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Short Note 
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Jianxiang Wang 
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Abstract: In this note, it is demonstrated first by several examples that with the development of 

theoretical research in physics, materials science and engineering, and advanced manufacturing 

technology, rigorous mathematical theorems and equations have been already materialized by novel 

physical objects of practical significance. It is then proposed that this route may point to an emerging 

paradigm, which is termed the Plato machine, for designing and manufacturing products by a direct 

integration of mathematics and advanced manufacturing technology. Finally, in view of the advances 

of AI for science and engineering, it is pointed out that this process may be greatly expedited and 

realized by AI with proper human supervision for the well-being and progress of mankind. 
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The working of the physical world can by and large be described by certain mathematical laws 

[1]. For centuries, mathematical models have been established to ‘depict’ observed physical, mental 

and even societal phenomena and have been used in industry and society to design and manufacture 

new products, as well as to provide improved services. On the other hand, there are instances where 

mathematical theorems have directly materialized physical objects that have practical significance. 

For example, the well-known Penrose tilling [2] that has been proved by mathematical theorems in 

pure geometry [3] to tile a plane aperiodically has been widely used in architecture and decoration 

[4]. 

Kirigami is a traditional art for decoration; however, today, it is a promising technology for 

designing and fabricating novel morphing structures at different scales such as small stents in 

biomedical engineering and large solar sails in aerospace engineering. The deployability of kirigami 

is characterized by the motion of the panels around their joints. Rigid deployability, meaning the 

panels do not deform but only translate and rotate around the joints, has important implications in 

that it minimizes the degrees of freedom so as to greatly facilitate control in applications. Therefore, 

the precise design and economical manufacture of kirigami structures are largely governed by 

kinematics and geometry. Without the deformation of the panels, the deployability of kirigami is 

governed solely by geometry. Planar kirigami structures have been designed and fabricated based 

strictly on geometrical theorems [5,6]. For kirigami on curved surfaces, Dang et al. [7] have 

established a theorem that stipulates the rigid deployability of spherical quadrilateral kirigami (SQK) 

that they then used to make a kirigami dome with the 3D printing technique (Figure 1). The work of 

Dang et al. [7] points to a new paradigm that it is possible to integrate rigorous mathematics with 

state-of-the-art manufacturing technology to produce new products. 

 

Theorem. An SQK 
tessellation has either 
one or two compatible 
configurations. 

Manufacturing 
technology 

(3D printing) 
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Figure 1. The integration of a mathematical theorem and 3D printing produces a kirigami dome (Picture 

reprinted from [7]). 

The development of the materials and structures with the function of electro-magnetic and 

acoustic cloaking has been a fertile field due to their intriguing properties and wide applications. In 

this regard, mathematics has played a vital role. The so-called Willis media – a kind of metamaterials 

– is an example based on a mathematical theory. The mechanics of solid materials is conventionally 

described by the Navier equation 

 
(1) 

where  denotes the density of the material, u the displacement vector of a material point, C the 

stiffness tensor of the material,  (nabla) here denotes the gradient operator, and f is the density of 

body force. With the development of new materials, and especially the emergence of metamaterials 

that exhibit unconventional properties, it appears that if the governing equation satisfies form-

invariance under a certain curvilinear transformation, then a novel type of materials can be made to 

modulate the elastic and acoustic waves to realize intriguing functions of cloaking [8]. However, the 

required form-invariance is not satisfied by the classical Navier equation (1), but by a new governing 

equation 

 

 

(2) 

This is the so-called Willis formalism [8,9]. Here, p denotes the momentum vector, and C, S, S 

and  along with the sign  are non-local operators imposed on the augments. 

Based on the theoretical Willis formalism [8,9], a new category of metamaterials, the so-called 

Willis materials, has been invented, which has provided fertile ground for developments in physics, 

mechanics, materials science and engineering, and mechanical engineering [10-20]. Willis materials 

have important applications in the control of acoustic and elastic waves. Not surprisingly, a lot of 

research has been devoted to their practical realization [13-18]. Liu et al. [16] have realized a Willis 

material with the 3D printing technology (Figure 2). The material can be used to produce high-quality 

sensors and elastic wave cloaks. Chen et al. [18] have designed and fabricated an active Willis meta-

layer in beams and plates to independently modulate the transmission and reflection of flexural 

waves. 

 

Figure 2. The integration of the Willis theory and 3D printing produces a Willis material (Picture reprinted from 

[16]). 

Brun et al. [21] found that cloaking in elasticity can be achieved with an elastic constant tensor 

lacking minor symmetry. Then, Nassar et al. [22] proposed the microstructural design of achieving 

such elastic constant tensors without minor symmetry. Based on the theory, Xu et al. [23] have 

realized a perfect elastic cloaking material with the 3D printing technology (Figure 3). 
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Figure 3. The integration of the elastic theory and 3D printing produces a perfect elastic cloaking material 

(Picture reprinted with permission from [23]). 

Topological insulators of different orders have an intimate correlation with mathematics. 

Among them, the so-called higher-order topological insulators have been attracting significant 

attention for they can realize any integer number of topological states at interfaces of materials. 

Recently, Sun et al. [24] have constructed a new kind of higher-order topological insulators which 

can localize energy at arbitrary multiple sites within the whole structures without introducing 

material interfaces. This construction is based on a theorem for the improved Householder 

tridiagonalization of matrices. Sun et al. [24] have designed and fabricated a higher-order topological 

insulator that exhibits the demanded localization of energy at multiple sites including the corners, 

edges and within the bulk of the material without the need for altering the structure, i.e. without 

introducing interfaces (Figure 4). Moreover, they also demonstrated that multiple localization sites 

can be programmed to facilitate improving the sensitivity of sensors for detecting and imaging 

objects. 

 

Figure 4. The integration of the algebraic theory and 3D stereolithography produces a higher-order topological 

insulator (Picture reprinted with permission from [24]). 

It is clear that the above examples have the same pattern, i.e. the production of physical objects 

is directly based on rigorous mathematical theorems or equations. This pattern can be universally 

represented by a simple scheme, shown in Figure 5. This integrated system of mathematics and 

manufacturing technology that produces physical objects is here termed the Plato machine. The 

systems that manufacture new products in terms of physical laws may be regarded as generalized 

Plato machines. 

The Plato machine 

 

Figure 5. The integration of mathematics and manufacturing technology (the Plato machine) produces a physical 

product. 

The above direct transformation of mathematical theories into physical objects on a case-by-case 

basis was the product of human intelligence and effort. Nowadays, artificial intelligence (AI) can 

generate symbolic governing equations from data [25-29], auto-discover laws of geometric and 
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physical conservation [30,31] and discover both the governing parameters and equations of natural 

phenomena from videos [32,33]. It is likely that a time will come when mathematical theorems and 

new governing equations are discovered by AI such that the whole process of mathematics-based 

inventions can be automated with minimal human supervision, hopefully to enrich the lives of 

human beings. It can be argued that not all theories predicted or discovered by AI can be easily 

materialized, at least in the immediate future. That is quite likely to be true, but if some of them can 

be materialized into useful products, that should suffice. In this connection, it is interesting to note 

that in 2006, when envisaging the new materials being constructed based on the Willis theory, Milton 

et al. [8] speculated that “it is far from clear that the desired composites” could be realized; it would “be a 

tall order to physically build these materials.” It took only about ten years to realize these materials! It 

has been demonstrated that computational approaches have facilitated art-inspired design of 

metamaterials [34]. The integration of mathematics and advanced manufacturing technology will be 

a promising avenue for design and production of new products. 
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