then there exists ¥ > 0 such that ||(x,y)|| < r,and so ||x||; < rand ||y|]» <rforall (x,y) € S. By
(H2), there exist M; > 0 and M, > 0 such that f(x,y) < My and g(x,y) < My forall x, y € R;. Then
by (H3), for any (x,y) € S, we obtain

b =
B i‘é?ualmm 7 619a@)5(x(6),y(5) &

ds
S

+ /( Ga(t,5)b(s)g(x(s), y(s))
SMlAl/ a()d +M2A2/wb(s)%::M3<oo,

! o D))
[Az(x, y) 2 = S:éll) 1+ (Int)p—1
1

(
:sgm (/1 Ga(t,)a(s)F(x(s),y(s))
+ [" g <<>y<s>>ds)

S
ds d
S%MAuU +mm/b@§:m<m

ds


https://doi.org/10.20944/preprints202305.0821.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 May 2023 doi:10.20944/preprints202305.0821.v1

14 of 24

So
A )l = [ A1(x, y) I + [[A2(x, y)[l2 < Ms + My < o0, V(x,y) €S,

that is, operator A is uniformly bounded.
(II) Next we will prove that A is equicontinuous on any compact interval of I. We consider the
interval [1, T], where T > 1. Then for any t1,t, € [1, T|, with f; < tp and (x,y) € S, we have

:‘ Ai(x,y)(t2) — Ai(xy)(h)
14 (Int)* 1 14 (Inty)*-1

=L i e @y § o+ [ I b eat) v T

[1]
iy

1+ (nt) B (Inty) 3
_/1 H?éfﬁéla@f(;(s()’y(?):_/l mb( )a(x(s),y(s)) 5 :
* ta,s t1,s s
= /1 (1 + zlgnzi(fz)"‘—)l 1+ Elgnlél)a_;) a(s)f(x(s), y(s)) ?d
« £, t1,s s
* /1 (1 + Elnztz)"‘_l _gl + zlnltl)uc—1> b(s)g(x(s),yd(s)) 5
« ta, t,
= /1 1 +g21(nizil—l 17 El(nltls))a—l ‘ a(s)f(x(s), y(s)) ;S
/1 ’1+g?1(ri2t;5)1 - 1+g(21(1i1tlls)?xl b(S)G(x(S),y(S))%

)a
« Su(t2,s) ga(t1,5)
S/l [ 1+ (Infp)* 1 1+ (Inty)*1

4+ d/l g,x(’r s)d$ (T +b/ Sa(T,8)dRy (7T ))
(e - L) et uen £

1+ (lntz)'H 1+ (Inty)e-t s

+/1 i(dA g‘B(T,S) dS’jz(T)—i—b/l‘ g‘g(T,S) dﬁz(”[)>

(Inty)a1 (Inty)*1 ds

* (1 + (lritz)'H 1+ (lritl)D‘l) b()a(x(s)yls) T
als) &

i Su(ty,s) Sa(t1,s)
< _
=M /1 14 (Intp)* 1 14 (Inty)*-1 s

o

<d /1 (In7)* 1 ds; (1) + b /1 () dﬁ1(1)>

A
11’1 tz (11‘1 i’1)a_l /°° Cl(S) @
1+ Intz a1 1—}-(11’1151)“ 1 1 S

M
AT 2 <d/ (InT)P~tde,(t +b/ (In7)P~1dgy (7 ))

lnt (Intq) ds
( h’?tz)”‘ T 14 (11’1 tl)“l) /1 b(s) s

Mz +M1(dl"(tx) A) < (Inty)*—1 (Inty)*? )/100 a(s) ds

AF(zx 1+ (Inty)* 1 1+ (Inty)*1

(Inty)* (Int;)*~1 /oo b(s) &
1+ (Int)* 1 1+ (Int)) 1) h s

Ml

+

For &y we deduce

- / 8u t2/ gzx<tlrs> a(s) @
=0 1+ lntz 1 14 (Inty o1 s
/ Sa tz, 8a(t1,5) (s) ds
t 1 + 11‘1 tz ‘x 1 1+ (11’11’1)0‘_1 S

/ gﬂé t2/ gﬂt(tlls) a(s) é
ty 1 + lntz a1 1+ (ll’ltl)’x_l S
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-1 -1
1 f | (Inty)* 1 — (ln %2)“ (Inty)*1 — (ln %)a ds
') /1 1+ (Int)* 1 1+ (Ink)* 1! als)

a—1 t ol
1 o |(ng)l = (In2) (nt)el | ds
+1"(0c) /tl 1+ (Inty)r—1 C 1+ (Inty)r1 als) s

1o (_(nty)*! (Inty)*1! ds
1 (Intp)*~ (Inty)* t ds
= I'(a) <1 +(Ink) 1T 1+ (1; fl)"‘_1> /1 a(s) =

a—1 f a—1
1 ) /t1 (ln L) (ln ;) o) @

T I'(« 1+(lnt2)tx 1714 (nty)e ;
1 (Inty)*~ (Int;)*1 & s
+F(p¢) (1 + (In t2)0¢ 11_ 1+ (lri fl)"‘_1> /t1 a(s) =

1 tr (In " ds
T /t1 15(11122)“ ra(s) 5

1 (Inty)* (Inty)*t o ds
F(vc) <1+ lr?tz)“ 1 1+(1r1t1)“1>/t2 a(s)?

(Int)*1 (In(t/s))*~
1+(Int)x-1 and 1+(1 St)

[1, T] x [1,T], and the integrals [, a(s fo 28 are convergent, we conclude that 5y — 0 and
&1 — 0as tp — t; uniformly with respect to (x, y) 6 S
In a similar manner we obtain

‘ Ar(x,y)(t2) A, y)(h)
1+ (11‘1[’2):3_1 1+ (ll’lfl)ﬂ_l

Because the functions

— are umformly continuous on [1, T|, respectively on

— 0, as t, — 14,

uniformly with respect to (x,y) € S. Then A(S) is equicontinuous on [1, T.
(IIT) In what follows we will show that 4 is equiconvergent at co. We will prove firstly that A;
is equiconvergent at oo, that is, for any € > 0 there exists Tp > 0 such that for all ¢1,¢, > Ty, and

(x,y) € S we have
Ai(xy) () Ailxy) ()
1+ (11’1 tz)a_l 1+ (h‘l tl)“_l

< Age, (A() > 0)

For this, let € > 0. Then there exists ; > 1 such that f;lo a(s) % < € and f;lo b(s)% < €. Because

im0 % 1 and lim;_ e % = 0, we deduce that there exist 6, > 0 and d3 > &1 such

that for any 1, > J, we have

(In tz)a_l _ (In i’l)a_l ce
1+ (ln tz)’x_l 1+ (ll’ltl)“_l !
and for any t1,t, > d3 and 1 < s < §; we have
Qalts) — galtys) < 8a(t2,5) 8a(t1,s)
14 (Int)* 1 14+ (Inty)* 1| = |1+ (Inty)a-1 14 (Inty)a-1
< Su(t2,01) Su(t1,61) ce
1+ (11’1 i’z)“il 1+ (11’1 i’1>“71 ’
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Then we choose Ty > max{d,,d3}, and then for any (x,y) € S and t1, t, > T we obtain

Ai1(xy)(t2)  Ailxy)(t)
1+ (lrolot‘z)"‘*g1 ’ 1 —)&— (In tl)a; is) ,
1\I2,8 11,8 S
: /1 1+ (lgnfz)"‘_l Tiy (lgntl)"‘—l A($)Fx(s), y(5)) ?d
o tr, s t1,s s
+51 1+ El(nztz)?"_l 1+ fl(nltl)zt—l b()a(x(s)yls) T
< /1 1 15&&?{;11 - 1+g(11(riltlls)11 a(s)f(x(S)fy(S))%
* : 1 +g21(ri2tlzs)?“ 1 +Q(11(;1t,15)11 a(swx(s)’y(s))%
01
+/1 1+g§1(1i21‘12§)?"1 N 1+g§1(ri1t’15)241 b(s)g(x(s)’y(s))§
* : 1 +g(21(ri2t’25))“1 1 +gzl(rilt,311 b(s)g(x(s)’y(s))%
a Sa(t, 5) Qu(ty,s) ds
S M1/1 14+ (lnztz)lx—l - 1+ (lnltl)a—l a(s) ?
YA i (1L N G TL) N YR
Y, [T+ (Inky)* T 1T+ (Int)* 1 s
M (Inty)*1 (Inty)*?

A1+ (11’1 tz)“il 1 + (11‘1 i’l)“fl
®© © 1 ds

X <d/1 r(la)r"‘_l d$H(7) + b/1 WT"‘_l dﬁl(T)) /100 a(s) 5
My | (Intp)*? (Inty)*!
A T k) T T4 (nky)e ]

© 1 © 1 4 © s
’ <d/1(s r(ﬁ)dTﬁ 12d?j1(T) +Zf4/tdrr((l)3)i)l dﬁzm)d/l o
gelel als) 5 + r(“)l + 1M(“) /1 a(s) &

+%2b b(s) % — Age, (Ag>0).

So A; is equiconvergent at co. In a similar manner we show that A; is equiconvergent at co, and then
we deduce that A is equiconvergent at co.

(IV) In the last part of the proof we will prove that the operator A is continuous. Let
(X, yn))nen, (v y) € X, (X0, yn) — (x,y) in X = X7 x Xy, for n — oo, that is

(1) =20 g g () —30)

su — 0, as n — oo.
e 1+ (Inp)T e 1+ (Inf)F-

Then we deduce that for any s € I, x,(s) — x(s) — 0 and y,(s) — y(s) — 0,as n — co.

Because
[F(xn(s), yn(s)) —§(x(s),y(s))| <2My, Vs €I, n€N,
lg(xn(s), yn(s)) —a(x(s),y(s))| <2Mp, Vs €I, n€N,

we obtain by the Lebesgue convergence theorem that

[ Al (5), 1 5)) = i), (5| =

/100 b6(s)|g(xn(s), yn(s)) — a(x(s),y(s))]| % —0, as n — .

— 0, as n — oo,
(13)
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By using Lemma 5 and (13), we find

[ AL (i, yn) (£) = A1 (%, y) (8) |
1+ (Int)x—1

| A1 (xn, yn) — A1(x,y)[|1 = sup
tel

= sup | [ a1 als), (5)
b))
T R e we) § [ e Eale(e) v
<sup ([ 0o ), 0(9) = f(x(5) (s
T S (s (), ()~ a(x(s), () T )

= Al/l a(s)[f(xn(s), yn(s)) —f(x(s),y(s)ﬂ%
A, /lwb(s)lg(xn(s),yn(s)) —a(x(s), y(5))| % 0, as 11— oo,

Then we deduce that ||.A1(xn, ) — A1(x,y)|[1 — 0, as n — oo. In a similar manner we can prove
that || Az (xn, yn) — A2(x,y)|]2 — 0, as n — co. Therefore we obtain || A(x,, y») — A(x,y)|| — 0 as
n — oo. So the operator A is continuous.

From the above steps and Lemma 6, we conclude that the operator A4 is completely continuous. [

Now for 6 > 1 we introduce the following constants

* d *® d 0 d 0o d
(212/1 a(sz ?S Q2=/1 b(s) =, Q3=/9 a(s) ?S Q4:/9 b(s) ?S

S

I = F(da) [ nry e (o) + r(b[x) / (o)l dgy (o),
L= 1"(d/5) /16(1n T)FLds, (1) + 1"(b,B) /f(ln )P 1dgy (1),
~ c 0 a— a 0 N—
Ly = @) /19(lnT) L (1) + D) /19(11'1T) Ly (7), (14)
Ly = F(C,B /1 (ln'r)ﬁ*1 s (t) + F(aﬁ) /1 (h”-)ﬁfl dsy(7),
L _Lnept | Dyngy!

YT AQH (In6)e Ty 2T AL+ (Ing)r 1)’
L= L3(In@)P~1 L Ly(Ing)F—1

T A+ ()P T A (me)ﬁfl)'
Y1 = Qs(L1+L3), Yo2=Qua(Lr+Lsg), Y3=0Q1(A1+A3), Ya=Q2(A2+ Ay).

In our first main theorem we will prove the existence of at least one positive solution for problem
(1), (2) by using the Guo-Krasnosel’skii fixed point theorem (Theorem 1).

Theorem 3. We assume that (H1) — (H3) hold, and there exists 6 > 1 such that Q; > 0, j = 3,4, and L; >0,
i=1,...,4. In addition, we suppose that there exist positive constants r1, ry with ry < rp, and oq € [Y b ),
7 € [Y5!,00), 03 € (0,Y; '] and o4 € (0,Y, "] such that

(H4)  f((1+ (Int)*x, (1+ (Int)f~)y) > %2, Vi€ [6,00), (x,y) € [0,11] x [0,11],
a((1+ (Int)* )x, (1+ (Int)P~1)y) > ‘72” Vte(9,0), (x,y)€[0,r]x[0,n];
(H5)  f((1+ (Int)*)x, (14 (Int)f~1)y) < ‘7372 viel, (xy)€0,r]x[0,r],
a((1+ (Int)*)x, (14 (Int)P~1)y) < %, viel, (xy)€[0,r]x[0,r)].

Then problem (1), (2) has at least one positive solution (x,y) such that r1 < [|(x,y)|| < r2.
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Proof. By Lemma 7, the operator A is completely continuous. We introduce the set () = {(x,y) €
X, [[(59)]| < 1y} Then for () € P 0300, we'have [l + [yl =i so ] < rand [z <
thatis 0 < W <rand 0 < W <rforallt el

Therefore by (H4) and Lemma 5, we obtain

1 ds

A1 ()l = iﬁ?m ( /1 G1(t,5)a(s)f(x(s), y(5)) =

—l—/ gzts a(x(s), 4(s)) >
)”‘ 1 (/100 Gu(t,s)a(s)f(x (S),y(s))@

Boo 1+(lnt s

+/ Gt (), Vo) 7

S
ot s [T 6190009, 9)

s
! d

+t€[9,£o) W/l Ga(t,8)b(s)g(x(s),y(s)) ?S
= /1 tei[?ﬁo) Hg(ll(;ts)lla(s)f(x(s),y(s)) =

. Go(t,s) ds
[ B )8 (s) T

no a—1 oo
> A(1(+(1r)19)“1/ (d/l ga(T s) df)l(T)
+b 1 Sa(T,8)dRy (T ) s),y(s))

L 1
+(1(Jlrgr)19),xlf (d/l gp(T, S)dﬁz( )

ds
+b A gp(T,5) dfa( ))b( s
(Ing)*1 6
_A(l—l—lnerxl (dlgaTSdﬁlr)
+b/gaTS dfy ( ))asf(x 5
(Ing)*1 °° 9
A+ me)T) (1+ln9”‘1 dlgﬁTSdﬁZT)
ds
+b/gﬁrsd§2( )>bsg(()l/())
(In§)*~1 ds

_ W/e a(s)f(x(s), y(s)) -
g |, 00t an(@) + g [ mo s (o)
(Ino)
(

d 0
oIk

X

Ing)*—1

) ds
At e J, POy T
1

+
X ( l~lnﬂf)ﬁ*1 s (t) + b) /19(1n1')5*l dﬁ2(7)>
1

r(p

I'(g)
1 s a—1T7 0
_ (1’19) Llﬁ M a(S) @ + (11’19) Lzﬁ 0211 b(S) @
A1+ (Ing)x=1) 2 Jo s A1+ (n6)-1) 2 Jg s
_onliQs | 0anlQy _ (01L1Qs n 021204
2

2 N 2 2
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In a similar manner we find
(In0)F~1Ly  oyry [® ds (In0)P1L,  oory [ ds
7 = —_ b i
el 2 3 Thmr 2 o “O 5 Y aasmer ) 2 b 0O
_ 0'171L3Q3+‘7271L4Q4 _ (1L3Qs +¢72L4Q4
2 2 2 2
Therefore we deduce
HA(x,}/zH =L||«41(x,y)|\12r IIAi(x,y)Hz v y
> (L + 3)‘71Q3+( 2+ Lg)02Qy oo (1 @V
2 2 2 2
which gives us
[AC )| = [[(x,y)ll, V(xy) € PNoy. (15)

Now we introduce the set Q0 = {(x,y) € X, ||(x,y)|| < r2}. Then for any (x,y) € P NoQy,
we have ||x||; + [|y|l2 = r2, and then ||x||; < rp and |Jy|2 < rp, thatis 0 < H(Tﬁ% < rp and

Ogﬁgrzforalltel.

Then by (H5) and Lemma 5, we obtain

[A1(x, )|l = sup m
<swp ey [ 099,50 &

+i‘;§’1+<llt>m | G2t 9p)sx(s),y(6)

—/ i 1+glhits?x 7a(s)f(x(s),y(s)) dss

g ts) ds
+ [ sup 1 eS8, ¥(s) T
ds

< a1 [ ale)f(x(s) o)+ s ety T
i [ b et [y &
_ ((73Q1A1 n 0'4Q2A2> .

2 2 ¥

ds
)5

IN

and

_ Az (x,y)
[ A2 (x,y) |2 = S S (inf)p 1

1 00 ds
<sup gy [ 9ot 9a(E ) y)
sup——— [ Gy(t,)b()a(x(), 1(s) &
o T FACELCECOROIE
) Gs(t,s) ds
</ sup A (x(s) v(9)
Gu(t,s) ds
+ [ sop T b )ax(s) v T

< s [ a)ix(s),v(s) T + i eeatas)ve) -

s [ ) b it 2 &

_ ((73Q1A3 n 04Q2A4> "
2 2

IN
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Then we deduce N s
Ay < [Pt 20 (et A)eQs
(73Y3 0'4Y4
=\ 5 —_— <
( 2 2 )rz—”'
that is
[AG I < ()l ¥ (xy) € PNoy. 16)

Therefore by (15), (16) and Theorem 1 ii), we conclude that the operator A has a fixed point in
PN (OQ\ ), withry < [|(x,y)]| <72.Sox(t) >0and y(t) > 0forallt € I, and by (H2),(H3), we
obtain that x(f) > O forall f € (1,00) or y(t) > Oforall t € (1,c0), thatis (x,y) is a positive solution of
problem (1), (2). O

In a similar manner as we proved Theorem 3, we can obtain the following theorem.

Theorem 4. We assume that (H1) — (H3) hold, and there exists 6 > 1 such that Q; > 0, j = 3,4, and L; > 0,
i=1,...,4. In addition, we suppose that there exist positive constants r1, ry with ry < rp, and oy € [Y ,00),
o € [Y,1,00), 03 € (0,Y5 '] and o4 € (0,Y, "] such that

(H6)  §((1+ (It V)x, (1+ (Int)fV)y) < G, Vee L, (xy) € [0,r] x [0,r],
a((1-+ () )3, (14 (D) < 50, V€ L, (o) € 0] x 0]

(H7) 51+ (b =Vx, (14 (n)FL)y) > 92, Vi€ [6,00), (x,y) € [0,r2] x [0,r2],
8((1+ (™Y, (14 (In)FY)y) > 2, Vi€ [6,00), (x,y) € [0,72] % [0,72].

Then problem (1), (2) has at least one positive solution (x,y) such that r1 < ||(x,y)|| < ro.

In what follows, we will prove the existence of at least three positive solutions for problem (1), (2)
by applying the Leggett-Williams fixed point theorem (Theorem 2).

Theorem 5. We assume that (H1) — (H3) hold, and there exists 6 > 1 such that Qj>0,j=3,4 and L; >0,
i=1,...,4. In addition, we suppose that there exist positive constants ag < by < cq such that

(H8)  f((1+ (Int)* Nx, (1+(In)P y) < 5, Vi el (x,y) € [0,a0] x [0,a0),
g((1+ (In#)*N)x, (1+ (Int)f1y) < 2Y , Vtel, (xy) € [0,a0] x [0, a0];

(H9)  H(1+ (Int)* )x, (14 (Int)P1)y) > -, Vi€ [0,00), x,y >0, by < x+y < cp,
a((1+ (Int)* Dx, (1+ (Int)f~ 1)y) > 2Y , Vteh, o), x,y>0, bp <x+y<cpy

(H10)  §((1+ (InH)* Hx, (14 (Int)f)y) < 53, VEE€ I, (x,y) € [0,¢0) x [0,c0),
a((1+ (It V), (1+ (n )P 1)y) < 5, Ve L, (xy) € [0,co] x [0,co].

Then problem (1),(2) has at least three positive solutions (x1,y1), (x2,y2) and (x3,y3) such that || (x1,y1)|| < ap,
| (x3,y3) || > ao, and

. x(t) ya(t) ) : ( x3(t) y3(t) >
feﬁi) <1 Tt 1% (ntp 1) o tel[51,£o> T+ (T T4 (np)p1) < bo.

Proof. We show firstly that operator A : P, — Pg,. For any (x,y) € P, we have ||(x,y)|| < co, and
so ||x]]1 < co, |ly]]2 < co. Using the assumption (H10) and Lemma 5, we find

© d
AL (9l < i‘;l?wulnwa—l | Gt 9)a)ix(s),v) T

S
+sup " Ga(t,5)b()a(x(s), y(s) 2

1
te; 1+ (Int)r=1 /3
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S

[ sup14?ﬁtfl b(s)a(x(s), y(s) 2

tel $
<mAa@W®MDi+mAbU(@wD
<A12C$ OOa(s)%%—AZZCTO4 100 b(s)%
_ (A1Q1 n /\zQz) co
Y3 Yy 27

_/ e 1+glhits?x 1“(5)f(x(5),y(s))§

ds

and

Al < sup ey [ Ga(t3)a(e)iCx(s)w(s))
+St1€1}13 H—(ljlt)ﬁl/l g4(t/5)b(s)g(x<s)'y(s)) %
< [ sup P a9, ()

+ [ sup I os)gx(s), () &

“el 1+ (nHpT s
<MAaU@®(»d+MAb@W@%M*

< A32Y as) — +A42Y b(s) —
_ <A3Q1 n A4Q2> o

Y5 Y, ) 2"

Then we obtain

(A1 +4A3)Q (A2+A4)Qz] O _

L e T b

s0 A:Pe — P,
We consider dy € (by, cp), and we define the concave nonnegative continuous functional w on P by

x(t) y(t)
wixy) = te[Gfoo) <1+ (Int)a-1 + 1+ (lnt)ﬂ—l)’ (xy) €P

We see easily that w(x,y) < ||(x,y)|| forall (x,y) € Pe,.

Next we will verify the conditions of Theorem 2, withE = X, K =P, A = A, m = ay, c = by,
I =cg, d = dy, ® = w. We verify first condition ii). For (x,y) € Pa, we will show that || A(x,y)| < ao.
For this, let (x,) € Pgq,. We obtain as in the above inequalities that

MO | M
il < (N2 + 222 %,

A3Q1 | AgQo )\ ag
[atrpll < (5524 52) 2,

and so || A(x,y)|| < ap. Then we have assumption ii) of Theorem 2.
We verify condition i) from Theorem 2. We choose the element

(x0(£), yo()) = (bozdo (14 (ney?) ,bozdo(1+(1nt)ﬁ_l)), el

Because xo(t) > 0, yo(t) > Oforall t € I, |[(xo,y0)|| = M < do and w(xg,y0) = % > by, we

deduce that (xo,v0) € {(x, )| (x,y) € P(w, by, do), w(x,y) > bp}. Now, let (x,y) € P(w,by,dp), that
is (x,y) € P, w(x,y) > bp and ||(x,y)|| < dy. So we have I (x(t))a g i y(t ))ﬁ ; <dgforallt e I, and
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infc (g 00) <1 - (chrs t))“ T T (hE t)) = 1) > byg. Then by (H9) and Lemma 5, and similar computations as

those from the first part of the proof of Theorem 3, we find

A(x,y) Az (x,y)
wAxy)) = te[ll;lfx:) (1 + zlnt)"‘—l + 1+ flnt)ﬁl)
> L1 [ a5 06D E 1z [ b0)a(x(s)v(s)

+s [ y6) T + 1 [ b(E)a(x(s),06) T

S
boQ3 bpQ4 bpQ3 bpQ4
v, Ty, tlegy, Thigy,

boQs3 on4
= (Li+Lo) 2 + (L + L) = o,

> 14

Therefore w(A(x,y)) > by, and we have assumption i) of Theorem 2.

Now we verify condition iii) of Theorem 2, namely w(.A(x,y)) > by for (x,y) € P(w, by, cp) and
I A(x,y)|| > do. Solet (x,y) € P(w,bo,co) and || A(x,y)|| > do. By similar arguments used before we
deduce that w(A(x,y)) > by, that is assumption iii) is satisfied.

Then by Theorem 2 and (H2),(H3) we deduce that problem (1), (2) has at least three positive
solutions (xl,yl), (JCQ,yQ) and (X3,y3) with ||(X1,y1)H < 4y, ||(X3,y3)|| > dag, w(xz,yz) > bg and
w(X3,y3) <by. O

4. An example

Letﬁ( - %, ‘B — m n = 3 m = () - (t 1/2)1/3/ t e [1100)/ b(t) = %r t €
[1,00), f(x,y) = 6+e ~lx=yl sm 2(xy), x,y > ( y) = + 95¢~% cos*(x + y), x,y > 0,
Mms) = {{, s [1 3, — 1,5 € [37); 15190, € [7,10); gg, s € [10,00)}, $92(s) = {336(s —

DY, s € [1,2); 35, 5 € (2,0)}, fa(s) = {1, s € [1L3); 13, s € [3,2); s (s — 2)29/7+ H se€
280 D77 s € (Bl mle) = (35 € (L4 F s € 9 g+ M s €
[9,11); 5% s € [11,00)}.

We consider the system of fractional differential equations

HDY 2 (1) + (t—11/2)1/3 (64 MO0l sin2 (x(1)y(6))) =0, ¢ € (1,0), "
HD%(}F/‘Q’y(t) —+ (151—#/;5/4 <2 + 950 (Y1) cost (x(t) +y(t))) =0, te(1,0),

subject to the boundary conditions
x(1) =«'(1) =0, y(1) = ’(1) y'(1) =0,
D} 2x(o0) = % [« yis+ £x(10) + ; s 12y(s)as as)
07y = ox (3) g 522 ey oev(®) + o [ sy(s)ds.

By using Mathematica program, we obtain a ~ 0.01753901, b ~ 0.01031779, ¢ ~ 0.02920547, d ~
0.83235873, A =~ 0.01429742 > O, f1 a(s) & ds ~ 3.15855472, floo b(s) % ~ 6.53061854. So assumptions
(H1) — (H3) are satlsﬁed In addition, we take 0 =2, and we deduce Ay = 4 ~ 58.21742336, Ay =
b~ 0.72165469, As = & ~ 2.04270988, Ay = £ ~ 1.22672621, T; ~ 0.00021797, T, ~ 0.00309129,
I3 ~ 0.00037053, L4 ~ . 00010846, L, ~ 0.00557882, L, ~ 0.07911642, L3 ~ 0.00773204, L, ~
0.00226336, Q1 ~ 3.15855472, Q, ~ 6.53061854, Q3 ~ 2.43620073, Q4 ~ 4.28276191, Y| ~ 0.03242794,
Y, ~ 0.34853023, Y3 ~ 190.33492843, Y4 ~ 12.72413242.


https://doi.org/10.20944/preprints202305.0821.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 May 2023 doi:10.20944/preprints202305.0821.v1

23 of 24

We also consider r; = %, rp = 2800, oqn = 31 > Yfl, o =3> Y;l, o3 = 0.005 < Y;l and
o4 =0.07 < Y4*1. Then we obtain the inequalities

F((1+ (nt)>2)x, (1+ (Int)”%)y)
a((1+ (In1)*2)x, (1 + (Int)”3)y)

f((1+ (Int)32)x, (1+ (Int)7/3)y) <7 =52, Vt € [1,0), x,y € [0,2800],
g((1+ (In#)3/2)x, (14 (Int)7/3)y) < B < A2 =98, Vt € [1,), x,y € [0,2800],

hence assumption (H5) is also satisfied. Therefore by Theorem 3 we conclude that problem
x(t

(17), (18) has at least one positive solution (x(t),y(t)), t € [1,00), with % < SUPjefy o) — {C

1+(Int)3/2
0]
SUPte1,00) H(ylnw < 2800.

5. Conclusions

In this paper we investigate the system of nonlinear fractional differential equations (1) with
Hadamard derivatives of various orders « € (n —1,n] and p € (m — 1,m], respectively, and
nonnegative nonlinearities on the infinite interval (1,00). The system (1) is supplemented with
general nonlocal boundary conditions (2), where the unknown functions x and y in the point 1 and
their derivatives until orders n — 2 and m — 2, respectively, are all 0, and the Hadamard derivatives
of x and y of order n — 1 and m — 1 at co are dependent on both Riemann-Liouville integrals of x
and y. Our problem generalizes the problem studied in [13], by considering here different orders
for the fractional derivatives in the equations of system (1), and also a general form of the boundary
conditions from (2) at co. Under some assumptions on the data of this problem, we give firstly the
solution of the associated linear boundary value problem, and the corresponding Green functions with
their properties. Then in the main section of paper we prove the existence of positive solutions of
(1), (2) by applying the Guo-Krasnosl!’skii fixed point theorem and the Leggett-Williams fixed point
theorem. We also present finally an example for illustrating our results.
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