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Abstract: One of the fundamental problems of quantum statistical physics is, how an ideally isolated
quantum system can ever reach thermal equilibrium behavior despite the unitary time evolution
of quantum-mechanical systems. Here we study by explicit time evolution for the generic model
system of an interacting, trapped Bose gas with discrete single-particle levels, how the measurement
of one or more observables subdivides the system into observed and non-observed Hilbert subspaces
and the tracing over the non-measured quantum numbers defines an effective, thermodynamic bath,
induces entanglement of the observed Hilbert subspace with the bath, and leads to bi-exponential
approach of the entanglement entropy and of the measured observables to thermal equilibrium
behavior as a function of time. We find this to be more generally fulfilled than in the scenario of the
eigenstate thermalization hypothesis (ETH), namely for both local particle occupation numbers and
non-local density correlation functions, and independent of the specific initial quantum state of the
time evolution.

Keywords: thermalization; isolated quantum systems; entropy; entanglement; ergodicity; quantum
chaos

1. Introduction
Thermodynamics, as a phenomenological theory, has proven to be most useful since its inception.

It was constructed to describe macroscopic systems in contact with each other, where concepts like heat
exchange, entropy, and temperature are defined in an operative way. In this context, thermodynamic
equilibrium emerges empirically as the state that is reached after a sufficiently long time when a
system is left to itself by maximizing its entropy. Such an equilibrium state can be realized by heat
exchange with a thermal heat bath at a given temperature or in an isolated, classical system at constant
energy by multiple scattering of the microscopic entities comprising the macroscopic system. In an
isolated quantum system, however, the problem of thermalization is non-trivial, because quantum-
mechanical time evolution of isolated or Hamiltonian systems is unitary: A statistically pure quantum
state remains pure and, therefore, its entropy is equal to zero for all times. More generally, in an
isolated quantum system, the total entropy is constant in time and cannot be maximized. In sharp
contrast, experiments on trapped, ultracold atomic gases, which are nearly ideally isolated from the
environment, do show exponential relaxation to thermal behavior. This constitutes the problem of
quantum thermalization.

One of the most prominent scenarios for understanding thermal behavior of isolated quantum
systems is the eigenstate thermalization hypothesis (ETH), put forward independently by Deutsch
and Srednicki [1,2]. It asserts that in an isolated many-body system, the long-time average of the
quantum-mechanical expectation value ⟨Ψ(t)| Â |Ψ(t)⟩ of an observable quantity Â with respect to a
statistically pure state |Ψ(t)⟩ is indistinguishable from its expectation value with respect to an energy
eigenstate at a typical energy and, thus, indistinguishable from the microcanonical thermal average.
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The ETH became a focus of quantum research after its numerical verification in hard-core boson gases
in two-dimensional lattices [3,4], although it was found not to be valid in other systems [5,6]. The
applicability of the ETH relies on a number of restrictive preconditions. Most notably, the energy
distribution of the Hamiltonian eigenstates comprising the pure quantum state |Ψ(t)⟩ must be narrow
compared to its mean energy, in order to fulfill the microcanonical condition. In addition, the off-
diagonal elements of ⟨Ψ(t)| Â |Ψ(t)⟩ in the energy eigenbasis must effectively vanish. This, however,
occurs generally only on the long-time average by destructive interference, which is slow due to the
narrow frequency spectrum, in contrast to the experimentally observed, fast thermalization dynamics
of ergodic systems. See Ref. [7] for a detailed discussion and the relation to ergodicity. Typically, the
ETH can be validated only for local observables (correlation functions) [8].

In the present work, we explore the thermalization mechanism of measurement-induced, dynami-
cal (heat) bath generation (DBG), put forward in Refs. [7,9]. It is based on the fact that in a sufficiently
complex system1 it is not possible to completely determine the state vector, i.e., to measure all quantum
numbers of the system by any realistic experiment. Thus, the measurement subdivides the Hilbert
space into an observed and a non-observed sector, such that the latter acts as a canonical reservoir for
the observed subsystem. As a consequence, the entanglement entropy of the reduced state vector will
be maximized even though the total system remains in a pure state. This concept was introduced by
Goldstein et al. by the term canonical typicality [10], building on earlier ideas of intrinsic decoherence in
a quantum system by Zurek [11–13] and by Milburn et al. [14]. Rigorous results on thermalization due
to canonical typicality and its relation to the ETH in discrete, translationally invariant systems were
proven in Ref. [15]. The work of Posazhennikova et al. [7,9] extended this concept of typicality from
stationary, thermal states to the time-dependent approach to equilibrium, then dubbed as DBG, albeit
the calculations were done for overall grand-canonical systems, i.e., effectively open quantum systems.

We examine the validity of the predictions of the DBG by numerically exact time evolution of
closed quantum many-body systems, where the total energy and particle number are conserved, and
monitoring the temporal approach to thermal equilibrium behavior. As a generic, non-integrable
system, we consider a Bose gas of up to N = 25 particles, confined in a trap comprised of 5 single-
particle levels and with an arbitrarily strong two-particle repulsion U. For this system, the natural
observables are the (time-dependent) occupation numbers of the individual single-particle levels as
well as the occupation-number correlation functions between different levels. We reach exponentially
long evolution times by iteratively exponentiating the time-evolution operator. The exponentiation
procedure requires computing the time-evolution operator for the entire Hilbert space, not only the
components comprising the state vector at hand, as in the adaptive, time-dependent density-matrix
renormalization group (t-DMRG) [16]. Although this does limit the system size, it turns out that
even our few-particle systems of N ≤ 25 are complex enough to show clear thermal behavior after
sufficiently long time. This indicates, in particular, that the thermodynamic limit of infinite system
size is controlled by the Hilbert space dimension rather than the number of particles. We further find
that the entanglement entropy of the observed subsystem with the non-observed one approaches
a maximum with a bi-exponential time-dependence, independent of the energy distribution of the
initial state. We show that this entropy maximum represents a thermal state by fitting the fluctuation-
dissipation relation to the single-particle spectra as well as the level-occupation correlation functions.
As an important result, we find that not only the local correlation functions thermalize in this sense,
but also the non-local correlation functions of occupation numbers of different levels.

The paper is organized as follows. In the following section 2 we give a pedagogical description of
the partitioning of an arbitrary quantum system by the measurement, characterized by the reduced
density matrix, whose entanglement entropy may be maximized although the entire system remains
in a pure quantum state. In section 3 we introduce, as a generic model for the concrete calculations, a
trapped, interacting Bose gas and outline our computational method of long-time evolution. Section 4

1 Sufficiently complex means that the Hilbert space dimension is large, and the Hilbert space does not factorize into disjoint
sectors by the system dynamics.
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contains results for the entanglement entropy of the observed subsystem and analyzes its approach to
a maximum as a function of time for initial pure states with a narrow (microcanonical) as well as a
wide (canonical) energy distribution. In sections 5 and 6, we present the thermalization dynamics of
the boson occupation numbers in specific single-particle levels and the correlation functions between
the occupation numbers of different levels, non-local in level space, respectively. We conclude with a
discussion and outlook of the general applicability of our results in section 7.

2. Measurement and Entropy in Isolated Quantum Systems
The density matrix of an isolated quantum system with the Hamiltonian Ĥ reads

ρ̂(t) = ∑
α,β

Pαβ |ψα(t)⟩ ⟨ψβ(t)| , (1)

where the sum runs over the orthonormal basis states |ψα(t)⟩ of the complete many-body system. In
the Schrödinger picture, their time dependence, |ψα(t)⟩ = Û(t) |ψα(0)⟩, is given by the time-evolution
operator Û = e−iĤt (h̄ = 1 here and in the following). As a consequence, the von Neumann entropy of
the entire system,

S(t) = −tr{ρ̂(t) ln ρ̂(t)} = −tr{Û(t) ρ̂ ln ρ̂ Û−1(t)} = S(t = 0) , (2)

does not depend on time due to cyclic permutation under the trace. In particular, the entropy of a pure
state, whose density matrix has only one non-zero eigenvalue, is zero for all times. The ETH uses the
fact that in the energy eigenbasis of the many-body system, |ψα(t)⟩ = e−iEαt |ψα(0)⟩, the off-diagonal
elements of ρ̂(t) in Eq. (1) oscillate with the frequency difference of the respective eigenstates. As a
consequence, the off-diagonal elements of ρ̂(t) average to zero in the long-time integral, while the
diagonal elements are constant. In the long-time average, the expectation value of an observable Â can
then be written in the energy eigenbasis as the sum over diagonal elements,

⟨A⟩ = tr{ρ̂Â} = ∑
α

⟨ψα| ρ̂ |ψα⟩ ⟨ψα| Â |ψα⟩ . (3)

With the assumption of ergodicity (equivalence of temporal and ensemble average), this can be seen
as a thermal average of the observable Â, see [1,2,7] for details. However, the off-diagonal elements
decay as 1/t only after long-time t integration, and a faster diagonalization of the density matrix is
possible only on average over all off-diagonal elements. The dynamical approach to equilibrium from
an arbitrary initial state is, therefore, unclear in this scenario.

Here we explore the scenario of measurement-induced partitioning. If a quantum system is
sufficiently complex, more precisely, the Hilbert space dimension is sufficiently large, it is not possible
to completely determine the system’s state vector by any given experiment. The measurement
of an observable Â then partitions the complete Hilbert space into the subspace spanned by the
quantum numbers determined by the measurement, termed system S , and the subspace of not observed
quantum numbers which we call bath or reservoir R, as illustrated in Figure 1. The observable Â can,
thus, be decomposed as Â = ÂS ⊗ 1R where ÂS acts in the observed subspace only. Denoting
arbitrary orthonormal basis sets of the system and of the reservoir by BS = {|αS ⟩} and BR = {|βR⟩},
respectively, the complete density matrix reads,

ρ̂(t) = ∑
αS ,βR , α′S ,β′R

cαS βRc∗α′S β′R
|αSβR⟩ ⟨α′Sβ′

R| , (4)
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with the direct product states |αSβR⟩ = |αS ⟩ ⊗ |βR⟩, and the sums run over the complete system or
reservoir basis, respectively. Since the observable Â acts only in the observed subspace, Â = ÂS ⊗ 1R,
its expectation value, valid for all times t, can be written as

⟨A⟩(t) = trS{ρ̂S (t)Â} , (5)

where the reduced system density matrix and its entanglement entropy read, respectively,

ρS (t) = trR{ρ̂(t)} = ∑̃
βR

∑
αS ,βR
α′S ,β′R

cαS βRc∗α′S β′R
⟨β̃R| Û(t) |αSβR⟩ ⟨α′Sβ′

R| Û−1(t) |β̃R⟩ , (6)

SS (t) = −trS{ρ̂S (t) ln ρ̂S (t)} . (7)

Figure 1. Graphical illustration of the measurement-induced partitioning. The cloud represents the full Hilbert
space H. The subsystem of interest S is depicted as an ellipse living inside H. The complement of the ellipse in
the cloud is the effective “reservoir“ subsystem R.

Importantly, if the Hamiltonian H = HS + HR + HSR couples system and bath, e.g., by particle
exchange induced by HSR, cyclic permutation of the time-evolution operator Û(t) in Eq. (6) is not
allowed. This is due to the noncommutativity of the action of Û(t) and the incoherent summation over
bath states, ∑β̃R

in Eq. (6). Consequently, for an arbitrary initial state, the entanglement entropy will
generally be time-dependent. It is the purpose of the present paper to analyze by numerical evaluations,
if and how it may approach a maximum and lead to thermal behavior of physical quantities in the
subsystem S . In the following, we will drop the subscript S on the entanglement entropy, since the
time-independent, total entropy will not be further used.

3. Model and Time-Evolution Method
As a concrete model for the numerical time evolution, we analyze a generic, isolated, non-

integrable many-body system of N bosons in a trap made up of M = 5 single-particle states,

Ĥ = ∆
M

∑
i=1

(i − 1) b†
i bi + J

M

∑
i=1

∑
j ̸=i

b†
i bj + U

M

∑
i=1

b†
i b†

i bibi + U′
M

∑
i,j,l,m

not i=j=l=m

b†
i b†

j blbm , (8)

where U, U′ denote the intra-level and inter-level interactions, repectively, and J is the transition
amplitude between any pair of levels. ∆ is the single-particle level spacing, assumed to be non-
degenerate and equidistant, corresponding to a one-dimensional, harmonic trap. In the present paper,
we will show results for the parameter values ∆/J = 10, U/J = 1, U′/J = 0.1, and a conserved, total
particle number N = 25. For this parameter set, the average ratio of consecutive level spacings of the
many-body eigenergies is ⟨r⟩ = 0.53, close to the value for the Gaussian orthogonal ensemble (GOE)
of random matrices of ⟨r⟩ = 0.5307 [17,18], indicating indeed chaoticity of our many-body system.
We also performed calculations for different parameter values, including N < 25, and the particular
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choice is not important for the physics described here. Natural observable quantities for our model
system will be the time-dependent, local occupation numbers of the single-particle levels, ⟨ni⟩(t), as
well as their non-local correlation functions, ⟨ni(t)nj(t + τ)⟩.

To propagate an initial state to sufficiently long times t, necessary to observe the approach of the
entanglement entropy to a stationary, maximum value, we use the method of repeated exponentiation
of the short-time evolution operator Û0 := Û(δt) = exp(−iĤδt). For a short time interval δt, Û0 is
expanded up to order kmax,

Û(δt) = e−iĤδt =
kmax

∑
k=0

(−iδt)k

k!
Ĥk +O[(δt)kmax+1] , (9)

where we choose δt such that δt · max(Ĥ) ≲ 10−1, with max(Ĥ) the maximum matrix element of Ĥ in
the entire, large, but finite-dimensional Hilbert space. For Û(δt), this yields a precision of O(10−kmax).
We usually choose kmax = 4. To reach long evolution times, Û0 is recursively exponentiated according
to

Û1 = Û(n δt) = (Û0)
n,

Û2 = Û(n2δt) = (Û1)
n, (10)

Û3 = Û(n3δt) = (Û2)
n, etc.

In this way, exponentially long evolution times ∆t = nrδt are realized at the numerical cost of (r · n)
matrix multiplications, growing only linearly with the number of recursions r. The precision does
not significantly deteriorate for the relevant number of multiplications. A desired, high temporal
resolution at long times ∆t can be achieved by applying lower-order time-evolution operators, after this
long time has been reached via high-order evolution operators. We specifically use this approach in the
calculation of two-time expectation values. In contrast, single-time expectation values are evaluated
on a dense time series utilizing smaller steps with r ≈ 10 recursions of n = 2. Note that this procedure
is possible because the time evolution operator does not depend on the system’s initial state and can
be multiplicatively applied, in contrast to adaptive methods like the adaptive t-DMRG. Conversely, for
the recursive multiplication, the evolution operators Ur must be calculated for the entire Hilbert space.
For our system of up to N = 25 bosons in M = 5 single-particle levels, the Hilbert space dimension is
≈ 24000, and the matrix multiplications are well feasible.

An important choice is that of the initial state. In the present study, we consider only pure states
of the entire system S ⊗ R, as those states pose the thermalization problem in the most extreme
form: the evolution from a zero-entropy state to thermal behavior at long times. We note in passing
that, in this case, the entanglement entropy of the system SS is identical to the entropy of the rest
R [19]. Among pure states, we investigated two classes: states whose energy spectrum is narrow,
∆E ≪ ⟨E⟩, and states with broad energy spectrum, ∆E ≲ ⟨E⟩. The spectrum is defined as the
distribution of expansion coefficients of the initial state |ψ0⟩ into the (discrete) energy eigenbasis via
|ψ0⟩ = ∑E |E⟩ ⟨E|ψ0⟩ = ∑E cE |E⟩. Narrow-spectrum states are approximate energy eigenstates, i.e.,
coherent superpositions of many-body eigenstates with nearly equal energy, which may be compatible
with the ETH [7]. For the broad-spectrum states, we chose occupation-number eigenstates of single-
particle levels, which are not Hamiltonian eigenstates due to the transition amplitude J and the
inter-level interaction U′. Such states do not fulfill the ETH conditions. The spectra of representative
narrow-band and broad-band states are shown in Figure 2.
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Figure 2. Energy spectra of two initial states. The upper panel shows the spectrum of a sharply distributed
state compatible with ETH. It is an equal-weighted coherent superposition of the 74 energy eigenstates between
E/J = 599.18 and E/J = 600.87. The lower panel shows the spectrum of the occupation-number eigenstate with
all particles in the single-particle ground state, i = 1. The energy expectation values of both states are equal,
⟨E⟩ /J = 600. The insets show small regions around the expectation value.

4. Entanglement Entropy
Here we present the entanglement entropy S(t) for the subsystem (S : i ≥ 3) comprized of the

levels i ≥ 3 of our system (i.e., the occupation numbers of the levels i = 3, 4, 5 are the measured
observables), as computed using the method described in section 3.

4.1. Broad energy spectrum

Figure 3 shows the time evolution starting from the occupation-number state with n1 = N = 25,
ni = 0 for i > 1, as the broad-spectrum, non-equilibrium initial state (cf. Figure 2, bottom panel).
Clearly, the entanglement entropy of this initial state vanishes, S(t = 0) = 0. Entanglement is then
generated on a fast time scale for times below tJ ≈ 1, followed by a slow, asymptotic approach to a
stationary, maximum value attained at tJ ≈ 10 (see inset of Figure 3). Plotting the deviation from the
long-time limit on a logarithmic scale in the inset of Figure 3 reveals two logarithmic slopes, that is,
bi-exponential behavior with fitted time constants τ1 J ≈ 1/4 and τ2 J ≈ 3/2, see also Ref. [9].
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Figure 3. Time evolution of the entanglement entropy of the subsystem S comprised of single-particle levels i ≥ 3.
Initial state: occupation-number eigenstate with all particles in the lowest single-particle level, n1 = N = 25,
as shown in Figure 2, lower panel. The blue dashed line indicates the long-time limit S̄∞ = 5.15. In the inset,
the modulus of the difference to S̄∞ is shown on a logarithmic scale. The dashed line is a bi-exponential fit, as
shown in the legend. The long-time value is the standard deviation calculated directly from the time series as
σS,∞ = 6.9 · 10−3. The fit parameters are a1 = 3.4 ± 0.2, a2 = 0.35 ± 0.02, τ1 J = 0.26 ± 0.01, and τ2 J = 1.58 ± 0.03.
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4.2. Narrow Energy Spectrum

For comparison, we show in Figure 4 the time evolution for a microcanonical state as the initial
state, i.e., a state with the narrow energy distribution of Figure 2 (upper panel). The initial entanglement
entropy for this initial state is already significantly greater than zero, because each energy eigenstate
comprising the microcanonical ensemble extends over the entire system, i = 1, 2, 3, 4, 5. The time
evolution of the entanglement entropy in the subsystem (S : i ≥ 3) is essentially static (upper
panel). The same is true for the occupation numbers of the individual single-particle levels ni (lower
panel). This static behavior is expected since the microcanonical state contains essentially only a single
frequency ⟨E⟩. The associated time-dependent phase factors cancel in the system density-matrix ρ̂S as
well as in the observable expectation values ni. Note that, in this microcanonical state, the distribution
of level occupation numbers P(ni) is not predefined by a temperature but instead fixed by the total
energy ⟨E⟩ of the system. A state of this nature is well described by ETH. At the same time, such a
state is essentially static and cannot describe the dynamic approach to a maximum entropy state, since
it effectively contains one single frequency only. By contrast, a state with broad energy distribution is
not within the scope of the ETH, while the measurement-induced partitioning into subsystem S and
effective reservoir R covers both regimes, including the dynamical maximization of the entanglement
entropy.
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Figure 4. Time evolution of the entanglement entropy of the subsystem comprised of levels i ≥ 3 and occupation
numbers for the microcanonical state whose energy spectrum is shown in the upper panel of Figure 2. nsys

represents the total particle number in the subsystem i ≥ 3.

5. Thermalization Dynamics of Local Occupation Numbers and Spectra
5.1. Thermalization Dynamics of Local Occupation Numbers

The approach to a steady state and maximum of the entanglement entropy is a necessary but not
sufficient condition for thermalization. In this section, we study how physical observables indeed
attain a thermal distribution for sufficiently long times. In our trapped Bose gas, the natural, local
observables (i.e., on an individual single-particle level) are the occupation numbers ni and their
energy-resolved spectra. Note that measuring or calculating individual occupation numbers defines a
different, single-level subsystem for each measurement, while the other levels are traced out.

Thus, a direct comparison with the entropy evolution in the subsystem (S : i ≥ 3) can be
made only for the subsystem occupation number nsys = n3 + n4 + n5. Its time evolution is shown
in Figure 5 (dashed line) along with the occupation numbers of the individual levels, ni. It is seen
that for short times, Jt ≃ 1, the occupation numbers vary strongly, but settle to stationary values in
the long-time limit. The approach of nsys to the long-time limit, shown in Figure 6 on a logarithmic
scale, is exponential with a time scale of ≈ 10Jt, similar to the entanglement entropy (Figure 3). From
Figure 5 we also see that the long-time, individual occupation numbers systematically decrease with
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increasing level number i. We will demonstrate in the following that this indeed corresponds to
a thermal distribution with a single temperature by analyzing the energy-resolved single-particle
spectra.
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Figure 5. Time-dependent occupation numbers of the system comprised of three levels, nsys = n3 + n4 + n5 (blue,
dashed line) and of individual levels ni. The inset shows the long-time behavior. Initial state: occupation-number
eigenstate shown in Figure 2, lower panel.
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logarithmic scale. The inset shows the same quantity for three different single-site occupations. The dashed line in
the main panel is a bi-exponential fit, as shown in the legend. The constant long-time value σnS ,∞ is the standard
deviation calculated directly from the time series. The fit parameters are a1 = 15.08 ± 0.01, a2 = 1.81 ± 0.01,
τ1 J = 0.041 ± 0.001 and τ2 J = 2.12 ± 0.01.

5.2. Long-Time Thermalization of Local Spectra

In order to assess thermalization of physical quantities, it is necessary to compute their energy-
dependent spectra and to examine whether they obey a thermal distribution. Here, we are concerned
with local, single-particle spectra, while energy-dependent, non-local density correlations will be
analyzed in section 6.
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Single-particle spectra are defined using the two-time lesser and greater Green functions (in the
notation of Ref. [20]),

G<
ij (t1, t2) = −i ⟨b†

j (t2) bi (t1)⟩ , (11)

G>
ij (t1, t2) = −i ⟨bi (t1) b†

j (t2)⟩ , (12)

from which the Keldysh and spectral functions, respectively, are obtained in the time domain as,

GK
ij (t1, t2) = G>

ij (t1, t2) + G<
ij (t1, t2) , (13)

Aij(t1, t2) = i[G>
ij (t1, t2)− G<

ij (t1, t2)] (14)

The energy-dependent Keldysh and spectral functions, GK
ij (t, E), Aij(t, E), are then obtained by trans-

forming to center-of-motion (CoM) and relative time coordinates, t = (t1 + t2)/2, τ = t1 − t2, respec-
tively, and Fourier transforming with respect to the time difference τ,

Aij(t, E) =
∫

dτ Aij(t1, t2) ei Eτ , (15)

and similar for GK
ij (t, E). The total Keldysh and spectral functions of the system are then obtained by

tracing over the level indices,

GK(t, E) = ∑
i

Gii(t, E), A(t, E) = ∑
i

Aii(t, E) , (16)

which is independent of the choice of basis taken in level space, i.e., diagonalization is not required. In
thermal equilibrium (and thus dropping the CoM time), A(E) and i GK(E) are strictly real, positive
semidefinite for E ≥ 0, and obey the fluctuation-dissipation relation formulated for the Keldysh
function [20],

GK(E) = −i A(E) coth
( E

2kBT

)
= −i A(E)

(
2nB(E, T) + 1

)
. (17)

This follows from the fluctuation-dissipation theorem for the equilibrium two-point expectation values
in the frequency domain [20] (β = 1/kBT),

⟨Â(τ)B̂(0)⟩E = e−βE ⟨B̂(0)Â(τ)⟩E , (18)

for arbitrary operators Â and B̂ in the Heisenberg picture. The single-particle distribution function
nB(E/T) can be extracted from Eq. (17) in terms of the ratio GK(E)/A(E).

To evaluate the two-time expectation values of Green functions in Eqs. (11), (12), we write
the Heisenberg operators in terms of the time evolution operators, b(t1) = Û−1(t1) b(0) Û(t1), etc.,
perform an appropriate, cyclic permutation under the trace to cast the time dependence on the states
in the density matrix, and then evolve all the many-body state vectors appearing in the expression for
G≶

ij (t1, t2) (before and after the action of destruction or creation operators) to the desired, long time
using the algorithm described in section 3. A high time resolution with respect to the difference time
τ = t1 − t2 is obtained by subsequently applying time-evolution operators of lower order, Ûk, k < n,
cf. Eqs. (10). Finally, the trace over bath, then system states is taken for each pair t1, t2 with fixed
CoM time t and Fourier transformed with respect to τ to obtain the spectra at time t. The results for
GK(E) and A(E) for a generic system of N = 25 bosons with the broad-spectrum initial state shown
in Figure 2, bottom panel, are shown in Figure 7 at a CoM time of Jt = 100 along with the sum of
Lorentzian fits to each of the 5 distinct spectral peaks in i Gk(E) and A(E). The slightly negative values
of A(E), not allowed in equilibrium, result from numerical unprecisions of the Fourier transform,
Eq. (15), and from the fact that the ∞-time limit cannot truly be reached numerically, so that there
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may be slight deviations from equilibrium. Figure 8 shows the spectral distribution nB(E, T) function
where each data point at energy Ei is extracted from Eq. (17) as nB(Ei, T) = (i ḠK

i /Āi)− 1/2, where
ḠK

i , Āi, i = 1, . . . , 5, are the peak weights of the Lorentzian fit for each of the peaks in Figure 7, and Ei

are the corresponding peak positions. The solid line is a fit of the thermal Bose-Einstein distribution
function nB(E/T) = 1/[exp(E/T)− 1]. Note that the chemical potential µ = 0, since the particle
number in the measured subsystem Si is not fixed but determined by the system dynamics. Thus,
the temperature T is the only fit parameter. The numerical results agree quantitatively remarkably
well with a thermal distribution for all data points, with only a large error bar for level number i = 2,
resulting from the non-Lorentzian shape of this peak in the numerical result for A(E). Note that the
measurement (or calculation) of each level-occupation number creates a different partitioning of the
total system, so that each level may, in principle, have its own temperature. However, for sufficiently
long times, all these temperatures attain a global, equal value, as our single-parameter fit shows. See
also CoM-time dependent results in section 6. The value of the fitted temperature is determined by
the expectation value of the total energy of the initial state. We conclude that the partitioning of our
generic, isolated Bose gas into observed subsystems induces a dynamical approach to thermalization
of the occupation number distribution at long times.
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Figure 7. Spectral function and Keldysh functions with the sum of 5 Lorentzian fits to the peaks. The center-of-
motion time is Jt = 100.
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Figure 8. Occupation probabilities nB(Ei, T) of the 5 levels, i = 1, . . . , 5 (data points) as extracted from Eq. (17)
and taking for each level the ratio of Keldysh Green function peak weight spectral-function peak weight (see text).
For each peak, the weight is determined as the weight of a Lorentzian fitted to the computed spectral peak. The
solid curve is a Bose-Einstein distribution fitted to the data points. The only fit parameter is the dimensionless
temperature T/J = 198 ± 3. The error bars are determined by the respective Lorentzian fits.
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6. Thermal Behavior of Non-Local Density Correlations
Our analysis can be extended to observable quantities non-local in level space, that is, occupation-

number correlation functions between different single-particle levels, χij(t, E) = ⟨n̂i(t1) n̂j(t2)⟩E,
where n̂i(t) = b†(t)b(t) is the occupation number operator on level i. Thermal behavior of non-local
correlation functions is usually not obtained in the ETH scenario. Here, we calculate these quantities
using the procedure described in the previous section. We probe their thermal behavior by testing
them against the fluctuation-dissipation theorem in Eq. (17). Figure 9 shows the comparison of the left-
and right-hand side of Eq. (18) for spectra of typical occupation-density correlation functions, χ01(t, E),
χ10(t, E), for the same parameter set as in section 5, using β = 1/kBT as the only fit parameter. While
for short CoM evolution times t, the deviations are rather large at all energies E (note the logarithmic
scale), the agreement at longer times is very good up to E/J ≈ 60. For even larger energies E/J,
the density correlations have decayed to such small values that the deviations between both curves
become comparable to the omnipresent and necessary thermal fluctuations. Hence, the non-local
density correlation functions thermalize as a function of time, induced by measurement-induced
partitioning. The extracted temperature of T/J ≈ 200 of the non-local density correlation agrees well
with the temperature of the local level-occupation distribution of Figure 8.
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Figure 9. Fluctuation-dissipation fits for energy-dependent density correlation functions between the lowest two
levels as indicated, at times Jt = 1 and Jt = 10. The inverse temperature β = 1/kBT is the only fit parameter. The
fitted temperatures at Jt = 1 and Jt = 10 are T1/J = 193 ± 17 and T2/J = 200 ± 7, respectively.

To exemplify the dynamical approach to thermal behavior, Figure 10 shows the temperature as
extracted from the fluctuation-dissipation fit (Eq. (18)) for three different correlation functions for a
large range of CoM times (solid lines, left axis). For short CoM times, Jt ≲ 3, a single-parameter fit
of temperature is not possible, indicating that the measured subsystem is far from equilibrium. For
larger CoM times, the uncertainty of the single-temperature fit becomes of the order of 3 % (dashed
lines, right axis), indicating that a momentary temperature at time t is well defined. However, at
long and intermediate times, the solid lines still deviate from each other significantly more than the
standard deviation of the fitting procedure (dashed lines) for different correlation functions. While this
could indicate that different correlation functions may be at different, individual temperatures, the
fitted mean temperature values (solid lines) fluctuate in time more than their instantaneous standard
deviations (dashed lines). Within a time average over a characteristic fluctuation time, all three
temperatures agree with each other, so that global thermal behavior is reached, but for exceedingly
long times. The appearance of different transient temperatures will be a subject of further research.
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Figure 10. Time-dependent temperatures extracted from the fluctuation-disspation fit (Eq. 18) of level-occupation
correlation functions χi,j, shown as solid lines refering to the left axis. Dashed lines, referring to the right axis,
represent the standard deviations of each fit. The shaded, gray area indicates the short-time region where the
uncertainty of a single-temperature fit is large (see text).

7. Summary and Outlook
We presented measurement-induced, dynamical bath generation (DBG) [7], as a general ther-

malization mechanism for isolated quantum systems, which is based on ideas of canonical typicality
[10] and intrinsic decoherence [11–14]. In particular, we analyzed the dynamical approach to thermal
behavior by numerical long-time evolution of an interacting, trapped Bose gas as a generic, non-
integrable quantum system. The measurement (or calculation) of an observable quantity partitions
a quantum system into observed and non-observed Hilbert subspaces in such a way that the states
of the non-observed Hilbert subspace, the bath, are traced over like in a grand-canonical reservoir.
This tracing leads to a non-vanishing entanglement entropy of the measured subsystem with the bath
despite the fact that the state vector of the entire system obeys unitary time evolution and remains a
unique state for all times.

Taking a generic, non-energy eigenstate with a broad energy distribution as the initial state of
the time evolution, we showed numerically that, in the long-time limit, the entanglement entropy
approaches a global maximum in a bi-exponential way: The entanglement entropy reaches a near-
maximum value at a rate of about one interaction constant J, and then evolves to the global maximum
at a much slower rate. In the long-time limit, the deviations from the global maximum are dominated
by thermal, statistical fluctuations. Correspondingly, all quantities considered, local observables as
well as non-local correlation functions, reach thermal equilibrium distributions. Their temperatures, as
extracted from the dissipation-fluctuation theorem, agree with each other within numerical accuracy.
Here, locality and non-locality refer, in a more general sense, to the diagonal and off-diagonal elements
of an observable not only in position, but, e.g., in level space.

When the entire system’s state vector is comprised of an energetically narrow spectrum of
many-body eigenstates, the entanglement entropy and local occupation numbers have essentially no
dynamics as expected for the microcanonical ensemble. In addition to the DBG scenario, the eigenstate
thermalization hypothesis (ETH) may apply to this case in that the long-time average of the level
occupation numbers is equal to the microcanonical ensemble average for an ergodic system [1,2].

These results allow for a number of general conclusions. The DBG scenario appears to have no
conceptual restrictions on its applicability: In contrast to the ETH, it describes the time-dependent
approach to thermal behavior. This is true even for an initial state with the lowest possible entropy,
a pure state, and works for broad as well as for narrow energy distributions in the initial state.
Furthermore, we showed that the DBG is not limited to the thermalization of local (in level space) but
also applies to non-local correlation functions. The only condition on the applicability appears to be
that the system is sufficiently complex and not integrable, that is, the Hilbert space has sufficiently
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large dimension and does not factorize into disconnected sectors by the Hamiltonian dynamics. In
particular, we conjecture that it is, in fact, the large Hilbert space dimension that ensures a well-defined
thermodynamic limit, rather than the particle number. This is because our calculated expectation
values are well defined in that their temporal variations are much smaller than the mean value in
the long-time, stationary limit, even though the particle numbers N ≤ 25 of our system are not
macroscopic. The bi-exponential approach of the entanglement entropy to a global maximum found in
our calculations suggests an intermediate, near-equilibrium state. It will be a subject of further research
in how far this may be described by time-dependent temperatures of subsystems at intermediate times.
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