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Abstract: Electron-ion radiative recombination in the presence of a bicircular laser pulse is analyzed
beyond the dipole approximation. A bicircular pulse consists of two counter-rotating circularly
polarized laser pulses with commensurate carrier frequencies. It is demonstrated that the broad
bandwidth radiation can be generated in the process and its spectrum can be significantly enhanced
by tailoring the laser field. A special emphasis is put on analyzing temporal properties of generated
radiation.
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1. Introduction
The interaction of electrons with strong laser pulses has been a fascinating subject of research over

the last decades. Among strong-field processes, the laser-assisted radiative recombination (LARR)
plays a special role. Namely, it is understood that the radiative recombination is a fundamental
mechanism of high-order harmonic generation (HHG). Since HHG-based techniques have led to the
development of the entirely new research area, i.e., attoscience, they have been awarded the Nobel
Prize in Physics [1]. Such recognition makes it even more desirable to study in depth the properties of
laser-assisted radiative recombination.

During the radiative recombination, a free electron is captured by a positively charged ion, that
leads to the emission of a photon and the formation of a bound atomic state. The process has been
analyzed in various laser field configurations involving mono- [2–7] and multicolor [8–12] plane wave
fields. More recently, the LARR in the presence of short laser pulses has been investigated [13–19].
As argued in Ref. [18], the presence of laser pulses of finite duration calls for a modified theoretical
treatment of LARR. Such treatment has been introduced there for the case of an electron-atom radiative
recombination. It has been generalized only recently to account for the electron-ion Coulomb inter-
action as well as for the nondipole effects [19]. This comprehensive treatment is used in the current
paper as well. However, in contrast, to the previous works which focus on LARR accompanied by
linearly polarized laser pulses, this time we consider bicircular ones.

Bicircular laser pulses are characterized by the simultaneous application of two oppositely circu-
larly polarized pulses. They enable a high control of the electron dynamics. Hence, we expect them
to be useful in manipulating the signal of emitted LARR radiation. The latter is demonstrated in the
current paper, with a special emphasis on temporal properties of generated radiation. Specifically, we
demonstrate attosecond bursts of radiations and we trace them to the low-energy cutoff of the LARR
energy spectra. This is done with the help of the windowed spectral and temporal distributions, which
occur to be valuable tools for studies of attosecond pulse generation in LARR.
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Unless otherwise stated, in analytical formulas we set h̄ = 1 while keeping the remaining
fundamental constants explicitly. Our numerical results are given in atomic units (a.u.) of the mo-
mentum p0 = αmec, energy E0 = α2mec2, length a0 = h̄/p0, time t0 = h̄/E0, electric field strength
E0 = α3m2

ec3/(|e|h̄), and the laser field intensity I0 = ϵ0cE2
0 ≈ 7.02 × 1016 W/cm2. Moreover, me and

e = −|e| are the electron rest mass and charge, α is the fine-structure constant, and ϵ0 = e2/(4παh̄c) is
the vacuum permittivity.

2. Theoretical Method
Consider a spontaneous emission of a photon by an electron interacting with a laser field and a

Coulomb potential V(r); a process known as the laser-assisted radiative recombination (LARR). As
shown in Ref. [19], in the leading order in 1/c the Hamiltonian of our system in the length gauge is
given as

Ĥ(r, t) = Ĥ0(r, t) + ĤI(r, t), (1)

where

Ĥ0(r, t) =
p̂2

2me
+ V(r)− eE(r, t) · r

(
1 − n · p̂

mec

)
(2)

and

ĤI(r, t) = −eÊK(r, t) · r
(

1 − nK · p̂
mec

)
. (3)

Here, Ĥ0(r, t) is the unperturbed Hamiltonian describing the electron in the Coulomb potential and in
the laser field. The latter is described as a classical wave, characterized by the electric field vector E(r, t)
propagating in the direction n. Its explicit form will be specified later. Now, let us only introduce the
vector potential A(r, t) describing the laser field, such that E(r, t) = −∂t A(r, t). Moreover, ĤI(r, t)
defines the electron-photon interaction, which is treated in the first order of perturbation theory.
Specifically, in Eq. (3), ÊK(r, t) is a single mode electric field operator such that

ÊK(r, t) = Ê (−)
K (r, t) + h.c., (4)

Ê (−)
K (r, t) = −iεK

√
ωK

2ϵ0V
â†

Kei(ωK t−K·r), (5)

where V is the quantization volume, whereas the operator â†
K creates a photon with the wave vector K,

frequency ωK , polarization εK , propagating in the direction nK = K/|K|.
The probability amplitude of generating a LARR photon is defined as

A(p) = −i
ˆ ∞

−∞
dt ⟨ψB(t); 1K |ĤI(t)|ψ

(+)
p (t); 0K⟩, (6)

where except of the interaction Hamiltonian (3), the initial and final states, |ψ(+)
p (t); 0K⟩ and |ψB(t); 1K⟩,

respectively, are the asymptotic states of the nonperturbed Hamiltonian (2). They have been identified
in Ref. [19]. Namely, in the initial state there is no photon whereas the scattering state of the electron,
ψ
(+)
p (r, t), can be represented as a Coulomb-Volkov solution with the leading nondipole corrections.

As derived in Ref. [19] for high-energy electrons,

ψ
(+)
p (r, t) =

1√
V

[
1 − ieE(t) · r

n · r
c

]
e−imec2−ieA(t)·r+iF(r,t)ϕ

(0)
p (r, t), (7)

where the so-called Volkov phase contains the 1/c corrections,

F(r, t) =
1

me

(
1 +

n · p
mec

) ˆ t
dϕ

[
eA(ϕ) · p − 1

2
e2 A2(ϕ)

]
− n · r

mec

[
eA(t) · p − 1

2
e2 A2(t)

]
, (8)
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whereas
ϕ
(0)
p (r, t) = eπν/2eip·r−ip2t/(2me)Γ(1 − iν)1F1(iν, 1, i(|p| |r| − p · r)) (9)

is the electron scattering state in the Coulomb potential. Here, Z is the atomic number of the ion, ν =

Z/(a0|p|) measures the strength of the Coulomb field, and 1F1(a, b, z) is the confluent hypergeometric
function of the first kind [20,21]. On the other hand, in the final state, there is a photon and the electron
in the bound atomic state, ψB(r, t). More specifically, we assume that the electron recombines to the
ground state of the hydrogen-like atom of energy EB = −Z2E0/2, meaning that

ψB(r, t) =
1√
π

(
Z
a0

)3/2

e−imec2t−iEBt−Zr/a0 . (10)

With this in mind, we can express the LARR probability amplitude (6) as

A(p) =
e
V

√
ωK

2ϵ0

ˆ ∞

−∞
dt
ˆ

d3r ei(ωK t−K·r)ψ∗
B(r, t)(εK · r)

(
1 − nK · p̂

mec

)
ψ
(+)
p (r, t), (11)

where we have used the fact that ⟨1K |â†
K |0K⟩ = 1. As argued in Ref. [19], for high-energy electron and

up to the order of 1/c, we have p̂
mec ψ

(+)
p (r, t) = p−eA(t)

mec ψ
(+)
p (r, t). In other words, up to the order of

1/c, ψ
(+)
p (r, t) represents a high-energy electron with the kinetic momentum p − eA(t). Using this

fact along with the exact formulas expressing ψB(r, t) and ψ
(+)
p (r, t), the probability amplitude of

LARR (11) becomes [19]

A(p) = N
ˆ ∞

−∞
dt eiQt+iH(t)

[
B(t)− i

c
D(t)

]
, (12)

where we have introduced,

Q = EB + ωK − p2

2me
, (13)

N =
Ze
a0V

√
ZωK

2πϵ0a0
eπν/2Γ(1 − iν), (14)

H(t) =
1

me

(
1 +

n · p
mec

) ˆ t
dτ
[
eA(τ) · p − 1

2
e2 A2(τ)

]
. (15)

Moreover, we have defined the following functions,

B(t) = Gp(t)
ˆ

d3r (εK · r)e−Zr/a0+iq(t)·r
1F1(iν, 1, i(|p| |r| − p · r)), (16)

D(t) =
ˆ

d3r (εK · r)(eE(t) · r)(n · r)e−Zr/a0+iq(t)·r
1F1(iν, 1, i(|p| |r| − p · r)), (17)

with

Gp(t) = 1 − nK · [p − eA(t)]
mec

, (18)

q(t) = p − eA(t)− K − n
mec

[
eA(t) · p − 1

2
e2 A2(t)

]
. (19)

Note that each integral in Eqs. (16) and (17) can be calculated with the help of the Nordsieck integral,
as explained in Ref. [19].
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It follows from Eq. (12) that in the absence of the laser field, the corresponding laser-free-field
probability amplitude of radiative recombination can be represented as

A0(p) = NB0(p)
ˆ ∞

−∞
dt eiQt = 2πNB0(p)δ(Q), (20)

where we have introduced the short-hand notation for

B0(p) =
(

1 − nK · p
mec

) ˆ
d3r (εK · r)e−Zr/a0+i(p−K)·r

1F1(iν, 1, i(|p| |r| − p · r)). (21)

The Dirac delta function in Eq. (20) expresses the energy conservation condition, Q = 0, which
determines that the emitted photon has the energy,

ωK =
p2

2me
− EB. (22)

Therefore, in this case, one observes a point spectrum. The situation changes, however, once the laser
field is present.

Consider the radiative recombination in a laser pulse, which lasts from t = 0 to t = Tp. In this
case, the vector potential A(t) is nonzero only within this time interval. In this case, Eq. (12) can be
transformed as [19]

A(p) = N
{

2πδ(Q)B0(p)eiH(Tp)/2 cos(H(Tp)/2)

+ iP
(

1
Q

) ˆ Tp

0
dt eiQt+iH(t)

[
Ḃ(t) + iḢ(t)B(t)

]
− i

c

ˆ Tp

0
dt eiQt+iH(t)D(t)

}
, (23)

where the overdot means the time derivative and P(·) is the principle value. It follows from Eq. (20)
that the first term in Eq. (23) originates from the laser-field-free channel of LARR. For the remaining
terms, we have restricted the integration limits to the pulse duration, as otherwise the integrands have
zero values. Therefore, one can attribute these terms to the laser-induced LARR channels. Still, the
probability amplitude of LARR (23) is singular. In order to smear out the singularity that occurs at
energy (22), we consider next the initial electron wave packet instead of a monochromatic electron
wave.

The initial electron wave packet is defined as a superposition of the monochromatic waves ψκ(r, t)
[Eq. (7)]

ψp[r, t| fp] =

ˆ
d3κ ψκ(r, t) fp(κ), (24)

where we assume the wave packet profile,

fp(κ) ≈
1
π

∆|p|
(κ∥ − |p|)2 + (∆|p|)2 δ(2)(κ⊥). (25)

Here, the longitudinal and the transverse momenta are defined with respect to the direction of the
central momentum p, such that

κ∥ =
κ · p
|p| , κ⊥ = κ − κ∥

p
|p| . (26)

As one can see, Eq. (25) represents the momentum distribution with no momentum spread in the
transverse direction and with the Lorentzian profile of the longitudinal momenta, that form the initial
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electron wave packet. This allows us to average the LARR probability amplitude (23) with respect to
the initial electron momentum distribution,

⟨A(p)⟩ =
ˆ

d3κA(κ) fp(κ). (27)

Assuming that A(p) is a regular function of p, except of singular terms δ(Q) and P(1/Q), we
determine from Eq. (27) that

⟨A(p)⟩ = N⟨R(p)⟩, (28)

where

⟨R(p)⟩ = 2π⟨δ(Q)⟩B0(p)eiH(Tp)/2 cos(H(Tp)/2)

+ i
〈
P
(

1
Q

)〉 ˆ Tp

0
dt eiQt+iH(t)

[
Ḃ(t) + iḢ(t)B(t)

]
− i

c

ˆ Tp

0
dt eiQt+iH(t)D(t). (29)

For our further purpose, let us define〈
1

Q + iε

〉
=

ˆ
d3κ

fp(κ)

Qκ + iε
, (30)

where Qκ = EB + ωK − κ2/(2me) in accordance with Eq. (13). Using the Sokhotski-Plemelj formula,
we can derive now the following averages,

⟨δ(Q)⟩ = − 1
π

lim
ε→0+

Im
〈

1
Q + iε

〉
, (31)〈

P
(

1
Q

)〉
= lim

ε→0+
Re
〈

1
Q + iε

〉
. (32)

Specifically, for our model of the initial electron momentum distribution (25), we obtain from
Eqs. (29), (30), and (31) that

⟨δ(Q)⟩ = 1
π

κ0
me

∆|p|

(EB + ωK − p2

2me
)2 + ( κ0

me
∆|p|)2

, (33)

〈
P
(

1
Q

)〉
=

EB + ωK − p2

2me

(EB + ωK − p2

2me
)2 + ( κ0

me
∆|p|)2

, (34)

where κ0 =
√

2me(EB + ωK) defines the electron momentum that is necessary for generating the
photon energy ωK in the laser-field-free process. As we keep the full-width at half maximum ∆|p| in
Eq. (25) finite, it follows from Eqs. (32) and (33) that the singularity at Q = 0 is removed now from our
formulation.

Finally, Eq. (28) allows us to define the energy-angular distribution of emitted radiation. As
elaborated in Ref. [19], for photons emitted in the solid angle d2ΩK and having the energy within the
interval (ωK , ωK + dωK), the corresponding energy-angular distribution (per the initial electron flux)
takes the form

d3EK(p)
dωKd2ΩK

=
ν4eπν

sinh(πν)

αme|p|2
(2π)2c2 ω4

K |⟨R(p)⟩|2, (35)

where ⟨R(p)⟩ is defined by Eq. (29). This allows us to define the total energy (per the initial electron
flux) irradiated in the process,

EK(p) =
ν4eπν

sinh(πν)

αme|p|2
(2π)2c2

ˆ
d2ΩK

ˆ
dωK ω4

K |⟨R(p)⟩|2. (36)
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Note that the aforementioned formulas are very general. In the following, we shall analyze the case
when the radiative recombination is accompanied by a bicircular laser pulse.

3. Numerical illustrations
We consider a bicircular laser pulse which propagates along the z-direction, meaning that n = ez.

Its corresponding vector potential takes the form,

A(t) = A1(t) + A2(t), (37)

where Aj(t) (j = 1, 2) defines individual circularly polarized pulses. More specifically,

Aj(t) = A0jF

(
ωjt

Nosc,j

)[
cos(ωjt) cos δj ex + sin(ωjt) sin δj ey

]
, (38)

where A0j is the j-th pulse peak amplitude, ωj denotes its carrier frequency, Nosc,j is the number of
cycles, whereas δj is the pulse ellipticity (in our case, it is either π/4 or −π/4). Moreover, the function
F(ϕ) defines the envelope of each pulse, which we assume to be

F(ϕ) =

{
sin2(ϕ/2), for 0 < ϕ < 2π,

0, otherwise.
(39)

Note that the vector potential (37) is nonzero for times 0 < t < Tp, where Tp = max(Nosc,1
2π
ω1

, Nosc,2
2π
ω2

).
For our numerical illustrations, we choose a pair of counter-rotating circularly polarized laser pulses,
characterized by the following parameters: A01 = 7p0/|e|, Nosc,1 = 5, δ1 = π/4, and A02 = 7p0/|e|,
Nosc,2 = 7, δ2 = −π/4. For the carrier frequencies, we consider two cases, where either ω1 = 5 eV
and ω2 = 7 eV or ω1 = 50 eV and ω2 = 70 eV. For either case, the temporal evolution of the tips of
the vector potential and the corresponding electric field, defined as E(t) = −∂t A(t), are presented in
Figure 1. Note that, for larger frequencies, the magnitude of the electric field represented in panel (a)
has to be multiplied by a factor of ten.
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Figure 1. Parametric plots of the electric field [panel (a)] and the vector potential [panel (b)] representing a
bicircular laser pulse characterized by the parameters: ω1 = 5 eV, A01 = 7p0/|e|, Nosc,1 = 5, δ1 = π/4, and
ω2 = 7 eV, A02 = 7p0/|e|, Nosc,2 = 7, δ2 = −π/4. Note that for the case when we increase the carrier frequencies
to ω1 = 50 eV and ω2 = 70 eV, the magnitude of the electric field presented in panel (a) has to be multiplied by a
factor of ten.
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Figure 2. Energy distributions of radiation [Eq. (35)] that is emitted when an electron described by a Lorentzian
wave packet [Eqs. (24) and (25)] with a central energy Ep = 10 keV and the longitudinal momentum spread
characterized by the parameter ∆|p| = 2.74 × 10−3 p0 recombines with a hydrogen-like ion (Z = 4) in a presence
of a bicircular laser pulse. The latter consists of a pair of counter-rotating circularly polarized laser pulses, that
propagate along the z-axis (n = ez) and are described by the parameters: ω1 = 5 eV, A01 = 7p0/|e|, Nosc,1 = 5,
δ1 = π/4, and ω2 = 7 eV, A02 = 7p0/|e|, Nosc,2 = 7, δ2 = −π/4 [Eqs. (37) and (38)]. We assume that the LARR
radiation is emitted in the z-direction (nK = ez) while being linearly polarized either along the x-axis [panels (a)
and (b)] or the y-axis [panels (c) and (d)]. As indicated in the figure, the electron wave packet propagates in the
x-direction [panels (a) and (c)] or opposite to it [panels (b) and (d)]. The corresponding energy irradiated at time t,
ωK(t), is plotted in panels (e) and (f) according to Eq. (40).

3.1. Energy Distributions of LARR Radiation

In Figure 2, we present the energy distributions of generated radiation in the case when the
aforementioned bicircular laser pulse accompanies the recombination of an electron wave packet (24)
with the central energy Ep = p2/2me = 10 keV and the longitudinal momentum spread characterized
by the parameter ∆|p| = 10−4√2meEp = 2.74 × 10−3 p0 with a hydrogen-like ion (Z = 4). As denoted
in Figure 2, we consider various configurations. While in panels (a) and (c), the electron is propagating
in the x-direction, in panels (b) and (d) it is propagating in the opposite direction. Moreover, the
generated radiation is linearly polarized either along the x-axis [panels (a), (b)], or along the y-axis
[panels (c), (d)]. In either case, it is emitted along the propagation direction of the laser pulse, nK = ez.
As one can see, all spectra consist of multiple plateaux spanning roughly the region of 10 keV photon
energy. However, the spectra presented in panels (a) and (b) are by approximately two orders of
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magnitude more pronounced than those presented in panels (c) and (d). Also, in this more pronounced
configurations, we observe a sharp peak at energy just above 10 keV. This peak originates from
the laser-field-free process, resulting in the emitted radiation with energy ωK [Eq. (22)]. As already
elaborated in Ref. [19], the peak is absent when εK · p = 0, which is the case considered in panels (c)
and (d). All energy spectra can be confronted with panels (e) and (f). The bottom panels of Figure 2
represent the prediction for an energy emitted by an electron of momentum p that evolves in a laser
pulse and is captured at time t by the ion. As it has been derived in Ref. [19], this energy in the leading
nondipole order equals

ωK(t) =
1

2me
[p − eA(t)]2 − EB − n · p

m2
e c

[
eA(t) · p − 1

2
e2 A2(t)

]
. (40)

Note that the energy range of Eq. (40), which is plotted in panels (e) and (f), matches the energy
bandwidth of emitted LARR radiation presented in panels (a)-(d). The spectra exhibit also pronounced
oscillations, which can be interpreted as arising from interference between different transition path-
ways [18,19]. One can realize from Eq. (40) and from Figs. 2(e) and 2(f) that the certain photon energy
can be emitted at various times, each of them representing a given transition pathway. With increasing
the number of interfering pathways, additional plateaux are being formed, with even more abrupt
oscillations. The latter are not resolved on the scale of the figure though.

In Figure 3, we present the color mappings of the energy distributions of generated photons near
the high-energy cutoff as a function of the recombining electron polar angle, θp. The angle is measured
with respect to the propagation direction of the laser pulse. Note that panel (a) represents the energy
distribution of a radiation polarized linearly along the x-axis, whereas the same for polarization along
the y-axis is shown in panel (b). The remaining parameters are the same as in Figure 2, except that
now the incident direction of the electron is not fixed. One can realize that in both presented cases the
maximum photon energy is generated for the electron polar angle smaller than π/2. This agrees nicely
with Eq. (40). As one can see from this formula, for as long as the accompanying pulse is treated in
the dipole approximation, the photon energy distribution depends on sin θp, and so it is symmetric
with respect to θp = π/2. It is the inclusion of the nondipole corrections, which leads to asymmetry in
the energy distributions presented in Figure 3. As the electron acquires a momentum from the laser
pulse, it appears at a smaller incident polar angle θp. As a result, the entire distribution is shifted
toward smaller values of θp. In addition, one can see a tiny interference pattern characterizing each
distribution. It corresponds to very fast oscillations of the directional energy spectra presented in
Figure 2.

Figure 3. Color mappings of the energy distributions of emitted LARR radiation [Eq. (35)] near the high-energy
cutoff at varied polar angle of the recombining electron θp. The parameters are the same as those in Figure 2.
While panel (a) corresponds to the geometry of Figure 2(a), panel (b) corresponds to the geometry of Figure 2(c).
The presented distributions are asymmetric with respect to θp = π/2, which is attributed to nondipole effects.

For a comparison, we present also Figure 4 with the energy distributions of emitted radiation in
the case when both carrier frequencies of the laser pulse [Eqs. (37) and (38)] are increased to ω1 = 50 eV
and ω2 = 70 eV. Two striking differences between this figure and Figure 2 can be seen. First of all, the
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present spectra are decreased by nearly an order of magnitude. At the same time, they exhibit less
dense oscillations. Note that the remaining features of those energy distributions are the same as those
in Figure 2. Namely, because they are dictated by the behavior of ωK(t) [Eq. (40)] which is the same in
both cases [see, panels (e) and (f) in Figs. 2 and 4]. Nevertheless, one can conclude that the spectrum of
the LARR radiation can be significantly suppressed (enhanced) depending on the bicircular laser field
parameters.
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Figure 4. The same as in Figure 2 but for the carrier frequencies of the bicircular laser field ω1 = 50 eV and
ω2 = 70 eV.

The energy spectra presented in this section exhibit characteristic plateau regions. Hence, the
question arises about temporal properties of the emitted LARR radiation. This is particularly interesting
in the context of attosecond pulse generation, and so it will be analyzed next.

3.2. Synthesis of Attosecond Pulses

We define the spectral distribution of emitted radiation (given in atomic units) as being propor-
tional to the averaged probability amplitude of LARR, Eq. (28),

S̃(p, ωK) = Z3/2√ωK eπν/2Γ(1 − iν)⟨R(p)⟩. (41)
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Hence, the corresponding time distribution can be determined with the help of the Fourier transform
such that

S(p, t) =
ˆ

dωK

2π
e−iωK tS̃(p, ωK). (42)

In addition, we define the window function W(ωK) that will allow us to filter a certain frequency
bandwidth out of the LARR spectrum. The windowed spectral distribution is defined as

S̃W(p, ωK) = W(ωK)S̃(p, ωK), (43)

and, similarly, its Fourier transform,

SW(p, t) =
ˆ

dωK

2π
e−iωK tS̃W(p, ωK). (44)

Essentially, the windowed distributions allow one to trace which portion of the energy spectrum of
LARR radiation has a dominant contribution to the generated pulse. This will be demonstrated below.
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Figure 5. Panel (a) shows the modulus of the spectral distribution of the radiation (41) considered in Figure 2(a).
The modulus of its corresponding temporal distribution (42) is presented in panel (b). Here, the vertical lines
mark the turn on and off of the bicircular laser pulse assisting the process. The window-selected spectral
distributions from the high-energy and the low-energy plateaux presented in panel (a) are shown in panels (c)
and (e), respectively. They are synthesized to either a train of two pulses or an isolated pulse, as represented in
panels (d) and (f).

In Figure 5(a), we show the modulus of the spectral distribution of emitted radiation, defined
by Eq. (41), that corresponds to Figure 2(a). The corresponding temporal distribution, Eq. (42), is
presented in Figure 5(b). As one can see, it comprises of a main pulse centered around 80t0 and having
FWHM duration of roughly 10t0. It is also accompanied by much weaker satellite pulses centered
at approximately 60t0 and 110t0. The horizontal lines mark the time duration of the bicircular laser
pulse. One can see that, essentially, the radiation is emitted in the presence of the laser field. There is
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also a nonzero signal outside of that time interval. This corresponds to laser-field-free recombination,
discussed in Sec. 2. Next, in Figs. 5(c) and 5(e), we present the modulus of the windowed spectral
distribution, Eq. (43). We assume that the window function takes the following form

W(ωK) =


1, if ωmin + ∆ω ⩽ ωK ⩽ ωmax − ∆ω,

sin2
(

π
2

ωK−ωmin
∆ω

)
, if ωmin < ωK < ωmin + ∆ω,

sin2
(

π
2

ωK−ωmax
∆ω

)
, if ωmax − ∆ω < ωK < ωmax,

0, otherwise,

(45)

where ∆ω = ηW(ωmax − ωmin) and ηW = 0.1. The remaining parameters are adjusted appropriately.
Specifically, in order to plot Figure 5(c) we have chosen ωmin = 11.5 keV and ωmax = 18.5 keV. In other
words, we have selected a portion of the high-energy plateau from Figure 5(a). Its low-energy plateau
has been filtered out using ωmin = 2 keV and ωmax = 7.9 keV, and is shown in Figure 5(e). Their
respective temporal distributions, Eq. (44), are shown in panels (d) and (f) of Figure 5, respectively. One
can see from those panels that the high-energy radiation is generated in a form of two pulses, whereas
the low-energy radiation as an isolated pulse. The magnitudes of those pulses roughly correspond
to the magnitudes of pulses recognized in panel (b). Therefore, the windowed distributions can be
used to interpret the spectral properties of synthesized pulses. Specifically, in the given example, we
conclude that it is the low-energy portion of the spectrum that contributes dominantly to the main
pulse shown in Figure 5(b).
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Figure 6. Modulus of the spectral distribution of the LARR radiation (41) shown in Figure 4(a) [panel (a)]. The
radiation is emitted as a train of two pulses, as seen in panel (b). The vertical lines mark the time duration of the
bicircular laser field assisting the process.

In Figure 6, we present the modulus of the spectral distribution [panel (a)] and the modulus
of the corresponding temporal distribution [panel (b)] of the radiation generated in Figure 2(b). In
other words, we consider now the case when the electron wave packet is propagating in the opposite
direction as compared to Figure 5. In contrast to Figure 5, we observe here two major pulses centered at
approximately 70t0 and 100t0, each lasting for roughly 10t0 at FWHM. Even though we do not present
here the numerical results, our analysis indicates that these pulses originate from the low-energy
plateau region of Figure 6(a). We note that this agrees with Figure 2(f), representing an analytical
estimate for the energy irradiated over time during the LARR process [Eq. (40)]. We understand
that the radiation is most efficiently released at the crests where ωK(t), given by Eq. (40), takes the
minimum value. This also indicates that by appropriately tailoring the assisting laser pulse and
adjusting the geometry of the process we can, in principle, produce an arbitrary train of pulses.
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Figure 7. The same as in Figure 6 but for the case considered in Figure 4(a).

In both examples studied so far, we have demonstrated generation of attosecond bursts of
radiation, lasting for roughly 200 as. This duration can be however significantly reduced, as we
demonstrate next. In Figure 7(a) we plot |S̃(p, ωK)| for the case when a bicircular laser field consists of
two pulses, with the carrier frequencies ω1 = 50 eV and ω2 = 70 eV. More precisely, the presented
spectral distributions correspond to Figure 4(a). Note that the temporal distribution of generated
radiation [panel (b)] shows a central pulse that has FWHM duration of roughly 20 as. In other words,
by increasing the carrier frequencies of the accompanying bicircular field ten times, we were able to
decrease the radiated burst duration ten times as well. This means that the accompanying laser field
plays a crucial role in controlling the properties of generated attosecond pulses in the LARR process.

4. Conclusions
We have studied the radiative recombination in the presence of a bicircular laser field using the

recently developed theory [19]. Thus, accounting for the Coulomb interaction and the nondipole
corrections. Similar to the previously studied case of a linearly polarized laser pulse [19], we have
observed multiple plateaux and the laser-field-free peak in the energy distributions of generated radia-
tion. Those spectra show very abrupt oscillatory patterns which can be controlled by the parameters of
the laser field, such as its both carrier frequencies. We have shown that variations of carrier frequencies
of a bicircular laser field allow one to control the efficiency of produced radiation. Specifically, for the
parameters used in the paper, we have observed nearly an order of magnitude enhancement of the
LARR signal for smaller carrier frequencies.

As we have demonstrated, for the current parameters the LARR radiation is released in a form
of attosecond pulses. To illustrate this, we have investigated the spectral distributions of emitted
radiation as well as their respective temporal distributions. As an interpretive tool we have used the
windowed distributions. We have observed both the generation of an isolated attosecond pulse and
a train of two such pulses. As we have shown, the given outcome depends on the geometry of the
process and it can be manipulated by the external laser field. Had we tailored a laser pulse differently,
we would be able to produce a train consisting of multiple attosecond pulses. It turned out that the
properties of attosecond pulses themselves can be manipulated by the bicircular laser field. Specifically,
we have shown that by increasing the laser pulse carrier frequencies one can significantly reduce the
time duration of an isolated attosecond pulse. Thus, the engineering of laser fields with well-controlled
properties is crucial for further investigations of LARR as a secondary source of radiation.
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5. Milošević, D. B.; Ehlotzky, F. Rescattering effects in soft-x-ray generation by laser-assisted electron-ion

recombination. Phys. Rev. A 2002, 65, 042504(1–11).
6. Bivona, S.; Bonanno, G.; Burlon, R.; Leone, C. Polarization and angular distribution of the radiation emitted

in laser-assisted recombination. Phys. Rev. A 2007, 76, 031402(R)(1–4).
7. Zheltukhin, A. N.; Flegel, A. V.; Frolov, M. V.; Manakov, N. L.; Starace, A. F. Resonant phenomena in

laser-assisted radiative attachment or recombination. J. Phys. B 2012, 45, 081001(1–6).
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