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Abstract: This paper introduces a flexible family of segmented proportional hazard distributions
designed to model abrupt changes in hazard rates, which are often observed in medical and engi-
neering applications. The proposed framework generalizes the proportional hazard transformation
to segmented distributions, including new forms of the Rayleigh, log-logistic, Lindley, and Laplace
PH models. We develop a maximum likelihood estimation procedure incorporating right censoring, a
key feature of real-world survival data. The segmented hazard models effectively capture structural
breaks in the hazard function, providing a robust alternative to traditional survival models that assume
constant hazard dynamics. A case study based on IQ score data illustrates the improved flexibility
and interpretability of the segmented Laplace PH model in detecting latent change points. The pro-
posed models enhance the capacity to model complex survival patterns with abrupt changes in risk,
contributing to a deeper understanding of dynamic hazard processes.

Keywords: segmented distributions; proportional hazard models; survival analysis; structural change;
maximum likelihood; Laplace distribution; right censoring

1. Introduction
Proportional hazard models have become essential tools in survival analysis, particularly in fields

like medicine and engineering, where time-to-event data often play a critical role in understanding
treatment effects, risk factors, and patient outcomes [21]. These models are widely used to analyze
survival data by adjusting the hazard function and incorporating time-dependent covariates, which
are highly prevalent in real-world medical studies. However, traditional models often assume constant
hazard rates over time, failing to account for abrupt changes in failure or risk rates that are frequently
observed in clinical and environmental studies.

In medical research, for instance, sudden changes in failure rates may occur as a result of treatment
interventions, disease progression, or other factors. A patient undergoing a new medication regimen
may experience different risk levels before, during, and after treatment, with the hazard rate shifting
accordingly. Similarly, environmental studies often exhibit abrupt changes in variables like pollution
levels or temperature due to external factors, leading to significant variations in failure rates over time
[5,10].

Traditional models struggle to capture these dynamic changes. For this reason, there is a growing
need for more flexible statistical models that can accommodate multiple change points in the hazard
function. Recent approaches, such as the exponential piecewise model [9], power piecewise exponential
model [11], and exponentiated Weibull hazard function [16], have made progress in modeling these
complexities. However, these methods are often limited to specific distributions and lack the versatility
needed for more complex data structures.
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In this paper, we introduce a family of segmented proportional hazard models that extend beyond
current methodologies by offering greater flexibility in modeling data with multiple change points
in hazard rates. Our proposed models, including segmented versions of the Rayleigh, log-logistic,
Lindley, and Laplace proportional hazard distributions, provide a powerful tool for analyzing survival
data across various fields, particularly in medicine and engineering, where abrupt changes are common.
By incorporating a censoring mechanism and employing maximum likelihood estimation, our models
offer a robust alternative for analyzing complex survival data with high degrees of variability over
time or space.

The remainder of this paper is organized as follows. Section 2 introduces the Proportional Hazard
Distribution (PHD), which serves as the cornerstone for constructing the subsequent segmented
models. Section 3 presents the proposed family of segmented proportional hazard distributions,
including the segmented Rayleigh, log-logistic, Lindley, and Laplace variants (SLPH). In Section 4, we
describe the maximum likelihood estimation procedure for these models, including the treatment of
right-censored data, following the approach of [6]. Section 5 illustrates the practical application of the
proposed methodology using real data, comparing the performance of the SLPH model against various
alternative models such as the segmented Laplace (LS), segmented half-normal (HNS), segmented
half-normal proportional hazard (HNSHP), standard Laplace, skew-normal (SN), Gamma, normal, and
mixture of normals. Finally, Section 6 concludes the paper with a summary of findings and directions
for future research.

2. Proportional Hazard Distribution
The Proportional Hazard Distribution (PHD) is introduced as an extension of the minimum

distribution in the sample, wherein n ∈ Z is replaced by α ∈ R+, for a random variable Z with
a Probability Density Function (PDF) denoted as f and a Cumulative Distribution Function (CDF)
denoted as F. As a result, this distribution can be regarded as that of a fractional order statistic. We
proceed to define the PHD distribution (as seen in [15]).

Let F be a continuous Cumulative Distribution Function (CDF) with a Probability Density Function
(PDF) denoted as f , and a hazard function h = f /(1 − F). We state that a random variable Z follows
a proportional hazard distribution associated with F ( f ) and the parameter α > 0 if its probability
density function is given by

φF(z; α) = α f (z)[1 − F(z)]α−1, z ∈ R, (1)

where α is a positive real number. We use the notation Z ∼ PHD(α). The distribution function of the
PHD model is defined as

GF(z) = 1 − [1 − F(z)]α, z ∈ R. (2)

The risk function of this model is expressed as hG(z; α) = αh(z), where h(·) represents the
risk function of the Probability Density Function (PDF) f (·). In other words, the risk function is
proportional to that of the PDF f (·), which explains the nomenclature “pdf with proportional hazard.”

Within the proportional hazard family of distributions, in cases where f (·) is parameterized by a
distribution family indexed by a parameter vector θ, it suffices for h(x, θ) to be fully determined. This
ensures the identifiability of the parameters within the PHD model.

In effect, much like [2], we consider two Probability Density Functions (PDFs) belonging to the
proportional hazard family, characterized by the vectors (θ1, α1) and (θ2, α2). Since both distributions
adhere to the proportional hazard principle, we have hi(x; θi, αi) = αih(x; θi). Now, if for (θ1, α1) ̸=
(θ2, α2) we find α1h(x; θ1) = α2h(x; θ2), then α1/α2 = h(x; θ2)/h(x; θ1). Notably, if θ1 = θ2, it yields
h(x;θ2)
h(x;θ1)

= 1, implying α1 = α2, which in turn contradicts the assumption of distinct parameters for the
two distributions.

Now, when θ1 ̸= θ2, at least one pair xi ̸= xi′ exists such that h(x;θ2)
h(x;θ1)

̸= h(xi′ ;θ2)
h(xi′ ;θ1)

. Since α1 = α2 is
constant, it follows that α1 ̸= α2. These findings underscore the impossibility of distinct parameter sets
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leading to the same risk function. Consequently, it suffices for the risk function to be determined to
ensure the identifiability of model parameters.

Now, we consider the scenario in which the density function f (·; θ) takes on a segmented form,
resulting in a more adaptable model for explaining abrupt alterations in the intermittent failure rate
caused by diverse experimental factors within specific time frames or spaces.

3. Segmented Proportional Hazard Distribution
If the risk function, h(x; θ), of the base PDF f (·; θ) exhibits distinct behaviors within different

sections of its range, it becomes feasible to partition the domain of h(·; θ) into L intervals delimited
by points l1 < l2 < · · · < lL−1 < lL < ∞. This allows for the expression of the failure rate ratio in
the interval [li, li+1) as hi(x). Consequently, the segmented proportional hazard function h(x), with
hi(x) > 0, can be defined as follows:

h(x) =



0, if x < l1,

h1(x), if l1 ≤ x < l2,

h2(x), if l2 ≤ x < l3,
...

hi(x), if li ≤ x < li+1,
...

hL(x), if lL ≤ x.

(3)

In a similar way, we have that

S(x) = 1 − F(x) =



S1(x), if l1 ≤ x < l2,

S2(x), if l2 ≤ x < l3,
...

Si(x), if li ≤ x < li+1,
...

SL(x), if lL ≤ x,

(4)

Here, Fi(x) = 1 − Si(x) must be a monotonically non-decreasing and continuous function, while
F(x) must be continuous at the common points specifically, Fi(li+1) = Fi+1(li+1) for i = 1, 2, 3, · · · , L.
Similarly, fi(·), the Probability Density Function (PDF) of Fi(x), should also be continuous at these
common points, i.e., fi(li+1) = fi+1(li+1). These conditions ensure that F(·) is a continuous and
differentiable (smooth) function, and that f (·) is continuous at the shared points. As a result, it can be
deduced that Si(li+1) = Si+1(li+1), fi(li+1) = fi+1(li+1), and hi(li+1) = hi+1(li+1) signifying that they
are all monotonically continuous functions.

By defining the risk function, we have that

fi(x) = hi(x)Si(x) x ∈ R, i = 1, 2, 3, · · · , L. (5)

Now, according to the definition of the cumulative risk function, it follows that

Hi(x) = − log[Si(x)] =
∫ x

xmin

hi(y)dy,
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that is,

Si(x) = exp[−Hi(x)]

= exp
[
−
∫ x

l1
hi(y)dy

]
= exp

[
−
∫ l2

l1
h1(y)dy −

∫ l3

l2
h2(y)dy − · · · −

∫ li

li−1

hi−1(y)dy −
∫ x

li
hi(y)dy

]
= exp

[
−

i−1

∑
j=1

∫ lj+1

lj

hj(y)dy −
∫ x

li
hi(y)dy

]
(6)

So, calling

ψi =
∫ li+1

li
hi(y)dy and Λi(x) =

∫ x

li
hi(y)dy

for li ≤ x < li+1, the i−th component of the survival function is represented by:

S1(x) = h1(x) exp(−Λ1(x)), for i = 1,

Si(x) = exp

[
−

i−1

∑
j=1

ψj − Λi(x)

]
, for i = 2, 3, . . . , L. (7)

By substituting (7) into (5), we obtain the component of the i-th group of the segmented Probability
Density Function (PDF) of the risk function, denoted as (HSM) f (·). The segmented PDF of f will be
indicated as X ∼ HSM f .

The cumulative hazard distribution function of the proportional hazard family can be expressed
in terms of the survival function SF(·) as

GF(x) = 1 − [1 − F(x)]α = 1 − [S(x)]α. (8)

Consequently, the proportional hazard extension of the segmented function (HPSM) SM f is
derived by substituting (4) into (8). The PDF of this extension is given by

gF(x) = α f (x)[S(x)]α−1. (9)

Based on equation (5), the density (9) can be expressed as

gF(x) = αh(x)[S(x)]α. (10)

The i-th component of the i-th group of the random variable X is given by:

g1(x) = αh1(x) exp(−αΛ1(x)), for i = 1,

gi(x) = αhi(x) exp

[
−α

i−1

∑
j=1

ψj − αΛi(x)

]
, li ≤ x < li+1, for i = 2, 3, . . . , L. (11)

This Probability Density Function (PDF) will be referred to as X ∼ HPSM f (α). In cases where
f (·) is parameterized by a vector of parameters θ, we will denote it as X ∼ HPSM f (θ, α).

Note that when α = 1, the segmented function of the density f (x) is obtained. Similarly, if L = 1,
the Probability Density Function (PDF) of the proportional hazard is derived. When α = L = 1, we
retrieve the PDF f (x).

Based on the preceding equation, the survival function of the i-th group is given by:

S1−G(x) = exp[−αΛ1(x)], for i = 1
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Si−G(x) = exp

[
−α

i−1

∑
j=1

ψj − αΛi(x)

]
, for i = 2, 3, . . . , L

Similarly, the Cumulative Distribution Function (CDF) can be expressed as:

G1(x) = 1 − exp[−αΛ1(x)], for i = 1

Gi(x) = 1 − Si−G(x) = 1 − exp

[
−α

i−1

∑
j=1

ψj − αΛi(x)

]
, for i = 2, 3, . . . , L

Additionally, the hazard function of the i-th group is given by:

hi−G(x) = αhi(x).

Now, as S(x) ∼ U(0, 1), we can express (0, 1) as the union ∪L
i=1(ui, ui+1), where ui = 1 − Si(xi).

Thus, for u ∈ (ui, ui+1), the p-th percentile of X is given by

tp =

Λ−1
1

(
− 1

α log(u)
)

, if l1 ≤ x < l2,

Λ−1
i

(
− 1

α log(u)− ∑i−1
j=1 ψj

)
, if li ≤ x < li+1, i = 2, 3, . . . , L.

(12)

Here, Λ−1
i (·) represents the inverse function of Λi(·).

The moments of the segmented random variable X will depend on each distribution family under
discussion. In general, the r-th moment of X can be expressed as

E(Xr) =
∫ ∞

−∞
xrg(x)dx

=
L

∑
i=1

∫ li+1

li
xrgi(x)dx

=
∫ l2

l1
xrh1(x) exp[−αΛ1(x)]dx

+α
L

∑
i=1

exp

[
−α

i−1

∑
j=1

ψj

] ∫ li+1

li
xrhi(x) exp[−αΛi(x)]dx

= q1 +
L

∑
i=1

exp

[
−α

i−1

∑
j=1

ψj

]
qi, (13)

where qi = α
∫ li+1

li
xrhi(x) exp[−αΛi(x)]dx for i = 1, 2, 3, . . . , L.

Similarly, the moment-generating function of X is given by

MX(t) =
∫ ∞

−∞
exp(tx)g(x)dx

=
L

∑
i=1

∫ li+1

li
exp(tx)gi(x)dx

=
∫ l2

l1
h1(x) exp[−αΛ1(x) + tx]dx

+α
L−1

∑
i=1

exp

[
−α

i−1

∑
j=1

ψj

] ∫ li+1

li
hi(x) exp[−αΛi(x) + tx]dx

= p1 +
L−1

∑
i=1

exp

[
−α

i−1

∑
j=1

ψj

]
pi, (14)

where pi = α
∫ li+1

li
hi(x) exp[−αΛi(x) + tx]dx for i = 1, 2, 3, . . . , L.
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Next, we present the PDF, CDF, survival, and hazard functions of the segmented Rayleigh,
Log-logistic, Lindley, and Laplace distributions.

3.1. Segmented Rayleigh Proportional Hazard Distribution

For the density function of the Rayleigh distribution, we have the hazard function hi(t; σi) =
t

σ2
i

,

which leads to the PDF of the segmented proportional hazard represented by:

gi(t) =


αt
σ2

1
exp

(
− αt2

2σ2
1

)
, if i = 1,

αt
σ2

i
kα

iR exp
(
− α

2σ2
i
(t2 − t2

i )

)
, if ti ≤ t < ti+1, i = 2, 3, · · · , L,

(15)

where kiR = exp
(
− 1

2 ∑i
j=1

tj+1−tj

σ2
j

)
.

Thus, the distribution, survival, and hazard functions of this model are given by:

Gi(t) =


1 − exp

(
− αt2

2σ2
1

)
, if i = 1,

1 − kα
iR exp

(
− α

2σ2
i
(t2 − t2

i )

)
, if ti ≤ t < ti+1, i = 2, 3, · · · , L.

(16)

Si(t) =


exp

(
− αt2

2σ2
1

)
, if i = 1,

kα
iR exp

(
− α

2σ2
i
(t2 − t2

i )

)
, if ti ≤ t < ti+1, i = 2, 3, · · · , L − 1.

(17)

hiG(t; σi) =
αt
σ2

i
, i = 1, 2, 3, · · · , L.

3.2. Segmented Log-logistic Proportional Hazard Distribution

The hazard function of the log-logistic distribution for the i-th group is given by hi(t) =
βiλitβi−1

1+λitβi
,

which leads to the expression of the PDF for the segmented proportional hazard as:

gi(t) =


αβ1λ1tβ1−1

(1+λ1tβ1 )α+1 , if i = 1,

αβiλitβi−1

(1+λitβi )α+1

∏i
j=1(1+λjt

βj
j )α

∏i−1
j=1(1+λjt

βj
j+1)

α
, if ti ≤ t < ti+1, i = 2, 3, · · · , L.

(18)

The survival function is expressed by

Si(t) =


1

(1+λ1tβ1 )α
, if i = 1,

1
(1+λitβi )α

∏i
j=1(1+λjt

βj
j )α

∏i−1
j=1(1+λjt

βj
j+1)

α
, if xi ≤ x < xi+1, i = 2, 3, · · · , L,

(19)

as long as the hazard function is given by

hiLL(t) =
αβiλitβi−1

1 + λitβi
.

3.3. Segmented Lindley Proportional Hazard Distribution

The hazard function of the Lindley distribution’s PDF is given by

hi(t) =
λ2

i (1 + t)
1 + λi(t + 1)

,

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 14 April 2025 doi:10.20944/preprints202504.1011.v1

https://doi.org/10.20944/preprints202504.1011.v1


7 of 15

then, after intensive calculations, the segmented proportional hazard PDF is given by

gi(t) =


αλ2

1(1+t)(1+λ1(1+t))α−1

(1+λ1)α exp(−αλ1t), if i = 1,
αλ2

i (1+t)(1+λi(1+t))α−1

(1+λi(ti+1))α

∏i−1
j=1(1+λj(tj+1+1))α

∏i−1
j=1(1+λj(tj+1))α

exp(−αλi(t − ti)− if ti ≤ t < ti+1,

α ∑i−1
j=1 λj(tj+1 − tj)), i = 2, 3, · · · , L.

(20)

Therefore, the survival function is given by

Si(t) =


(1+λ1(1+t))α

(1+λ1)α exp(−αλ1t), if i = 1,

(1+λi(1+t))α

(1+λi(ti+1))α

∏i−1
j=1(1+λj(tj+1+1))α

∏i−1
j=1(1+λj(tj+1))α

exp(−αλi(t − ti)− if ti ≤ t < ti+1,

α ∑i−1
j=1 λj(tj+1 − tj)), i = 2, 3, · · · , L,

(21)

where the segmented proportional hazard function is obtained

hiH(t) =
αλ2

i (1 + t)
1 + λi(t + 1)

.

3.4. Segmented Laplace Proportional Hazard Distribution

The PDF of a Laplace random variable with parameters µ and λ is given by:

fL(x) =

 λ
2 exp(λ(x − µ)), if x < µ,
λ
2 exp(−λ(x − µ)), if x ≥ µ,

(22)

where the survival and hazard functions are expressed, respectively, by

SL(x) =

1 − 1
2 exp(λ(x − µ)), if x < µ,

1 − 1
2 exp(−λ(x − µ)), if x ≥ µ,

(23)

and

hL(x) =


λ
2 exp(λ(x−µ))

1− 1
2 exp(λ(x−µ))

, if x < µ,

λ, if x ≥ µ.
(24)

Then, for i = 1, the proportional hazard density is obtained from Laplace

g1(x) =


αλ1

2
exp(λ1(x−µ1))(1− 1

2 exp(λ1(x−µ1)))
α−1

(1− 1
2 exp(λ1(x1−µ1)))α

, if x < µ1,
αλ1

2 exp
(
− αλ1

2 (x − x1)
)

, if x ≥ µ1,
(25)

while if xi ≤ x < xi+1, i = 2, 3, · · · , L

gi(x) =


αλi
2

exp(λi(x−µi))(1− 1
2 exp(λi(x−µi)))

α−1

(1− 1
2 exp(λi(xi−µi)))α ∏i−1

j=1

(
1− 1

2 exp(λj(xj+1−µj))

1− 1
2 exp(λj(xj−µj))

)α

, if x < µi,

αλi
2 exp

(
− αλi

2 (x − xi)− α
2 ∑i−1

j=1 λj(xj+1 − xj)
)

, if x ≥ µi.
(26)

The survival function of the segmented proportional hazard for i = 1 is given by

S1(x) =


(1− 1

2 exp(λ1(x−µ1)))
α

(1− 1
2 exp(λ1(x1−µ1)))α

, if x < µ1,

exp
(
− αλ1

2 (x − x1)
)

, if x ≥ µ1,
(27)
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while if xi ≤ x < xi+1, i = 2, 3, · · · , L

Si(x) =


(1− 1

2 exp(λi(x−µi)))
α

(1− 1
2 exp(λi(xi−µi)))α ∏i−1

j=1

(
1− 1

2 exp(λj(xj+1−µj))

1− 1
2 exp(λj(xj−µj))

)α

, if x < µi,

exp
(
− αλi

2 (x − xi)− α
2 ∑i−1

j=1 λj(xj+1 − xj)
)

, if x ≥ µi,
(28)

therefore, the hazard function is given by

hi(x) =


αλ1

2
exp(λ1(x−µ1))

1− 1
2 exp(λ(x−µ1))

, if x < µi,

αλi, if x ≥ µi.
(29)

4. Estimation
For the estimation of the parameters of the segmented proportional hazard distribution, we

will employ the maximum likelihood estimate. Suppose that g(x; θ, α) represents the PDF of the
segmented proportional hazard distribution indexed by the α parameter and the parameter vector
θ = (θ1, θ2, · · · , θi, · · · , θL), where for i = 1, 2, · · · , L, we have θi = (θi1, θi2, · · · , θia, · · · , θib). This sets
the framework for defining,

Ii(x) =

1, if li ≤ x < li+1,

0, otherwise.
(30)

The PDF g(x; θ, α) can be expressed in the following form:

g(x; θ, α) = α
L

∏
i=1

hIi(x)
i (x, θi) exp

(
−α

L

∑
i=1

Ii(x)Λi(x, θi)− α
L

∑
i=2

i−1

∑
j=1

Ii(x)ψj(θj)

)
, (31)

Assuming that the elements of the partition l1, l2, . . . , lL are known and given a sample of size
n = n1 + n2 + · · ·+ ni + · · ·+ nL, obtained from observations x1, x2, . . . , xn, the likelihood function of
(θ, α) is expressed as follows:

L(θ, α) = αn
L

∏
i=1

∏
li≤xk<li+1

hi(xk, θi) exp

−α
L

∑
i=1

∑
li≤xk<li+1

Λi(xk, θi)−

α
L−1

∑
j=1

(
ψj(θj)

L

∑
i=j+1

ni

))
. (32)

Subsequently, the log-likelihood function is given by

ℓ(θ, α) = n log(α) +
L

∑
i=1

∑
li≤xk<li+1

log(hi(xk, θi))− α
L

∑
i=1

∑
li≤xk<li+1

Λi(xk, θi)−

α
L−1

∑
j=1

(
ψj(θj)

L

∑
i=j+1

ni

)
. (33)

Consequently, the components of the score function are given by:

U(θia) = ∑
li≤xk<li+1

h′θia

hi(xk, θi)
− α ∑

li≤xk<li+1

Λ′
θia

− αψ′
θia

L

∑
i=j+1

ni, (34)

where i = 1, 2, . . . , L and a = 1, 2, . . . , b. Here, h′θia
denotes the first derivative of hi(xk, θi) with respect

to θia, and the same notation is used for Λi and ψi.
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The derivative with respect to α is given by:

U(α) =
n
α
−

L

∑
i=1

∑
li≤xk<li+1

Λi(xk, θi)−
L−1

∑
j=1

(
ψj(θj)

L

∑
i=j+1

ni

)
. (35)

Equating (34) and (35) to zero gives the score equations, the solution of which, using iterative
numerical methods, leads to the maximum likelihood estimates of the parameters of the segmented
proportional hazard model. It should be noted that there are existing statistical software and libraries,
such as the R project, that provide functions like optim and nlm, among others, which can be used
to obtain maximum likelihood estimates for any proposed model. From the equation U(α) = 0, we
obtain

α(θi) =
n

∑L
i=1 ∑li≤xk<li+1

Λi(xk, θi) + ∑L−1
j=1

(
ψj(θj)∑L

i=j+1 ni

) . (36)

Subsequently, substituting (36) into (33) yields the profiled log-likelihood of θi, removing the constant
term:

ℓp(θ) = −n log

 L

∑
i=1

∑
li≤xk<li+1

Λi(xk, θi) +
L−1

∑
j=1

(
ψj(θj)

L

∑
i=j+1

ni

)+

L

∑
i=1

∑
li≤xk<li+1

log(hi(xk, θi)) + n(log(n)− 1). (37)

We now proceed to determine the observed and expected information matrices in general terms. These
matrices are of significant interest because, for large samples, their inverses evaluated at the maximum
likelihood estimates (MLE) of the parameters yield the asymptotic covariance matrix. This matrix, in
turn, is used to determine the standard errors of the parameter estimates. Under the assumption of
asymptotic normality and certain regularity conditions, this allows for the calculation of confidence
intervals for the parameters and the execution of hypothesis tests. Furthermore, certain optimization
methods use the information matrix to compute the MLEs of the parameters. The existence of these
matrices depends on the specific configuration of f and F in each case.

Given that the elements of the information matrix are defined as the negative second derivatives
of the log-likelihood function’s elements, these elements will depend on the properties of f and F as
formulated in the particular case’s PDF. In this sense, the conditions and properties of the observed
and expected information matrices are contingent upon these configurations. Assuming that the
second derivatives of hi(xk, θi), Λi(xk, θi), and ψj(θj) exist (which is guaranteed since both f and F are
continuous, as well as h), the elements of the observed information matrix (K(θ, α)) are given by

κθiaθia′
= −∑li≤xk<li+1

h
′′
θiaθia′

−h
′
θia

h
′
θia′

h2
i (xk ,θi)

+ α ∑li≤xk<li+1

Λ
′′
θiaθia′

−Λ
′
θia

Λ
′
θia′

Λ2
i (xk ,θi)

+

α
ψ
′′
θiaθia′

−ψ
′
θia

ψ
′
θia′

ψ2
i (xk ,θi)

∑L
i=j+1 ni, (38)

where h
′′
θiaθia′

represents the second derivative of hi(xk, θi), with respect to θia and θia′ respectively, the
same notation is used for Λi and ψi.

κθiaα = ∑
li≤xk<li+1

Λ
′
θia

+ ψ
′
θia

L

∑
i=j+1

ni, (39)

and
καα =

n
α2 . (40)
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The elements of the information matrix (I(θ, α)) are obtained by calculating the expectation of the
elements of the observed information matrix, denoted as Iγl γl′ , where γl spans the parameters θia for
i = 1, 2, · · · , L and a = 1, 2, · · · , b, as well as the parameter α.

Under conditions of regularity, employing asymptotic theory for the maximum likelihood esti-
mator vector of the parameter vector (θ, α), we observe that as n → ∞, K(θ, α) → I(θ, α). Using the
same argument of stochastic convergence, it follows that (θ̂, α̂) converges in distribution to a normal
distribution, that is, √

n((θ̂, α̂)− (θ, α))
D→ NLp+1(0, I−1(θ, α)).

4.1. Censoring

We now introduce a point of censoring, denoted as C, in the distribution of the segmented
proportional hazard. In studies of survival data, it is common to encounter various types of censoring
[18]. Therefore, for the k-th observation, the censored variable in the segmented proportional hazard is
defined as Yk = min(Xk, Ck), where k = 1, 2, · · · , n. It is assumed that the value of censoring for the
k-th individual does not depend on Ck. To this end, we define the indicator variable for censoring as

δk =

0, if the individual is censored,

1, otherwise
(41)

The density function for the case of right-censoring (δk = 0 for xk ≥ C) for the i-th group is given
by:

gCi(xk) = gδk
Ci(xk)S

1−δk
i−G (C)

= αδk hδk
i (xk) exp

[
−αδk

i−1

∑
j=1

ψj − αδkΛi(xk) + (1 − δk)

(
−α

i−1

∑
j=1

ψj − αΛi(C)

)]

= αδk hδk
i (xk) exp

[
−α

i−1

∑
j=1

ψj − αδkΛi(xk)− α(1 − δk)Λi(C)

]
. (42)

Note that if α = 1, the segmented censored density of f (x) is obtained. Similarly, if L = 1, the
censored PDF of the proportional hazard is achieved, and if α = L = 1, the censored PDF of f (x) is
obtained.

For a random sample, x1, x2, · · · , xn, the log-likelihood function is given by

ℓC(θ, α) = log(α)
n

∑
k=1

δk +
L

∑
i=1

∑
li≤xk<li+1

δk log(hi(xk, θi))

−α
L

∑
i=1

∑
li≤xk<li+1

δkΛi(xk, θi)

−α
L

∑
i=1

∑
li≤xk<li+1

(1 − δk)Λi(C, θi)

−α
L−1

∑
j=1

(
ψj(θj)

L

∑
i=j+1

ni

)
, (43)

where δk = 0 for xk ≥ C. The estimation method remains an iterative process, using the score equations
as in the case of the uncensored scenario. Profiled likelihood can also be employed since, for the α

parameter, it follows that:

α(θ) =
∑n

k=1 δk

∑L
i=1 ∑li≤xk<li+1

(δkΛi(xk, θi) + (1 − δk)Λi(C, θi)) + ∑L−1
j=1

(
ψj(θj)∑L

i=j+1 ni

) . (44)
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Until now, it has been assumed that the number of exchange points, denoted as L, and the
values l1, l2, · · · , lL are known. However, this assumption does not hold in practice, necessitating
the exploration of alternatives that can help identify these points or provide their estimates. The
first approach to address this challenge involves analyzing potential change points in the empirical
cumulative hazard distribution derived from the data and considering these points as the actual change
points in the distribution.

Another possible alternative involves estimating the change points through an iterative process.
This process entails creating partitions for i = 1, 2, · · · , L and estimating potential change points
l1, l2, · · · , lL within each partition. Subsequently, the log-likelihood function is maximized for each
partition to determine the most suitable one. Comparison criteria for models, such as AIC, BIC, and
CAIC, can also be employed to assist in partition selection.

In reality, it is generally not expected to have a partition with numerous change points. Instead,
real-world data tends to exhibit multiple instances of subtle changes in the cumulative hazard distribu-
tion. Therefore, the partition with a limited number of change points is often more representative of
the underlying distribution.

5. Illustration
Here, we illustrate the segmented proportional hazard model using a real dataset. We consider

the IQ scores data of 52 white males hired by a large insurance company in 1971, known as the Otis
IQ Scores dataset. These data were previously studied by [19] [see also [12]]. The cumulative hazard
function based on this dataset is provided in Figure 1 - (c).

We fit various families of segmented distributions to the data, including segmented Laplace, seg-
mented Laplace proportional hazard, segmented half-normal, and segmented half-normal proportional
hazard. Additionally, we adjust other distributions, such as the Laplace distribution, skew-normal,
Gamma, normal, and the mixture of normals (MN).

To discriminate and choose the best model among the aforementioned options, we employed the
Akaike Information Criterion (AIC) [1], the corrected Akaike Information Criterion (CAIC) proposed
by [4], and the Hannan-Quinn criterion (HQC) introduced by [13].

These criteria are defined as follows:

AIC = −2ℓ(θ̂) + 2p, CAIC = −2ℓ(θ̂) +
2n(p + 1)
n − p − 2

and HQIC = −2ℓ(θ̂) + 2p log(log(n)).

Table 1 displays the AIC, CAIC, and HQIC values for the various fitted models, along with the
estimated partition values for the case of L = 2.

Table 1. AIC, CAIC and HQIC criteria for the fitted models.

Distribution l̂1 AIC BIC HQIC

Laplace 641.708 643.9977 643.6944
LS 108.0222 641.6922 644.7422 646.6569

SLPH 111.9693 637.8516 641.2693 643.8092
HNS 99.9687 682.7748 685.2626 685.7536

HNSHP 99.9687 683.4016 686.1423 687.3734
SN 644.612 647.0998 647.5908

Gamma 642.9468 645.2360 644.9327
Normal 646.3490 648.6382 648.3349

MN 646.4074 649.4574 651.3721

The Tables 2 and 3 contain the maximum likelihood estimates of the fitted models.
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Table 2. Estimation of the parameters, along with their standard errors, for the Laplace, LS, SLPH, HNS, and
HNSHP models.

Estimate Laplace LS SLPH HNS HNSHP

µ̂1 112.0004 110.6122 105.9556
(0.0308) (1.1075) (0.4240)

µ̂2 113.3408 111.9993
(0.9016) (0.1693)

σ̂1 7.1859 5.6885 5.9306 1382.2189 272.5887
(0.7706) (1.3427) (1.1603) (598.4787) (108.9069)

σ̂2 7.3183 2.1697 6.2681 17.7197
(1.0452) (0.5466) (2.5036) (0.1300)

α̂ 0.3093 0.1867
(0.0638) (0.0214)

Table 3. Estimation of the parameters, along with their standard errors, for the SN, Gamma, Normal, and MN
models.

Estimate SN Gamma Normal MN

µ̂1 105.724 112.862 111.6556
(3.119) (1.028) (2.1347)

µ̂2 113.7674
(2.5908)

σ̂1 11.910 1.2396 9.589 35.9973
(2.076) (0.1880) (0.2349) (42.1964)

σ̂2 130.2105
(81.5536)

α̂ 1.143 139.9127 0.4278
(0.684) (21.1856) (0.6189)

Initially, the Laplace model is compared to the SLPH model using hypothesis tests.

H0 : (L, α) = (1, 1) versus H1 : (L, α) ̸= (1, 1).

Using the likelihood ratio statistic,

Λ =
ℓL(θ̂)

ℓSLPH(θ̂)

we obtain
−2 log(Λ) = 11.857,

The result is greater than the value of χ2
2.95% = 5.99. Thus, the SLPH model stands as a suitable

alternative for fitting the dataset. Additionally, the SLPH model is compared to the LS model, and the
Laplace model is compared to the LS model using hypothesis tests.

H01 : α = 1 versus H11 : α ̸= 1, and H02 : L = 1 versus H12 : L ̸= 1,

respectively, using the likelihood ratio statistics

Λ1 =
ℓLS(θ)

ℓSLPH(θ)
and Λ2 =

ℓL(θ)

ℓLS(θ)
.

After numerical evaluations, we obtain

−2 log(Λ1) = 5.8406 and − 2 log(Λ2) = 6.0164,
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This result is greater than the value of χ2
1,95% = 3.84. The SLPH model exhibits the best fit among

the other models.
Figure 1 - (a), (b), and (c) depict the CDF of the adjusted distributions and the cumulative hazard

function derived from parameter estimates. These figures demonstrate the good fit of the segmented
Laplace proportional hazard model (SLPH).
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Figure 1. (a) Empirical CDF (solid line), SLPH (dashed line), LS (dotted line), and Laplace (dotted and dashed
line). (b) Empirical CDF (solid line), SLPH (dashed line), Gamma (dotted line), and SN (dotted and dashed line).
(c) Cumulative hazard function: empirical (solid line), SLPH (dashed line), LS (dotted line), and Laplace (dotted
line and dashed strokes).

6. Concluding Remarks
This study addresses the growing need for advanced statistical models in survival analysis,

particularly when dealing with data that may exhibit abrupt changes in the hazard rates during
the observation period. Traditional models often fail to capture these complexities, especially when
handling skewed distributions and heavy-tailed data. The segmented proportional hazard models
we propose in this paper contribute to filling this gap by offering enhanced flexibility for accurately
modeling such behaviors.

Our introduction of segmented proportional hazard models, including the Rayleigh, log-logistic,
Lindley, and Laplace distributions, provides a new framework for capturing the nuances in survival
data, particularly in medical research where sudden shifts in failure rates are common. By incorporating
a censoring mechanism, our approach also addresses a critical aspect of real-world survival data that
has previously been overlooked in segmented models. This makes our model well-suited for medical
applications, such as the analysis of time-to-event data or survival times in clinical trials.

Furthermore, our development of the maximum likelihood estimation procedure for these models,
coupled with its proven asymptotic properties, strengthens the theoretical foundation of segmented
hazard models in survival analysis. The ability of our method to adapt to varying data patterns is
supported by real data applications, such as the analysis of IQ scores, where the segmented Laplace
hazard proportional model demonstrated superior performance. This finding underscores the model’s
practical utility in medical research, particularly for analyzing datasets that exhibit non-normality,
censoring, and abrupt changes in hazard rates.
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HPSM Proportional hazard segmented model
MN Mixture of normals
HNS Segmented half-normal
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