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Abstract: In this study, the complex interactions between the well-known Mittag-Leffler functions with two, three,
and four parameters are explored. We first study the integral forms of the Mittag-Leffler function EY L li( z) with
the goal of clarifying its mathematical behaviours and features. Moreover, we create relations between these
functions and generalised hypergeometric functions and Fox-Wright functions, expanding the range of their use
and comprehension. We explore a number of unique situations by in-depth examination, providing insight into
the subtle characteristics of these functions. This investigation advances our theoretical knowledge and opens
up possibilities for future applications in a number of scientific fields. As such, this study adds to the current

conversation in mathematical analysis and is an important tool for both practitioners and researchers.
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1. Introduction and Preliminaries

Despite being a field of study for four centuries, special functions has seen tremendous growth
in the last fifty years due to its applications in science and engineering. Bessel functions, generalised
hypergeometric functions, generalised Mittag-Leffler functions, Wright hypergeometric functions, H-
function, Legendre polynomials, Laguerre polynomials, Hermite polynomials, Srivastava polynomials,
and many more special functions are included in the list.

In this paper, we shall be working with the well-known Mittag-Leffler function, which was first
presented by Mittag-Leffler [1] in relation to a summation of some divergent series. The Mittag-Leffler
function appears in the solution of fractional order differential equations and integral equations,
particularly in the study of complex systems, random walks, Levy flights, superdiffusive transport,
and the fractional generalisation of the kinetic equation. Numerous works, including Haubold , Mathai
and Saxena [2] and Hilfer [3] are available for use as references.

The works of Ankit pal, AK Shukla, JC Prajapati, Hari M Srivastava, Arran Fernandez, F Ghanim,
Hiba F Al-Janaby, Omar Bazighifan, Anatoly Kilbas, Anna Koroleva, and Sergei Rogosin [4-9], and
many others contain numerous integral formulas connected to the function of Mittag-Leffler. Inspired
by their efforts, we provided unified integrals involving the Mittag-Leffler function as defined in (1) in
this study, and we take into consideration and comment on several intriguing specific instances as a
result.

For our purpose, we begin with the Mittag-Leffler function, E,(z), and its two-parameter version,
Esp(z), which are introduced in Mittag-Leffler and Wiman[1,10] in 1903 and 1905 respectively.

) k

dE 1
kzol“zxk—i—l and Eqp(z kzorakﬂi) M
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where
z,a, B € C;, R(w) > 0,R(B) > 0.

The Mittag-Leffler functions, E,(z) and E, g(z), are considered to be a generalization of well-
known mathematical functions such as the exponential, hyperbolic and trigonometric functions. This
can be seen from the following equalities:

inh < —1
Exa(2%) = sz Z Ex(—2%) = cosz, Ex(z%) = coshz, Eq5(z) = ¢

and Eq(z) = ¢*.

The properties, extensions, and applications of Mittag-Leffler functions E,(z) and E, 4(z) have
been explored and documented in various works such as Giusti [11], Gorenflo [12], Mainardi and
Srivastava [12]. These authors present a range of useful properties with additions to the Mittag-Leffler
E«(z) function in (1) and its generalized forms, including numerical calculations.

An increase in the number of parameters is associated with the next phase of development
within the Mittag-Leffler function theory. Accordingly, Prabhakar [13] presented a three-parametric
Mittag-Leffler type function,

>  T(p+k) 2
B (z)=) —— "2 2 e 2)
”‘fﬁ( ) 12) T(p)T(ak + B) k!
©)
and continuing with this function, we get
; * T(p+xk)ZF
ory - T "

= T(o)T (ke + )kt

as mentioned by Shukla and Prajapati [4] in their work, where &, B, p € C;9%(a) > 0, R(B) > 0,R(p) >
0and x € (0,1) UN. Itis evident that the aforementioned functions exhibit the following relationships:

EVB(2) = ELg(2), ELp(2) = Eup(2), Eua(2) = Ea(2).

For all z, if k < Re(a) + 1 the function E‘Z:;(Z) converges, and for |z| < 1, if k = Re(x) + 1, the
function EZ’; (z) absolutely converges.

The various multi-parameter extensions and generalizations of the Mittag-Leffler function E,(z)
mentioned in (1) can all be seen as special cases of the general Fox-Wright function ,'¥; or its modified
version p‘I’;, which have p numerator parameters a5, ...,a, and g denominator parameters by, ..., b, :
p,q € Np such that

aj € C:j= 1,..p,andb; € C\Zy :j=1,...9.

Further details can be found in several references, which include work of Erdelyi, Gorenflo, Mainardi,
Srivastava, Pal, Khan, Ahmed, Mathai and Haubold [9,14-16].
For Fox-Wright functions, ,'¥,; and p‘f’;, we referred to Srivastava work [17] defined as

>, (a1) an--(ap) 4
p‘{f; [(“1/A1), s (ap, Ap); (by,B1), . bq, Bq 2 i pn 2"

(b1)Byn-- (bq)Bqn n!
T(by)..T(b

- MWM (ap, Ap); (b1, B1), s by, By 2] ©)
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where,
q p
f)‘%(Aj) >0:j= 1,...,p;9’t(Bj) >0j=1,..4:R ZB]' _ ZA]' > 1,
j=1 j=1

and the notation (A), used includes Pochhammer symbols, which are shifted factorials, defined as for

AveC,
_T(A+v)
(A)V - W
1 (v=0;A € C\0) ©)
C\AA+D)(A+n—1) (v=neC).

The convergence of series (5) is subject to the the value of |z| which must be suitably bounded.

P4 1 B
eam ({1 (1100,
j=1 j=1

The special case of the general Fox-Wright function , ¥ is the generalized hypergeometric function
pF; with p numerator parameters 4y, ..., 4, and g denominator parameters by, ..., bq,where p,q € Ny,
which has been extensively studied and has potential applications. This only happens when

Aj=1:j=1,.,pandB;=1:j=1,...q.

This will provide us with
2 (a1)ne-(ap)n 2"
Filay, ..., ap;b1, .., bg;2| = —
pFa (a1 pibrs s byiZ] ;0 (1) n---(by ) 1!
= p‘I’;’f [(a1,1),..., (ap,1); (b1,1), ..., (by,1); 2]
['(by)..I'(bg)
)

= T(a) (@) p¥q((a1,1), ..., (ap,1); (b1, 1), ..., (by,1);2]. (7)
To set up our results, we will use a result found in Prudnikov, 2018 [18], which we would like to
highlight.
/S (x_r),Yil(S_x))Bil dx = r(,)/)r(ﬁ) (1+k1>77(1 +k2)7ﬁ (8)
b [(s—7) +ky(x —7) + ko (s — x)]FT7 I'(y+p) (s—71) '

forr #s,R(y) > 0,R(B) > 0 and we choose k1, ky such that (1 + kq), (1 + kp),
[(s—7)+ki(x —7) + kp(s — x)] are not zero where r < x <.
Furthermore, we will look at the Lavoie-Trottier integral formula [19], which is as follows:

[rra (909 =) o

for ®(p), ®(v) > 0.
By using Generalized hypergeometric function representation of Ezg (z) as refered in Shukla and

7,

Prajapati [4]
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AN ) (10)

where A(v; ) is a v-tuple V,ﬁ;rl, ..,ﬁJrz Ly

for more information on the convergence criterlon

ERY(z) =

Aw ) isaa-tuple 7, 70, .., 7L Refer to [4]

o 7

2. Results

Theorem 1. If s # rand B,v,a,v € Cwith R(B) > 0,R(y) > 0,%R(v) > 0,R(a) > 0; there exist kq,ky
such that 1 +ky, 14 ko, (s —7) + k1(x —r) + ko(s — x) # 0 for r < x < s then the integral given below is

valid:
s x—1)7" (s —x) B X—r .
/r[<s—r>+k1<x—r>+k2<s—x>]ﬁ” (e e o)
= r(p) W RIS gt (1)), )

Proof. LetZ represent the left side of the assertion (11). The integrand of (11) is applied with definition
in (4), and the result is obtained by swapping the order of the integral sign and summation, which
is confirmed by the involved series” uniform convergence under the specified condition, we get the
following

- ﬁ—l—vn) s (x —r)7+en=1(s _ x)p-1
T e e e e "

In view of the condition given in (8) and since R(B) > 0,R(y) > 0,%R(v) > 0,R%(x) > 0 and
1+ky,14ky, (s—r)+ki(x —r) +ka(s — x) # 0 as given in the conditions of Theorem 1. Thus, we
can apply the integral formula in (8) to (12) and obtain the following expression:

1§ T T e T )t (1 4 )P
= T(B)T(an + y)n! T(y+ B +an) (s—71) ’

Now we have

00 I'(B+vn) 1 (1+kl)(7+“n)(1+k2)*5
S T(BT(y+ B +an) n! G-1) :

Therefore we find that

(1+k)"(1+k2)™ ﬁE,Bv

(s—7) w1 k)™ (13)

=T(p)

This brings the proof to a close.
We can interpret the Theorem 1 as a specialisation of the generalized hypergeometric function in
several variables as defined in (7) and (5), which will lead to a few similar results as stated below.
O
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Corollary 1. The same parameters as « = v = 1 in Theorem 1, the integral given below will be valid:

S
(x—r)7 (s —x)f! < (x—7) >
BB dx
/r ((5—7) + ki(x — 1)+ ka(s — )]ﬁﬂl Y o T —n TG -]
L(NT(B) (1+k1)"7(1+ko)F -1

= Fi(B; ;(1+k . 14
r(’Y‘f’ﬁ) (S ) 11(ﬁ 7"—:8( + 1) ) (14)

We can simply prove the above relation using (10) and the details stated above.

Corollary 2. The identical conditions as mentioned in Theorem 1, with more general form of corollary 1, the
integral given below will be valid:

/S (x — 7)Y 1(s — x)P~1
b [(s—71) 4+ ki(x — 1) +ko(s — x)]PT

oy v+l yta—1 b= r)”
1F,X<,a, x T & ’aa[(s—r)+k1(x—r)+k2(s—x)]a>dx
p
_th¥fu+k%:“;%ﬁ Ea(Bir+ B (LK) ) v

Corollary 3. The same parameters as p = v = 1 in Theorem 1, the integral given below will be valid:

/s (x =) (s — x)P1 g | LD
b s =) +ki(x—1) +ka(s— )7 (,0)
(14k)""(1+kp) P ﬂjll (1L,1) | 1+k)™" ]

(s—r1) (7, )

Theorem 2. If s # rand B,v,a,v € Cwith R(B) > 0,R(y) > 0,R(v) > 0,R(x) > 0, also there exist
ki,ky such that 1 +ky,1+kp, (s —r) + ky(x —r) +ka(s — x) # 0 forr < x < s then the integral given
below will be valid:

(x=r) ]
[(s—7)+ky (x—7)+kp(s—x)]*

=T(p)

S (x = )P (s — x)7] b (s —x)°
/r[(s—r)+k1<x—r>+k2<s—x>1ﬁ+7E"‘”<[<s—r>+k1<x—r>+kz<s—x>]“)d"

= rp U IR T (k) ), 16)

Proof. By applying (4) to the integrand of the aforementioned (16) and then swapping the order of
the integral sign and summation yields the following result, which is verifiable by the involved series’
uniform convergence under the specified condition, we get

o /3 + 1/?1) S (x _ 1,)‘871(5 _ x)anerfl
L T+ / G-N) + k() +hal—mPr

i C(B+vm)  Tly+amT(B) (14 k) P(1+ k)~
X T (e + )l Oy + B ) G=1) '

Using integral representation as in (4) will lead to the given result. [J
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Corollary 4. The identical conditions as mentioned in Theorem 2 with « = v = 1, the integral given below will
be valid:

R T . (s - x)
~[[@w+kaxn+kxswﬁﬂ‘“(ﬁ%[@—o+wmx—ﬂ+«xw<w0dx

= 5((1{(5)) e kl)(slg_(lr;r k) 15 (/5;7 + B (1+ k1)*1). (17)

Corollary 5. The identical conditions as mentioned in Theorem 2 with more general form of Corollary 4, the
integral given below will be valid:

/S (x —r)P~1(s —x)r1
b (s — 1)+ ki (x — 1) +ka(s — x)]PTY
Yyt yta-—1 (s — x)%Ipha “
lEx(,Br‘X/ T P (DC’X[(S—T’)—Fkl(x—T’)—i—kz(s—x)]) )dx
_T(T(B) (L +k) P +kp) ™7 Y rtl yta-1 &
TTOtp ) 15<ﬁ Ta e eiER) )

Corollary 6. The identical conditions as mentioned in Theorem 2, the integral given below will be valid:

/ s (x = )P s = x)77) | B+ | e e ]
(s — 1) +ki(x — 1) + k(s —x)]"FP (7,4)
B (14+k)P(14ky)™7 (B+v) | QA+k)™"
=I5y (7+8.) ]'

Theorem 3. If s # rand B,v,a,v € Cwith R(B) > 0,R(y) > 0,%R(v) > 0,R(x) > 0, also there exist
ki, ko such that 1+ ki, 1+ky, (s — 1) +ky(x — ) + kp(s — x) # 0 for r < x < s then the following integral

holds true:
/s (x—i’)lS 1(s—x)7 1 Eg’v< (x—r) (S—X) )
b (s—r)+ki(x—1)+ka(s— )] P T\ (s —7) + ky(x — 1) + ka(s — x)]*"
- " (Bv), (B,v), (A v);
_ k) PArk)t 1y, (k) (k)" | (18)

(=) T (7,), (A +B,2v);

Proof. Let 7 represent the left side of the statement (18). We will apply (4) to the integrand, and the
uniform convergence of the involved series under the specified conditions is used to verify that the
order of the integral sign and summation have been changed.

0 ﬁ + V?’l) l s (x _ r),BJrvnfl(S o x))\“rl/n*l N
Z ['(an+7) n /r [(s—r)+k1(x—r)+k2(s—x)])‘+ﬁ+2md

In view of conditions given in Theorem 2, we can apply the integral formula of (8) to the above integral
and obtain the following expression:

7 = S r :B +Vn) 1 F(ﬁ + VH)F()\ + Vn) (] + kl)*(ﬁﬁ/”)(l + kz)f(/\ﬂ/n)
Z I'(B)I( 0‘”4")’)7' T(B+A+2un) (5—7)

)P4 kp) i 1 Fﬁ+vn) (B+vn)T(A+vn)
L()(s—r) mnt Tlant9)I(B+A+2vn)

[(1+k)(1+ k)] "
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By applying definition as in (5) we get the following expression:

(1+k) P14k v (Bv), (B, v), (A v);

) 1+k) " (1+k)" | (19)
I'(B)(s—r) (7,a), (A + B, 20);

Finally we interpret the series in (19) as a special case of the Fox-Wright function as defined in (5). We
are thus led to the assertion of Theorem 3. [J

Corollary 7. Let the condition of Theorem 3 be satisfied. Then the following integral formula holds true.

/s (x = 1)~ (s —x)7! v (M (x=1)(s =) )
-+ k(x—r) + k(s — 0P\ ) k(= 1) k(s — x))

- p (B,1),(B1),(A,v);
-4 kl()s i(rl)Jr ) B(B,7)2¥1 (I4+k)T(1+k)t | (20

(v +B,2v);

Theorem 4. If 6,q,a, 8 € C such that R(5) > 0,%R(q) > 0,R(«x) > 0,R(B) > 0,R(é + p)w > 0and
u > 0, the Mittag-Leffler hypergeometric function can be represented by the following integral.

/0 W (1 R (= [w (u(l _ 5)2)”]
:@Mr(a)m (M;' lea(e(3)). e

O+Bv);

Proof. By using Mittag-Leffler function as in (4) and representing it with 2(. After some simplifica-
tion and interchanging the order of integration and summation which is possible due to uniform
convergence of the involved series under the given conditions, we get

! u - u\o-1 & n wty’n U\ 2vn
A= /0 W= (1 E)Zﬁ 1(1 - 1)5 1 L F(g)(lf(:o?%-)ﬁ) (1 5)2

0

= 5+ﬂ”) w" BHvn—lyq _  \26-1(, U 2ptvm)=1 -y o-1
Z:: I'(na+B) n'/u (1—u) (1 3) (1 4) du.

By using (9) integral representation, we get

o 5+qn) w" 2B+ T (B + vn)T(6)
U= LT B () T(6+ B +vn)

I
(w( )) @) By

Jram| ()

(6+B,v);

n=0

I
L

WIN

(
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Theorem 5. When 6,q,a, B € C are such that R(6) > 0,R(q) > 0,R(«) > 0,R(B) > 0,R(5+ B)w >0,
and u > 0, the Mittag-Leffler hypergeometric function may be expressed as the following integral.

/Olu(s_l(l . u)Zﬁfl (1 B %)25—1 (1 B %)ﬁ—l Ei% [w<u2<1 o u)zﬁ*l)v}
2\ 28 (Bv); o\
= (3) I'(6)1¥1 Gt B, 1 Ei%( ( ) ) (22)

Proof. By using Mittag-Leffler function as in (4) and representing it with B. After some simplifica-
tion and interchanging the order of integration and summation which is possible due to uniform
convergence of the involved series under the given conditions, we get

) 5 n 1 B i) — 25—1 B+vn—1
5= 5 g | w0 (15 (- )
2 (5+qn) w" (2\*T(6)T (B +vn)
7; T(an+ B) n! () T(6+p+vn)’

By applying definition as in (5), we will get the result. [J

Corollary 8. When 6,q,«, B € C are such that 3(5) > 0,93(q) > 0,R(x) > 0,R(B) > 0,R(6 + p)w >0,
and u > 0, the Mittag-Leffler hypergeometric function may be expressed as the following integral.

[amu e (2 (- g - )

_ Z 2 7.4 g ’ (Arl);
_<3> F(5+k)Ea,ﬁ<w<3> )1% (6+A+k1); 1
. (rqu>, ()L,l)/
_ (2> T'(6+k) ¥, (%)ZW
3) T() (B a)(6+A+k1);

Corollary 9. When 6,q,«, p € C are such that 3(5) > 0,93(q) > 0,R(x) > 0,R(B) > 0,R(6 + p)w >0,
and u > 0, the Mittag-Leffler hypergeometric function may be expressed as the following integral.

(o R (B B I (I

_ 22)\ 7.9 gz (Arl);
_(3> r(zs+k)Ea,g< (3> )1% 64+ A+k1); 1
. (r),,q>,()t,1>;
_ (2> T'(6+k) ¥, (%)zw
3) Ty (B,@)(6 4+ A+ k,1);

3. Conclusion

Here, we have examined several novel integral formulations that use the Mittag-Leffler function
of four parameters. The representation of these formulations is given by suitable special functions. All
the obtained results can be expressed in the form of functions like Fox-Wright functions, generalized
hypergeometric functions, and others. The results presented in this study can be readily represented
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in terms of a wide variety of special functions by making the necessary parametric replacements.
Numerous areas of mathematical physics, probability, and fractional calculus employ the Mittag-
Leffler confluent hypergeometric function. The results reported in this paper may have applications in
both applied analysis and mathematical physics theory.
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