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The reflectance R of monolayer graphene for the normal incidence of electromagnetic radiation is known to
be remarkably defined only by 7 and the fine-structure constant @. It is shown in this paper that the reflectance
(or the sum of transmittance and absorptance) of monolayer graphene, expressed as a quadratic equation with
respect to the fine-structure constant & must unsurprisingly introduce the 2™ fine-structure constant s, as the
2" root of this equation, as well as two 7-like constants for a convex and a saddle surface. It turns out that
this 2" fine-structure constant is negative, and the sum of its reciprocal with the reciprocal of the fine-structure
constant « is independent of the reflectance value R and remarkably equals —x. Particular algebraic definition
of the fine-structure constant @' = 47° + 72 + © ~ 137.036, containing the free 7 term and agreeing with the
physical definition of this dimensionless constant to the 5" significant digit, when introduced to this sum, yields
@,' = 47 — n* - 2 ~ —140.178. Assuming universal validity of the physical definition of @, @, defines the
negative speed of light in vacuum c,. The average of this speed ¢, and the speed of light in vacuum c is in the
range of the Fermi velocity (10° m/s). Furthermore, the 2" negative fine-structure constant o, alone introduces
the imaginary set of base Planck units.
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I. INTRODUCTION were also derived [5] (Eqgs. 29-31) based on the thin film

model (setting ny = 1 for substrate).

Numerous publications provide Fresnel coefficients for the
normal incidence of electromagnetic radiation (EMR) on
monolayer graphene (MLG), which are remarkably defined
only by 7 and the fine-structure constant & having the recipro-
cal

. (qP)2 4neghc
a =|— =

— ~ 137.036, (1)
e e

where e is the elementary charge, gp is the Planck charge, €,
is vacuum permittivity, 7 is the reduced Planck constant, and
c is the speed of light in vacuum.

Transmittance (T') of MLG

T = ﬁ ~ 97.746% ©)
1+ ’%

for normal EMR incidence was derived from the Fresnel equa-
tion in the thin-film limit [1] (Eq. 3), whereas spectrally flat
absorptance (A) A = ma = 2.3% was reported [2, 3] for pho-
ton energies between about 0.5 and 2.5 eV. T was related to
reflectance (R) [4] (Eq. 53) as R = 72a’T/4, ie,

R=—4% ~0.013%, 3
(1+5)

1”20,2

The above formulas for 7" and R, as well as the formula for the
absorptance
A= "2 ~2241%, 4)
(1 + %)
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The sum of transmittance (2) and the reflectance (3) at nor-
mal EMR incidence on MLG was also derived [6] (Eq. 4a)
as

T+R=1- 4an
4 +4don + o2n? + k2y?
1+ %7‘1’20’2 )
=—Q= 97.759%,
(1 + %)
where
dnah 1
= = — ©)
e €°C

is the impedance of vacuum, o = e2/(4h) = na/ n is the MLG
conductivity [7], and y = O is the electric susceptibility of
vacuum.

These coefficients are thus well-established theoretically
and experimentally confirmed [1-3, 6, 8, 9].

As a consequence of the conservation of energy

(T +A) + R = 100%. 7)

In other words, the transmittance in the Fresnel equation
describing the reflection and transmission of EMR at normal
incidence on a boundary between different optical media is, in
the case of the 2-dimensional (boundary) of MLG, modified
to include its absorption.

The paper is structured as follows. Section II shows that
Fresnel coefficients for the normal incidence of EMR on MLG
introduce the second, negative fine-structure constant a,. Sec-
tion III shows that this second fine-structure constant intro-
duces the negative speed of light in vacuum c,, which in turn
introduces the imaginary set of base Planck units. Section IV
shows that the negativity of the a, alone is sufficient to intro-
duce the a,-set of Planck units. Section V presents Fresnel
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coefficients for the normal incidence of EMR on MLG ex-
pressed just by . Section VI shows that Fresnel coefficients
for the normal incidence of EMR on MLG introduce two n-
like constants for a convex and a saddle surface having respec-
tively positive and negative Gaussian curvatures. Section VII
concludes and discusses the findings of this study.

II. THE SECOND FINE-STRUCTURE CONSTANT

The reflectance R = 0.013% (3) of MLG can be expressed
as a quadratic equation with respect to «

1
Z(R—1)712a2+1em+1e=0, (8)

having two roots with reciprocals

— VR
ot = TTVR 137.036, and 9)
2VR
—x-7VR
o' = VR 40178, (10)
2VR

Therefore, the quadratic equation (8) introduces the second,
negative fine-structure constant a;.

The sum of the reciprocals of these fine-structure constants
(9) and (10)

SR il R-n-7VR
a a, = =
’ 2VR

is remarkably independent of the reflectance R. The same re-
sult can be obtained for the sum of T and A, as shown in Ap-
pendix .

Furthermore, this result is intriguing in the context of a pe-
culiar algebraic definition of the fine-structure constant [10]

-, (11)

o' =47 + 72 + 1 ~ 137.036 (12)

that contains a free m term and agrees with the physical def-
inition (1) of @ to the 5™ significant digit. Therefore, using
Equations (11) and (12), we can express the negative recipro-
cal of the 2" fine-structure constant a; ! that emerged in the
quadratic equation (8) also as a function of 7 only

@' = -m—a;' = —4r’ - 2* - 2m ~ —140.178. (13)
This result supports the validity of the algebraic definition

(12).
But how can this negative value be interpreted physically?

III. NEGATIVE SPEED OF LIGHT AND THE «,-SET OF
PLANCK UNITS BASED ON IT

Almost all physical constants of @ = e?/(4neyhic) in the
physical definition of the fine-structure constant (1) are posi-

tive!, whereas the charge e is squared. Only the velocity can
be negative, as it is a directional quantity. Therefore, if

—7VR 4neh
ot = T2 VR _ T0X ~ 137.036, (14)
2VR e

then
I 7VR _ Aneohcy

a, = =

2 2 VR g
where ¢, is the negative speed of light in vacuum that, using
Equations (11) with (1) and (15), amounts

~ —140.178, (15)

dreghc  4neghc,

2 2
e ez e (16)
€y = ——— — ¢ ~ =3.066653 x 10® [m/s],
4607’1

which is greater that the speed of light in vacuum ¢ in modu-
lus, whereas their average

CF O 3436417 x 106 [m/s] (17)

is in the range of the Fermi velocity.

Furthermore, we can express the €2 /(4eh) term in (16) us-
ing the impedance of vacuum (6) as ¢, = —c(an + 1) which,
using the algebraic definitions of @ (12) and @, (13), yields
the following relation between the speed of light in vacuum
¢, negative speed of light ¢,, the fine-structure constant @ and
the negative fine-structure constant @,

(=ve), (18)

where v, is the electron’s velocity at the first circular orbit in
the Bohr model of the atom.

The concept of the negative speed of light in vacuum c,
might seem to be a nonsence or unsettling for the reader. If
this is the case, the reader is advised to skip the subsequent
Section I'V.

The negative speed of light in vacuum ¢, (16) introduces
the imaginary set of base Planck units {gp;, {p;, mp;, tp;, Tp;}
that redefined by square roots containing ¢, < O raised to an
odd (1, 3, 5) power become imaginary and bivalued?:

a
qpi = £ dnehc, = +qp ‘,a/_
2

~ +i1.8969 x 1078 [C]

ca = c,an

(19)
(> gp),

/hG /a§
fpi =+ C_Z = ifp ? (20)

~ +il.5622 x 107%° [m] (< £p),

! Vacuum permittivity e is the value of the absolute dielectric permittivity
of classical vacuum. Thus, € cannot be negative. The Planck constant / is
the uncertainty principle parameter. Thus, it cannot be negative; negative
probabilities do not seem to withstand Occam’s razor.

2 Base Planck units themselves admit negative values as negative square
roots.
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hicy, .
NG "V Q1)

2
~ +i2.2012 x 1078 [kg]

(> mp),
tpi =% hG _ =+t i
PEEN S TN (22)
~ £i5.0942 x 1074 [s] (< 1p),
5 5
= 4+ h_C,; = —TP a’—S
Gk, @ (23)
~ +i1.4994 x 102 [K] (> Tp),

and can be expressed, using (18), in terms of base Planck units
fp, mp, tp, and TPS.

Both charge a/zq%,[ = a'q?, (19) and mass a;, Planck units
azm%,i = am?, (21) are related with base Planck units in the
same way. It is not surprising: both Coulomb’s law and New-
ton’s law of universal gravitation are inverse-square laws. We
also note that the relations between time (22) and tempera-
ture a, Planck units (23) are inverted: astz = a/2t2 whereas
a/gTI%i = le,. Furthermore, eliminating « and a; from (19),
(21)-(23) yields the following relations

2 2
T = Ihi _ 4neyG (24)
mp  np;
and
Tath = Tats i (25)
plp = Lpilp; = k2 ’
B

independent on the velocity of light.

Planck units derived from imaginary base units (20)-(23)
are not imaginary in general.

The a5 Planck volume

3 e (26)
~ +i38127x 107 [m*] (< £3),

the a, Planck momentum

. . hey . a3
Ppi = £mpiCy, = £ G = xmpc O,’% (27)

~ +i6.7504 [kg m/s] (> mpc),

3 The notation £pi(< £p), for example, means that the absolute value of the
imaginary Planck length (20) is lower than the absolute value of the Planck

length £p = \AG/c3.

the a, Planck energy

QS
Eri= PR

~ +i2.0701 x 10° []] (> Ep),
and the a, Planck acceleration
Lo, cl . a’
api=*t— =% — = +qa _
P ) "\l (29)
~ +i6.0198 x 10°! [m/s*] (> ap),
are imaginary and bivalued.
However, the @, Planck force
Epi Ci a4
Fpp=+——=22=xFp—
tpi G a, (30)
~ +1.3251 x 10 [N] (> Fp),
and the @, Planck density
o @

pp2 = i@ = ih_an =*pp—
Oy, @ (31)

~ £5.7735 x 10°® [kg/m*] (> pp),

are real and bivalued.
On the other hand, the @, Planck area

3
{2 _ hG _ [2 a’z
Pi C;, P a,3

~ -2.4406 x 1070 [m?] (< £2), (32)

is strictly negative. According to the holographic principle,
each bit of information is physically represented on the holo-
graphic boundary by the Planck area [11-13] (having a posi-
tive value), whereas these areas are triangular [14]*. Notably,
out of all omnidimensional (i.e. present in all complex di-
mensions n) convex n-polytopes and n-balls, only n-simplices
(i.e., triangles for n = 2) are bivalued, admitting both positive
and negative volumes and surfaces [15].

IV. ALTERNATIVE DERIVATION OF THE «,-SET OF
PLANCK UNITS WITHOUT THE NEGATIVE SPEED OF
LIGHT

The a;-set of Planck units, discussed in the preceding sec-
tion, can also be derived without the negative speed of light ¢,
(16).

Using the definition of the fine-structure constant & = €2/ q%,
(1) for the negative a; (10) or (13), we see that it requires an

4 This is also compatible with the Causal Dynamical Triangulation (CDT)
approach, which does not assume a pre-existence of a dimensional space,
but focuses on the evolution of the spacetime as such.
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introduction of some imaginary Planck charge gp;, so that its
square would yield a negative a,

2
% = ;! ~ —140.178 < 0. (33)

Thus, using the value of the elementary charge e in (33) and
the value of the a, (10) or (13), the imaginary Planck charge
(33) can be derived without the negative speed of light ¢, as

2
Gpi =t 4| —. (34)
an

Furthermore, the concept of the negative speed of light ¢,
is not required to derive the imaginary Planck mass, which,
using (34), (24) and the values of the Planck mass and charge
is

mp; = + 227 (35)
qp
In the derivation of (35), we have used the relation (24) that
was derived on the basis of the negative speed of light, but this
relation, as such, is independent of any particular value of the
speed of light, be it positive or negative.

Knowing that the Planck charge is gp = V4nehic we can
solve it for the speed of light to find ¢ = q?, /(4reyh) and intro-
duce it to the Planck force Fp = +c*/G making it is indepen-
dent on the speed of light.

This relation must be valid also for the @, Planck force that
therefore can be derived without the negative speed of light ¢,
and using the imaginary Planck charge (34) as

4
1( ¢
Fpy = +— (q—P) . (36)

Knowing the value of the a, Planck force (36) and mass
(35) we can derive the a, Planck acceleration

Fp)
+—,
mp;j

ap; = (37
and the remaining @, Planck units, using the imaginary Planck
charge (34) instead of the negative speed of light ¢,.

V. ALGEBRAIC FRESNEL COEFFICIENTS FOR THE
NORMAL INCIDENCE OF EMR ON MLG

With algebraic definitions of @ (12) and @, (13) transmit-
tance T (2), reflectance R (3) and absorptance A (4) of MLG
for normal EMR incidence can be expressed just by .

Fora™! = 47° + i + 7 (12) they become

4(4n2 47+ 1)

T (@) = ———— ~ 97.746%, (38)
(872 + 27 + 3)

4(4n* + 7+ 1)

Al@) = ———M—=
@ (872 + 27 + 3)?

~ 2.241%, (39)

while for @;' = —47° — n? — 27 (13) they become

4(4x> + 7 +2)

T (@) = =~ 102.279%, (40)
(872 + 27 + 3)

4 (47r2 iy 2)
Alm) = ——————— ~ =2.292%, (41)

(872 + 27 + 3)

with
1

R(a) = R(a) = ~0.013%. (42)

(872 + 27 + 3)°

Obviously (T(@) +A(@))+R(a) = (T(az) +A(ar))+R(ay) = 1
as required by the law of conservation of energy (7), whereas
each conservation law is associated with a certain symmetry,
as asserted by Noether’s theorem. Nonetheless, physical in-
terpretation of 7'(a;) > 1 and A(a;) < O requires further re-
search. A(@) > 0 implies a sink, whereas A(a,) < 0 implies a
source, whereas the opposite holds true for the transmittance
T, as illustrated schematically in Fig 1. Perhaps, the negative
absorptance and transmittance exceeding 100% for a, (10)
or (13) could be explained in terms of graphene spontaneous
emission.

L AR L2

l.‘/ili.e 4 [ ¥ 7%
g W
Nl IQ?&\?‘\‘ B

/

il

S
W

Figure 1. Illustration of the concepts of negative absorptance and
excessive transmittance of EMR under normal incidence on MLG.
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VI. FRESNEL COEFFICIENTS FOR THE NORMAL
INCIDENCE OF EMR ON MLG INTRODUCE TWO
CIRCUMFERENCE TO DIAMETER RATIOS FOR CONVEX
AND FOR SADDLE SURFACE

The quadratic equation (8) describing the reflectance R of
MLG under normal incidence of EMR (or alternatively (A.1))
can also be solved for 7 yielding two roots

2VR
o= — R and 43
TR = AR @)
—2+VR
==Y 44
TRa2 a.(1+ VR) 9

dependent on R and «., where «, indicates « or ;. This can
be further evaluated, using the algebraic definition of R (42)
(which is the same for both @ and «,), yielding four, yet only
three distinct, possibilities

4 + 1+ 1
TTRa1 = —ﬂ'm = —71'((1271'-{- 1) =~ —30712, (45)
TRy = TRayy = T ~ 3.1416, and (46)
47+ +2
TR,y = —ﬂm = —7T(Q’7T + 1) ~ —3.2136. (47)

The absolute value of mg,; (45) corresponds to a convex
surface having a positive Gaussian curvature, whereas the ab-
solute value of mz,,,(47) - to a negative Gaussian curvature.
Their product e Tre,, = #%. Tt remains to be found, whether
each of them describes the ratio of circumference of a circle
drawn on the respective surface to its diameter (;.) or the ra-
tio of the area of this circle to the square of its radius (r7,).
These definitions produce different results on curved surfaces,
whereas 7, > m. on convex surfaces, while 7, < 7. on saddle
surfaces [16].

VII. CONCLUSIONS

We have shown that the reflectance of graphene under the
normal incidence of electromagnetic radiation (EMR), ex-
pressed as the quadratic equation with respect to the fine-
structure constant @ must introduce the 2" negative fine-
structure constant ;.

The sum of the reciprocal of this 2" fine-structure constant
a, with the reciprocal of the fine-structure constant « (1) is
independent of the reflectance value R and remarkably equals
simply —.

Particular algebraic definition of the fine-structure constant
o' =478 + 7* + 1 (12), containing the free 7 term, when
introduced to this sum, yields a; V= 43 — 72?2 - 21 < 0.

Assuming universal validity of the physical definition of the
fine-structure constant @ (1), the 2™ fine-structure constant e

(13) defines the negative speed of light ¢, (16), the average of
which and the speed of light in vacuum is in the range of the
Fermi velocity (10° mys).

Furthermore, the negative fine-structure constant a, alone
introduces the imaginary set of five base Planck units (19)-
(23), whereas mass and time units (24), as well as temperature
and time units (25) are directly related to base Planck units.

The Planck volume (26), momentum (27), energy (28), and
acceleration (29) derived from imaginary base units (20)-(23)
are imaginary and bivalued, whereas the Planck force (30) and
density (31) are real and bivalued.

The square of the imaginary Planck length (20) introduces
the negative Planck area (32). If Planck areas correspond to
bits of information [11-13] and if they are triangular [14],
then the fact that among n-balls, n-cubes, n-orthoplices, and
n-simplices only the latter admit negative volumes and sur-
faces [15] for any complex dimension n, suggests a physical
interpretation for this negative Planck area (32).

The findings of this study, in particular the meaning of the
relation (25), and the negative ratios mge (45) and 7gq,,(47),
require further research in the context of emergent dimension-
ality [14, 15, 17, 18].

In the context of the results of this study, monolayer
graphene, a truly 2-dimensional material with no thickness?,
is a keyhole to other, unperceived [14], dimensionalities.
Graphene history is also instructive. Discovered in 1947
[20], graphene was long considered academic material un-
til it was eventually pulled in 2004 [21] from graphite by
means of ordinary Scotch tape. These fifty-seven years, along
with twenty-nine years (1935-1964) between the condemna-
tion of quantum theory as incomplete [22] and Bell’s math-
ematical theorem [23] asserting that it is not true, and the
fifty-eight years (1964-2022) between the formulation of this
theorem and this year’s Nobel prize in physics for its experi-
mental loophole-free confirmation, should remind us that Max
Planck, the genius who discovered Planck units, has also dis-
covered Planck’s principle.
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Appendix: Other Quadratic Equations

The quadratic equation for the sum of transmittance (2) and
absorptance (4), putting Cy4 =T + A, is

1
fﬁﬁﬁ+@m—ﬂm+wm—U:Q (A.1)

5 Thickness of MLG is reported [19] as 0.37 nm with other reported values
up to 1.7 nm. However, taking into account that 0.335 nm is the established
inter-layer distance and thus the thickness of bilayer graphene, these results
do not seem credible.
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and has two roots with reciprocals

C
o = rA% ~ 137036,  (A2)
2(1=Cra+ VT=Cra)
and
o' = Cran ~—140.178,  (A3)
2(1=Cra- NT=Cra)
whereas their sum o' + a;l = —n is also independent of T
and A.

Other quadratic equations do not feature this property. For
example, the sum of 7'+ R (5) expressed as the quadratic equa-

tion and putting Cyg =T + R, is

1
7 Cre = D r*a? + Crgma + (Crg — 1) = 0, (A.4)
and has two roots with reciprocals
) a(Crg — 1)
a = ~ 137.036, (A.S5)
_2CTR +2 VZCTR -1
and
1 a(Crr—1)
Arp = ~ 0.0180, A.6)
™ 3l -2V 1 (
whereas their sum
-1 -1 _ _7TCTR ~
g, + Arg, = m ~ 137.054 (A7)

is dependent on 7 and R.
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