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Abstract: We present some exact analytical solutions describing, either the evolution of fluid
distributions corresponding to a ghost star (vanishing total mass), or describing the evolution of fluid
distributions which attain the ghost star status at some point of their lives. The first two solutions
correspond to the former case, they admit a conformal Killing vector (CKV) and describe the adiabatic
evolution of a ghost star. Other two solutions corresponding to the latter case are found, which
describe evolving fluid sphere absorbing energy from the outside, leading to a vanishing total mass
at some point of their evolution. In this case the fluid is assumed to be expansion—free. In all four
solutions the condition of vanishing complexity factor was imposed. A discussion of the physical
implications of the results, is presented.

Keywords: Relativistic fluids; interior solutions; spherically symmetric sources
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1. Introduction

In a recent paper [1] we have explored the possibility of finding fluid distributions of anisotropic
fluids whose total mass is zero [2-4]. Such configurations which we named ghost stars, are
characterized by negative energy-density in some regions of the distribution, producing a vanishing
total mass. The solutions presented in [1] are static, and may be regarded as either the final or the
initial state of a dynamical process.

In this work we endeavor to describe the evolution of fluid distributions describing the following
possible scenarios

¢ The adiabatic evolution of a ghost star. The total mass remains zero all along the evolution.
¢ The non-adiabatic evolution of fluid distribution reaching at some point a zero total mass (with
non-vanishing energy density).

For the first scenario we obtain two solutions admitting a CKV. One of them corresponds to a
CKYV orthogonal to the four—velocity vector of the fluid, whereas the other admits a CKV parallel to
the four—velocity.

The motivation behind the admittance of CKV is provided by the fact that it generalizes the well
known concept of self-similarity, which play a very important role in classical hydrodynamics [5-7].

Indeed, self-similarity is to be expected whenever the system under consideration possesses no
characteristic length scale [8]. This includes the study of systems close to the critical point, where
the correlation length becomes infinite, allowing the coexistence of different phases of the fluid (e.g.,
liquid—vapor), the phase boundaries vanish and density fluctuations occur at all length scales. Also it
has been proved to be useful in the study of strong explosions and thermal waves [9-12].

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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This explains the great interest aroused by this kind of symmetry since the pioneering work
by Cahill and Taub [13], for further developments in the last decade see, for example, [14—42] and
references therein.

This first couple of solutions represents fluid distributions contracting from arbitrarily large areal
radius to compact fluid distribution with finite areal radius, or fluid distributions expanding from
some finite value of the areal radius to infinity, always satisfying the vanishing total mass condition.
The Darmois conditions at the boundary are satisfied, and as expected the energy density is negative
in some regions of the fluid distribution.

In the second scenario both solutions satisfy the vanishing expansion scalar condition. The interest
generated by such a condition stems from the fact that it implies the appearance of a cavity around the
center, thereby bringing out its potential relevance in the modeling, among other phenomena, of voids
observed at cosmological scales [43,44]. The study of expansion—free fluids started with the paper
by V. Skripkin, describing the evolution of a spherically symmetric distribution of incompressible
non-dissipative fluid, following a central explosion [45] (see also [46]).

Later on, a general study on shearing expansion-free spherical fluid evolution (including pressure
anisotropy) was carried out in [47], where the unavoidable appearance of a cavity surrounding the
center in expansion—free solutions was explained as consequence of the fact that the ® = 0 condition
requires that the innermost shell of fluid should be away from the centre, initiating therefrom the
formation of a cavity.

Newest results (in the last decade or so) regarding expansion—free fluids may be found in [48-65]
and references therein.

The two solutions satisfying the expansion—free condition represent fluid distribution contracting
from arbitrarily large configurations to a singularity. They evolve absorbing energy from the outside,
and at some point of their evolutions their total mass vanishes. Thus the solutions pass through a
ghost star state.

All solutions will be found by imposing additional restrictions allowing the full integration of
field equations. Some of these restrictions are endowed with a distinct physical meaning, while others
concern specific choices of the parameters. Among the former stand out the vanishing complexity
factor condition as defined in [66,67] and the quasi-homologous evolution [68]. A discussion on all the
presented models is brought out in the last section.

2. The Relevant Equations and Variables

The system we are dealing with consists in a spherically symmetric distribution of collapsing
fluid, bounded by a spherical surface . The fluid is assumed to be locally anisotropic (principal
stresses unequal) and undergoing dissipation in the form of heat flow (diffusion approximation). We
shall proceed now to summarize the definitions and main equations required for describing spherically
symmetric dissipative fluids. A detailed description may be found in [68].

2.1. The Metric, the Energy—Momentum Tensor, the Kinematic Variables and the Mass Function

Choosing comoving coordinates, the general interior metric can be written as
ds?> = — A%dt* + B2dr? + R%(d6* + sin® 0d¢?), 1)

where A, B and R are functions of t and r and are assumed positive. We number the coordinates
W=txl=rx2=0and x> = ¢. Observe that A and B are dimensionless, whereas R has the same
dimension as r.

The energy momentum tensor in the canonical form, reads

Toup = nVaVp + Phaﬁ + 1L +9q (V,xK/g + KaV/g) p 2)
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with
P +2P;

p /
3

hrxﬁ = glxﬁ + VaVﬁ/

1
I, =11 (KaKﬁ - 3ha,3) , H=P-P,

where y is the energy density, P, the radial pressure, P, the tangential pressure, g* = gK* the heat flux,
V* the four—velocity of the fluid, and K* a unit four-vector along the radial direction. For comoving
observers, we have

Ve = A71s%, K*=B1s%, (3)
satisfying
V&V, = -1, V% =0, K*Ky =1, K*V, =0. 4)

Both bulk and shear viscosity, as well as dissipation in the free streaming approximation can be
trivially absorbed in P, , y, P, and g.

The Einstein equations for (1) and (2), are explicitly written in Appendix A.

The acceleration a, and the expansion © of the fluid are given by

ay = ViggVFP, © =V, (5)

and its shear 0, by
1
Oap = Visp) + 3 Vp) — 3OMup- ©)

From the equations above we have for the four—acceleration and its scalar 4,

ay =akKy, a= Ai;’ )
and for the expansion . .
92/11@*21;)' (8)
while for the shear we obtain
U”‘/Saaﬁ = %0’2, )
where .
30

in the above prime stands for r differentiation and the dot stands for differentiation with respect to ¢.
Next, the mass function m(t,7) reads [69,70]

R® ., RI[/R\* [R)\?
Introducing the proper time derivative Dt given by
19
DT - Z ﬁ/ (12)
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we can define the velocity U of the collapsing fluid as the variation of the areal radius with respect to
proper time, i.e.
U= DrR, (13)

where R defines the areal radius of a spherical surface inside the fluid distribution (as measured from
its area).
Then (11) can be rewritten as

I 1/2
EER:<1+UZ—2m> . (14)

An, alternative expression for m may be found using field equations, it reads

m=4rn /Or <y + q%l) R?R'dr, (15)

satisfying the regular condition m(t,0) = 0.

From the above equation it follows that, since R’ > 0 in order to avoid shell crossing singularities,
the vanishing total mass condition (m(rsg) = 0) requires that the “effective energy- density” (i + g %)
should be either zero (the trivial case), or changes its sign within the fluid distribution (ghost star).

2.2. The Complexity Factor

The solutions exhibited in the next section satisfy the condition of vanishing complexity factor.
This is a scalar function intended to measure the degree of complexity of a given fluid distribution
[66,67], and is related to the so called structure scalars [71].

As shown in [66,67] the complexity factor is identified with the scalar function Yrr which defines
the trace—free part of the electric Riemann tensor (see [71] for details).

Then after lengthy but simple calculations, using field equations we obtain [72]

)
Yop = —87TT + %/O R? (;/ - 3qléB> dr. (16)

It is worth noticing that due to a different signature, the sign of Y7r in the above equation differs from
the sign of the Yrr used in [66] for the static case.
In terms of the metric functions the scalar Yrr reads

v L[R_B A(B R
= A2|R B A\B R
1 [A” A (B R
+BZ[A_A<B+R>]' 17

2.3. The Homologous and Quasi—Homologous Conditions

In the dynamic case, the discussion about the complexity of a fluid distribution involves not
only the complexity factor which describes the complexity of the structure of the fluid, but also the
complexity of the pattern of evolution.

Following previous works [67,68] we shall consider two specific modes of evolution as the most
suitable candidates to describe the simplest pattern of evolution. These are, the homologous evolution
(H) [67] characterized by

U=a(HR,  a(t) === (18)


https://doi.org/10.20944/preprints202409.1441.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 September 2024

50f24

and

R
1= constant, (19)
Ry

where R; and R; denote the areal radii of two concentric shells (1,2) described by r = r; = constant,
and r = rp = constant, respectively.

A somehow softer condition is represented by the quasi-homologous condition (QH) [68], which
only requires the fulfillment of (18).

It can be shown, using the field equations (see [67,68] for details) that (18) implies

—Bg+ = =0. (20)

Thus, H condition implies (19) and (20), whereas QH condition only implies (20).

2.4. The exterior spacetime and junction conditions

Since our fluid distribution is bounded we assume that outside X the space-time is described by
Vaidya metric which reads.

ds? — — [1 — ZMr(”)} dv? — 2drdv + r*(d6? + sin® 0dp?), (21)

where M(v) denotes the total mass, and v is the retarded time.

The smooth matching of the full nonadiabatic sphere to the Vaidya spacetime, on the surface
r = ry = constant, requires the fulfillment of the Darmois conditions, i.e. the continuity of the first and
second fundamental forms across X (see [73] and references therein for details), which implies

m(t,r) z M(v), (22)
and

9= D, (23)

where Z means that both sides of the equation are evaluated on X.
If the above conditions are not satisfied then we have to assume the presence of a thin shell on the
boundary surface.

2.5. The Transport Equation

In the case of non—adiabatic evolution we have to resort to some transport equation to describe
the evolution and spatial distribution of the temperature. Thus for example within the context of the
Israel- Stewart theory [74-76] the transport equation for the heat flux reads

Th“‘BV’Yq}g;,y + q”‘ = —xhf (T,ﬁ + Taﬁ)
1 L, (TVB\
_ E;cT <KT2);/5 q%, (24)

where x denotes the thermal conductivity, and T and T denote temperature and relaxation time
respectively.

In the spherically symmetric case under consideration, the transport equation has only one
independent component which may be obtained from (24) by contracting with the unit spacelike vector
K*, we get

1 Ve
TV +q = =k (KT + Ta) — 2T (=5 ) q. (25)
2 kT= )
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Sometimes it is possible to simplify the equation above, in the so called truncated transport
equation, when the last term in (24) may be neglected [77], producing

V% +qg=—x(K*Ty+ Ta). (26)

3. Exact Solutions

We shall now proceed to present exact analytical solutions describing two different scenarios,

e the evolution of a ghost star keeping its nature (M = 0) all along its evolution
¢ the evolution of a compact object (not a ghost star) attaining the ghost star condition at some
moment of its life.

We shall consider, both, the non—dissipative and the dissipative case.
In order to specify our models we need to impose some further restrictions. In this work such
restriction will be

¢ The admittance of a conformal killing vector (CKV),
or
* The expansion—free condition.

In some cases the above conditions have to be complemented with additional restrictions such as

¢ The vanishing complexity factor condition.
® The homologous or the quasi-homologous approximation.

3.1. Solutions admitting a CKV

In this subsection we shall consider spacetimes satisfying the equation

Lx8ap = 2¢8ap, (27)

where £, denotes the Lie derivative with respect to the vector field x, which unless specified otherwise,
has the general form
x =¢C(t,r, )0+ A(t,r,)0, (28)

and ¢ in principle is a function of t and r. The case ¢ = constant corresponds to a homothetic Killing
vector (HKV). The solutions described here are particular cases of solutions found in [27].
We shall consider two possible subclasses, both of which describe non—dissipative evolution

e x* orthogonal to V¥,
¢ X" parallel to V*.

In the first case (x* orthogonal to V%), we shall obtain from the matching conditions, the QH
condition and the vanishing complexity factor condition, with M = 0, solution I.

In the second case (x* parallel to V*), we shall obtain from the matching conditions and the
vanishing complexity factor condition, solution I1.

Let us start by considering the case x* orthogonal to V%, and g = 0.

3.1.1. Solution I: x,V* =q=M = 0.

In this case we obtain from (27) (see [27] for details)

el EO) _
A= R= sty PR @)

where f and g are two arbitrary functions of their arguments and « is a unit constant with dimensions
of [1]
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Thus any model is determined up to three arbitrary functions F(t), f(t), g(r), in terms of which
the field equations read

_ (f+g)?[F* 4Ff 3>
St = TR [FZ_F(f+g)+(f+g>2
b oogl(f g -3yt e TS (30)
_ (f+g)?* 2 2Ff
sr = U [
) _ﬁ]
(f+8)? f+g F
2 2
+3g/2 & <fp—; g) ) (31)
_ (f+g)?P [P 3f? of F
= F2_(f+g)2+f+g_F}
+ 3% —2¢"(f +9) (32)

Next, the matching conditions (22) and (23) on the surface r = ry, = constant read

R% + «?*(R% — 2MRs — wRy) =0, (33)

and

2Ry Ry — R% — a*(3wRE — RE) =0, (34)

with w = ¢'(r5)2.

Since (33) is just the first integral of (34), boundary conditions provide only one additional
equation.

In order to specify a solution we still need to impose two additional conditions.

One of these conditions will be the quasi-homologous condition which implies because of (20)
that the fluid is shear—free (c = 0), implying in its turn

B R
- == F(t) = t. = F.
B= R = F(t) = Cons 0 (35)
Thus the metric functions become
F 1 F
a-_fo_p_ 1 K __ (36)

f(6) +g(r)’ f(t)+g(r)’ a[f(t) +g(n]

In order to determine g(r), we shall further impose the vanishing complexity factor condition
(Yrr = 0), producing

g(r) =cir+ca, (37)

with ¢; = —/w, and c; is another integration constant.
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out[+]=

out[«]=

out[«]=

Figure 1. 87ty /w, 8P/ w and 87tP, /w, as functions of y = 5 (t — to) and z = ;- for solution I.
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Figure 2. z = ;- as function of y = a(f — to) for the condition s = 0. Regions A and B correspond to
negative and positive values of y respectively, for solution L.

Then from the condition M = 0, we obtain a solution to (33) which reads (see [27] for details)

(I _ 1
Re' = Voot — )] %

Finally using (38) in (36) we obtain the explicit form of f(t) for this solution

FO) = %FO\/ZCOS[“U —to)] + Vwrs — c. (39)

Thus, the corresponding physical variables read

8 = —2wcos?[a(t —
r
< E) [1——+2cos[ (t—to)]] , (40)
87P, — — ( l) [4cos t—to)]+1—i], (41)
Ty, s


https://doi.org/10.20944/preprints202409.1441.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 September 2024

10 of 24

87TP| = wcos?[a(t — ty)] — 2w (1 - :) cosa(t — tp)]. (42)
b3

The graphics of these physical variables for the solution I are given in Figure 1.

Solution I describes an expanding sphere, whose initial boundary areal radius grows from 1//w
ata(t — tg) = 0, to infinity as a(t — tg) — 71/2, and a contracting sphere whose boundary areal radius
decreases from infinity at a(t — ty)) = 37/2to 1/y/w at a(t — ty) = 27. This picture repeating each
time interval a(f — tg) = 2nm, for any positive real integer .

In order to determine the regions of the fluid distribution where the energy density is negative
(required to have a vanishing total mass) we shall write the condition y = 0 from (40) in the form

2% —2z(1 + cosy) +2cosy(1 —cosy) +1 =0, (43)

whose solution reads
z=14cosy — V3cosy, (44)
withz = ;= and y = a(t — to).
The curve in Figure 2 is formed by all points in the plane z, y where the energy-density vanishes.
The curve divides the plane in two regions, corresponding to negative and positive values of . As

is apparent from the graphic of y in Figure 1, these regions are denoted by A and B respectively, in
Figure 2.

3.1.2. Solution II: g = 0; x*||V*

We shall next analyze the case when the CKYV is parallel to the four-velocity vector in the absence
of dissipation. In this case the equation (27) produces

B
A=Bh(r), R=Br, =1 yp=q, (45)
where h(r) is an arbitrary function of its argument and x' = 0. It is worth noticing that in this case the

fluid is necessarily shear-free, implying thereby that it evolves in QH regime.
Thus the line element may be written as

ds? = B2 [—hz(r)dtz + dr® + 1*(d6? + sin? edgbz)} . (46)

Next, using (45) and the field equations, the condition g = 0 reads (see [27] for details)

R _RR R/W 1
R_ZRR_R<h_r)O’ 47
whose solution is
R= " (48)
h(r) [f(£) +g(r)]’
implying
B ! A= 1 (49)

h(r) [f() +8(n)] f(8) +g(r)’

where g and f are two arbitrary functions of their argument.
Thus the metric is defined up to three arbitrary functions (g(7), f(t), h(r)).
The function f(t) will be obtained from the junction conditions (22), (23).
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Indeed, evaluating the mass function at the boundary surface X we obtain from (22) and (48)

R = a®Rs [e — V(Rg)], (50)
where
2 hg (212
14 = 5 ez(g )Zh ’ (51)
s,
and Ve .y
2 /€ 1
Ry) =Y (1— - =, 52
V(Rx) Rz( a1) + %( ar) g (52)
withay = h%;):.
On the other hand, from (23), using (48) we obtain
2Ry Ry — RE —3ea’Ry — 4a®\/eR3.(a; — 1)
—a®R2a;(a; —2) = 0. (53)
Thus assuming M = 0, equation (50) becomes
. - 2 _
R2 — R |e— 2/e(l-—m) m2-—m)| (54)

2
Ry RZ

Solutions to the above equation in terms of elementary functions may be obtained by assuming
a1 = 1, in which case a possible solution to (54) is

(In _ 1
Nk )
which exhibits the same time dependence as in solution I.

Thus, as in the previous model, solution I describes an expanding sphere, whose initial boundary
areal radius grows from 1/+/€ at a(t — ty) = 0, to infinity as a(t — to) — 71/2, and a contracting sphere
whose boundary areal radius decreases from infinity at a(t — ty) = 371/2to 1/+/e at a(t — to) = 27.
This picture repeating each time interval a(t — tg) = 2n7, for any positive real integer .

Imposing further the vanishing complexity factor condition, then functions h(r), g(r) are given by

h(r) = cer, g=cylnr+cs. (56)

The physical variables corresponding to this solution read

8ty = —2ecos[a(t—ty)]+
T eln = [2cos[0c(t —to)]+In r] , (57)
Ty, Ty,
r r
8P, = —eln — {4cos[a(t —to)] +1n ] , (58)
s, s
8P| = e cos’[a(t — to)] — 2 In - cos[a(t — to)]. (59)
b

The behavior of these physical variables is depicted in Figure 3.
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Figure 3. 87y /€, 87P; /€ and 87P, /€, as functions of y = 5 (t — to) and z = ;- for solution II.

From the definition of the mass function (11), using (48), (49) (55) and (56), the condition m(ry) = 0

implies
2 o? ea? 5,
ecos“a(t—to)] | 1— = + o %= 0. (60)
6 6

The above equation is satisfied for any value of ¢ if a? = c% and € = c%ocZ, which, as expected, are

the same relationships which follow from (51) and (56).
In oder to determine the regions of the fluid distribution where the energy density is negative
(required to have a vanishing total mass) we shall write the condition y = 0 from (57) in the form

Inz (2cosy +Inz) —2cos’y =0, (61)

whose solution reads
7= e—(l—&-ﬁ) cosy (62)

wherez = -,y = a(t—tg).
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The graphic of z as function of y is plotted in Figure 4. The curve contains all the points of
the plane z,y where the energy-density vanishes, and divides the plane in two regions (A and B)
corresponding to negative and positive energy-density respectively.

Figure 4. z = ;- as function of y = a(f — to) for the condition y = 0. Regions A and B correspond to
negative and positive values of y respectively, for solution II.

3.2. Expansion—Free Models

We shall now present two models satisfying the vanishing expansion condition.
We recall that under such a condition the line element may be written as (see [65] for details)

25; 2
ds® = — {RR exp [—47r/qABl.{dr} } dr?
% R
2
+%er + R2(d6? + sin? 0dg?), (63)

where a is a unit constant with dimensions [r?].
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Besides, as is known, the expansion-free models present an internal vacuum cavity surrounding
the center, implying that we have not to worry about regularity conditions of the solution at the center
of symmetry.

These solutions will be found by imposing additional restrictions allowing the full integration of
the field equations, among which the vanishing complexity factor condition and the quasi-homologous
evolution are the most relevant.

3.2.1. Solution I1I: Y7r = 0, A = A(r), R = Ry (t)Ra(r)

For this model, we shall complement the expansion—free condition with the vanishing complexity
factor condition Yrr = 0, and we shall assume that A only depends on the radial coordinate, and R is
a separable function (i.e., R = Ry (t)Rx(7)).

From all these conditions the general form of the metric variables read (see [65] for details)

_ Yo
Rl(t) - F+ 7 ’ (64)
Ry(r) = nA»TY, (65)
1
A = vy(v3r+us)'s, (66)

where vy and v3 are dimensionless constants and vy, 1,14 and v5 are constants with dimensions
[7], [r?], [1/(r'/%3)] and [r], respectively.
Let us choose for our model

=1L =1v5=0v3 =21, = (67)

S| =

Then the expression for the mass function evaluated at the boundary surface and the areal radius
of the boundary surface become

a1/3r12/3 1 2
- X [ 41-=
m(rz) N (M + t*é), (68)
and 1/3,1/3
2
Rirg) = “2E V2 (69)

t*

where t* = v3t and we have put ag—ig =1
From (68) it follows that the total mass vanishes at t* = 1.
The physical variables for this model read

1 2 3 3
_ o2 7
8y “2/31,%/3 (23( x4 2xt*2> ’ (70)

4tg = ! ( V2 ), (71)

23283 \ 18 x
1 5 2 3
Smhr = 2323 (2xt*2 ST t*4> ’ 72)

1 3 1

T— wl/3 (#) + 3T n r£/3 In (2xry)
0 2t 2un/2x 4ra?/3¢x |7

Nore

(74)
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where the expression above for the temperature has been obtained using the truncated transport

equation (26), and x = é

out[]

out[+]=

out[+]=

100

25 g
srPra?ry

-100|

1/3
Figure 5. 87{;1042/31*%/3, 8nqa2/37§/3 and 871P,oc2/3r%/3, as functions of t* = Zz% and x = - for solution

I
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Figure 6. 87P a/%r2/3 as function of t* = :5/3 and x = L; 2V2m(rs) /al/3r/3 as function of +*;

87(u -+ q¥)a?/3r2/3, evaluated at t* = 1, as function of x, for solution III.

The “effective energy—density” appearing in the definition of the mass function (15) ( U+ q%)
evaluated at t* = 1 reads

8ra2/ 3723 (y n qél) _ % _3 (75)

Figure 5 and Figure 6 depict the behavior of physical variables, the radial distribution of the
“effective energy—density” at t* = 1, when the total mass vanishes, and the evolution of the total mass.

The model represents a contracting sphere with initial negative mass absorbing energy through
the boundary surface. At t* = 1 the total mass vanishes becoming positive afterward.

It is worth mentioning that although the total mass tends to zero as t — oo, the fluid distribution
does not characterize a ghost star in that limit, since in such a case the total mass tends to zero due
to the fact that the integrand in (15) tends to zero as t — o, and not because of change of sign of the
effective energy-density as is the case for a ghost star.
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322.A=1,Yrr=0
We shall now consider geodesic fluids, for which we have
A(tr) =1, (76)
the above condition together with the expansion-free condition
o
B<t/ T) = ﬁ/ (77)
plus the condition Y7r = 0, produces
2
R— o , B_ [t + aby(r)] , 79)
[t + aby(r)] bt
where b; is an arbitrary function of its argument with dimensions [1/7].
For our model we shall choose
by = —@, & = 6rg, (79)
producing
61/2)rs, 2
R = = *_
pre— B=(t"—x)%, (80)
where y
— , r = Xxry, 81
Jers p> (81)
and the mass function becomes
3ry * 8 * 4
m=———— |t —x)"+ (" —x)"—6|. 82
VA R R Gt (52)

From (82) evaluated at r = ry we see that m(rg) = 0 at t* = (2)1/4 41 ~ 2.19, being negative
before that time and becoming positive afterward.
For this metric, the physical variables and the shear read as follows:

1 9 P —x)2

87'[‘1,{ = — 5 5 — 5 ¢ + ( 5 ) , (83)
2r (t* —x) e (t —x) 6rs
2
dmg = —— :/6 1 (84)
3rs (1 —x)
5 1 t* — x)?

87y = —— 5+ B it (85)

6ry (t* — x) 3 (t* —x) 6rs

1 4

8P| = — 86
+ 2 (t — x)2 r2 (t x)6 (86)
> 57)

1 2T
T:To(t)+m [1\@2(“_@], (88)
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where, as in the previous case, the temperature has been calculated using the truncated transport
equation (26).

Figure 7 and Figure 8 depict the behavior of physical variables, the radial distribution of the
“effective energy—density” at t* = (2)1/4 4- 1, when the total mass vanishes, and the evolution of the
total mass.

The model represents a contracting sphere with initial negative mass absorbing energy through
the boundary surface. At t* = (2)1/4 41 the total mass vanishes becoming positive afterward. From
the above it follows that

) u\ 5 9 (t — x)?
87'cr2(y+qE)—6(t*_x)2 (t*—x)6+ . (89)

Evaluating the above expression at t* = (2)1/4 ++ 1 we see that it changes of sign within the fluid
distribution, thereby explaining the vanishing of the total mass at t* = (2)!/4 + 1(see Figure 8).

out[«]=

; 2 2 2 ; _ — ;
Figure 7. 8rturs, 87qrs, and 8P, rs., as functions of t* = Py and x = - for solution IV.
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6"/2m(rE)/3rs.
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-3f

1/2
Fi . 87P | 12 tion of t* = —t_ and x = £, 82°m(rz)
igure 8. 87P 15 as function of - and x

% L, = as function of t*; 87trg (1 + q%), evaluated

at t* =1, as function of x, for solution IV.
4. Discussion

We have presented a set of solutions of fluid spheres whose evolution involves ghost stars.

The first two solutions represent the adiabatic evolution of a ghost star, they admit a CKV which
may be either orthogonal or parallel to the four-velocity vector. These solutions (I and II) describe
either an expanding sphere, with an initial boundary areal radius growing from some finite value to
infinity, or a contracting sphere whose boundary areal radius decreases from infinity to some finite
final value. In both cases m(ry) = 0 at all times and the energy—density is negative in some regions
of the fluid distributions (see Figures 2 and 4). The full description of these models is provided by
equations (38-42), and (55-60) for models I and II respectively. Their behavior is depicted in Figures 1,
2,3,4.

In both cases the vanishing complexity factor condition applies and the solutions match smoothly
to the Minkowski space-time on the boundary surface of the fluid distribution.

The second couple of solutions satisfies the expansion-free condition and the vanishing complexity
factor condition. In one case (solution I1I), these last conditions are complemented with the assumption
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that A = A(r) and R is a separable function. In the last case (solution IV) we assume the fluid to be
geodesic.

The full description of model 11 is provided by Equations (64-75) and illustrated in Figures 5
and 6. It describes a collapsing fluid whose total mass evolves from negative values to positive ones by
absorbing radiation. At some point of the evolution (t* = 1) the total mass vanishes becoming positive
afterward. At t* = 1 the effective energy—density is negative in some regions of the fluid distributions
as shown in Figure 6.

This rather unusual scenario (compact object absorbing radiation), has been invoked in the past
to explain the origin of gas in quasars [78]. A semi-numerical example for such a model is described in
[79].

Finally, the last model is geodesic (solution IV) and satisfies, besides the expansion—free condition,
the vanishing complexity factor condition. It is described by Equations (80-88). This solution depicts a
collapsing fluid for which as t — oo, the energy density and the radial pressure diverge and satisfy
the equation of the state 4 = —P,, whereas the heat flux vector and the tangential pressure vanish,
and the temperature tends toward Ty. As it happens in Solution II1, at some point of its evolution
t* = (2)1/# + 1 the total mass vanishes, and as expected the effective energy—density is negative in
some regions of the fluid distributions as shown in Figure 8.

Unlike solutions I, I1, solutions I11, IV do not satisfy Darmois conditions on the boundary surface,
implying that these surfaces are thin shells.

It is worth recalling that the very existence of ghost stars relies on the presence of negative
energy—density (the effective energy—density in the non—adiabatic case). Negative energy-density
(mass) has a long and a venerable history in general relativity, both at classical level as well as in the
quantum level (see [80-94] and references therein).

An issue requiring much more research work concerns the possibility to observe a ghost star. We
have in mind either a “permanent” ghost star as the case described by solutions I and I1, or a compact
object attaining momentarily the ghost star status, as the two models described by solutions 11 and
Iv.

At present we contemplate two possible ways to establish (or dismiss) the very existence of a
ghost star. On the one hand, by observing the shadow of such objects following the line of research
open by the Event Horizon Telescope (EHT) Collaboration (see [95-98] and references therein). On the
other hand the formation of a ghost star, even if for a short time interval, involves radiating processes
whose observation could help to identify a ghost star.

In relationship with this last point it would be very helpful to find an evolving model , with a
positive energy flux at the boundary surface, leading asymptotically to a ghost star. Unfortunately,
neither of the solutions presented here satisfy such a condition.
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Appendix A
Appendix A.1
Appendix B Einstein equations
Einstein’s field equations for the interior spacetime (1) are given by
Ga‘g = 87‘[T“ﬁ, (Al)
and its non zero components read
B R\R (A\*|.R" (R\*> _BR (B\’
8Ty =8muA? = (2= 4+ = |=— (S ) 25+ (=) —2==—-(=) |, A2
00 = S7TH <B R)R <B> R+<R) B R (R) (A2)
R BR RA
81Ty = —8mgAB= -2 — — =— — —— , A3
o1 1 ( R BR RA > (A3)
2 s . . . ) , , >
B R A R\ R A R"\ R B
8nTy =8nPB?>=— (=) [2= - (2= -2 ) = 2+ = —(=), A4
wosna == () - () x|+ (G5 %) e (R) -
2 . .o . . . . .
87 > R B R A/B R BR
8Ty = ——T33 =8P, R* = — | — B - =
27 sin2e P = <A> {B+R A(B+R)+BR]
2 " " 1/ / / /
R A R A" B A B"\ R
— —_— = — —— — — =] =]. A5
+<B> {A—i_R AB+<A B)R} (AS)
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