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Abstract

Lyapunov stability is addressed here, which expands new knowledge of identifying continuous
trajectories of fractional order systems that develops the ultimate goal to reach near or converge to its
equilibria whenever one convincingly chooses the right Lyapunov functions. The notions of asymptotic
stability, stability, and multi-order Mittag-Leffler stability were discussed for complicated nonlinear
fractional order systems whenever associated different orders that may lie in (0, 1] and begin with the
initial position posed at a random initial time take values on the real number line. The overview of this
work is to give readers an enlightening insight into the so-called fractional Lyapunov direct method,
which asserts how amazingly one can think of scalar Lyapunov functions to reasonably predict stability
dynamics in large time, especially when time ¢ tends to co. We also establish some new sufficient
conditions for stability and introduce a new notion of attractiveness of any bounded fixed solution or
solution pairs that can be visualized in many such systems. The consequences of some results were
adequate in exemplary models.
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1. Introduction

Fractional calculus concerns new mathematical insights into elegant expressions of constructing
potential global derivative and integral operators whose orders may take any appropriate values
on the real number line that might be visualizable. The aim of this paper is to give the reader the
latest survey of mathematical theory concerning the progress of fractional Lyapunov theorems of
Caputo-type fractional order systems.

The study of Lyapunov theory is very essential in fractional order systems as it upholds new
theoretical knowledge in mathematics. In short, it concerns stability of equilibrium analysis in different
systems by adopting huge field of fractional calculus (see, e.g., Kiryakova [1], Diethelm and Ford [2]).
The matter of Lyapunov’s second method (it is also known as the Lyapunov direct method) is famous
in decieding stability of continuous-time dynamical systems that associate standard integer order
derivatives (see, e.g., Khalil [3], Slotine and Li [4]). The idea of the Lyapunov direct method cannot be
considered as mature for stability analysis of fractional order systems as of date. However, it has made
significant progress in the last decade, and many interesting results are still expected.

The emphasis of this work is mostly on new mathematics with a small number of mathematical
results from literature. Throughout this paper, we consider the standard expression of fractional order
system:

Dj. x(t) = £(t,x(1))
x(b) = xp

)
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where state variable x(t) = (x1(t), x2(t), - - - ,xn(t))T € R", initial time b € R, operator CD§+,tx(t) =

(CDZLItxl(t),CDii,txz(t),- . ,CDiﬁ,txn(t))T € R" (see Section 2), order-index 8 = (81,82, -+ ,8,) €
(0,1] x (0,1] x - - x (0,1], and function f = (fi, fa,--- , fu)" : [b,00) X Q C R" — R" is continuous,
uniformly Lipschitz and satisfy f(t,0) = 0 for all t > b. The system (1) is called of commensurate order
when all involved fractional orders 61, 67, - - - , 6, become equal; otherwise, we call it of incommensurate
order. Moreover, the system (1) is called autonomous if f(t, x(t)) = f(x(t)); otherwise it is called
nonautonomous.

The Lyapunov direct method is quite unknown to many mathematicians, scientists, and engineers
still to date. The original concept introduced by A. M. Lyapunov [5] illustrates that it is possible to
predict the stability of equilibrium and its asymptotic stability without needing to know the exact
solutions of integer-order differential systems. This is based on a simple analogue of an energy-like
function and computes its derivative along the mentioned system’s nontrivial solutions. Moreover, this
approach allows one to deduce exponential asymptotic stability (exponential stability is often widely
used in the literature) under appropriate knowledge of the Lyapunov function when the derivative
of such a function is sought. The applications of Lyapunov theory enhance our understanding of
control systems design, and numerous nonlinear systems emerge across various fields of science and
engineering.

There has been a significant growing interest in the scientific literature concerning the idea of
extending the integer order differential systems to non-integer order differential systems (we call them
fractional-order systems), and possible explanations of such things are widely puzzling in the notion
of rational orders, irrational orders, real orders, etc. (see Podlubny [6], Kilbas et al. [7]). It is the
concern that roughly mathematicians understood there could be different notations of non-integer
order derivatives (we call them fractional derivatives) and non-integer order integrals (we call them
fractional integrals) that can possibly violate many well-known properties of classical derivatives and
classical integrals (see [8,9]). This is an apparent paradox: the construction of differential and integral
operators with attachment to real numbers remains underdeveloped and quite puzzling. But some
progress has been made in the last few decades as of date, and more is still expected considering the
views of the famous Newton-Leibniz derivative and Cauchy integral using reasonable functions. To
give an illustration, for example, we thought of the Riemann-Liouville fractional integral and the
Caputo fractional derivative, which develop singular kernels that induce memory in the evolution of
fractional order systems that often relay all the past history-dependent states beginning from the initial
state position (see Definitions 2 and 3). Note that this is one of the peculiar, interesting phenomena
fractional calculus provides that concerns global fractional derivative and integral operators. However,
these are not the only kinds of fractional operators in fractional calculus, and many possible generalized
ones have been of interest in recent decades remains not seen in the literature. Some peculiar operators
can be found in mathematical works suggested by different authors [10-12].

In the description of fractional order systems, one often concerns the stability of systems in the
sense of roughly capturing or guessing an intuitive solution of such systems that can be constant
(whenever it occurs, we call it an equilibrium solution) or nonconstant (we may call it a nonequilibrium
solution or perhaps a better predicted distinguished solution). Stability is an intuitive concept that
concerns properties of solutions of such fractional order systems that can be used to predict whether
these are staying nearby to an observer solution (e.g., equilibrium solution) forever or eventually
converge to it later and never leave again in a large time, especially at symbolic co. Matignon [13]
first addressed asymptotic stability and developed a sector condition |arg(spec(A))| > Z4 for an
autonomous linear commensurate fractional order system of order 6 € (0,1) associated with a
coefficient constant matrix A € R"*". His approach was based on a famous Laplace integral transform,
and later, Deng et al. [14] generalized new sector conditions for autonomous linear incommensurate
fractional order systems. But both the mentioned approaches do not provide adequate reasoning for
the case when the mentioned class of systems starts at any initial position that is posed at a random
initial time, which is not restricted only to 0. Some fascinating progress has been made in this direction
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to tackle such fractional order systems discussed by authors in works [15-17]. This phenomenon
often bothers many students and scientific scholars when it comes to various exemplary nonlinear
systems as well as realistic models that adapt to the knowledge of global fractional derivatives. This
is indeed true in the sense that many different experiments that seek mathematical systems concern
fractional derivative at different places might require different initial time supplemented by initial
position in order to predict reasonable system dynamics. This observation shows in a realistic situation
a real-world scenario, fractional order systems that are demanding not necessarily always to be started
at initial time 0. Thus, random initial time fractional order systems can be fascinating to both theory
and applications in future owing to restricted zero initial time widely known for physical interest. On
the other hand, because of difficulty and limited knowledge of new mathematical tools, the ideas of
the fractional comparison method [18-20] and Lyapunov direct method [21,22] altogether have shown
some new knowledge for an effective stability analysis of equilibria of complicated nonlinear fractional
order systems. The ideas of the Lyapunov direct method indicate new insights that undertake a
negative definite characterization of a scalar Lyapunov function acted upon by possible fractional
derivatives, making stability dynamics understanding simpler. We thought of it and wish to give a
survey that highlights important results of fractional Lyapunov theory that concerns the fractional
Lyapunov direct method that appeared in the recent literature under many different scientific works.

The goal of fractional Lyapunov theory is to provide a basic foundation for the stability of
going beyond analyzing nonconstant solutions of nonlinear fractional orders, including linear ones.
Although it can be imagined in the absence of unknown solutions of many such systems, it might be
very crucial for generating a scalar energy function to hold the stability dynamics under appropriate
circumstances. But how to take fractional derivatives of such an energy function remains crucial and
unknown. Lakshmikantham et al. [23] introduced the Dini-like fractional derivative of the continuous
Lyapunov function and formulated abstract Lyapunov theorems for commensurate fractional order
systems. In [24], Agarwal et al. introduced the Caputo fractional Dini derivative of the Lyapunov
function and studied the stability of commensurate fractional order systems. However, the notion
of Dini-type fractional derivatives of the Lyapunov function is not the same as the Caputo fractional
derivative of the Lyapunov function for Caputo-type fractional order systems learned by different
scholars. Apparently, the progress of the global fractional derivative of the Lyapunov function for
similar kinds of systems remains underdeveloped and seems promising for future directions.

The fractional Lyapunov direct method is important because it allows one to think of discovering
or constructing a potential Lyapunov function in the future and calculate the fractional Lyapunov
function along the unknown trajectories of fractional order systems owing to the observed solution.
It can have huge applications in physics, biology, and engineering, and still more can be expected
in the future. We may give a few examples of the possibility of such mentioned scenarios in the
realization of recent decade. For instance, many physical systems demonstrating fractional nonlinear
dynamics concern finding the largest invariant sets to cover all possible bounded dynamics of peculiar
systems that use fractional operators (see, e.g., [25,26]). In biology, convergence and boundedness of
non-negative responses of fractional-order epidemic systems are essential, and the Lyapunov function
can be useful for the construction of a reasonable non-negative orthant in Euclidean space R" [27-29].
In engineering, the design of adaptive control schemes and observers of fractional order reference
models seems quite challenging, and the Lyapunov function-based approach seems quite convincing
[30,31].

We may remark that the Lyapunov function can be categorized into two types: (i) continuous
Lyapunov function (see, e.g., [23],[24]) and (ii) continuously differentiable Lyapunov function (see,
e.g., [32-34]). A nice reasoning of what would be the cases of the Lyapunov function and the fractional
derivative of the Lyapunov function can give precise conclusions to the stability and asymptotic
stability of at least the equilibrium solution of such systems remains unknown. But in the literature, the
progress of fractional Lyapunov theory has made interesting, and there have been some concerns about
what the right Lyapunov theorems can be (see, e.g., Trigeassou et al. [35], Chen et al. [36], Tuan and
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Trinh [37], Ren and Wu [38], Lenka and Upadhyay [39], Lenka and Bora [40], Wu [41], and Gallegos
and Duarte-Mermoud [42]). These works develop some challenging issues in stability theory and quite
puzzling new prospects to date. On the other hand, it was believed that fractional Lyapunov theory
remains less focused on the qualitative stability theory dealing with incommensurate fractional order
systems. The existing mathematical tools in the literature do not adequately provide new insights
into how to simultaneously compute various orders of fractional derivatives of scalar Lyapunov
functions. This mentioned issue often bothers many students and scholars, who think of such difficult
incommensurate fractional-order systems and the fact that no adequate new mathematical knowledge
has been developed so far in the literature. Recently, Lenka [43] introduced some discussions on
a novel mathematical framework concerning the formulations of Lyapunov stability theorems for
incommensurate fractional order systems. This framework adds some new perspectives in developing
fractional Lyapunov theory in the pathways to progress in the understanding of qualitative stability
theory of fractional order systems.

It has been visualized that in many situations different solutions of any given fractional order
system might attract each other as time t — oo, irrespective of constant equilibrium points. The ideas
of Lyapunov functions can be meaningful in this direction. We are interested and wish to give an
enlightening survey in this context to Lyapunov theory.

In short, this paper contributes a rigorous framework to address some fascinating advanced
Lyapunov-based stability results that have been developed by different scientific authors in the
literature and introduces new results that concern a notion of attractive solutions of fractional order
systems as follows.

i) In [21,22], the authors have introduced a notion of Mittag-Leffler stability and fractional Lya-
punov theorems by using a class-/C function that concerns equilibrium stability of commensurate
fractional order systems. Their work does not address how to predict stability and asymptotic
stability when such systems begin at non-zero initial time. In Section 3.1, we address some new
progress of the fractional Lyapunov direct method that has been extensively studied by many
different notable authors.

ii) A famous problem that concerns how to go beyond such insightful concepts to incommensurate
fractional order systems remains open to date. In Section 3.2, we address some recent progress of
the fractional Lyapunov direct method that concerns a new notion of multi-order Mittag-Leffler
stability and multi-order Mittag-Leffler asymptotic stability. Some fundamental new Lyapunov
theorems, the latest in the literature, were addressed.

iii) The applications of the fractional Lyapunov direct method are actually quite difficult in many
different senses. It might require correct guesses of the Lyapunov function and computation of
fractional derivatives of such a function whenever one thinks of a system like that given in (1).
We recall some new inequalities in Section 4 that build new insights into many possible guesses
for Lyapunov functions and reasonable use of applicable potential Lyapunov theorems.

iv) In many applications of interest, one might think of some small class of linear and nonlinear
systems to characterize conditions for both asymptotic stability and stability of equilibrium
points. In Section 5, we establish new sufficient conditions for the mentioned class of systems
in Subsection 5.1 and Subsection 5.2, respectively. These new results build reasonable matrix
inequality conditions under some basic reasonable permissible bounds to nonlinear functions
associated with such systems.

v) Having the knowledge of stability and asymptotic stability of equilibrium may not necessarily
imply what rate the non-trivial solutions of system (1) should march to equilibria or stay near
tolerable equilibria. It is the concern that the total energy (think of the Lyapunov function) may be
useful to establish sharp bounds to Mittag-Leffler decay or multi-order Mittag-Leffler decay under
certain reasonable assumptions. In Section 6, we give a new bound to multi-order Mittag-Leffler
decay that has shown interest for the system (1).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.1760.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 March 2026 d0i:10.20944/preprints202603.1760.v1

5 of 36

vi) From the basics of fractional Lyapunov theory, it is intuitively clear that many different solutions
of system (1) can be attracted to each other or converge to any fixed solution that might be
non-constant in nature. We introduce a novel concept of attractiveness of any fixed bounded
solution or solution pair that is crucial in understanding beyond existing knowledge of fractional
Lyapunov theory. In Section 7, we give definitions of Mittag-Leffler attractive and Mittag-Leffler
asymptotically attractive of the mentioned kind of solutions that emerge in the commensurate
system (5) that has appeared in a recent work of Lenka and Upadhyay [44]. We introduce the new
definitions of multi-order Mittag-Leffler attractive and multi-order Mittag-Leffler asymptotically
attractive of a fixed solution or solution pair arising in the incommensurate system (1). Some
fundamental new Lyapunov theorems were formulated to end this discussion.

vii) Predicting stability dynamics in both commensurate and incommensurate fractional order systems
can be challenging and complex. In Section 8, we present various examples that demonstrate
the diversity achieved through the use of a novel fractional derivative. Additionally, we show
how some Lyapunov theorems can be applied to real-world scientific models, including the Van
der Pol oscillator system and the Lorenz system. This demonstration offers readers new insights
into the fundamental principles of fractional Lyapunov theory, which could be advantageous for
developing future complex models.

Paper structure: The symbolic notions and basics of fractional calculus are given in Section 2.
Fractional Lyapunov theorems for both commensurate and incommensurate order systems were
addressed in Section 3. Some Caputo fractional derivatives of Lyapunov inequalities were recalled
in Section 4. Some new stability conditions for small classes of systems were formulated in Section 5.
New bounds to energy decay associated with fractional order systems are established in Section 6. A
new notion of an attractive concept and some new Lyapunov attractive theorems were formulated in
Section 7. Applications of some peculiar fractional Lyapunov theorems are demonstrated in Section 8.
Conclusions, roughly close to this progress, are given in Section 9.

2. Notations and Basics of Fractional Calculus

Throughout this paper, we fix the following standard notations. We denote by N the set of natural
numbers, R the set of real numbers, R, the set of positive real numbers, R"” Euclidean space, |||
the Euclidean norm of a vector v € R", v! the transpose of vector or matrix v; € R"*", spec(A) the
set of all eigenvalues of constant matrix A € R"*", Apin (P) and Amax(P) denotes the minimal and
maximal eigenvalues of real symmetric matrix P € R"*", respectively, and C" be the n-th continuously
differentiable function.

The Riemann-Liouville fractional integral and Caputo fractional derivative are basic in fractional
calculus. We begin with the following:

Definition 1. [6,7] Let b € R. The Riemann-Liouville fractional integral of an integrable function x : [b, c0) —
R is given by

N b = g ) (=0 xtud, 1> b @

where p € R,

Definition 2. [6,7] Let b € R. The Caputo fractional derivative of a continuous function x : [b,o0) — R
which is C" on (b, o0) is given by

CcpB
Db+,t

’

(6) = { RLIb;(T*ﬁ) %X(t)r fn—1<pB<n, -
;WX(QI lf ﬁ =n,

wheren € N, and p € R.
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The expression of the Mittag-Leffler function below is standard in the theory of fractional differ-
ential equations. This function is known as the queen function of fractional calculus, as it extends the
widely known exponential function.

Definition 3. [45] The two parameter Mittag-Leffler function E.,, ,, : R — R is given by

1) tk

Epm®) =Y ——, 71,72 >0. (4)
'7172() ](_;)r<’)’lk+r)/2) Y1, 72

A class function that gives wings to Lyapunov theory is recalled in the definition below. We shall
use it in frontier fractional Lyapunov theory.

Definition 4. [3] A continuous function & : [0,r) — [0, 00) is called class-K if it is strictly increasing and
satisfy &(0) = 0. Whenever r = oo, and &(r) — oo as r — oo, it is called as class-Ko function.

3. Some Results in Fractional Lyapunov Theory

This section progress some recent new results of fractional Lyapunov stability theorems for both
commensurate order and incommensurate order systems. In Subsection 3.1, we discuss some well-
known Lyapunov theorems dealt with commensurate system (5) described below. In Subsection 3.2,
we present some new extensions of Lyapunov theorems that concerns to the incommensurate system

.
3.1. Lyapunov Stability Results for Commensurate Order Systems

Fordy =6 =---=0,=6¢€ (0,1], the system (1) reduces to commensurate nonautonomous
fractional order system:

Dy, x(t) = f(t,x(t))
x(b) = xp.

(5)

The following small fundamental theorem appeared in a work of Li et al. [22] that gives a new
tool for Mittag-Leffler stability of the equilibrium point of the commensurate order system (5) that may
begin only at b = 0. The Theorem 1 below develops a deep insight into the unknown-order fractional
derivative of the Lyapunov function and builds a linear inequality via rigorous assumptions.

Definition 5. [21] The equilibrium point x = 0 of system (5) is said to be Mittag-Leffler stable if

1G] < {m[x(D)]Eq(=A(t = b)*)}9, (6)

where € (0,1),t >b,A > 0,9 > 0,m(0) =0, m(x) > 0, and m(x) is locally Lipschitz on x € B € R"
with Lipschitz constant my.

Remark 1. When A > 0 in inequality (6), one may assures that Mittag-Leffler stability implies asymptotic
stability.

Theorem 1. [21,22] Let x = 0 be an equilibrium point of system (5) with b = 0, and let D be the domain
containing the origin. Let V : [0,00) x D — R be a continuously differentiable function and locally Lipschitz
with respect to x such that

A1) qllx[|? < VIt x) < g2,

Ay) along system (5) solution &(t):

DE. V(L E() < —qsl|E()]PT @)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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wheret > 0,x € D, a € (0,1), q1,92, 93, p, q are arbitrary positive constants.

Then x = 0 is Mittag-Leffler stable. If the assumptions hold globally on R", then x = 0 is globally Mittag-Leffler
stable.

How to extend Theorem 1 to a generalized one in the sense of Mittag-Leffler stability remains
unknown. But Li et al. [21,22] put forward asymptotic stability by using class-K function bounds to the
Lyapunov function and a negative sign multiplied by class-K function majorization to the fractional
derivative of the Lyapunov function, which is given below.

We first give the following definition below that has importance in the conclusion of Theorem 2.

Definition 6. [21,22] The zero equilibrium of (5) is said to be:

(i) stable, if for any € > O there exists § = 5(e) > 0 such that for every ||xo|| < & we have ||E(t)| < €, for
allt > 0.
(ii) asymptotically stable if it is stable and there exists 6 > 0 such that tlim &(t) = 0 whenever ||xp|| < 64.
—00

Theorem 2. [21,22] Let x = 0 be an equilibrium point of system (5) with b = 0, and let D be the domain
containing the origin. Let V : [0,00) x D — R be a Lyapunov function and class-K functions B;(i = 1,2,3)
satisfying

A1) Ba(llxl) < V(£ x) < Ba(llx[]),

Ay) along system (5) solution &(t):

pg. vt E(t) < —Bs(llEm)]) (®)
where t > 0, and « € (0,1).

Then x = 0 is asymptotically stable.

Remark 2. It may be noted that Theorem 1 and Theorem 2 cannot be suitable when any commensurate order
version of system (5) begins at initial time b # 0. The relationship between order a in the mentioned theorems
and the actual given order 6 in the system (1) remains unknown, but when they become equal, it indicates an
exact relationship with how to take the fractional derivative of the Lyapunov function.

The following stability result proved by Duarte-Mermoud et al. [31] concerns the finding of a
continuous Lyapunov function bounded below by a class-K function and a fractional derivative of the
Lyapunov function majorized by constant 0.

First, we recall the following definition that is valid for the commensurate order version of system

).

Definition 7. [31] To say an equilibrium point x = 0 to (5) is Lyapunov stable (stable) if any € > 0, there
exists a & = 6(b,€) > 0 such that the non-trivial solution & (t) of (5) obeys an inequality

1EB)] <6 = [Ig(B)]l <€ VE>b. )
Moreover, if there is a 6 = 6(e) > 0 such that

1EB)] <6 = ISt <e V=D, (10)
then x = 0 to (5) is Lyapunov uniformly stable.

Theorem 3. [31] Let x = 0 be an equilibrium point of system (5) with b € R, and let D be the domain
containing the origin. Let V : [b,00) x D — R be a continuous Lyapunov function and class-K function p1(+)
such that, Vx # 0

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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A1) Bu(llxl]) < V(£ x),
Ap) along system (5) solution &(t):
Dy V(LE(H) <0 (11)
where t > b, and a € (0,1].
Then x = 0 is Lyapunov stable. Furthermore, if there is a class-IC function By (-) satisfying
V(t,x) < Ba(llx[]) (12)

then x = 0 is Lyapunov uniformly stable.

Remark 3. Note that Theorem 3 does not guarantee the trajectory of the commensurate order system (5) must
tend to equilibrium x = 0 € R". But this result assures that the trajectory cannot escape to oo at any finite time.

Note that Theorems 1, 2, and 3 seek knowledge of computing fractional derivatives of the
Lyapunov function, which is itself a challenging issue. In [34], Chen et al. developed a convex
Lyapunov function and introduced the simplified Lyapunov theorem, which is stated below.

Theorem 4. [34] Let x = 0 be an equilibrium point of system (5) with b = 0. Let V : R" — R be a convex
Lyapunov function and locally Lipschitz with respect to x such that

A1) qullx]]P < V(x) < ga|x[[P9,
Ay) along system (5) solution §(t):

VEm)\"
<a§(t)> f(E(t) < —aqsllg(t)[IP .

where t > 0, q1, 92,93, p, q are arbitrary positive constants.
Then x = 0 is globally Mittag-Leffler stable.

A typical generalization of Theorem 4 by using Theorem 2 and a convex Lyapunov function [34]
is stated in Theorem 5.

Theorem 5. Let x = 0 be an equilibrium point of system (5) with b = 0. Let V : R" — R be a convex
Lyapunov function and class-K functions B;(i = 1,2, 3) satisfying

A1) Br(llx]]) < V(x) < Ba(llxl)),
Ay) along system (5) solution &(t):

V(En)\"
(E)é‘(t)) f&,8(1) = —Bs(IS(B1) (14)

where t > 0,and « € (0,1).

Then x = 0 is asymptotically stable.

Consider the autonomous version of fractional order system (5):

Dj. x(t) = f(x(t)

15
x(b) = xp. (4

Recently, Tuan and Trinh [37] considered the autonomous system (15) when b = 0 and introduced
a fundamental Lyapunov stability theorem stated below. First, we recall the definition that is linked to
Theorem 6.
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Definition 8. [37] The zero equilibrium of (15) is called:

(i) stable, if for any € > O there exists 6 = 6(e) > 0 such that for every ||xo|| < & we have tmax(xg) = o
and ||¢(t, x0)|| <€, forallt > 0.

(ii) asymptotically stable, if it is stable and there exists 64 > 0 such that tlirn ¢(t,x9) = 0 whenever

—00

%0l < &5

(iii) weakly asymptotically stable, if it is stable and there exists 6, > 0 and a positive sequence {t }3°_,, where
t — o0 as k — oo such that klim ¢(tr, x0) = 0 whenever || xo|| < 6.

—00

Theorem 6. [37] Consider the system (15) with b = 0. Assume there is a Lyapunov function V : R* — R
satisfying

Aq) V is convex, differentiable on R and V(0) =0,

Ap) there exist constants qq,q2,C1, Cp, v > 0 such that

Crllx[|T < V(x) < Colx]|P, (16)

forall x € B,(0),
A3z) there are constants C3 > 0 and q3 > gy such that

(VV(x), f(x)) < =C3][x[|P, (17)

forall x € B,(0).
Then

i) the zero equilibrium of (15) is stable if C3 = 0,
ii)  the zero equilibrium of (15) is asymptotically stable if C3 > 0 and q; = g3,
iii)  the zero equilibrium of (15) is weakly asymptotically stable if C3 > 0 and gy < g3.

Remark 4. The advantage of Theorem 6 is that it does not allow us to compute the fractional derivative of
the Lyapunov function, but it does allow us to compute the gradient of the Lyapunov function as compared to
Theorem 1. However, a sharp demerit lies in the fact that the Lyapunov function V (x) should not be time-varying
for the system (15).

It may be noted that these aforementioned results do not concern Mittag-Leffler stability and
asymptotic stability of commensurate fractional order systems whenever they begin at initial time
b # 0. The difficulty is obvious in light of the limited number of new mathematical tools so far available
in the literature. Quite surprisingly, Wu [46] worked on positive initial time commensurate fractional
order systems and developed some new progress on Lyapunov theorems that concern asymptotic
stability and uniform asymptotic stability of equilibrium points.

Definition 9. [46] Let b > 0. Let x(t) = x(t,b, xp) denote the solution of (5). Then the zero equilibrium

x = 0 of (5) is said to be:

(i) stable, if for any € > 0, b > 0, there exists (b, €) > 0 such that ||x(b)|| < & implies ||x(t)| < €, for all
t>0,

(ii) asymptotically stable, if it is stable, and for any b > 0, there exists a 77(b) > 0 such that ||x(b)|| < 7
implies tlim lx(£)]] =0,

— 00

(iii) globally uniformly asymptotically stable, if for any 1 > 0 and € > 0, there exists T (1, €) > 0 such that

lx(D)|| < n implies ||x(¢t)|| <€, forallt >b+T.

Theorem 7. [46] Consider the system (5) with b > 0. Assume f : Ry x B(r) — R" is continuous and
f(t,0) = 0. Let V: Ry x B(r) — R. If V is continuously differentiable and positive definite, and the Caputo
fractional derivative of V along the solutions of (5), CDng ,V(t, x) is negative definite, then
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(i)  the zero equilibrium of (5) is stable, i.e. for any € > 0 and b > 0, there exists a 6 = 6(e,b) > 0 such that
lx(b)|| < & implies ||x(t)|| < € forall t > b,
(ii) let y = & then ||x(b)|| < n implies tlim [lx(t)]] = 0.
—00

Note that Theorem 7 does assert asymptotic stability of zero equilibrium in general. Some
extra assumptions may be needed to arrive the convergence of solutions to the limiting value zero
equilibrium of (5). The following Theorem 8 develops an integral upper bound of negative definitive
function for Caputo fractional derivative of Lyapunov function.

Theorem 8. [46] Consider the system (5) with b > 0. Assume f : Ry x B(r) — R" is continuous, f(t,0) = 0
and f is bounded. Let V : Ry x B(r) — R. If V is continuously differentiable and positive definite, and there
exits a positive definite function W : Ry x B(r) — R such that the Caputo fractional derivative of V and
Riemann-Liouville fractional integral of W both along the solutions of (5) satisfies

Dy, V(t,x) <KL (Wt x)) (18)

forall (t,x) € Ry x B(r), then the zero equilibrium of (5) is asymptotically stable.

The notion of uniform asymptotic stability is quite challenging for the system (5), but it can be
obtained from the below mentioned result.

Theorem 9. [46] Consider the system (5) with b > 0. Assume f : Ry x R" — R" is continuous, and
f(t,0) =0. Let V: Ry x R" — R. If V is continuously differentiable, positive definite, and decrescent, and
there exists a constant ¢ > 0 such that the Caputo fractional derivative of V along the solutions of (5) satisfies

Dl V(t,x) < —cV(tx) (19)
forall (t,x) € Ry x R", then the zero equilibrium of (5) is globally uniformly asymptotically stable.

It can be observed that Theorems 7, 8, and 9 are limited to the commensurate order system (5)
whenever b > 0. In the case when b < 0, it was not known whether the solutions of system (5) stay
near equilibrium or eventually converge to it in large time, especially whenever ¢ — co. In short, there
are no existing Lyapunov theorems available for the case when b € R in (5). Despite the challenges,
recently, Lenka and Bora [40] as well as Lenka and Upadhyay [39] have addressed this issue and
proposed new results that appear promising for effectively analyzing the stability of equilibrium
points.

Definition 10. [39] Throughout this section, we say x = 0 to system (5) is Mittag-Leffler asymptotically stable
if it is asymptotically stable and the inequality

(B < [KEap(=A(t = b)")[|x(D)[]™ (20)
holds, whereb € R, € (0,1], A >0, K > 1and r,r, > 0.
Definition 11. [39] Throughout this section, we say x = 0 to system (5) is Mittag-Leffler stable if

(Bl < [KEa1(=A(t = b)")l|x(B)[]" (21)
whereb € R, x € (0,1, A >0, K> 1andry, 1, > 0.

We give here Lyapunov theorems by settling some preliminary assumptions on the notion of
Lyapunov function V (¢, x).
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Theorem 10. [39] Assume that x = 0 is an equilibrium point of (5). Suppose that 3 a continuously differen-
tiable function V : [b,00) x Q C R" — [0, 00) that satisfies:

(i) inequality
kyl[x[|P < V(¢ x) < u(t)[|x], (22)

where constants ky, p, q are positive and continuous function u(t) : [b,00) — [1,00) satisfies u(t) —ky >
0,u(t) —1>0andp—q <OQwithq—1 >0,
(ii) if x(t) is any solution of (5),

Dy, V(tx(t) < —AV(tx(t)), V> b, (23)

where A >0, x € (0,1], Vx € Q C R" — {0}.

Then, the equilibrium point x = 0 to system (5) is asymptotically stable (Mittag-Leffler asymptotically stable).
IfQ =R", and V(t,x) — oo as |[x|| — oo, then x = 0 is globally asymptotically stable (Mittag-Leffler
asymptotically stable).

Theorem 11. [39] Assume that x = 0 is an equilibrium point of system (5). Suppose that 3 a continuously
differentiable function V : [b,c0) x Q) C R" — [0, c0) that satisfies:
(i)  inequality

kallx||P < V(E x) < p(®)]x]17, (24)

where constants kq, p, q are positive and continuous function p(t) : [b,c0) — [1,00) satisfies u(t) —ky >
0,u(t)—1>0andp—q <O0withq—12>0,
(ii) if x(t) is any solution of (5),

Dy V(Ex(t) < —AV(tx(t)), VE > b, (25)

where A >0,a € (0,1],Vx € Q C R".

Then, the equilibrium point x = 0 to system (5) is stable (Mittag-Leffler stable). If O = R", and V (t,x) — oo
as ||x|| — oo, then x = 0 is globally stable (Mittag-Leffler stable).

Remark 5. Note that Theorems 10 and 11 improves the existing Theorems 1 and 9, and can be efficiently
useful for the system (5).

The following definitions are useful in the notion of existence of reasonable Lyapunov function.

Definition 12. [39] (V-asymptotic stability) Throughout this paper, we say x = 0 to system (5) is V-asymptotic
stable if, for any x(b) € Oy, 3 a Lyapunov function V (t, x) such that the norm of solution ||x(t)|| — 0 as
t — oo,

Definition 13. [39](V-stability) Throughout this paper, we say x = 0 to system (5) is V-stable if, for any
x(b) € Q, 3 a Lyapunov function V (t, x) such that ||x(t)|| < € where e > 0.

Theorem 12. [39] Assume that x = 0 is an equilibrium point of (5). Suppose that 3 a continuously differen-

tiable function V : [b,00) x O C R" — [0, c0) with V(t,0) = 0,V t > a that satisfies:

(i) ki||x||? < V(t,x), where the constants ki and p are positive,

(i) if x(t) is any solution of system (5), “Dy, ,V (t,x(t)) is uniformly negative semi-definite, for all t > b,
where « € (0,1].
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Then, x = 0 to system (5) is V-stable. If O = R", and V (t,x) — oo as ||x|| — oo, then x = 0 to system (5) is
globally V-stable.

Theorem 13. [39] Assume that x = 0 is an equilibrium point of system (5). Suppose that 3 a continuously

differentiable function V : [b,00) x Q3 C R" — [0, 00) with V(t,0) = 0,V t > a that satisfies:

(i) kq||x||P < V(¢ x), where constants ky and p are positive,

(ii)  V(t,x) is uniformly decrescent,

(iii) if x(t) is any solution of system (5), CDZ‘+ V(t, x(t)) is uniformly negative definite, for all t > b, where
a e (0,1].

Then, the x = 0 to system (5) is V-asymptotically stable. If O = R", and V (t,x) — oo as ||x|| — oo, then

x = 0 to system (5) is globally V-asymptotically stable.

Note that Theorem 12 and Theorem 13 develop sharp improvements to existing Lyapunov
theorems in literature in the sense that the fractional derivative of the Lyapunov function is negative-
definite or negative semi-definite.

In [40], Lenka and Bora suggested the following definitions for their introductory Lyapunov
theorems under small assumptions on the Lyapunov function.

Definition 14. [40] Throughout this paper, the solution or stationary point (SP) x = 0 to (5) is said to be point
asymptotically stable (PAS) if 3 a Q) such that ¥V x(b) € Q, the Euclidean nontrivial measure ||x(t)|| — 0 as
t — oo,

Definition 15. [40] Throughout this paper, the solution or stationary point (SP) x = 0 to (5) is said to be
point stable (PS) if there exists a Q) such that, for any x(b) € O, thereisa é > 0 so that ||x(b)|| < 6 =
|x(t)|| < e wheree > 0.

Theorem 14. [40] Let x = 0 be the SP of (5), and x = 0 in the domain D. Assume that 3 a C' function

V(t,x):[b,00) x D C R" — [0, 0) satisfying

Ay) my||x||"t < V(t,x) < u(t)||x]|"2, where my,r1,rp > 0 with u(t) continuous on [a,00), and mq < u(t),
1<u(t),rp <rpandr, >1,

Ay) D V(t,x(t)) is uniformly negative definite on the nontrivial solution x(t) of (5), i.e.,

Dy, V(L x(t)) < —60 <0, Vx € D—{0}, Vt > b, (26)

where 0 < a < 1 and some 6 > 0.
Then, the SP x = 0 to (5) is PAS. When D = R" and the result holds, then the SP x = 0 is globally PAS.

Theorem 15. [40] Let x = 0 be the SP of (5), and x = 0 in the domain D. Assume that 3 a C' function

V(t,x): [b,00) x D C R" — [0, 00) satisfying

Aq) myl|jx||"t < V(t,x) < u(t)||x||"2, where my,r1,rp > 0 with u(t) continuous on [a, c0), and my < u(t),
1<u(t),rp <randr, >1,

Ap) C’Df .V (t,x(t)) is uniformly negative semidefinite on the nontrivial solution x(t) of (5), i.e.,

Dy, V(t,x(t)) <—6<0,VxeD, Vt>b (27)

where 0 < a < 1 and some 6 > 0.
Then, the SP x = 0 to (5) is PS. When D = R" and the result holds, then the SP x = 0 is globally PS.

Although the topic of fractional Lyapunov theorems has undergone fascinating progress in the
last decade for commensurate fractional order system (5), more is expected for in-depth understanding,
and many different new proofs are missing [47,48]. It is hoped that the aforementioned collected
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results will give new insights to the readers into the further progress of the fractional Lyapunov direct
method in future directions.

To end this part, we give the following open problems.
Q1 Isit possible to strengthen the assumption A;) in Theorems 12, 13, 14, and 15?

Q> Assume Aj) and Ay) in Theorems 13 and 14. Can the zero equilibrium x = 0 of (5) be Mittag-
Leffler asymptotically stable?

3.2. Lyapunov Stability Results for Incommensurate Order Systems

In this section we introduce some new definitions of conceptual stability notions and Lyapunov
stability results for incommensurate system (1) arising in qualitative stability theory. It has undergone
promising developments in the recent literature, and more is expected.

Yu et al. [49] examined the fractional Lyapunov direct method for the system (1) and proposed
several definitive results. These results share similarities with the findings presented by Li et al. in
[21,22].

Definition 16. [49] The equilibrium point x = 0 of system (1) is said to be Mittag-Leffler stable if

1G] < {m[x(B)]Eg1(=A(t = b))}, (28)

where g € (0,1),t > b, A > 0,9 >0, m(0) =0, m(x) > 0, and m(x) is locally Lipschitz on x € B € R"
with Lipschitz constant £.

Theorem 16. [49] Let x = 0 be an equilibrium point of system (1) with b = 0, and let D be the domain
containing the origin. Let V : [0,00) x D — R be a continuously differentiable function and locally Lipschitz
with respect to x such that

A1) qllx[|P < VIt x) < g2,

Ap) along system (1) solution &(t):

D5, VI E(H) < —gsllg (1) (29)

wheret > 0,x € D, ¢ € (0,1), 41,492, 93, p, g are arbitrary positive constants.

Then x = 0 is Mittag-Leffler stable. If the assumptions hold globally on R", then x = 0 is globally Mittag-Leffler
stable.

Remark 6. Due to the presence of many different orders 61,0, - -,y in system (1), Theorem 16 does not
provide effective strategies to compute the fractional derivative of the Lyapunov function “D§ + VI(EG(L).
Houwever, it was believed that the symbolic Caputo fractional derivative °Dy, ,
for pathways to the relationships between system orders 61,02, - - - , 6, and computational order ¢ in future
directions.

might pose interesting platforms

It is quite evident that how to compute simultaneously many different fractional derivatives of
any suitable scalar Lyapunov function remains unknown. Recently, Lenka [43] found curiosity and
attempted generalization of Mittag-Leffler stability and proposed multi-order Mittag-Leffler stability
concepts. Moreover, he has proposed some distinctive versions of the fractional Lyapunov direct
method for the system (1).

Definition 17. [43] The equilibrium solution x = 0 to system (1) is said to be multi-order Mittag-Leffler
asymptotically stable if the non-trivial solution satisfy x(t) tends to 0 as t — co and the inequality

n

pr(lx(B)]]) < C*u(b) ) Ey,a(=Ailt = b)™)pa(|lx(B) ), (30)
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forall t > b, where p1(-) and py(-) are of class-Koo, Y1,72, -+, ¥n € (0,1], constants C* > 1, A; > 0 for
i=1,2,---,n,and y : [b,00) — [1,00) is continuous.

Definition 18. [43] The equilibrium solution x = 0 to system (1) is said to be multi-order Mittag-Leffler stable
whenever non-trivial solution satisfy the inequality

n

pr(llx(®)) < Cu(b) ) Eyn —b0)")e2(lIx(B)]), (31)

i=1

forall t > b, where p1(-) and p(-) are of class-Keo, v1, 72, -+ ,vn € (0,1], constants C* > 1 and A;’s are
non-negative constants fori =1,2,--- ,n,and p : [b,00) — [1, 00) is continuous..

Theorem 17. [43] Consider the system (1). Let x = 0 be an equilibrium solution in a domain () C R".
Suppose there exist a C! function V:[b,o0) x QO CR" — R such that

i) pr(||x|]) < V(t,x) = Z Vi(t, x;) < u(t)p2(||x]]), where p1(-) and py(-) are of class-Keo, and u :

[b,00) — [1,00) is contmuous
(ii) along the non-trivial solution x(t) of (1):

n
2 DY Vit xi(t 2 , Vx € Q— {0}, Vt > b, (32)
i=1 i=1

where constants A;’s are positive fori = 1,2,-- - ,n, and orders y1,v2,- -+ ,vn € (0,1].

Then, the equilibrium x = 0 to (1) is multi-order Mittag-Leffler asymptotically stable. When Q) = R", the
equilibrium x = 0 to (1) is globally multi-order Mittag-Leffler asymptotically stable.

Here we state a typical corollary of Theorem 17 by making use of special class-Ko functions.
Corollary 1. Consider the system (1). Let x = 0 be an equilibrium solution in a domain QO C R". Suppose
there exist a C! function V : [b,00) x Q) C R" — R such that

(i) qlx||F <V(t,x)= f} Vi(t, x;) < qap(t)||x||7, where p,q, q1,q2 are arbitrary positive constants, and
i=1

i [b,00) = [1,00) is continuous,
(ii) along the non-trivial solution x(t) of (1):

n
ZCDZIM,‘ it x () < = Y A Vit xi(1), Ve € Q—{0}, Vi > b, (33)
i=1 i=1
where constants A;’s are positive for i = 1,2,- - - ,n, and orders vy1,v2,- -+ ,vn € (0,1].

Then, the equilibrium x = 0 to (1) is multi-order Mittag-Leffler asymptotically stable. When () = R", the
equilibrium x = 0 to (1) is globally multi-order Mittag-Leffler asymptotically stable.

Theorem 18. [43] Consider the system (1). Let x = 0 be an equilibrium solution in a domain () C R".
Suppose there exist a C! function V :[b,00) x O C R" — R such that

@) pr(]|x]]) < V(t,x) = Z Vi(t, x;) < u(t)p2(||x]]), where p1(-) and py(-) are of class-Keo, and p :

[b,00) — [1,00) is contmuous
(ii) along the non-trivial solution x(t) of (1):

n
ZCDg; Vit xi(t) < = YAVt xi(t), Vx € Q, V> b, (34)
i=1 i=1

where constants A;’s are non-negative fori = 1,2,- -+ ,n, and orders 1,772, -+ ,vn € (0,1].
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Then, the equilibrium x = 0 to (1) is multi-order Mittag-Leffler stable. When Q) = R", the equilibrium x = 0
to (1) is globally multi-order Mittag-Leffler stable.

Corollary 2. Consider the system (1). Let x = 0 be an equilibrium solution in a domain Q2 C R". Suppose
there exist a C! function V : [b,00) x Q) C R" — R such that
n
i) qillx]|P < V(t,x) =¥ Vi(t,x;) < qap(t)||x||9, where p, q,q1,q2 are arbitrary positive constants, and
i=1

p:[b,c0) = [1,00) is_continuous,
(ii) along the non-trivial solution x(t) of (1):

n
ZCDg;tV (t, x;(t 2 (t,x;(1)), Ve € QO — {0}, Vt > b, (35)
i=1 i=1

where constants A;’s are non-negative fori = 1,2,- -+ ,n, and orders 1,72, -+ ,vn € (0,1].

Then, the equilibrium x = 0 to (1) is multi-order Mittag-Leffler stable. When () = R", the equilibrium x = 0
to (1) is globally multi-order Mittag-Leffler stable.

Remark 7. Theorems 17 and 18 develop new knowledge for how to take simultaneously many different fractional
derivatives of scalar Lyapunov function as compared to Theorem 16 for the system (1).

The following results show new interest in the progress of the extended fractional Lyapunov
direct method as compared to the elementary Lyapunov theorems Theorems 17 and 18.

Theorem 19. [43] Consider the system (1). Let x = 0 be an equilibrium solution in a domain Q0 C R".
Suppose there exist a C! ﬁmction V :[b,00) x QO C R" — R such that
A1) p1(||x]]) < V(tx) = Z Vi(t,x;) < u(t)p2(||x]|), where p1(-) and pa(-) are of class-Koo, and y :

i=
[b,00) — [1,00) is contmuous
Ay) along the non-trivial solution x(t) of (1):

3D ilt (1)) < — 3 Bills (), Y € QO {0}, Ve > b, 6o
i=1 i=1

where B1(-), -+, Bn(-) are class-K and orders 1, - -+ ,vn € (0,1].

Then, the equilibrium x = 0 to (1) is multi-order Mittag-Leffler asymptotically stable. When Q) = R", the
equilibrium x = 0 to (1) is globally multi-order Mittag-Leffler asymptotically stable.

A typical result that seems immediate from Theorem 19 is stated below. It considers the case
when the Lyapunov function is bounded between curves class-K functions.

Corollary 3. Consider the system (1). Let x = 0 be an equilibrium solution in a domain Q) C R"™. Suppose
there exist a C! function V : [b,00) x Q) C R" — R such that

A1) pr(llxl) < V(6 x) = X Vit xi) < pa(lx]]), where pi(-) and pa(-) are of elass-Kce,
Ay) along the non-trivial solution x(t) of (1):
n
ZCDZ’H it xi(1) < = Y Billlxi()]]), Vx € Q— {0}, Vt > b, (37)

i=1 i=1

where B1(-),- -+, Pn(-) are class-Ke and orders 1, - -- ,vn € (0,1].

Then, the equilibrium x = 0 to (1) is multi-order Mittag-Leffler asymptotically stable. When () = R", the
equilibrium x = 0 to (1) is globally multi-order Mittag-Leffler asymptotically stable.
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Theorem 20. [43] Consider the system (1). Let x = 0 be an equilibrium solution in a domain Q) C R".
Suppose there exist a C* function V : [b,00) x Q C R" — R such that

A1) pr(lixl) = V(Ex) = X Vilt,xi) < p(B)pa(|lx])), where p(-) and py(-) are of class-Keo, and y :

[b,00) — [1,00) is continuous,
Ay) along the non-trivial solution x(t) of (1):

n n n

Y. Dy Vit xi(1) < = Y AVt (1) = Y Billlx(b)]), Vx € Q, Vi > b, (38)

i=1 i=1 i=1

where A;’s are non-negative constants, B1(+),- - -, Pn(+) are class-Koo and orders 1, - -+ ,vn € (0,1].

Then, the equilibrium x = 0 to (1) is multi-order Mittag-Leffler stable. When () = R", the equilibrium x = 0
to (1) is globally multi-order Mittag-Leffler stable.

Corollary 4. Consider the system (1). Let x = 0 be an equilibrium solution in a domain Q2 C R". Suppose
there exist a C function V : [b,00) x Q C R" — R such that

Ay) p1(llx]]) < V(t,x) = ;1 Vi(t, x;) < pa(||x||), where p1(+) and pa(-) are of class-Keo,
Ay) along the non-trivial solution x(t) of (1):

n n

Y. DY Vit xi(1) < = Y AVt xi(t)) — iﬁi(”xi(f)ﬂ)/ Vx € Q, Vi > b, (39)
i=1 i=1 i=1

where A;’s are non-negative constants, B1(+),- - -, Pn(+) are class-Koo and orders 1, - - -, v, € (0,1].

Then, the equilibrium x = 0 to (1) is multi-order Mittag-Leffler stable. When () = R", the equilibrium x = 0
to (1) is globally multi-order Mittag-Leffler stable.

We close this part while learning that the previously mentioned results demand extensive knowl-
edge of the Lyapunov function and the computation of the fractional derivative of the Lyapunov
function while looking for non-trivial solutions of the incommensurate system (1) or commensurate
systems (5) and (15). On the other hand, these sophisticated results do not assert how to discover
or construct some adequate Lyapunov functions. This is one of the biggest limitations: there are no
general methods known for how to find such an interesting function. The next section facilitates some
new knowledge of computing fractional derivatives of Lyapunov functions whenever they exist.

4. Some Lyapunov Function Inequalities

Inequalities are crucial in the successful use of appropriate Lyapunov stability results that appear
in the literature. There exist a lot of published works dealing with inequalities concerning reasonable
Lyapunov functions (see, e.g., [29,34,37,46,51,52]).

We give below a few inequalities that sharpened new thought for the promising fractional
Lyapunov direct method.

Lemma 1. [32] Let x(t) € R be a continuous and derivable function. Then, for any time instant t > b
1
EODZ‘i,txz(t) < x(t)ODZi,tx(t), Vw € (0,1). (40)

Lemma 2. [31] Let x(t) € R" be a vector of differentiable functions. Then, for any time instant t > b, the
following relationship holds

DY, , (xT(t)Px(t)> < 2T (1) PD, ,x(t), Yo € (0,1], (41)
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where P € R"*" is a constant, square, symmetric and positive definite matrix.

Lemma 3. [40] Suppose that V be a real-valued C' function on [b,c0) x Q C R" which is convex w.r.t. its
arquments. Let x : [b,00) — Q) C R" be a continuous function which is differentiable on (b, co). Then, we have

Dy, it x(t) < VU Wepg 4y (W) DY, x(t), (@2)

Vit >bandVw € (0,1].

Remark 8. Lemma 3 can be found in the work by Wu [46], where the author has not considered initial-time b to
the interval (—c0,0). As a result, the version of Lemma 3 of [46] cannot be applied to system (5) if initial time b
is placed on (—o0,0). In comparison to the inequality of Wu [46], Lemma 3 provides promising implications to
random initial-time system (5).

Lemma 4. [40] Suppose that V is a real-valued C' function on [b,00) x Q0 C R" which is convex w.r.t. Q. Let
x: [b,00) = Q C R" be a continuous function which is differentiable on (b, o). Then, we have

Dy vit,x(0) < (VAT epy v, )

Vit>bandV w € (0,1].

Lemma 5. [39] Assume x € Q) is continuous on [b,c0) and differentiable on (b, c0). Suppose that 3 a
BV(tx

continuously differentiable V : [b,00) x QO C R" — [0, 00) which is convex in Q). Assume that > 0, for
all t > b. Then, for any t > b, the inequality
oV (t,x(t)) av(tx(H))\"
C < Cpy 44
Dy V(tx(t) < T 2x(0) Dy x(t), (44)

holds, where w € (0,1].

Lemma 6. [43] Suppose V; : [b,o0) x Q); C R" — R are continuously differentiable for i = 1,2,--- ,n
Assume that x; : [b,00) — Q; C R" are continuous on [b, o0) and differentiable on (b, o) fori =1,2,--- ,n.
Let Vq,- -+, Vy be convex with respect to its corresponding arguments in [b,00) X Qq, -+ ,[b,00) X Qy,
respectively. Then, for any t > b, the inequality

n

ZCDZ‘;tV b x(t Z vilt, xl )CD”‘Z (t—D)

i=1
+Z( ) e

1

(45)

holds, Yoy, - -+ , & € (0,1].

Lemma 7. [43] Suppose V; : [b,o0) x Q; C R" — R are continuously differentiable for i = 1,2,--- ,n
Assume that x; : [t*,00) — Q; C R™ are continuous on [b, co) and differentiable on (b, c0) fori =1,2,--- ,n.
Let V1, - -+, Vi be convex with respect to the arquments in Q)q, - - - , Qy, respectively. Assume that w >

0, forallt > b, fori=1,2,--- ,n. Then, forany t > b, the inequality

eogn < UL (ML e g

holds, Yoy, - - - , a0y € (0,1].
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Lemma 8. [43] Suppose V; : [b,o0) x Q); C R" — R are continuously differentiable for i = 1,2,--- ,n
Assume that x; : [t*,00) — Q; C R™ are continuous on [b, co) and differentiable on (b, c0) fori =1,2,--- ,n.
Let V4, -+, Vi, be convex with respect to the arguments in O, - - -, Qy,, respectively. Then, for any t > b, the
inequality

¥ o Vit () < ) (2t ”) D (1), 7)

i=1 i=1 axl
holds, Vay, - -+ ,a € (0,1]..

Lemma 9. [43] Let x1,x2,- -+ , X, € R be continuous on [b, o) and differentiable on (b, c0). Then, the
inequality

Z D (1) <2 Z x;(H°Dy) xj(t), Yt > b, (48)
j=1

holds, Yoy, -+ ,a € (0,1].

Lemma 10. [43] Let x; € R" be continuous on [b, 00) and differentiable on (b, c0) fori =1,2,--- ,n. Then,
the inequality

n
ZCDZ,j ( T(t)P x;(t ) < ZZx CDbit (), ¥t > b, (49)
=1

holds, Yoy, 09, -+ , a0y € (0,1], where P; € R"*" is constant, symmetric and positive definite matrix for
i=12,---,n

5. New Stability Conditions in Fractional Order Systems

This section has two goals. The first goal is concerned with identifying conditions for stability of
the linear version of system (1). The second goal is to identify conditions for stability of the nonlinear
version of system (1). Some new conditions were addressed in Subsection 5.1 and Subsection 5.2,
separately.

5.1. Class of Linear Fractional Order Systems

This part discusses new conditions for Mittag-Leffler asymptotic stability and multi-order Mittag-
Leffler asymptotic stability of zero equilibrium of linear version of system (1).
When f(t,x(t)) = A(t)x(t), the system (1) becomes linear fractional order system:

DJ. x(t) = A(t)x(t) (50)

where state variable x(t) = (x1(t), x2(t),- - -, xx(t))" € R", initial time b € R, operator CDSH (t) =

Ccpd C Cpon r n i 0 =
Dhﬂ 1(1), Db+ Xa(t), - Dyt Xn(t)) € R", order-index d = (81,02, ,0u) € (0,1] x (0,1] x
x (0,1], and A(t) = [a; ( )] : [b,00) — R™ " is continuous.

Theorem 21. Consider the commensurate order system (50) with 6y = 6 = -+ - = &, = 0. If there exists a
constant, symmetric, and positive definite matrix P = [p;;] € R"*" such that the condition

AT()P+ PA(t) < —ATL,, Vt > b, (51)

holds where constant A > 0, then the zero equilibrium of (50) is globally Mittag-Leffler asymptotically stable.
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Proof. Take V(t,x) = x Px, where P = [p;j] € R"" is a constant, symmetric, and positive definite
matrix. Note that

Amin(P) ]2 < V(£ %) < Amax(P)[ ] (52)
Set & = 4. Then, by using Lemma 10, along system (50) solution x(t):

Dy V(t x(1) < 22"

PA(t)x(t)

<27 (t) (PA(t) + AT(1)P)x(1) (53)
AJr

< _7)\max(P) V(t, x(t)).

Set A = ﬁ > 0. Then, we see that A1) and A;) of Theorem 10 are satisfied. Thus, the zero

equilibrium of (50) should be globally Mittag-Leffler asymptotically stable. [

Theorem 22. Consider the commensurate order system (50) with 8] = 8y = -+~ = 8, = 4. If there exists a
constant, symmetric, and positive definite matrix P = [p;j] € R"*" such that the condition

AT(H)P+ PA(t) < —A*L,, Vt > b, (54)
holds where constant A* > 0, then the zero equilibrium of (50) is globally Mittag-Leffler stable.
Proof. The is quite similar to Theorem 21. [

Theorem 23. Consider the incommensurate order system (50). If there exists a constant, diagonal, and positive
definite matrix P = diag[p11, p2, - - - , Pun] € R"*" such that the condition

AT(t)P + PA(t) < —A*I,, Vt > b, (55)

holds where constant A* > 0, then the zero equilibrium of (50) is globally multi-order Mittag-Leffler asymptoti-
cally stable.

n
Proof. Take V(t,x) = Z i(t,x;), where Vi(t, x;) = p]]x and pj; > 0 are constants for j = 1,2,- -+, n.

Let P = diag[pn,]ﬂzz/ = ,pnn] € R Then
Amin(P) X[ < V(t,x) < Amax(P)]|x]]*. (56)

Sety; = d;forj=1,2,--- ,n. By using Lemma 10, along system (50) solution x(¢):

C C Vi
Z Dwﬂ’u; <22p]1] Dhit xj(t)

j=1
P(°D). (1))
= 2xT()PA(t)x(t) (57)
<xT() (PA(t) + AT(t)P)x(t)
ot

< 3y V(6 0)

:2x(

)
)

SetA; = ( T () > 0forj=1,2,---,n. Then, we see that A1) and A,) of Corollary 1 are satisfied. Thus,
the zero equ1hbr1um of (50) should be globally multi-order Mittag-Leffler asymptotically stable. O
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Theorem 24. Consider the incommensurate order system (50). If there exists a constant, diagonal, and positive
definite matrix P = diag[p11, p2, - - - , Pun] € R"*" such that the condition

AT(H)P+ PA(t) < —ATL, Vt > b, (58)
holds where constant A > 0, then the zero equilibrium of (50) is globally multi-order Mittag-Leffler stable.
Proof. The proof is similar to Theorem 23. O

Remark 9. In Theorems 21 and 22, one can use P = I,, € R™*", where I, is an identity matrix.

5.2. Class of Nonlinear Fractional Order Systems

In this part, we generalize the previous section results for nonlinear systems.
Note that when f(t, x(t)) = A(t)x(t) + g(t,x(t)), the general nonlinear system (1) becomes

D], 1) = A0 + 010 ®

where state variable x(t) = (x1(£), x2(t),- - -, x,(t))T € R", initial time b € R, operator CD?; X(t) =
T ~

(CD;jl+ 21 (8),CD2 3y (1), -+ CD txn(t)> € R", order-index 3 = (1,85, - - ,6,) € (0,1] x (0,1] x
- x (0,1], A(t) = [a;j(t)] : [b,c0) — R™ " is continuous, and ¢ = (1,82, " ,gn) " i [b,00) X R" —
R™ is continuous, uniformly Lipschitz and g(¢,0) = 0, for all t > b.

We discuss first stability results for the commensurate order version of system (59). The following
theorems develop new conditions whenever the nonlinear function in (59) obeys norm bound and
global Lipschitz properties.

Theorem 25. Consider the commensurate order system (59) with 6y = 6 = - -+ = 6, = 6. Assume that

C1) the function g obeys norm bound condition
llg(t,u)|| < LT ||lu||, Vt >b, Yu € Q C R", (60)

where constant LT > 0,
Cy) there exists a constant, symmetric, and positive definite matrix P = [p;;] € R"*" such that

PA(t) + AT(£)P+ (L), + PTP < —ATI,, YVt > b, (61)

where constant AT > 0 and identity matrix I, € R"*".

Then, the zero equilibrium of (59) is locally Mittag-Leffler asymptotically stable.

Proof. Take the Lyaunov function V(t,x) = x” Px, where P = [p;j] € R"*" is a constant, symmetric,
and positive definite matrix. Note that

Amin (P)[|x][> < V(£ %) < Amax(P)||x[|*. (62)
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Set & = 4. Then, by using Lemma 10, along system (59) solution x(t):

Dy, V(tx(t) < 2x" () PDy, (x(t)
= 2xT()P(A(1)x(t) + g(t, x(1)))
= 2xT(t)PA(t)x(t) + 2xT (t)Pg(t, x(t))

< 2T (1) (PA(E) + AT(BP ) x(t) + T ()PTPx(t) + |lg(t, (1) | (63)
<xT(t) (PA(t) + AT(HP + (LH)2I, + pr) x(t)

At

< —WV(L x(t)),

where C1) and C,) were used. Set A = ﬁ > 0. Then, we see that A1) and Ay) of Theorem 10 are
satisfied. Thus, the zero equilibrium of (59) should be locally Mittag-Leffler asymptotically stable. [

Theorem 26. Consider the commensurate order system (59) with 6y = 6 = - -- = 6, = 6. Assume that

Cy) the function g obeys norm bound condition
Ig(tw)ll < L¥{Jull, V¢ > b, Vu € O C R, (64)

where constant L* > 0,
Co) there exists a constant, symmetric, and positive definite matrix P = [p;;] € R"*" such that

PA(t) + AT(H)P 4 (L*)1, + PTP < —A*I,, Vvt > b, (65)

where constant A* > 0 and identity matrix I, € R,
Then, the zero equilibrium of (59) is locally Mittag-Leffler stable.

Theorem 27. Consider the commensurate order system (59) with 6y = 6y = - -+ = 6, = 6. Assume that

Cy) the function g obeys global uniformly Lipschitz condition
llg(t,u) —g(t,w)|| < L*||u —w||, Yt > b, Vu,w € R", (66)

where constant L* > 0,
Cy) there exists a constant, symmetric, and positive definite matrix P = [p;;] € R"*" such that

PA(t) + AT(£)P 4 (L*)?I, + PTP < —A*I,, Vt > b, (67)

where constant A* > 0 and identity matrix I, € R™*".

Then, the zero equilibrium of (59) is globally Mittag-Leffler asymptotically stable.

Proof. We let the Lyaunov function V' (£, x) = x” Px, where P = [p;;] € R"*" is a constant, symmetric,
and positive definite matrix. Observe that

Amin(P)[|x[* < V(t,x) < Amax(P)||x|1%. (68)
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Set & = 4. Then, by invoking Lemma 10, along system (59) solution x(t):
Dy, V(tx(t) < 2x" () PDy, (x(t)
= 2xT(£)PA(t)x(t) + 2xT (t) Pg(t, x(t))
< xT(t) (PA(t) + AT(t)P)x(t) +xT(H)PTPx(t) + ||g(t, x(1)) ] 69)

< xT (1) (PA() + AT ()P + (L)L + PP ) x(t)
< —Anf:(p)m"(”)f

where the conditions C;) and C,) were used. Set A = ﬁ > 0. Then, we notice that A;) and
Ay) of Theorem 10 are satisfied. Thus, the zero equilibrium of (59) should be globally Mittag-Leffler
asymptotically stable. [

Theorem 28. Consider the commensurate order system (59) with 6y = 6 = -+~ = 6, = 6. Assume that

Cy) the function g obeys global uniformly Lipschitz condition
Ig(t,u) — g(t,w)|| < LY|u —w]||, Vt > b, Yu,w € R", (70)

where constant LT > 0,
Cy) there exists a constant, symmetric, and positive definite matrix P = [p;;] € R"*" such that

PA(t) + AT(t)P+ (LY)2I, + PTP < —A'L,, YVt > b, (71)

where constant At > 0 and identity matrix I, € R"™*",

Then, the zero equilibrium of (59) is globally Mittag-Leffler stable.

Remark 10. Theorems 26 and 28 build conditions where the trajectory of the commensurate order version of
system (59) does not necessarily converge to the origin but rather stays close to it in large time at co. On the
other hand, Theorems 25 and 27 develop conditions for which the mentioned trajectory of the system ultimately
converges to the origin whenever t — oo in the sense of Mittag-Leffler decay. Liu et al. [53] discussed some
new stability conditions for the class of system (59) by using the S-procedure and Lyapunov function inequality
technique. Tung [54] considered a new class of perturbed nonlinear commensurate fractional systems and
formulated some reasonable conditions of boundedness, uniform stability, and Mittag-Leffler stability in the
sense of Li et al. [21,22].

Next, we construct new conditions for the incommensurate fractional order system (59). Note
that in this case the orders involved in (59) need not necessarily be equal.

Theorem 29. Consider the incommensurate order system (59). Assume that

Cy) the function g obeys norm bound condition
llg(t,u)|| < LT|lu|, ¥t >b, Yu e Q CR", (72)

where constant LT > 0,
Cy) there exists a constant, diagonal matrix P = diag[p11, P22, - - , Pnn] € R"™" such that

PA(t) + AT(£)P 4 (LT)?I, + PTP < —ATL,, Vt > b, (73)

where constant AT > 0 and identity matrix I, € R"*".

Then, the zero equilibrium of (59) is locally multi-order Mittag-Leffler asymptotically stable.
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Proof. Take the Lyapunov function V(t,x) = ¥ Vj(t,xj), where Vj(t,x;) = pjjsz and pj; > 0 are

Tt

]
constants for j = 1,2, -+ ,n. Let P = diag[p11, p22,* -+ , Pun] € R"*". Then, we have

Amin (P)|x][> < V(£ %) < Amax(P)||x[|*. (74)

Sety; = d; forj=1,2,--- ,n. By using Lemma 10, along system (59) solution x(¢):

Z{CDH tPjij* ] <22P11x1 Dbi % (8)
=
= 2"(H)P (D], x(1))
= 2xT(t)(PA( t)x(t) +g(t x(t)))
(PA(t) + AT (1)) x(t) + xT ())PT Px(t) + |Ig(t, x(1))
(PA(t) + AT(HP + (LH)2I, + PTP>x(t)
/\+
* Amax(P)

(75)
Tt

(t)
x'(1)

V(tx(t)),

where we have used the condition C1) and Cp). Set Aj = #:(P) >0forj=1,2,---,n. Then, we see
that A1) and Aj) of Corollary 1 are satisfied. Thus, the zero equilibrium of (50) should be globally
multi-order Mittag-Leffler asymptotically stable. [

Theorem 30. Consider the incommensurate order system (59). Assume that

Cy) the function g obeys norm bound condition
lg(t,u)|| < L¥||ul|, ¥t > b, Yu € Q C R", (76)

where constant L¥ > 0,
Cy) there exists a constant, diagonal matrix P = diag[p11, p2, - -+ , Pun] € R"*" such that

PA(t) + AT(H)P + (LI, + PTP < —A*I,, Vt > b, (77)

where constant A* > 0 and identity matrix I, € R™".

Then, the zero equilibrium of (59) is locally multi-order Mittag-Leffler stable.

Theorem 31. Consider the incommensurate order system (59). Assume that

Cy) the function g obeys global Lipschitz condition
llg(t,u) — g(t,w)|| < L*||lu —wl|, Vt > b, Yu,w € R", (78)

where constant L* > 0,
Cy) there exists a constant, diagonal matrix P = diag[p11, p22, - -+ , Pun] € R"™*" such that

PA(t) + AT(£)P 4 (L*)?I, + PTP < —A*L,, Vt > b, (79)

where constant A* > 0 and identity matrix I, € R™*",

Then, the zero equilibrium of (59) is globally multi-order Mittag-Leffler asymptotically stable.
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Proof. Take the Lyapunov function V(t,x) = ¥ Vj(t,xj), where Vj(t,x;) = pjjsz and pj; > 0 are

Tt

]
constants for j = 1,2, -+ ,n. Let P = diag[p11, p22, - -+ , Pun] € R™*". Then, one has

Amin (P)|x][> < V(£ %) < Amax(P)||x[|*. (80)

Sety; = d; forj=1,2,--- ,n. By using Lemma 10, along system (59) solution x(¢):

o ,
Z Db+ Pjix ] <22P11x1 Dbi % (£)

j=1

=27 ()P (D], x(1))

= 2xT(f)( A(t)x(t) + g(t, x(t))) @1)
T(1) (PA() + AT(H)P)x(t) +x"()PTPx(t) + |31, (1)) |
<T(5) (PA(t) + AT(H)P + (L)L, + PTP) x(1)

)\*
< —mV(t,x(t)),
where we have used the condition C1) and Cp). Set Aj = max( 3 >0forj=1,2,---,n. Then, we see

that A1) and A) of Corollary 1 are satisfied. Thus, the zero equilibrium of (50) should be globally
multi-order Mittag-Leffler asymptotically stable. [

Theorem 32. Consider the incommensurate order system (59). Assume that

Cy) the function g obeys global Lipschitz condition
lg(t,u) — g(t,w)| < LYu —w||, Vt > b, Vu,w € R, (82)

where constant LT > 0,
Cy) there exists a constant, diagonal matrix P = diag[p11, P22, -+ , Pnn] € R"*" such that

PA(t) + AT(H)P+ (L1, + PTP < —ATL,, vt > b, (83)

where constant At > 0 and identity matrix I, € R™".

Then, the zero equilibrium of (59) is globally multi-order Mittag-Leffler stable.

Remark 11. Theorems 29, 30, 31, and 32 do not provide an arbitrary symmetric, positive definite matrix
P € R™", making some strict conditions for the incommensurate system (59) as compared to its commensurate
order counterparts. There exist only a few studies in the literature that concern finding reasonable new conditions
that can make the system (59) not only asymptotically stable but also stable.

6. Growth or Decay of Solutions in Fractional Order Systems

In this section, we discuss the rate of growth or decay of solutions arising in system (1) by using
the knowledge of the Lyapunov function.

At first, the below-mentioned establishes bounds for the nontrivial solution to the commensurate
fractional order system (5). In [39], the authors have observed solutions of the mentioned system can
obey in the sense of Mittag-Leffler. In short, it will tell whether the norm measure of solutions of
system (5) grows, is bound by a constant, or decays at the Mittag-Leffler rate with a constant scaling
factor in its argument.

Lemma 11. [39] Consider the commensurate fractional order system (5). Suppose that 3 a continuously
differentiable V : [b,00) x 3 C R" — [0, 00) that satisfies:
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(i)  inequality

ka[lx[[P < V(t x) < p(t)

|17, (84)
where constants kq, p, q are positive and continuous function p(t) : [b,00) — [1,00) satisfies u(t) —ky >
0,u(t)—1>0andp—q <O0withq—12>0,

(ii) if x(t) is any solution of (5),

DI, VIt x() < AV(tx(t)), Vi > b, (85)

where A € R, 5 € (0,1], Vx € Q C R™.

Then, the inequality
b 5 p
I < | 2B (M= 0 Il v 6)
Lemma 12. [50] Consider the inequality
n C ) n
YDy yit) <Y Awilt), V> b, (87)
i=1 i=1

with y;(b) = yf, where constants Ay, Ay, - -+ , Ay € R, and orders y1,7v2,- -+, vn € (0,1]. Then, we have

™=

Yo i(t) < 3 Eqa(Ai(t = b)")y;(b), Yt > b. (88)

i=1

Il
_

In view of Lemma 11, we thought of following result below that develops a new possible bound
to the growth, or decay in the sense of several order Mittag-Leffler functions.

Lemma 13. Consider the incommensurate fractional order system (1). Suppose there exist a C! function
Vb)) x QO CR" — R such that

i) qilx||F <V(t,x)= i Vi(t, x;) < qap(t)||x||7, where p,q, q1,q2 are arbitrary positive constants, and
i=1
p: [b,00) — [1,00) is continuous,
(ii) along the non-trivial solution x(t) of (1):

n

D DY Vilt, xi(h) < > AViltxi(1), Vx € Q, Vit > b, (89)

i=1

N

Il
—

where constants A; € R fori =1,2,--- ,n, and orders y1,%v2, -+ ,¥n € (0,1].
Then, the inequality

1/p

21 (b) ¥ .
()] < | 2L E e = b))l =, (90)
i=1
Proof. It follows inequality (89) of (ii), and Lemma 12 that
n n
Y Vil %) € Y By (As(t — b)) Vi(b, (b)), VE > b. 1)
i=1 i=1
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Consequently, by using (i), one has
1/p
b) & ,
e < | s e eyl | v @)
i=1

O

Remark 12. Lemma 11 and Lemma 13 provides possibility to estimate growth or decay of energy associated
with systems (5) and (1), respectively.

7. Attractive of Solutions in Fractional Order Systems

This section introduces a novel concept to attractive of solutions arising in fractional order systems.
It is a distinguishing insightful property that can be observed in system (1) when any bounded fixed
solution or any bounded solution pair attracts to each other in large time, especially whenever t — co.
Recently, the notion of attractive of solutions beyond constant equilibra has been introduced by
Lenka and Upadhyay in work [44]. It gives a deeper aspect to such a scenario for a commensurate
fractional order system (5). In Subsection 7.1, we discuss some important definitions and results for
the commensurate order system (5). In Subsection 7.2, we introduce some important new definitions
and results for the incommensurate order system (1).

7.1. Lyapunov Attractive for Commensurate Order Systems

The following definitions are appeared in the work of Lenka and Upadhyay [44].

Definition 19. [44] Let (¢, ) be any pair of solutions to (5). We say the pair (¢, ) is Mittag-Leffler
asymptotically attractive iftlim llo(t) — ¢(t)|| = 0 and the inequality
—00

lp(t) = p(t)]| < C*[C*Ewn(=A(t = 0))] " (6) — p(®) |2, Ve > b, 93)

holds, where constants C* >1,C* > 0, A > 0, p1>0,p2 > 0and w € (0,1].

Definition 20. [44] Let (¢, ) be any pair of solutions to (5). We say the pair (¢, ) is Mittag-Leffler attractive
if the inequality

* pP1
I9(6) = #(0) ]| < € [C"Eay (—A(t— b)) " (1) — ()|, ¥t = b, on
holds, where constants C* > 1,C* > 0,A >0, p; >0, p, > 0and w € (0,1].

Theorem 33. [44] Let (@, ¢) be any solution pair to system (5) in a domain Q) x Q@ C R" x R™. Suppose
there exists a C' function V : [b,00) x Q x O — R such that

A1) killyr —y2l|Pr < V(b y,y2) < O(t)|lyr — y2|PrP2, where ky, p1, pa are positive constants and © :
[b,00) — [1,00) is continuous with py > py, O(t) > ky and py > 1,
Ay) along system (5) non-trivial solutions (¢(t), P(t)):

D V(L 9(1),9(1) < —AV(L,9(1),9(1), Vo — ¢ #0€Q, ¥t > b, (95)

where constant A is positive, and w € (0,1].

Then, the pair (¢, ) to system (5) is Mittag-Leffler asymptotically attractive. When Q) = R", the pair (¢, )
to (5) is globally Mittag-Leffler asymptotically attractive.

Theorem 34. [44] Let (¢, ) be any solution pair to system (5) in a domain QO x Q3 C R" x R™. Suppose
there exists a C' function V : [b,00) x Q x Q — R such that
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A1) killyr — 2Pt < V(Ly,y2) < O(t)|lyr — y2||P1P2, where ki, p1, pa are positive constants and © :
[t*,00) — [1,00) is continuous with p; > p1, O(t) > ki and p, > 1,
Ay) along system (5) non-trivial solutions (¢(t), P(t)):

DR V(L (1), (1) < —AV(E(t), 9(t), Vo —p € Q, VE > b, (96)

where constant A is non-negative, and w € (0, 1].

Then, the pair (¢, ) to system (5) is Mittag-Leffler attractive. When Q) = R", the pair (¢, §) to system (5) is
globally Mittag-Leffler attractive.

Definition 21. [44] Let ¢(t) be any solution to (5). We say the solution ¢(t) is Mittag-Leffler asymptotically
attractive if the solutions y(t) different to ¢(t) satisfy tlim lly(t) — @(t)|| = 0 and the inequality
o0

* P1
ly(5) = p(t)]| < C*[C*Eaa(=A(E=0))] " Iy(b) — @()IIP2, vt = b, ©7)
holds, where constants C* > 1,C* > 0, A > 0, p1>0,p2 > 0and w € (0,1].

Definition 22. [44] Let ¢(t) be any solution to (5). We say the solution ¢(t) is Mittag-Leffler attractive if the
solutions y(t) different to ¢(t) satisfy the inequality

P1
ly(®) = p(t)]] < €[ Eaa(=A(E=0))] " Iy(b) — @(®)IIP2, t = b, 98)
holds, where C* >1,C* > 0,A > 0,p; >0, pp > 0and w € (0,1].

Theorem 35. [44] Let ¢ be any solution to system (5) in a domain Q C R™. Suppose there exists a C1 function
Vi [b,00) x O x O — R such that

A1) killy —@||Pr < V(ty, @) < O(t)||ly — @||P1P2, where ky, p1, pa are positive constants and © : [b, 00) —
[1, 00) is continuous with py; > p1, O(t) > ky and p; > 1,
Ay) along system (5) non-trivial solution y(t):

DYVt y(), ¢(t) < —AV(Ly(1), §(1), Vy—§ #0 € Q, Vi > b, (99)

where constant A > 0.and w € (0,1].

Then, the solution § to system (5) is Mittag-Leffler asymptotically attractive. When Q) = R", the solution @ to
system (5) is globally Mittag-Leffler asymptotically attractive.

Theorem 36. [44] Let ¢ be any solution to system (5) in a domain Q C R". Suppose there exists a C1 function
Vb)) x QO x Q — Rsuch that

Ay) killy— @) < V(ty, @) < O(t)||ly — @||P1P2, where kq, p1, pa are positive constants and © : [b, 00) —
[1, 00) is continuous with p; > p1, O(t) > ky and p; > 1,
Ay) along system (5) non-trivial solution y(t):

DE. V(L Y(E), §(t) < —AV(Ly(), §(t), Yy — ¢ # 0 € Q, Vi > b, (100)

where constant A > 0 and w € (0,1].

Then, the solution ¢ to system (5) is Mittag-Leffler attractive. When Q) = R", the solution ¢ to system (5) is
globally Mittag-Leffler attractive.

7.2. Lyapunov Attractive for Incommensurate Order Systems

Here we generalize previous subsection results to the incommensurate system (1). These results
may be viewed as Lyapunov attractive theorems. First, we give the following definitions.
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Definition 23. Let (¢, ) be any pair of solutions to (1). We say the pair (@, ) is multi-order Mittag-Leffler
asymptotically attractive iftlim llo(t) — ¢(t)|| = 0and the inequality
—00

n P1
lp(t) —w(b)|| < C* lC# ;wa,l(—?\j<t —b)“1)[|g(b) — w(b)HPZ] , V> D, (101)
£

holds, where constants C* > 1, C* > 0, A1, Ay, -+ , Ay >0, p1>0,p2 > 0and wy,wy, -+ ,wy € (0,1].

Definition 24. Let (¢, ) be any pair of solutions to (1). We say the pair (¢, ) is multi-order Mittag-Leffler
attractive if the inequality

n P1
lo(t) —p(t)] < C lC# Z; Ewj1 (—Aj(t=0)“7) lp(b) — lP(b)II”Z] , VE2b, (102)
=

holds, where constants C* > 1,C* >0, A, Ay, -+ , Ay >0, p1 >0, pp > 0and wy,wy, -+ ,wy € (0,1].

Theorem 37. Let (¢, 1) be any solution pair to system (1) in a domain Q3 x Q C R" x R™. Suppose there
exists a C! function V : [b,00) x Q x Q — R such that

A1) killyr = w2l < V(byye) = E Vit y1i(8), y2i(t)) < O(t)|lyr — yal[F172, where ky, p1, pa are
positive constants and © : [b, c0) — [1 00) is continuous with py > p1, O(t) > ki and pp > 1,
Ay) along system (1) non-trivial solutions (¢(t), P(t)):

n

ZCDZ’H it @i(E), i(1) < = Y AVilt, 9i(1), wi(t), Vo —¢p #0€Q, V> b, (103)

i=1 i=1

where constants A; > 0 fori =1,2,--- ,n, and orders y1,7v2,- - ,vn € (0,1].

Then, the pair (@, ) to system (1) is multi-order Mittag-Leffler asymptotically attractive. When Q) = R", the
pair (¢, ) to (1) is globally multi-order Mittag-Leffler asymptotically attractive.

Proof. Itisimmediate from inequality (103) of (ii), and Lemma 12 that
n n
Y Vilt, @i(1), i(t)) < Y Eqa(=Ai(t = b)")Vi(b, 9i(b), (b)), ¥t > b. (104)

i=1 i=1

Consequently, by using (i), one has

1/p
b n
lo(t) — p(]| < ‘”;‘p L E (A= DM lo®) —p@)t| vz a0
and the limit
lim [lg(8) — y(6)] =0, (106)

This completes the proof. [

Theorem 38. Let (¢, ) be any solution pair to system (1) in a domain Q3 x Q3 C R" x R". Suppose there
exists a C' function V : [b,00) x Q x Q — R such that

A1) killyr =2t < V(b yy2) = Z Vit y1i(t), y2i(t)) < O(t)[lyr — yal[P172, where ky, p1, pa are
positive constants and © : [b, c0) — [1 00) is continuous with p, > py, O(t) > kyand p; > 1,
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Ay) along system (1) non-trivial solutions (¢(t), P(t)):
n n
DY Vit i), 9i(1) < = Y AVilt 9i(1), 9i(t)), Yo —p #0€Q, V> b,  (107)
2. Dyt
i=1 i=1

where constants A; > 0 fori =1,2,--- ,n, and orders y1,7v2,- - ,vn € (0,1].

Then, the pair (¢, ) to system (1) is multi-order Mittag-Leffler attractive. When Q) = R", the pair (¢, {) to
(1) is globally multi-order Mittag-Leffler attractive.

Proof. The proof is similar to Theorem 37. [

Definition 25. Let ¢(t) be any solution to (1). We say the solution ¢(t) is multi-order Mittag-Leffler
asymptotically attractive if the solutions y(t) different to ¢(t) satisfy tlim lly(t) — @(t)|| = 0and the inequality
— 00

n

P1
ly(t) = o(1)]] < C* lc# 21 Ewj1 (=2j(t = b)) [l (b) — ¢<b>||r’2] , Vt>b, (108)
=

holds, where constants C* > 1, C* > 0, A1, Az, -+ , Ay >0, p1>0,p2 > 0and wy,wy, -+ ,wy € (0,1].

Definition 26. Let ¢(t) be any solution to (1). We say the solution ¢(t) is multi-order Mittag-Leffler attractive
if the solutions y(t) different to ¢(t) satisfy the inequality

n P1
ly(t) —@(t)[| < C* lC# Zl Ew;1 (—Aj(t = 0)“7) |l @(b) — lp(b)ll’&] , VE2b, (109)
j=

holds, where C* >1,C* >0, A1, A, -+ , Ay >0, p1>0,p2 > 0and wy,wy, -+ ,wn € (0,1].
In light of Theorem 37, we give the following two results.

Theorem 39. Let ¢ be any solution to system (1) in a domain Q C R". Suppose there exists a C' function

V:[b,o0) x QO x Q — Rsuch that

Ay) killy — @||Pr < V(ty, ¢) < O(t)||ly — ¢||P1F2, where ky, p1, pa are positive constants and © : [b, c0) —
[1,00) is continuous with p > p1, O(t) > ky and pp > 1,

Ay) along system (1) non-trivial solution y(t):

n

n
YD Viltyi(8), i) < = Y AViltyi(8), @i(t)), Yy — § £0 € Q, VE >, (110)
i=1 i=1

where constants A; > 0 fori=1,2,--- ,n, and orders y1,7v2,- - ,vn € (0,1].

Then, the solution § to system (1) is multi-order Mittag-Leffler asymptotically attractive. When (3 = R", the
solution @ to system (1) is globally multi-order Mittag-Leffler asymptotically attractive.

Proof. The proof is same lines of argument in Theorem 37. [

Theorem 40. Let ¢ be any solution to system (1) in a domain Q C R". Suppose there exists a C' function

Vi [b,00) x O x O — R such that

A1) killy — @||Pr < V(ty, @) < O(t)||ly — @||P1P2, where ky, p1, pa are positive constants and © : [b, 00) —
[1, 00) is continuous with py; > p1, O(t) > ky and p; > 1,
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Ay) along system (1) non-trivial solution y(t):
n ) n
Y. DY Vit yi(t), @ih) < = Y AViltwi(t), gi(t), Yy — ¢ #0 € Q, Vit > b, (111)
=1

i=1 i

where constants A; > 0 fori =1,2,--- ,n, and orders y1,7v2,- - ,vn € (0,1].

Then, the solution ¢ to system (1) is multi-order Mittag-Leffler attractive. When () = R", the solution § to
system (1) is globally multi-order Mittag-Leffler attractive.

Proof. The proof is same lines of argument in Theorem 37. [

8. Applications to Some Dynamical Models

This section presents a stability analysis of interest systems modeled using Caputo fractional
derivatives, which appears to be quite challenging.

Example 1. Let us consider an autonomous fractional order nonlinear system

CDi5o+,tx1(t) = —x1(t) + x3(f)

Cni (112)
D_50+,tx2(t) = _xl(t) - x2(t)

subject to x1(—50) = c¢1 and x,(—50) = c,, where 6 € (0,1].

Define a Lyapunov function by V(t,x) = 2x% + x%, where x = (xl,xz)T. Seta = 4. Using
Lemma 5, it can be obtained that

CDLXSOﬂtV(t/x(f)) < 4x1(f)CD‘f50+,tx1(t) + 4xg(t)CD‘f5O+,tx2(t)

= —4x7(t) — 4x5(t)
<0, Vt > —50, (113)

Vx = (x1,%)T € R — {(0,0)T}. Thus, by Theorem 13 the zero equilibrium of (112) is globally V-
asymptotically stable.

Example 2 demonstrates a situation where the fractional order Van der Pol oscillator system [55]
starts at positive initial time b = 25. It is shown that the zero equilibrium of such a system can be
Mittag-Leffler stable.

Example 2. We consider the following fractional order Van der Pol oscillator system [55] whose state aims to
evolve in R?:

D5 yx1(1) = x2(t),

. (114)
DY, xa(t) = —xa(t) + (1 - x%(t))xZ(t),

subject to x1(25) = x35 and x»(25) = x35, where order § € (0,1], and the system parameter y is negative.

Since the system (114) begins at initial time b = 25, the known Lyapunov theorems [21,22,37]
cannot be applicable. Here we give an exhibition by selecting a candidate Lyapunov function V(,x) =
%(x% + x%), where x = (x1, xz)T € R2. Notice that

1
i (3 +3) <V(tx) < (3 +3), vt =25 vx € R2, (115)
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Set & = . By employing Lemma 4 along with system (114) solution x(t), we obtain
Dise V(Ex(t) < x1(t) Dl x1(t) + xa2(H) D554 22 (1)
= u(1-x®) B
<0, Vx e D—{(0,0)7}, vt > 25, (116)

where D = {(x1,x2)T : 23 + x5 < 1}. Consequently, we see that (i) and (ii) of Theorem 11 are satisfied
on domain D C R2. Thus we conclude, by Theorem 11 that the equilibrium point x = 0 to system (114)
should be locally Mittag-Leffler stable on D.

In Example 3, we give a demonstration of the fractional Lyapunov direct method for predicting
dynamics of equilibrium when the fractional order Lorenz system state uses many different orders and
random initial times. The fractional order Lorenz system [56-58] is known as a paradigm of memory
chaos in understanding fractional nonlinear dynamics. This system has the ability to describe the
evolution of a state that can be all past history dependent, leading to memory-dependent phenomena
for some suitable choices of chosen initial values. How to predict global dynamics of the equilibrium
state of such a system remains an open problem.

Example 3. Let us consider the modified nonlinear fractional order Lorenz system [40]:

CpYT7 x1(t) = o(xa(t) — x1(t))
DI xa(t) = x1(t)(p — x3(t)) — x2(t) (117)
DY jx3(t) = x1(t)xa(t) — s(t)

with initial position at (x1(50), x2(50), x3(50))" = (v1,v2,v3)" € R3, where constants v, p, p are positive.

We thought of Lyapunov function V(t,x) = (lrx% + x5 + x3, where x = (x1,x,, x3)T. Define
3

V(t,x) = 121 Vi(t,xj), where Vi (t,x1) = 1x2 and Vj(t,x}) = sz for j = 2,3. Note that min{ %, 1}||x[|> <
]:

3
V(t,x) = ¥ Vi(t,xj) < max{1,1}||x||%, Vt > b, Vx € R3. Here the known fractional Lyapunov
=1
theorems in literature [21,22,38,47] are not suitable for predicting asymptotic stability of zero solution

x(t) = (x1(1), x2(t), x3())" = (0,0,0)T of (117). The difficulty lies in the fact that the evolution of
system (117) begins at initial time b = 50. To overcome such a difficulty, we wish to apply Corollary 1
to predict asymptotic dynamics of mentioned case scenario. Set y; = 0.77, v, = 0.87, 3 = 0.93. We
use Lemma 5 to obtain along & (t) = (&1(¢), &2(t), &))" #£(0,0,0)T:

ZCDSW (LG(0) < 280D (1) +262(0DE, £a(t) +26()°DL & (1)

= 281(t)(Ga(t) — C1(t)) +282(t) (081 (t) — G1(t)8a(t) — Ga(t))
+ 281 ()52 (4)23(t) — 2BE5(t) (118)

< (p— 1)) + (o — 1)E(t) — pE3(t)
< —max? V() V> 50, Ve R® — {(0,0,0)7},

where the condition 0 < p < 1 and constant A = min{1 — p, B} > 0 were utilized. Thus, the conditions
(i) and (ii) of Corollary 1 are satisfied. Therefore, the solution x(¢) = (0,0,0)” to (117) should be
globally multi-order Mittag-Leffler asymptotically stable provided the condition 0 < p < 1 must hold.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.1760.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 March 2026 d0i:10.20944/preprints202603.1760.v1

32 0f 36

This closes the demonstration.

The standard economic integer-order finance system was recently discussed by authors in [59].
Chen [61] uncovered some computational dynamics of fractional-order finance systems by using the
Caputo fractional derivative. Skovranek et al. [60] considered a fractional-order finance system and
discussed a new dynamical macroeconomic model of the national economies.

Example 4. Consider the modified incommensurate fractional order financial system [60]:

DY () = x3(t) + (x2(t) — @)y (8),
D2 xa(t) =1 bxy(t) — A (b), (119)
D x3(t) = —x(t) — Exa(t),

subject to initial position x1(b) = x}, xo(b) = x? and x3(b) = x3, where initial time b € (—oo,00), orders
01,062,053 € (0,1], and parameters d,b,¢ > 0. In the system (119), d is the saving amount, b is the cost per
investment, and € is the elasticity of demand of the commercial market. The state variables are x1 (t), which is
the interest rate; x5 (t), which is the investment demand; and x3(t), which is the price index, respectively.

Observe that (0, }), 0) € R? is an equilibrium point of system (119). We introduce here a new

transformation 17y () = x1(£), 112(t) = x2(t) — % and 773(t) = x3(t). Then, the system (119) becomes
DL () = na(t) + <172(t) +z - a) m(t),
D ma(t) = ~ba(t) — i (8), (120)
DR 13(t) = = () = &pa(t):

S =

Consequently, we have (0,0, O)T € R3isan equilibrium of obtained system (120).
We take the quadratic Lyapunov function V(£,17) = 2 + 13 + 42, where y = (y1,72,113)" € R3.

3
Define V(t,17) = ¥ Vj(t,11;), where Vj(t,7;) = 17]2 for j =1,2,3. Since
j=1

1
Sl < v(ty) <2llp|?, vt > b, ¥y € R, (121)

Set ; = ¢; for j = 1,2,3. We think of Corollary 1 for asymptotic stability analysis of (0,0, O)T € R%in
system (120). By using Lemma 5 along system (120) solution #(t), we obtain

ZCDbu it (D) < 21 (DY} g (1) + 272(H) D2 2 (t) + 203(H) Dy ()

=2m1(t) [173(1‘) + <172(t) + = — ﬁ) Ul(t)] + 212 (t) [_EUZ(t) - W%(t)] (122)

vy € R3 —{(0, 0,0)"}. We assume

,b>0,¢>0, (123)
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and define A = min{2 (c’i - %),26, 2b} > 0. In view of (123), the inequality (122) simplifies to

3 .
ZiCDZi’th(t, ni(t)) < —AV(t,5(t)), ¥y € R® — {(0,0,0)"}, Vt > b. (124)
]:

Therefore, we see that (i) and (ii) of Corollary 1 are satisfied provided (123) must hold. Imme-
diately, we conclude that (0,0, O)T € R3 should be globally multi-order Mittag-Leffler asymptot-
ically stable. It implies that ||(t)|| — 0 as t — co whenever (123) holds. As a result, one has

T
(x1(t), x2(8), x3(t))T — (O, %,O) as t — oo in system (119) provided the condition (123) should hold.
This ends the demonstration.

9. Conclusions

In fractional order systems, how to predict stability and asymptotic stability dynamics of equi-
librium remains less understood in the literature. The fractional Lyapunov theory discussed in this
work gives some new knowledge to predict the behavior of equilibrium in many complicated systems
in large time, especially whenever time approaches symbolic co. A typical mathematical insight that
has been noticed is as follows: Do there exist possible nearby trajectories that might attract to each
other or stay near while equilibrium never aims to bend toward them? A framework that develops
extending beyond Lyapunov stability understanding to the attractivity of any fixed bounded solu-
tion, or any pair of fixed bounded solutions, which seems quite challenging and puzzling, has been
addressed. Some conceptual notions of multi-order Mittag-Leffler attractive and multi-order Mittag-
Leffler asymptotically attractive of any fixed solution or solution pair were proposed. New elementary
versions of Lyapunov attractive theorems that concern convergence to a fixed solution or attractiveness
between solution pairs in the sense of multi-order Mittag-Leffler resemble this work. It is suggested
that fractional Lyapunov theory can bring huge potential in numerous studies in incommensurate
fractional-order dynamical systems and applications pertaining to diverse control system designs
when adapted to such systems.

To end this note, it has been pointed out that the ideas of Lyapunov functions can have advantages
in diverse mechanical processes such as:

e to translate any big systems to a single equation or inequality for rigorous mathematical analysis,
e to estimate the theoretical region of attraction of equilibrium or non-equilibrium solutions of
complicated fractional order systems,
e  to predict how fast nearby trajectories grow or decay in the mentioned systems.
But the mentioned function has the following drawbacks:

e It can be extremely difficult to locate for many typical fractional order systems.
e [t can be extremely challenging to construct for fractional order systems.
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