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Abstract: This paper introduces the concept of extreme fuzzy PUP ideals within the framework of a PUP algebra.
Building on this concept, we investigate a fuzzy uniform structure applicable to PUP-algebras. We then delve
into the idea of a fuzzy uniform topological PUP algebra, which is a PUP algebra equipped with a distinctive
fuzzy topology that ensures the continuity of both binary operations in a fuzzy topological sense. This approach
broadens the scope of fuzzy uniform topological PUP-algebra, leading to the derivation of numerous properties

of fuzzy topological PUP algebras.
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1. Introduction

The concept of a uniform space was first introduced by Weil in 1938 in [6] aWeil introduced

the concept of a uniform space as a tool distinct from metrics, allowing the study of topological
spaces without relying on countability assumptions. A uniform space can be viewed either as an
axiomatization of certain geometric ideas, which are closely related to but independent of the concept
of a topological space, or as a useful framework for examining topological structures. The theory
of uniform spaces shows notable similarities to the theory of metric spaces, though its applicability
extends much further. For instance, every topological group possesses three natural uniformities that
are particularly useful in applications involving topological groups.
In daily life, a variety of models and traditional methods are used to manage uncertainty and im-
precision. Fields such as medicine, social sciences, and physical sciences rely extensively on these
tools to handle data-related imprecision and uncertainty. To address these challenges, new theories
and approaches are continuously being developed. One significant contribution is by Zadeh [5], who
introduced the concept of fuzzy sets, which is applicable in many contexts. In 2023 Mechderso et al.
[1,2] applied fuzzy concepts to the PUP ideal and congruence relation of PUP algebra.

Motivated by this previous research, we aim to answer the following question: How can a
fuzzified version of the uniform topology for PUP-algebra be developed using ideal theory? We define
the family of extreme fuzzy PUP ideals R, on the larger class of PUP-algebra, denoted by X, to construct
a fuzzy uniform structure (X, K). The component K induces a fuzzy uniform topology 7y in X. We
prove that the pair (X, y) forms a fuzzy topological PUP algebra and investigate some properties of
(X, v ). Finally, we provide characterizations of the fuzzy topological properties of (X, Ty ).

2. Preliminaries

In this section, we review key concepts and definitions that are fundamental to this paper.

Lemma 1. [10] In a PUP-algebra X the following holds, for each x € X,

1) a-0=0andax0=0,
2) 0-a=aandOxa = a, and
3) a-a=0andaxa=0.

Definition 1. [1] A fuzzy relation 1 on a set X is termed a fuzzy congruence relation on a PUP-algebra of X if
it meets the following axioms for any a,b,c € X.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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1) y(a,a) =1,

2) $(a,b) = 9~ (b,a),

3) (a,c) = supyex{min{y(a,b), y(b,c)}},

4) p(a-c,b-c) > ¢(a,b)and p(axc,bxc) > P(a,b), and
5) ¢(c-a,c-b) > ¢(a,b)and p(cxa,cxb) > P(a,b).

Theorem 2.1. [1] A fuzzy equivalence relation { of X is a fuzzy congruence relation PUP-algebra of X if and
onlyif p(a-u,b-v) > min{g(a,b), p(u,v)} and P(axu,bxv) > min{y(a,b), P(u,v)}.

Theorem 2.2. [1] Let p be a PUP ideal of X, and define a fuzzy relation i, (x,y) = min{u(x -y), u(x *
y), u(y - x), u(y * x)}. This is a fuzzy congruence relation on X.

Theorem 2.3. [2] Let f : X — Y be a homomorphism of a PUP algebra. If  be a fuzzy PUP ideal of Y. Then
F=Y(p) is a fuzzy PUP ideal of X

Theorem 2.4. [2] Let (X,-,%,0) and (Y, -,x,0) be a PUP-algebra. f : X — Y is surjective and  is a fuzzy
PUP ideals of X. Then f () is a fuzzy PUP ideals of Y, provided that the sup property holds.

3. Fuzzy Uniform Structure on a PUP-Algebra

In this section, we construct the fuzzy uniform structures by the special family of extreme fuzzy
PUP ideal, and then induce fuzzy uniform topologies. Moreover, we show that PUP algebras with
fuzzy uniform topologies are fuzzy topological PUP-algebra, and also some properties are investigated.
Notation: Let X be a non empty PUP-algebra, ¢ and ¢ be fuzzy relations on X x X. Then we define
the following:

B W N R
< <
=

Definition 2. A fuzzy PUP ideal y of a PUP algebra X is called an extreme fuzzy PUP ideal of X if u(0) = 1.
The family of an extreme fuzzy PUP ideals of X is denoted by X.

Interestingly, any fuzzy PUP ideal of a PUP-algebra can be extended into an extreme fuzzy PUP ideal
within the PUP-algebraX.

Theorem 3.1. Let v be a fuzzy PUP ideal of X. Then there exists an extreme fuzzy PUP ideal y of X such that
vCu

Proof. Let v be a fuzzy PUP ideal of X and we define an extreme fuzzy PUP ideal y by

1, ifx=20
p(x) = :
v(x), otherwise.

Clearly, v Cu. O

In general, the extension of a fuzzy PUP ideal into extreme fuzzy PUP ideal is not unique.

Example 3.2. Let X = {0,1,2,3} be a set with a binary operation ” - ” and " x " defined by the following
cayley table:
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101123 x| 01|23
00123 0(0|11]2]3
11010]3]|3 11010|3]|3
2(0|1]101|0 21011010
310|1]3|0 31012]13|0

See [3], (X,-,,0) is a PUP-algebra. We define a fuzzy set v : X — [0,1] as follows, v(0) =
0.8,v(1) = 0.6,v(2) = 04,v(3) = 0.3. It is easily checked that v is a fuzzy PUP ideal of X. We
define a fuzzy set u : X — [0,1] as follows, u(0) = 1,u(1) = 0.6,u(2) = 04,u(3) = 0.3, and
A(0) =1,A(1) =0.7,A(2) = 0.4, A(3) = 0.3. Through standard calculation, # and A can be expressed
as extensions of v, but u # A.

Definition 3. Suppose that X is an arbitrary family of an extreme fuzzy PUP ideals of a PUP-algebra X. A
fuzzy relation € IX*X, then we define the following:

L yu(x,y) = min{p(x-y), u(xxy), u(y - x), u(yxx)}, forall (x,y) € X x X,

2. (y) = gulx,y), for y € X, and 9 (x) = sup, {min{A(y), $u (x,9)}}, for A € 1%,
3. K* ={¢py:p e},
4. K= {p:¢, C ¢, forsomep, € K*}.

Definition 4. A fuzzy uniformity K on a set X is a collection of fuzzy relations on X x X, (i.e each element of
K is a fuzzy relation such that function from X x X — I), which fulfills the following properties:

U p € K p(x,x) =1forall x € X,

U pe K=y lek,

Us. ¢ € K, there exist a fuzzy relation ¢ € K such that o C ¢,
Ug. P, € K thenpng € K,

Us. p € Kandp C ¢, then ¢ € K.

Then the pair (X, K) is a fuzzy uniform space.

Theorem 3.3. Let N be family of an extreme fuzzy PUP ideals of a PUP-algebra X, then K* meets the criteria
(Uy) through (Uy).

Proof. Suppose u € N and 1 is a fuzzy relation.

Uy. Letp, € K*. Then ¢y, (x, x) = min{p(x-x), p(x*x), p(x-x), p(x*x)} = min{p(0), u(0), #(0), u(0)} =
1. Thus ¢, (x,x) = 1.

Up. Let ¢, € K*, then we have

¥, (%) = Puly, x) = min{u(y-x), p(y*x), p(x-y), u(xxy) } = min{u(x-y), p(xxy), p(y-x), wly>x)} = pu(x,y).
Hence, ¢,/ le Kk~
Us. Let ¢, € K* and (¢, o ) (x, z), then there exist y € X such that

Yuopu(x,z) = supyex{min{t,by (x,y), u(y,2)}} < ¢u(x,z), by Theorem 2.2 ¢, is a fuzzy congruence
relation on X. Thus ¢, o ¢, C ¢y,.

Uy. Let u, A € Rand ¢y, Py € K*. We need to show that i, N, € K*.

(Y ) (x,y) = min{ypu(x,y), Pa(x,y)}
= min{min{p(x - y), p(xxy), u(y - x), p(y * x)}, min{A(x - y), A(xxy)A(y - x), A(y x x) } }
= min{min{p(x - y), p(x xy), A(x - y), A(xxy) }, min{p(y - x), u(y * )A(y - x), A(y x x) } }
=min{(uNA)(x-y), (pNA)(xxy), (pNA)(y-x), (pNA)(y*x)}}
= lpuﬂ)\(x/y)'
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Therefore, ¥, NPy = Pyny, then we have ¢, N,y € K*, since ¢,y € K*.
Hence, K* satisfies the conditions (U;) through (U). O

Remark 3.4. K* is not a fuzzy uniform structure on X.

v

Example 3.5. Let X = {0,4a,b,c} and two binary operation and ” x” defined by the following cayley table:

SOOI
S| | DS
SOOI
SIS0 |0

Al |o
S| ||

V(XN |D|_|_
S| [ |a
O[S ||
S S| DR R

See [3] (X, -, *) is a PUP-algebra. We define a fuzzy set y as follows:

1#(0) =1,u(a) = 0.5 = u(b) = u(c). Then p is an extreme fuzzy PUP ideal of a pseudo-UP algebra. And
¥u(0,0) = ¢u(a,a) = u(b,b) = Pu(c,c) =1, Yu(0,a) = Pu(a,0) = Pu(a,b) = u(b,a) = Pu(c,a) =
(b,c) = Pu(c,b) = Py(a,c) = 0.5. Again we define a fuzzy set A as follows A(0) =1, A(a) = 0.7 = A(b)
and A(c) = 0.9 and then we have, P, (0,0) = P, (a,a) = Po(b,b) = Pa(c,c) =1, Pp(a,b) = Pp(a,0) =
Pa(0,b) = ¢a(a,c) = Pr(b,c) = 0.7 and P, (c,0) = ¥ (0,c) = 0.9. It follows that 1, C ). However, A
does not qualify as a fuzzy PUP ideal of X, which means

= A(b-a) > min{A(b- (c*a),A(c))}
= Ala) > min{A(b-b),A(c)}
= Aa) > min{A(0),A(c)}
= 0.7 > min{1,0.9}.

This is inconsistent with the definition of a fuzzy PUP ideal. Which implies that 1, ¢ K*. Hence, K* does not
satisfy condition Us from Definition 4.

Corollary 3.6. Let X be a PUP-algebra, and define K = { : 3¢, € K* such that ¢, C ¢}. Then Kis a
fuzzy uniform structure on X.

Proof. From the above Theorm 3.3, we find that KK satisfies conditions (U ) through (Uy). It is sufficient
to demonstrate that K satisfies (Us). Let ¢ € K and ¢ C ¢, then there exist ¢, C ¢ C ¢ implies that
¢ C ¢, which means that ¢ € K. Hence, the pair (X, K) forms a fuzzy uniform structure on the PUP
algebra X. [

Definition 5. Let (X, K) be a fuzzy uniform space. A subfamily of fuzzy relation ® of K is called a base for K if
Y € K there exist B € ® such that B C 1.

Theorem 3.7. A non-void family of fuzzy relations ® is a base for some fuzzy uniformity on X if and only if
the following conditions holds:

1. VBe®, B(x,x) =1,

2. VB € @ implies B~ contanis some elements of D,

3. VB, B € ®implies p N B’ contians some elements of P.
4. VB € O there exist B € O such that p* o f* C B,

Proof. Let X be a non empty PUP-algebra, and define K = {¢ : § C ¢, for some p € @}, where ® is a
non-void family of fuzzy relation. Suppose @ is a base for a fuzzy uniformity K. We need to show that
conditions (1) through (4) are satisfied.

1. Let B € ®, then B € K, since @ is a base for fuzzy uniformity K. Which implies that f(x,x) = 1, by
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Definition 4 (U7). Therefore, for all p € K, B(x,x) = 1.
2. Let B € @, then B € K, since ® is a base for a fuzzy uniformity.

= JB' € @ such that B'(x,y) < B(x,y), (by the definition of base)
=B (1) = Bloy) < pluy) =7 y)

=B ) <)

= ﬁ\71 g ﬁfl

=p ek

Which implies that there exist * € ® such that f*(y, x) < /3‘71 (y,x) < B~'(y, x) implies B~ contains
some elements of ® such that g* C 1.
3. Let B, B' € @, then B, B € K. Which implies BN B € K, then there exist f* € ® such that
B*(x,y) < min{B(x,y), B\ (x,y)} = B* C BN B Therefore, N B' contains some memebers of P.
4. Let p € @, then B € K. And there exist ' € @ such that '(x,y) < B(x,y) = B C B, then B' € K.
Now, by Definition 4(Uj3), we have ' o B C B

= B op(xy) < B(x,y)

= sup,cy (min{B'(x,2), Bz y)}} < Blx,v).
Then there exist f* € ® such that $*(x,y) < B'(x,y) = p* C B'. Which implies that * o p*(x,y) =
Sup, e (min{p*(x,2), B*(z,y)}} < sup,cy (min{p\(x,2), Bz, 1)}} < Blx,y) = B 0 p* C p.
Hence, for B € ® there exist p* € ® such that * o f* C .
Conversely, suppose @ is a base for some fuzzy uniformity that satisfies conditions (1) through (4), and
define K = {¢ : B C ¢, for some € ®}. Then we need to show that K is a fuzzy uniformity on X.
U;. Let ¢ € K, then there exist B € ® such that f(x,y) < ¥(x,y). From condition (1), we have
1=p8(xx) <ypxx)=pxx)=1
Uy. Let ¢ € K, then there exist f € ® such that (x,y) < ¢(x,y)

= By, x)=Blxy) <pxy) =¢ '(y,x)
=B y,x) <y yx)
=g lcy

From condition (2), there exist * € ® such that g*(y, x) < B! (y, x) implies f*(y,x) < p~1(y,x) <
plyx) = prcypTi =y K
Us. Let ¢, ¢ € K, then there exist f1, B2 € ® such that f1(x,y) < ¢(x,y) and Ba2(x,y) < ¢(x,y).

= min{p1(x,y), fa(x,y)} < min{y(x,y),p(x,y)} = prNpa S YN .
From condition (4), there exist B € @ such that

B(x,y) < min{p1(x,y), f2(x,y)}
< min{y(x,y),¢(x,y)}
= Blx,y) < min{gp(x,y), ¢(x,y)}
=pCyne
=1PnN¢ e K.

Uy. Let p € K, then there exist B € ® such that B(x,y) < ¥(x,y). From condition (3), there exist
B € ® such that B o B\(x,) = sup,.x {min{B'(x,2), Bz ) }} < Blxy) < P(x,y) = B0 p(x,y) <
P(x,y) = B' o B' C 1, such that there exist ' € & = B' € K. Therefore, ¢ € K, there exist ' € K such
that B' o B' C 9.

Us. Letp € Kand ¢ C ¢. Thereexist f € @ suchthat B C ¢ C ¢ = B C ¢ = ¢ € K. By definition of
fuzzy uniformity, K = {¢ : p C 1, for some p € ®} is a fuzzy uniform space on X. 0O
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Definition 3.8. Let (X, K) be a fuzzy uniform space. A sub family of fuzzy relation & of K is called a subbase
for K if all finite intersection member of & forms a base for a fuzzy uniformity K.

Proposition 3.9. Let X be a non-empty PUP algebra. Then a non-empty class fuzzy relation G on X X Xisa
subbase for some fuzzy uniformity on X if the following conditions hold:

1. Forall S € &,5(x,x) =1, forallx € X
2. Forall S € & = S~ contains some elements of &,
3. Forall S € &, there exist S* € & such that S* o S* C S.

Proof. Let (X, K) be a fuzzy uniform space. Let & be a non-empty class of fuzzy relation on X x X
that satisfies conditions (1)through (3).

Define: ® = inf{S;, S; € &, for each i=1,2,3,...n}. Now & to be a subbase for fuzzy uniformity, ® must
be a base for a fuzzy uniformity. Now we need to prove that ® is a base for a fuzzy uniform space
(X, K).

1. Let ¢ € ®. Define ¥(x,y) = inf{S;(x,y), where S; € & and for eachi = 1,2, 3, ..., n}. From condition
(1), we have S;(x, x) = 1 which implies that inf{S;(x,x)} = 1= ¢(x,x) = 1. Thus € ®,9(x,x) = 1.
2. Let ¢ € ®. Define ¢(x,y) = inf{S;(x,y) where S; € &, for eachi = 1,2,3,...,n}. From condtion
(2), we have S; € & implies that Slfl contains some elements of &. Then there exist A; € & such that
A; € S;71 foreachi=1,2,3,.. n.. Itis clear that inf{A;(x,y)} < inf{S; " (x,y)}. Now we need to show
that 1 (x,y) = inf{S; ! (x,y)}, for each i. Now

v xny) = {9y, %) : (xy) € Xx X}
= {inf{S;(y,x)} : (x,y) € X x X, foreachi}

= {inf{Si*l(x,y)} t(x,y) € X x X}
= ¢ (x,y) = inf{S; " (x,y)}.

Let ¢* € ® and let inf{A;(x,y)} = ¢*(x,y) such that p*(x,y) = inf{A;(x,y)} < inf{S; ! (x,y)} =
¥~ 1(x,y). Which implies that ¢* C 1.

Hence, ¢y~ ! contains some elements of ®.

3. Let ¢ € ®. Define ¥(x,y) = inf{S;(x,y),S; € &}, for some i, from condition (3), then there
exist A; € & such that A;oA; C S, for each i = 1,2,3,..,n implies that inf{(A; o A;)(x,y)} <
inf{A;(x,y)} oinf{A;(x,y)} < inf{S;(x,y)}, for some i. Let * € ® and let inf{A;(x,y)} = ¢*(x,y).
Hence, * o p* C 1. For all p € P, there exist ¢* such that p* o p* C 1.

4. Let ¢, p* € ®. Define ¢(x,y) = inf{S;(x,y), foreachi =1,2,3,..,n} and ¢*(x,y) = inf{S;(x,y), for
eachi =1,2,3,..,k}. Now, min{y(x,y), p*(x,y)} = min{inf{S;(x,y)},inf{S;(x,y)}} = inf{S;(x,v),
for each i = 1,2,3,...,t}, where t = min{k,n}. Which implies that ¢ N ¢* contains it self where
pNyp* € ®. Thus by Theorem 3.7 @ is a base for a fuzzy uniform space (X, K). Therefore, G is a
subbase for a fuzzy uniform space. [

Theorem 3.10. Let w = {B, : p € N}, then w is a subbase for a fuzzy uniformity.

Proof. w satisfies all conditoins of Proposition 3.9 becuase ¥, is a fuzzy equvalance relation and by
Theorem 3.3. So it is easy to show w is a subabse for a fuzzy uniformity. [

Lemma 3.11. Let ¢ and ¢ be fuzzy relations. If p C ¢, then 1 C oI, for x € X.

Proof. Suppose that ¢, ¢ are fuzzy relations, and ¥ C ¢. We claim that ¢! C ¢p[*]. Now, there exist
b € X such that p1¥(b) = p(x,b) < Pp(x,b) = Pl (b) < ¢l¥)(b). Which implies that pl*] C ¢l O

Lemma 3.12. Let y, A € R.IfA C p, then Py C ¢y,.
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Proof. Suppose A C y thatis A(x) < u(x).
Now, i (x,y) = min{A(x-y), Ay - x), A(xy), My xx)} < min{p(x-y),u(y - x), u(xxy), plyxx)} =
Yu(x,y). Hence, ) C ¢y, O

Theorem 3.13. Let (X, K) be a fuzzy uniform structure, then T = {G C IX : G(x) = 1, there exist €
K,y C G} is a fuzzy topology on a PUP algebra X.

Proof. Define T = {G C IX : G(x) = 1,there exist € K, Il C G}. We need to show that T is a
fuzzy topology on X. Let (X, K) be a fuzzy uniform stucture, there exist € K,1x(x) =1, forall x € X
then 1/)["] C1x. Thusly € 7.
Suppose 0 € K and we define 0¥ (y) = 0(x,y) = {1' ifx=y

0, otherwise.
A fuzzy subset in X is empty iff its membership function is identically zero on X and it is denoted by
0, ifxeX

. Then which implies that 0l C 0y for all
1, ifx ¢ X.

0x. And we define the fuzzy sets Ox(x) = {

x ¢ X. Thus, 0x € 7.

Let {G; jc1} C 7. We need to show that U;c;G; € T. By the definition of 7, for each G; € T, there exist
Y; € K such that IlJl[x] C G;. This implies that llJl[x] C Uje1G;. Hence, Ui G; € T.

Let Gy, Gy € 7. By definition there exist ¢, ¢ € K such that ng] C Gy and 1p£x] C Gy, forall x € X.
Consider G = Gj N Gy, then G(x) = min{Gy(x), Ga(x)}. We need to show that there exist ¢ € K
such that l,b[x] C G. Since K is a fuzzy uniformity, it is closed under finite intersections. Therefore,

Y = 1 Ny Foreach x € X, pldl gng] N 1/)£x] C G1 NGy = G = G € 1. Therefore, 7 is closed under
finite intersection. Hence, 7 is a fuzzy topology on X. O

Theorem 3.14. Let ® be a base for the fuzzy uniformity K and x € X. Then {pX) : ¢ € @} is a base for the
fuzzy topology T.

Proof. Let (X, K) be a fuzzy uniform space. Let T = {G C IX : G(x) = 1, there exist p € K, pl*] C G}
be a fuzzy topology on X. Let @ be a base for fuzzy uniformity K.

Consider Gg = {¢1" : ¢ € ®}. We need to show that Gy is a base for a fuzzy topological space. By
Theorem 3.13 G(x) = 1, then there exist ¢ € K such that ¢/} C G. Since ® is a base for fuzzy uniform
space, then there exist ¢ € ® such that ¢ C . By Lemma 3.11, we have, ¢} C ¢l = ¢l € yl C G.
Which implies that ¢} C G. For all G € 1, there exist ¢/l € Gp such that ¢/l C G. By Definition 5,
G is a base for a fuzzy topology Ton X. [

4. Fuzzy Uniform Topological Space
Note that from Theorem 3.13 the family X of extreme fuzzy PUP ideals of the PUP-algebra X is
closed under intersection. This allows us to induce a fuzzy uniform topology 7 on X. In this section,

we explore the fuzzy topological properties on (X, Ty). Let X be a PUP-algebra and suppose l[JLx], l[JE\y ]
are belongs to Ty, then we define

@i -9y (r) = sup {min{y,(x,a), pa(y,b)}} and (pi « ) (8) = sup {min{pu(x,a), 9 (y,0)}}.

r=a-b t=axb

Definition 4.1. A pseudo-UP algebra X equipped with a fuzzy topology T is called a fuzzy topological PUP
algebra if for each an open fuzzy set G neighborhood of x - y, and open fuzzy set H neighborhood of x % y, then
there exist two open fuzzy sets U, V neighborhoods of x and y, respectively such that U -V C G, UV C H.

Definition 4.2. If (X, K) is a fuzzy uniform space, then the fuzzy topology T is called fuzzy uniform topology
on X induced by K.
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Theorem 4.3. Let (X, Ty) be a fuzzy uniform topological space. Then By = {w,[f} : x € X} is a base for Ty.

Proof. Let (X, Ty) be a fuzzy uniform topological space. For i € K, and for all x € X, we get
1p,[,x] C . Then 1y = {G C IX: G(x) =1 3p € N such that I[JLX] C G}. Then it is easy show that By
is a base for 1y. That is, for all G € Ty, there exist lpLx] € By such that tpLx] C G. By Definition 5, By, is
a base for a fuzzy uniform topology on X. O

Theorem 4.4. In a pseudo-UP algebra X, let Ty be a fuzzy uniform topology induced by K. Then (X, ) is a
fuzzy topological PUP algebra.

Proof. Define K = {¢ : ¢, C ¢, for some ¢, € K*}. Forall ¢ € K,y € 8, and for all x € X we get
1/’1[4x] C ¢l for some g, € K*. Then Ty = {G C IX: G(x) = 1, 3u € Nsuch that #’Lx] C G} be a fuzzy
uniform topology on X, and G and H are fuzzy open set of Ty such that G(x-y) = 1and H(x xy) = 1.
Which implies that there exist ¢ € K such that vl € G and ™Yl C H. Since y is an extreme fuzzy
PUP ideal such that ¢, C ¢.

We claim that l[)l[f] . l[)Ly ] C Gand lp][f] * szy ] C H. Now

(@i ) (r) = sup {min{p} (a), p (0)}}

r=a-b

= sup {min{zpy(x, a), Yu (y,b)}}

r=a-b

< sup {min{p(x,a), p(y,b)}}, since ;, C ¢

r=a-b

IN

sup{y(x-y,a-b)}, by Theorem 2.1

r=a-b
= sup (9"l (a )}

= sup {pl¥(a-b)} < G(a-b).

r=a-b

Thus, tp,[f] ~lpLy ] cG.

(@i x 9 (8) = sup {min{yl" (a), p (0)}}

t=a*b

= sup {min{l[J” (X,H), Yu (yr b>}}

t=axb
sup {min{y, (x xy,axb)}}, since ¢, C

t=axb

< sup {¢(xxy,a*b)},by Theorem 2.1

t=axb

IN

— sup (¢ (a D))

t=axb

= sup {p*¥(axb)} < H(axb).

t=axb

Thus, tp,[f] * 1P;[4y] CH.
Hence, (X, 1y) is a fuzzy topological PUP-algebra. [

Theorem 4.5. Let u, A € N. IfA C p, then T, C T).
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Proof. Suppose X = {u}, K* = {¢,} and K = {¢ : ¢, C ¢, for some ¢, € K*}. Let O € 7. Then for
all x € X such that O(x) = 1, there exist ¢ € K such that ) C O and so wLx] C pl¥) € 0. By Lemma
312, C ¢y. It follows that l/Jg\x] - 1/Jl[f] CO=0¢€T.Hence, 7, C1). O

Theorem 4.6. Let X be a family of extreme fuzzy PUP ideals of a PUP-algebra X which is closed under
intersection. If A = N{y : y € N}, then Ty = 7).

Proof. Let K and K* defined as in Definition 3. Now consider ®; = {A} and define K1 = {y : ¢, C ¢}
and K} = {¢,}. Suppose that O € Ty. Then O(x) = 1 there exist a fuzzy relation ¢ € K such that

pll C 0. Since ¢ € K there exist y € X such that l/JLx] C ¢. Since A C p by Lemma 3.12 ¢, C ¢y.

Hence, gb[Ax] - gbe] C O, which implies that O € 7). Therefore, Ty C 7).
Conversely, let O € 7). Then for all x € X such that O(x) = 1, there exist ¢ € K; such that ] C O.

So, 1ka] C ¢, Since X is closed under intersection, then A € X. Then we obtain ¥, € K and
Oem=1 C 1. Hence, 7y = n. U

Definition 4.7. Let (X, K) be a fuzzy uniform structure is called fuzzy compact set if every fuzzy open cover
has a finite fuzzy sub cover.

Theorem 4.8. Let y be an extreme fuzzy PUP ideal of X, then y is fuzzy compact in (X, ;).

Proof. Fory € K, € R, forall x € X such that 1/)’[f] C pl, thenwe get 7, = {0 : O(x) =1, IPLX] C O}.
Suppose that 1,L7Lx] C UjeaO;, where O; is fuzzy open set in T, for each i € A. Since 1(0) = 1 and there
exist i € A such that O;(0) = 1. Then an extreme fuzzy PUP ideal u(0) = IIJLO] (0). Which implies

that y = l/},[?] C O;. Since y is entirely contained in one of the fuzzy open set O;. Hence, y is a fuzzy
compact of (X, 7). O

Theorem 4.9. Let R be a family of extreme fuzzy PUP ideals of a PUP algebra X which is closed under
intersection. If A = N{p : y € N} then forall x € X, tpkc] is fuzzy compact in (X, Tx).

Proof. Suppose A = N{p : u € N}. Let lpkc] C U;ea O, where O; is a fuzzy open set of 7y and A is

any index set. For x € X such that O;(x) = 1. Then I/ch] C O;. Hence, wkc] is a fuzzy compact in
(X, TN)- O

Definition 4.10. Let (X, Ty) be a fuzzy topological space where N is a family of an extreme fuzzy PUP ideals of
X and p € N. Then for any fuzzy subset A of X, cl(A)(x) = inf{l[J}[:\] (x): ¢, € K*}.

Theorem 4.11. Let f : X — Y be a PUP homomorphism between two PUP algebras of X and Y and let y be
an extreme fuzzy PUP ideal of Y, then for x1, x2

Pr1( (x1,%2) = P (f(x1), f(x2)).

Proof. For all x1,x, € X, we have

P o1 (k1 x2) = min{ £ 0) (1 - x2), £ () (2 30), (1) G x2), £ () (e )}

= min{p(f(x1 - x2)), 1(f(x2 - x1)), w(F (1 % x2)), (2 % 30)) )

= min{p(f(x1) - £(2)), w(F(x2) - Fx0)) w(F (1) 5 £(x2)) w(F(x2) (1))}
Pulf(x), f(x2)).

Hence, 10,y (x1,%2) = 9 (f(x1), f(x2)). O
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Theorem 4.12. Let f : X — Y be a PUP isomorphism between two PUP-algebras X,Y and let y be an extreme
fuzzy PUP ideal in Y. Then the following statements hold, forall x € Yandy € Y.

D fl,

e A
-1
2 £ ) = v )

Proof. 1) Let y € Y, then there exist x; € X such that f(x;) = y. Now

f@h ) = sup (i (n), fHy) # 0}

x1€f(y)

= sup {Ppa,(x,n)}
xef~y)

= S;lp( ){min{f’l(u)(x-xl),f’l(u)(x*x1),f’1(#)(x1 -x), f N () (a1 x) b}
x1€f 1y

= S;lp( ){min{#(f(x-xl)),u(f(x*xl)),#(f(xl X)), u(f(x1xx))}}
x1€f 1y

= S;lp( ){min{#(f(x) o)), p(f () % f(x1)), w(f (x1) - f(2)), w(f (1) % f(x)) } }
x1€f 1y

= S;lp( ){min{ﬂ(f(x) ), u(f () xy), uy - f(x)), u(y > f(x))}}
x1€f 1y

= sup{y ()}
> lpo(X)] (y)

= F )W) = 9 V)

=™ < fwlh,)
FH) M () = (f(x)
=9Pu(f(x),y)
=i FY(f(x), fY(y))), by Theorem 4.11
= P (% @)

—1(y)
- J[‘f*l(m] ().

).2) We need to show that f~! (l[JLy ]) = zpj[(f, *11(%)]‘
) (
) (

Therefore, f *1(1/;%) — lp}f_zl(;]/))]. 0

Conclusion

In this maniscrpit, we explored the concept of a fuzzy uniform space on PUP algebras and
introduced the notion of a fuzzy uniform topological PUP algebra. This structure is a pseudo-UP
algebra equipped with a specialized fuzzy topology that ensures the two binary operations are
topologically fuzzy continuous. This concept broadens the scope of fuzzy uniform topological PUP
algebras, allowing us to derive various properties of fuzzy topological PUP algebras.
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