
Article Not peer-reviewed version

Unified Evolution Equation

Yoshinori Shimizu *

Posted Date: 13 January 2026

doi: 10.20944/preprints202504.2421.v4

Keywords: quantum field theory; quantum gravity; open quantum systems; unified evolution equation;

lindblad master equation; renormalization group; Yang–Mills theory; Navier–Stokes equation; general

relativity; dark matter; dark energy

Preprints.org is a free multidisciplinary platform providing preprint service

that is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0

license, which permit the free download, distribution, and reuse, provided that the author

and preprint are cited in any reuse.

https://sciprofiles.com/profile/4176394
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Article
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Yoshinori Shimizu

Independent Researcher, Japan; usagin.work@gmail.com

Abstract

The Unified Evolution Equation (UEE) is a common schema that collectively describes reversible
quantum dynamics (unitary evolution), dissipation of open systems (GKLS), and transport induced by
boundaries and resonances (zero-area resonance kernels) as a single framework of “time evolution
of states.” The purpose of this paper (UEE_01) is to define the UEE as an analytical foundation without
inconsistency and to guarantee its well-posedness (existence, uniqueness, and invariance of states).
Taking the observable algebra as a von Neumann algebra M and the state space as its predual
M∗, we formulate physically admissible time evolutions as preduals of normal, unital, completely
positive maps. Formally, the UEE is written as ρ̇ = Ltot[ρ], Ltot = L0 + L∆ + R, and, rigorously, we
adopt as the notion of solution the mild solution ρ(t) = T(t)[ρ0] generated by a strongly continuous
CPTP semigroup {T(t)}t≥0. Given the UEE analytical data (M,M∗, D,L∆, R), we construct the
reversible part T0, the dissipative part T∆, and the resonance-transport part TR respectively as CPTP
(group/semigroup) evolutions, and show, by a Chernoff/Trotter-type product formula, that the
composite limit semigroup is identified and that its generator coincides with L0 + L∆ + R. As a result,
invariance of the set of normal states and the well-posedness of the UEE are established, providing
an analytical foundation consistent with the standard representation of GKLS+R used in subsequent
papers.

Keywords: quantum field theory; quantum gravity; open quantum systems; unified evolution equa-
tion; lindblad master equation; renormalization group; Yang–Mills theory; Navier–Stokes equation;
general relativity; dark matter; dark energy

1. Introduction
1.0. Proposal of the Unified Evolution Equation
(1) Aim: What is the UEE?

The UEE series presents a common equation format for describing, as a single “time evolution of
states (Schrödinger picture)”, the reversible dynamics of quantum systems (unitary evolution), dissipa-
tion as open systems (coarse-graining and measurement), and transport arising from boundaries and
resonances (including the exact elimination of area terms). This time-evolution scheme is called the
Unified Evolution Equation (UEE).

The standpoint of this paper is to first define the UEE without inconsistency as an analytical foundation.
Accordingly, in this section we clarify the “proposal content” of the UEE with a minimal set of formulas,
while detailed mathematical definitions (types of state spaces, CPTP properties, semigroups, generators,
and closure under limits) are axiomatized step by step in the subsequent sections (§1.1–§1.4).

(2) Abstract form in UEE_01 (as an analytical contract)

In UEE_01, the observable algebra is taken to be a von Neumann algebra M, and the state space
its predual M∗. The time evolution of a state ρ(t) ∈ M∗ is expressed in the following formal differential
form:

ρ̇(t) = Ltot[ρ(t)], Ltot := L0 + L∆ + R. (1)
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Here L0 denotes the reversible (unitary) component, L∆ the dissipative component, and R the zero-area
resonance (transport) component. In this paper, (1) is presented as the “central equation”; however,
since generators generally come with domains, the precise meaning of (1) is given as a mild solution
(semigroup action)

ρ(t) = Ttot(t)[ρ0] (t ≥ 0)

generated by a strongly continuous CPTP (completely positive and trace-preserving) semigroup {Ttot(t)}t≥0

(the definition is given in §1.2). By this “definition as a semigroup,” state requirements such as
positivity and normalization (trace preservation) are structurally guaranteed not to be violated under
time evolution.

(3) Standard representation used from UEE_05 onward (density-matrix representation)

In subsequent papers (UEE_05 and later), it is common to adopt the standard representation
M = B(H) and M∗ = T1(H) (where T1 denotes the trace class), and to represent ρ(t) as a density
operator (density matrix). In this case, (1) is typically written in the following common form:

ρ̇(t) = −i[H, ρ(t)] + ∑
k

(
Lkρ(t)L†

k − 1
2{L†

k Lk, ρ(t)}
)
+ R[ρ(t)]. (2)

That is, the reversible component is given by the commutator −i[H, ·] (a derivation), the dissipative
component by a GKLS (Lindblad) generator, and R is placed alongside as a zero-area resonance
generator. Moreover, in UEE_05 and later, a representation is frequently used in which, employing
a family of measurement projections {Πn}, one sets Vn =

√
γ Πn (minimal-rank GKLS), and the

dissipation is given by ∑n

(
VnρV†

n − 1
2{V†

n Vn, ρ}
)

. Furthermore, in UEE_05 and later, the minimal set
of building blocks supporting this common form is treated collectively as D (reversible derivation),
{Πn} (pointer projection family), {Vn} (Kraus operators), Φ (normalization map), and R (zero-area
resonance kernel) (the notation S5).

In the notation of this paper, the first term of (2) corresponds to L0, the entire second term to L∆,
and R is treated as the same component.

(4) Standpoint of this paper: fixing the proposal as an analytical foundation

What this paper addresses is not the derivation of the UEE from “physical motivations,” but
rather the fixing of the UEE as a minimal analytically tractable contract and the guarantee, under that
contract, that the UEE is well posed (existence, uniqueness, and invariance of states). In the next
section §1.1, we clarify the input contracts to be fixed and the properties to be guaranteed by this paper;
in §1.2 we declare the analytical objects; in §1.3 we state the main results; and in §1.4 we provide a
roadmap of the paper structure.

1.1. Role of This Paper
(1) Contract as an analytical foundation: what this paper “fixes” and “guarantees”

The role of this paper is to define the Unified Evolution Equation (UEE) as a mathematically consistent
“time evolution of states (Schrödinger picture)” and to clarify the minimal requirements that make it analytically
interpretable. More concretely, when the UEE is given in the form

ρ̇(t) = Ltot[ρ(t)],

this paper rigorously demonstrates, in a self-contained manner within the text, (i) on which space
ρ(t) should be treated (the type of the state space), (ii) the minimal conditions that each component
constituting the generator Ltot must satisfy (input contracts), and (iii) that, under those conditions,
the time evolution t 7→ ρ(t) is uniquely determined and that the requirements for states (positivity,
normalization, trace preservation corresponding to information conservation, etc.) are not violated
(well-posedness and invariance).
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Since this paper is a “foundational analytical paper,” the following are clearly separated and
excluded from its scope:

• Derivation of equivalence between representations such as operator, variational, and field forms (in
this paper, the operator form as the analytical input is fixed).

• Concrete phenomenology, numerical fitting, and identification of physical constants (the focus is
on establishing definitions and theorems as an analytical foundation).

• Detailed geometric constructions (e.g., concrete flows on spacetime or measure-theoretic construc-
tions); these are introduced only as abstract specifications when necessary and are formalized
only to the extent required for the analytical claims.

(2) Input of this paper: observable algebra, state space, and dynamical data (input contract)

This paper is based on the duality between observables (Heisenberg picture) and states (Schrödinger
picture), and fixes the state space as the “predual of the algebra.” On this basis, the analytical input
(data) of the UEE is defined uniquely.

Definition 1 (Observable algebra and state space (predual)). Let M be a von Neumann algebra, and let its
predual be denoted by M∗. We write the unit of M as 1.

1. Positive functional: A functional ρ ∈ M∗ is said to be positive if ρ(A) ≥ 0 holds for any positive operator
A ∈ M (A ≥ 0).

2. Normal state: A functional ρ ∈ M∗ is called a normal state if it is positive and satisfies ρ(1) = 1. The set
of all normal states is denoted by S(M).

Hereafter, the time evolution of states is defined as a family of maps on M∗, and the UEE is
described as its generator.

Definition 2 (UEE analytical data (minimal form of the input contract)). The UEE analytical data in this
paper is the tuple

D := (M,M∗, D, L∆, R),

which satisfies the following:

1. D is self-adjoint data generating the reversible (unitary) component, and L0 := −i[D, ·] is defined (as a
linear operator on M∗ under an appropriate domain).

2. L∆ is the generator representing the dissipative component (measurement and coarse-graining), and
generates, on M∗, a completely positive and trace-preserving (CPTP, defined below) semigroup (details are
axiomatized and constructed in subsequent sections of the text).

3. R is the generator representing the resonance and transport component, and generates a CPTP semigroup
on M∗.

Remark (fixing of types)

In this paper, D is (typically) introduced as an operator on a Hilbert space, whereas L∆ and R are
generators (superoperators) on M∗. Accordingly, we do not add D and R as objects of the same type (e.g.,
we do not write D + R). Addition is always performed only at the level of generators, as

Ltot := L0 + L∆ + R.

(3) Minimal definition of CPTP (completely positive and trace-preserving) and immediate
consequences (with proofs)

In this paper, the condition that the time evolution of states is “physically admissible” is formalized
as CPTP (completely positive and trace-preserving). Normality of maps on a von Neumann algebra is
fixed in order to ensure the well-definedness of the predual maps.

Definition 3 (Normal, completely positive, unital maps and preduals). Let α : M → M be a linear map.
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1. Normality: The map α is said to be normal if, for any increasing bounded net of positive operators
0 ≤ Ai ↑ A in M, one has α(Ai) ↑ α(A).

2. Complete positivity: The map α is said to be completely positive (CP) if, for any n ∈ N, idMn ⊗ α maps
positive operators on Mn(C) ⊗ M to positive operators.

3. Unitality: If α(1) = 1 holds, α is said to be unital.
4. Predual map: If α is normal, its predual α∗ : M∗ → M∗ is defined by

(α∗ρ)(A) := ρ(α(A)) (ρ ∈ M∗, A ∈ M).

Lemma 1 (The predual of a unital CP map preserves states). Let α : M → M be normal, completely
positive, and unital. Then its predual α∗ : M∗ → M∗ preserves the set of normal states, and

α∗
(
S(M)

)
⊂ S(M)

holds.

Proof. Take an arbitrary ρ ∈ S(M). What must be shown is (i) that α∗ρ is positive, and (ii) that
(α∗ρ)(1) = 1.
(i) Positivity: Let A ∈ M be arbitrary with A ≥ 0. By complete positivity (in particular, positivity), we
have α(A) ≥ 0. Since ρ is a positive functional, ρ(α(A)) ≥ 0 holds. By the definition of the predual in
Definition 3,

(α∗ρ)(A) = ρ(α(A)).

Therefore (α∗ρ)(A) ≥ 0 holds for all A ≥ 0, and α∗ρ is positive.
(ii) Normalization: By unitality, α(1) = 1. Hence, by the definition of the predual,

(α∗ρ)(1) = ρ(α(1)) = ρ(1) = 1.

Thus α∗ρ ∈ S(M) follows.

Lemma 2 (Composition of normal unital CP maps belongs to the same class). Let α, β : M → M both be
normal, completely positive, and unital. Then their composition α ◦ β is also normal, completely positive, and
unital. Moreover, for the preduals,

(α ◦ β)∗ = β∗ ◦ α∗

holds.

Proof. (i) Unitality:
(α ◦ β)(1) = α(β(1)) = α(1) = 1.

(ii) Complete positivity: Take an arbitrary n ∈ N. On Mn(C) ⊗ M,

idMn ⊗ (α ◦ β) =
(
idMn ⊗ α

)
◦
(
idMn ⊗ β

)
holds. Since idMn ⊗ β maps positive operators to positive operators, and idMn ⊗ α does likewise, their
composition also maps positive operators to positive operators. Hence α ◦ β is completely positive.
(iii) Normality: Take an increasing bounded net of positive operators 0 ≤ Ai ↑ A. Since β is normal,
β(Ai) ↑ β(A). Since α is normal, α(β(Ai)) ↑ α(β(A)). Therefore (α ◦ β)(Ai) ↑ (α ◦ β)(A), and α ◦ β is
normal.
(iv) Composition formula for the preduals: For arbitrary ρ ∈ M∗ and A ∈ M, by Definition 3,(

(β∗ ◦ α∗)ρ
)
(A) = (α∗ρ)

(
β(A)

)
= ρ

(
α(β(A))

)
= ρ

(
(α ◦ β)(A)

)
=
(
(α ◦ β)∗ρ

)
(A).

Hence they coincide as functionals, and (α ◦ β)∗ = β∗ ◦ α∗ follows.
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(4) Destination of this paper (conclusion of this subsection) and connection to subsequent sections

From the above, this paper has formulated “physically admissible time evolution” as the predual
of normal, unital CP maps on a von Neumann algebra, and has shown (within this subsection) that the
state set S(M) is automatically invariant. In the subsequent sections, from each component of the UEE
analytical data (Definition 2), we construct

Ltot := L0 + L∆ + R,

obtain a strongly continuous CPTP semigroup T(t) as the composite limit of component semigroups,
and prove that ρ(t) = T(t)[ρ0] is the rigorous (mild) solution of the UEE.

Conclusion (Role of this paper)
This paper fixes the input contract for rigorously treating the UEE as “time evolution of normal
states.” Specifically, the observable algebra M and its predual M∗ are adopted as the stage
for the state space, and the UEE analytical data D = (M,M∗, D,L∆, R) is defined as the
input. Furthermore, physically admissible maps are defined as the preduals of normal, unital,
completely positive maps, and it is proven in the text that their preduals necessarily preserve
the normal state set S(M) (Lemma 1) and are closed under composition (Lemma 2). In the
subsequent sections, under this input contract, it is established that the full generator Ltot of
the UEE generates a strongly continuous CPTP semigroup, and that the UEE is well posed
(existence, uniqueness, and invariance of states).

1.2. Declaration of Analytical Objects
(1) Position of this subsection: fixing the “types” and “objects” on which all subsequent discussions
rely

In this subsection, in order to treat the Unified Evolution Equation (UEE) as a mathematical object,
we declare, in a way that prevents any confusion of types, (i) the stage (observable algebra and state space),
(ii) the dynamics (a family of time-evolution maps), and (iii) the generator (the right-hand side of the differential
equation). In particular, as a “foundational analytical paper,” this paper fixes the analytical objects of
the UEE with minimal specifications so that the subsequent discussions of existence, uniqueness, and
conservation laws do not break down due to ambiguity of definitions or mixing of operator types.

(2) Definition of the UEE-Analytic Datum: fixing the input contract

The UEE is described by a generator (superoperator) Ltot that gives the time evolution of a state
ρ(t). In this paper, the input required for the analysis of the UEE is defined as the following tuple.

Definition 4 (UEE-Analytic Datum). The analytical datum of the UEE (UEE-Analytic Datum) is a tuple

D := (M,M∗, D,L∆, R),

which satisfies the following:

1. Observable algebra and state space: M is a von Neumann algebra, and M∗ is its predual. The set of
normal states is defined by

S(M) := {ρ ∈ M∗ : ρ ≥ 0, ρ(1) = 1}.

2. Reversible component: D is given (in the standard realization M = B(H)) as a self-adjoint operator
on a Hilbert space, and, via the unitary conjugation group defined later, yields a reversible (CPTP) time
evolution on the state space.

3. Dissipative component: L∆ is a linear operator on the state space M∗, and generates a completely
positive and trace-preserving (CPTP) strongly continuous semigroup.
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4. Transport (resonance) component: R is a linear operator on the state space M∗, and generates a CPTP
strongly continuous semigroup.

Remark (prohibited type operations)

While D is given (in the standard realization) as an operator on a Hilbert space, L∆ and R are
generators (superoperators) on the state space M∗. Accordingly, in this paper we never add D and R as
objects of the same type (e.g., we never write D + R). Hereafter, addition is performed only among
generators, and the total generator is defined by

Ltot := L0 + L∆ + R
(
L0 will be given later

)
.

(3) Time-evolution family and generator of the UEE: formulation as an abstract Cauchy problem

This paper treats the UEE as an abstract Cauchy problem on the Banach space X := M∗. For this
purpose, we define strongly continuous semigroups and their generators.

Definition 5 (Strongly continuous semigroup and generator). Let X be a Banach space, and let {T(t)}t≥0

be a family of linear operators on X.

1. The family {T(t)}t≥0 is called a strongly continuous semigroup (C0-semigroup) if

T(0) = I, T(t + s) = T(t)T(s) (∀t, s ≥ 0)

and for every x ∈ X,
lim
t↓0

∥T(t)x − x∥X = 0

holds.
2. The generator A of {T(t)}t≥0 is defined by taking as its domain Dom(A) the set of all x ∈ X for which

the limit

Ax := lim
t↓0

T(t)x − x
t

exists.

Abstract form of the UEE

The UEE treated in this paper is (formally) given by

d
dt

ρ(t) = Ltot[ρ(t)]
(
ρ(0) = ρ0 ∈ S(M)

)
.

However, from the analytical standpoint of this paper, we allow that the domain of Ltot does not, in
general, coincide with the whole space, and we adopt as the basic notion that the solution is first given
by a strongly continuous semigroup T(t) as

ρ(t) := T(t)[ρ0]

(the so-called mild solution). With this criterion of “mild solution = semigroup action,” we can address
the domain issue head-on without evading it.

(4) Basic lemmas in the standard realization (B(H) and trace class): CPTP property and strong
continuity of the reversible component

In order to complete the proofs within the paper, we henceforth adopt, as the main stage, the
standard realization

M = B(H), M∗ = T1(H)
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(trace-class operators). Here the reversible component L0 is determined by unitary conjugation
generated by a self-adjoint operator D. We prove its properties (CPTP, isometry, and strong continuity)
within this subsection, without depending on later sections.

First, we fix basic facts about the trace and the trace norm.

Lemma 3 (Cyclicity for products of a trace-class operator and a bounded operator). Let H be a complex
Hilbert space, and let A ∈ B(H) and B ∈ T1(H). Then AB, BA ∈ T1(H), and

Tr(AB) = Tr(BA)

holds.

Proof. Step 1 (finite-rank case): Assume that B is a finite-rank operator. A finite-rank operator can be
written as a finite sum

B =
n

∑
k=1

|ψk⟩⟨ϕk| (ψk, ϕk ∈ H).

Then

AB =
n

∑
k=1

|Aψk⟩⟨ϕk|, BA =
n

∑
k=1

|ψk⟩⟨A∗ϕk|

and both are trace class since they are finite rank. Moreover, for a rank-one operator |ψ⟩⟨ϕ|,

Tr
(
|ψ⟩⟨ϕ|

)
= ⟨ϕ, ψ⟩

holds (for an orthonormal basis {ej}, ∑j⟨ej, |ψ⟩⟨ϕ|ej⟩ = ∑j⟨ej, ψ⟩⟨ϕ, ej⟩ = ⟨ϕ, ψ⟩). Hence

Tr(AB) =
n

∑
k=1

Tr
(
|Aψk⟩⟨ϕk|

)
=

n

∑
k=1

⟨ϕk, Aψk⟩,

Tr(BA) =
n

∑
k=1

Tr
(
|ψk⟩⟨A∗ϕk|

)
=

n

∑
k=1

⟨A∗ϕk, ψk⟩ =
n

∑
k=1

⟨ϕk, Aψk⟩.

Therefore Tr(AB) = Tr(BA) holds for finite-rank B.
Step 2 (extension to general trace-class operators): In general, for B ∈ T1(H), by singular-value
decomposition (Schmidt decomposition),

B =
∞

∑
k=1

sk |ψk⟩⟨ϕk|

with {sk} satisfying sk ≥ 0 and ∑k sk < ∞ (countability of the trace norm). The partial sums

BN :=
N

∑
k=1

sk |ψk⟩⟨ϕk|

are finite rank, and
∥B − BN∥1 = ∑

k>N
sk −→ 0 (N → ∞).

For bounded A, by the ideal property of the trace norm,

∥A(B − BN)∥1 ≤ ∥A∥ ∥B − BN∥1 → 0, ∥(B − BN)A∥1 ≤ ∥A∥ ∥B − BN∥1 → 0.

Hence ABN → AB and BN A → BA in trace norm. Since the trace is continuous with respect to the
trace norm,

Tr(AB) = lim
N→∞

Tr(ABN), Tr(BA) = lim
N→∞

Tr(BN A).
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By Step 1, Tr(ABN) = Tr(BN A) for each N, and taking limits yields Tr(AB) = Tr(BA). Moreover, the
above estimates imply that AB, BA are trace class.

Next, we state explicitly the density of finite-rank operators (used in the proof of strong continuity).

Lemma 4 (Density of finite-rank operators). The set of all finite-rank operators F (H) is dense in T1(H).
That is, for any B ∈ T1(H) and any ε > 0, there exists Bε ∈ F (H) such that

∥B − Bε∥1 < ε.

Proof. Take an arbitrary B ∈ T1(H). By singular-value decomposition,

B =
∞

∑
k=1

sk |ψk⟩⟨ϕk|, sk ≥ 0,
∞

∑
k=1

sk = ∥B∥1 < ∞.

The partial sums BN := ∑N
k=1 sk|ψk⟩⟨ϕk| are finite rank, and

∥B − BN∥1 = ∑
k>N

sk → 0 (N → ∞).

Therefore, for a given ε > 0, choosing sufficiently large N yields ∥B − BN∥1 < ε.

Using these, we show that the reversible component is proper as an “analytical object.”

Theorem 1 (CPTP property, isometry, and strong continuity of the unitary conjugation group). Let D
be a self-adjoint operator on H, and let U(t) := e−itD (t ∈ R) be the unitary group given by Stone’s theorem.
Define a family of maps {T0(t)}t∈R on X := T1(H) by

T0(t)[ρ] := U(t)ρU(t)∗ (ρ ∈ X).

Then the following hold:

1. (CPTP) For each t, T0(t) is completely positive and trace-preserving.
2. (Group property) T0(t + s) = T0(t) ◦ T0(s), T0(0) = I, and T0(t)−1 = T0(−t).
3. (Isometry) For each t, ∥T0(t)[ρ]∥1 = ∥ρ∥1.
4. (Strong continuity) For any ρ ∈ X, ∥T0(t)[ρ]− ρ∥1 → 0 as t → 0.

Therefore, {T0(t)}t∈R is a strongly continuous isometric CPTP group on X, and in particular preserves the
normal state set S(B(H)).

Proof. (1) CPTP: First we show that T0(t) is well-defined on X. Since U(t) ∈ B(H) is bounded and
ρ ∈ T1(H) is trace class, both U(t)ρ and (U(t)ρ)U(t)∗ are trace class (the trace class is preserved under
left and right multiplication by bounded operators). Hence T0(t) : X → X is well-defined.

Next we show trace preservation. Applying Lemma 3 with A := U(t)∗ and B := U(t)ρ yields

Tr
(
U(t)ρU(t)∗

)
= Tr

(
ρU(t)∗U(t)

)
= Tr(ρ).

Thus T0(t) is trace-preserving.
Next we show complete positivity. For any n ∈ N, on Hn := Cn ⊗H, Ũ(t) := In ⊗U(t) is unitary.

Identifying Mn(C)⊗ T1(H) with T1(Hn), idn ⊗ T0(t) is given by

(idn ⊗ T0(t))[ρ̃] = Ũ(t) ρ̃ Ũ(t)∗ (ρ̃ ∈ T1(Hn)).

If ρ̃ ≥ 0, then for any ξ ∈ Hn,

⟨ξ, Ũ(t)ρ̃Ũ(t)∗ξ⟩ = ⟨Ũ(t)∗ξ, ρ̃ Ũ(t)∗ξ⟩ ≥ 0,
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so Ũ(t)ρ̃Ũ(t)∗ ≥ 0. Hence idn ⊗ T0(t) preserves positivity, and T0(t) is completely positive. Therefore
T0(t) is CPTP.
(2) Group property: By the unitary-group identities U(t + s) = U(t)U(s) and U(0) = I, for any ρ ∈ X,

T0(t + s)[ρ] = U(t + s)ρU(t + s)∗ = U(t)U(s)ρU(s)∗U(t)∗ = T0(t)
[
T0(s)[ρ]

]
holds. Thus T0(t + s) = T0(t) ◦ T0(s), and T0(0) = I. Moreover, since U(t)−1 = U(t)∗ = U(−t), we
have T0(t)−1 = T0(−t).
(3) Isometry (trace-norm invariance): Take an arbitrary ρ ∈ X. The trace norm is defined by ∥ρ∥1 =

Tr(|ρ|). Let |A| := (A∗A)1/2. First,(
T0(t)[ρ]

)∗T0(t)[ρ] = (UρU∗)∗(UρU∗) = Uρ∗U∗UρU∗ = U(ρ∗ρ)U∗ = U(|ρ|2)U∗,

hence ∣∣T0(t)[ρ]
∣∣ = (U|ρ|2U∗)1/2

= U|ρ|U∗

by uniqueness of the square root and unitarity of U. Therefore, using Lemma 3,

∥T0(t)[ρ]∥1 = Tr
(
|T0(t)[ρ]|

)
= Tr(U|ρ|U∗) = Tr(|ρ|U∗U) = Tr(|ρ|) = ∥ρ∥1.

(4) Strong continuity: Take arbitrary ρ ∈ X and ε > 0. By Lemma 4, choose a finite-rank ρε such that

∥ρ − ρε∥1 < ε.

By isometry,
∥T0(t)[ρ]− ρ∥1 ≤ ∥T0(t)[ρ − ρε]∥1 + ∥T0(t)[ρε]− ρε∥1 + ∥ρε − ρ∥1

= 2∥ρ − ρε∥1 + ∥T0(t)[ρε]− ρε∥1 < 2ε + ∥T0(t)[ρε]− ρε∥1.

Hence it suffices to show that ∥T0(t)[ρε]− ρε∥1 → 0 as t → 0.
A finite-rank ρε can be written as

ρε =
N

∑
k=1

|ψk⟩⟨ϕk|.

Thus

T0(t)[ρε]− ρε =
N

∑
k=1

(
|U(t)ψk⟩⟨U(t)ϕk| − |ψk⟩⟨ϕk|

)
.

Each term can be decomposed as

|Uψ⟩⟨Uϕ| − |ψ⟩⟨ϕ| =
(
|Uψ⟩ − |ψ⟩

)
⟨Uϕ|+ |ψ⟩

(
⟨Uϕ| − ⟨ϕ|

)
,

which is an identity obtained by adding and subtracting. Since the trace norm of a rank-one operator
|η⟩⟨ξ| is ∥|η⟩⟨ξ|∥1 = ∥η∥ ∥ξ∥, by the triangle inequality,∥∥|Uψ⟩⟨Uϕ| − |ψ⟩⟨ϕ|

∥∥
1 ≤ ∥U(t)ψ − ψ∥ ∥U(t)ϕ∥+ ∥ψ∥ ∥U(t)ϕ − ϕ∥.

By unitarity, ∥U(t)ϕ∥ = ∥ϕ∥, so∥∥|Uψ⟩⟨Uϕ| − |ψ⟩⟨ϕ|
∥∥

1 ≤ ∥U(t)ψ − ψ∥ ∥ϕ∥+ ∥ψ∥ ∥U(t)ϕ − ϕ∥.

Since U(t) is strongly continuous on H (Stone’s theorem), ∥U(t)ψ − ψ∥ → 0 and ∥U(t)ϕ − ϕ∥ → 0 as
t → 0. Therefore, for each k,∥∥|U(t)ψk⟩⟨U(t)ϕk| − |ψk⟩⟨ϕk|

∥∥
1 → 0 (t → 0).
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Because the sum is finite, we can interchange limit and summation, obtaining

∥T0(t)[ρε]− ρε∥1 ≤
N

∑
k=1

∥∥|U(t)ψk⟩⟨U(t)ϕk| − |ψk⟩⟨ϕk|
∥∥

1 → 0 (t → 0).

Hence, for any ε > 0, taking t sufficiently small yields ∥T0(t)[ρ]− ρ∥1 < 3ε, proving strong continuity.
Finally, invariance of S(B(H)) follows from the CPTP property. (Positivity and trace preservation

were shown in (1).)

(5) Conclusion of this subsection: analytical objects (types, time evolution, generators) have been fixed

In this subsection, we declared the objects for treating the UEE analytically as (i) the observable
algebra M and the state space M∗, (ii) the analytical datum D = (M,M∗, D,L∆, R), and (iii) the total
generator Ltot = L0 + L∆ + R, and prohibited any confusion of types. Moreover, in the standard
realization, we proved within the text that the reversible component is well-defined as a strongly
continuous CPTP group by Theorem 1. In the subsequent sections, we establish the generation of
semigroups by the dissipative component L∆ and the transport component R, and, by composing
them, we establish the well-posedness of the UEE (existence, uniqueness, and invariance of states).

Conclusion (Declaration of the analytical objects of the UEE)
In this subsection, we fixed the “analytical objects” for rigorously treating the UEE as a mathe-
matical object. That is, the observable algebra M and its predual M∗ were adopted as the stage
of the state space, and the input contract of the UEE was defined as D = (M,M∗, D,L∆, R) (Def-
inition 4). Furthermore, in the standard realization, the reversible component is implemented
on the state space as unitary conjugation generated by a self-adjoint D, and its time evolution
T0(t)[ρ] = U(t)ρU(t)∗ forms a CPTP, isometric, strongly continuous group and preserves the
normal state set; this was rigorously proven within the text (Theorem 1). This fixes the “types”
and “objects” needed to discuss, in the subsequent sections, the semigroup generation by L∆

and R and their componentwise composition.

1.3. Main Results
(1) Aim of this subsection: explicitly stating the “minimal set” proved in this paper and fixing the
dependency structure

In this subsection, we list the main results that this paper must establish as foundational analysis,
in a form such that the proof structure of the subsequent sections can be reconstructed uniquely. The main
results here are: (i) the reversible part, the dissipative part, and the transport (resonance) part each
provide physically admissible time evolutions (CPTP), (ii) by their componentwise composition, the total
generator

Ltot := L0 + L∆ + R (L0 := −i[D, ·])

generates a strongly continuous CPTP semigroup, and the UEE solution (mild solution) exists uniquely,
and (iii) the set of normal states is invariant for all times, in these three points.

The proofs concerning existence and identification of the generator in the main theorem are given in
the subsequent sections (§3–§6) after preparing the required apparatus (C0-semigroup theory, product
formulas, common cores). On the other hand, in this subsection we completely prove, within the paper,
the closure lemmas required for “CPTP is preserved under componentwise composition,” so that the
subsequent proofs close without external references.
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(2) Re-declaration of the main objects: component semigroups and composite approximations

Hereafter, let the state space be a Banach space X (in the standard realization, X = T1(H)), with
norm ∥ · ∥1. We write the component semigroups as

T0(t) := etL0 , T∆(t) := etL∆ , TR(t) := etR (t ≥ 0)

(the precise definitions, CPTP properties, and strong continuity of each are given in subsequent
sections).

Define the basic map for the composite approximation by

F(t) := T0(t) T∆(t) TR(t) (t ≥ 0),

and define the approximating semigroup sequence for an n-partition by

T(n)(t) :=
(

F(t/n)
)n

(t ≥ 0, n ∈ N).

The main theorem (stated below) asserts that the strong limit

T(t)[ρ] := lim
n→∞

T(n)(t)ρ (ρ ∈ X)

exists, that {T(t)}t≥0 is a strongly continuous CPTP semigroup, and that its generator coincides with
Ltot.

(3) Closure of CPTP: CPTP is not destroyed by composition or by pointwise strong limits (complete
proofs)

The key point that must be established first in this subsection is the closure property: “the
composition of CPTP maps is CPTP, and moreover the pointwise strong limit preserves CPTP.” This secures
the CPTP property of the limit semigroup obtained by a product formula, independently of generator
identification.

Lemma 5 (Closure under composition of CPTP maps). Let X = T1(H). If S, T : X → X are CPTP, then
the composition S ◦ T is also CPTP.

Proof. Trace preservation follows from linearity and Tr(S[T(ρ)]) = Tr(T(ρ)) = Tr(ρ). For complete
positivity, take an arbitrary n ∈ N and note that

idn ⊗ (S ◦ T) = (idn ⊗ S) ◦ (idn ⊗ T).

Since idn ⊗ T preserves positivity and idn ⊗ S also preserves positivity, their composition preserves
positivity. Hence S ◦ T is completely positive. Therefore S ◦ T is CPTP.

Lemma 6 (Closure of CPTP under pointwise strong limits). Let X = T1(H). Let {Tn}n∈N be a sequence
of linear maps such that each Tn is CPTP, and suppose that for a linear map T : X → X, for every ρ ∈ X,

∥Tn(ρ)− T(ρ)∥1 −→ 0 (n → ∞)

holds. Then T is CPTP.

Proof. Step 1 (trace preservation): The trace functional is continuous with respect to ∥ · ∥1, and
concretely, for any A ∈ X,

|Tr(A)| ≤ ∥A∥1
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holds. Therefore, for any ρ ∈ X,

Tr(T(ρ)) = lim
n→∞

Tr(Tn(ρ)) = lim
n→∞

Tr(ρ) = Tr(ρ),

so T is trace-preserving.
Step 2 (complete positivity: amplification to matrix levels): Fix an arbitrary k ∈ N and set Xk :=
T1(Ck ⊗H). Since Tn is CPTP, for each n,

T̃n := idk ⊗ Tn : Xk → Xk

preserves positivity.
Now, any Z ∈ Xk can be written using the matrix units {Eij}k

i,j=1 as

Z =
k

∑
i,j=1

Eij ⊗ Zij (Zij ∈ X)

(a finite sum since k is finite). Then

T̃n(Z)− T̃(Z) =
k

∑
i,j=1

Eij ⊗
(
Tn(Zij)− T(Zij)

)
, T̃ := idk ⊗ T.

Using the triangle inequality and the basic estimate for the tensor product in the trace norm,

∥Eij ⊗ A∥1 = ∥Eij∥1 ∥A∥1 = ∥A∥1 (A ∈ X),

we obtain

∥T̃n(Z)− T̃(Z)∥1 ≤
k

∑
i,j=1

∥Tn(Zij)− T(Zij)∥1 −→ 0 (n → ∞),

since the assumed convergence holds for each Zij and the sum is finite (so we may interchange limit
and sum).
Step 3 (closedness of the positive cone): The positive cone of Xk, Xk,+ := {Z ∈ Xk : Z ≥ 0}, is
closed with respect to ∥ · ∥1. Indeed, if ∥An − A∥1 → 0, then ∥An − A∥ ≤ ∥An − A∥1 → 0 implies
convergence also in operator norm. Since the positive cone is closed in operator norm, An ≥ 0 implies
A ≥ 0.
Step 4 (conclusion of complete positivity): Take an arbitrary Z ∈ Xk,+. Then T̃n(Z) ≥ 0 holds for
all n (positivity preservation of T̃n). By Step 2, ∥T̃n(Z)− T̃(Z)∥1 → 0, so Step 3 (closedness) implies
T̃(Z) ≥ 0. Hence T̃ = idk ⊗ T preserves positivity. Since k was arbitrary, T is completely positive.

Together with Step 1, T is CPTP.

(4) Main theorem (existence of the component semigroups)

Theorem 2 (Existence of component semigroups (CPTP)). Under the input contract (UEE analytic datum)
of this paper, the following hold.

1. The reversible component L0 = −i[D, ·] yields a strongly continuous CPTP group {T0(t)}t∈R on X.
2. The dissipative component L∆ yields a strongly continuous CPTP semigroup {T∆(t)}t≥0 on X.
3. The transport (resonance) component R yields a strongly continuous CPTP semigroup {TR(t)}t≥0 on X.

Proof. (1) has been established in §1.2 (CPTP property and strong continuity of unitary conjugation by
a self-adjoint D). (2) and (3) are proved in subsequent sections based on the GKLS construction of the
dissipative generator and the predual construction of the transport semigroup, respectively. In this
subsection, we fix the claims as a list of the main results, and delegate the proofs to the subsequent
sections (dissipative part: §4, transport part: §5).
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(5) Main theorem (total generation: generation of Ltot by CPTP componentwise composition)

Theorem 3 (Total generation (generation of Ltot by CPTP componentwise composition)). Using the
component semigroups {T0(t)}, {T∆(t)}, and {TR(t)}, define F(t) and T(n)(t) as in (2). If the common-core
condition (tangency condition on a dense subspace) holds, then the following hold.

1. For any t ≥ 0 and ρ ∈ X, the limit

T(t)[ρ] := lim
n→∞

T(n)(t)ρ

exists in ∥ · ∥1, and {T(t)}t≥0 is a strongly continuous semigroup.
2. {T(t)}t≥0 is CPTP.
3. The generator of this semigroup coincides with the closure Ltot of Ltot = L0 + L∆ + R.

Proof. (1) and (3) are proved in subsequent sections using product formulas (Chernoff/Trotter type)
and the common-core condition (existence and identification of the generator). In this subsection, we
show that (2) (CPTP property) follows automatically from the closure lemmas alone.
Proof of (2) (CPTP property): For each t ≥ 0 and n ∈ N, T0(t/n), T∆(t/n), and TR(t/n) are CPTP
(Theorem 2). Hence, by Lemma 5, F(t/n) is CPTP, and furthermore T(n)(t) = (F(t/n))n is also CPTP
(finite composition of CPTP maps). By assumption, T(n)(t)ρ → T(t)[ρ] holds for every ρ ∈ X, so
applying Lemma 6 yields that T(t) is CPTP. This proves (2).

(6) Immediate corollaries: well-posedness of the UEE and invariance of the state set

Theorem 4 (Invariance of the state set (preservation of positivity and normalization)). Under Theorem
3, for any initial state ρ0 ∈ S(M), if we set

ρ(t) := T(t)[ρ0],

then ρ(t) ∈ S(M) holds for every t ≥ 0. That is,

ρ(t) ≥ 0, ρ(t)(1) = 1 (in the standard realization, Trρ(t) = 1)

is preserved for all times.

Proof. T(t) is CPTP (Theorem 3-(2)). Hence, by definition, if ρ0 ≥ 0 then T(t)[ρ0] ≥ 0 holds (positivity
preservation). Moreover, by trace preservation (or preservation of ρ(1)),

ρ(t)(1) = (T(t)[ρ0])(1) = ρ0(1) = 1.

Therefore ρ(t) ∈ S(M).

Conclusion (Main results)
The main results of this paper are the following three points.
(1) The reversible part L0 = −i[D, ·], the dissipative part L∆, and the transport (resonance)
part R respectively yield strongly continuous CPTP (group/semigroup) {T0(t)}, {T∆(t)}, and
{TR(t)} (Theorem 2).
(2) If the strong limit T(t) of the composed approximation sequence T(n)(t) =(

T0(t/n)T∆(t/n)TR(t/n)
)n exists, then, by the closure lemmas (Lemma 5, Lemma 6), T(t)

is CPTP. Moreover, under the product formula and the common-core condition, T(t) becomes
a strongly continuous semigroup whose generator coincides with Ltot (Ltot = L0 + L∆ + R)
(Theorem 3).
(3) Consequently, for any initial state ρ0, ρ(t) = T(t)[ρ0] provides a mild solution of the UEE,
and positivity and normalization (trace preservation) hold for all times (Theorem 4).
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1.4. Roadmap of the Paper Structure
(1) Aim of this subsection: uniquely fixing the “flow of proofs” of the paper and excluding circular
dependencies

In this subsection, we fix the structure of the main text as a one-way proof chain of “Definition →
Lemma → Theorem → Main Theorem.” The requirements for a foundational analytical paper are
summarized in the following two points:

1. All symbols and objects used thereafter (spaces, maps, generators, and solution concepts) must
be defined before they are used (priority of definitions).

2. The dependency structure leading to the main theorem (well-posedness and state invariance)
must not be circular (acyclicity of logical dependencies).

This subsection divides the main text so as to satisfy these requirements and makes explicit the role
(responsibility) of each section.

(2) Formalization of the responsibilities of each section (Section-Contract)

Hereafter, we take the core sections needed for the main part of this paper (the proof of the
main theorem) to be §2 through §6, and assign everything else to “organization and conclusion.” The
responsibilities of each section are as follows.

Definition 6 (Paper structure (section responsibilities)). The paper structure is given as a correspondence
between a section number k and the “deliverables to be proved,”

C : {2, 3, 4, 5, 6, 7} → P(Statements),

and is required to satisfy the following.

(i) §2 (specification of common standards): Specify the types of the observable algebra M and the
predual M∗, the set of normal states S(M), the definition of CPTP (including the Heisenberg/Schrödinger
correspondence), and the UEE analytic datum D = (M,M∗, D,L∆, R).

(ii) §3 (semigroup-theoretic tools): Establish, as theorems within this paper, C0-semigroups and generators,
definitions of mild/strong solutions, basic lemmas on contractivity and strong continuity, and product
formulas (Chernoff/Trotter type).

(iii) §4 (dissipative part L∆): Define L∆ in GKLS form (the specification of this paper), and prove that it
generates a strongly continuous CPTP semigroup T∆(t) = etL∆ .

(iv) §5 (transport/resonance part R): Define R as the generator of a CPTP semigroup TR(t) (e.g., construct
it as the predual of a normal ∗-automorphism group), and prove that TR(t) is a strongly continuous CPTP
semigroup.

(v) §6 (generation of the total generator: componentwise composition): Using

F(t) := T0(t) T∆(t) TR(t), T(n)(t) :=
(

F(t/n)
)n,

after establishing a tangency condition on an appropriate common core D ⊂ M∗, prove that

T(t)[ρ] := lim
n→∞

T(n)(t)ρ

yields a strongly continuous CPTP semigroup whose generator coincides with Ltot, and prove the well-
posedness of the UEE (existence, uniqueness, and state invariance).

(vi) §7 (conclusion): Conclude by clearly separating what has been established in this paper from what is not
claimed (out of scope).

(3) Formalization of logical dependencies: dependency graph and acyclicity

Assuming the section responsibilities are fulfilled, we formalize and show that the dependency
structure of the main text is non-circular.
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Definition 7 (Section dependency graph). Let the vertex set be the set of section numbers V :=
{2, 3, 4, 5, 6, 7}. Define a directed edge (i → j) to mean that “the proof in §j needs to refer to definitions,
lemmas, or theorems in §i.” The resulting directed graph G := (V, E) is called the section dependency graph.

Lemma 7 (Acyclicity of the section dependency graph (top-down order)). Construct the paper according
to Definition 6, and allow references only “from smaller section numbers to larger section numbers” (i.e., if
(i → j) ∈ E then i < j). Then the section dependency graph G has no directed cycle (it is a DAG).

Proof. We argue by contradiction. Assume that G has a directed cycle, and let

v1 → v2 → · · · → vm → v1 (m ≥ 1)

be a directed cycle. By the assumption, for each edge vℓ → vℓ+1 (with vm+1 := v1), we have vℓ < vℓ+1.
Hence

v1 < v2 < · · · < vm < vm+1 = v1,

which contains v1 < v1, a contradiction. Therefore G has no directed cycle.

(4) The unique path to the main theorem: section responsibilities imply the main results (logical
consequence)

The main results of this paper (the main theorem set listed in §1.3) follow logically from the fact
that each section satisfies the responsibilities in Definition 6. Here we fix, in the form of a proof, “what
is needed where.”

Theorem 5 (Satisfying the roadmap implies the main results). Assume that all responsibilities in Definition
6 are satisfied for §2 through §6. Then all of the main results listed in this paper hold: (i) existence of the compo-
nent semigroups (reversible, dissipative, transport), (ii) generation of the total semigroup by componentwise
composition and identification of the generator, and (iii) invariance of the state set (preservation of positivity and
normalization).

Proof. We derive the conclusion by using responsibilities (i)–(v) in order.

Step
1.

(Fixing of objects) By responsibility (i), the state space M∗, the state set S(M), the definition
of CPTP, and the UEE analytic datum D are fixed. Hence the stage and types of all subsequent
discussions are determined.

Step
2.

(Establishing the component semigroups) By responsibilities (iii) and (iv), T∆(t) and TR(t) are
constructed as strongly continuous CPTP semigroups. Moreover, by responsibility (ii) together
with the reversible-part discussion established in §1.2, T0(t) is given as a strongly continuous
CPTP group. Hence (i) existence of the component semigroups holds.

Step
3.

(Setting up the composite approximation) By responsibility (v), F(t) = T0(t)T∆(t)TR(t) and
T(n)(t) = (F(t/n))n are defined, and a tangency condition on a common core D is established.

Step
4.

(Existence of the limit semigroup and identification of the generator via a product formula) By
responsibility (ii), a product formula (Chernoff/Trotter type) has been established as a theorem
within this paper. Applying it to the tangency condition in Step 3 yields that the limit

T(t)[ρ] := lim
n→∞

T(n)(t)ρ

exists for every ρ ∈ M∗, that {T(t)}t≥0 forms a strongly continuous semigroup, and that its gen-
erator coincides with Ltot. Hence (ii) total semigroup generation by componentwise composition
and identification of the generator hold.

Step
5.

(CPTP property and state invariance) Since each of T0(t), T∆(t), and TR(t) is CPTP, T(n)(t) is
CPTP for every n (by closure of CPTP under composition). Moreover, by the strong convergence
in Step 4, T(n)(t)ρ → T(t)[ρ] holds, so by closure of CPTP under strong limits, T(t) is also CPTP.
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Therefore, for any initial state ρ0 ∈ S(M), ρ(t) := T(t)[ρ0] preserves positivity and normalization
for all t ≥ 0, and the state set is invariant. Hence (iii) holds.

This completes the proof.

(5) Conclusion of this subsection: the main text is assembled as an “acyclic proof chain”

By Definition 6, the responsibilities of each section have been made explicit, and by Lemma 7,
circular dependencies have been excluded. Theorem 5 shows that, if this roadmap is satisfied, the main
results follow logically. In the subsequent sections, we will construct concrete definitions, lemmas, and
theorems along the roadmap of this subsection and complete the main results.

Conclusion (Roadmap of the paper structure)
This paper specifies common standards and types in §2 and establishes within the paper the
semigroup-theoretic tools and product formulas in §3. It then constructs the component semi-
groups in §4 (dissipative part L∆) and §5 (transport/resonance part R), and in §6 establishes, by
componentwise composition (product formula and common core), generation of the semigroup
for the total generator Ltot and identification of the generator, as well as the well-posedness of
the UEE (existence, uniqueness, and state invariance). Dependencies are permitted only in the
direction of increasing section numbers, so no circular dependency arises (Lemma 7). Therefore,
satisfying this roadmap logically implies the main results (Theorem 5).

2. Specification Freeze: Common Standards and Assumptions
2.1. Notation and Conventions
(1) Aim of this subsection: declare the common “convention set” shared across all chapters, and follow
it unless otherwise specified in each chapter/section

In this subsection, we explicitly declare, as a convention set, the notation and conventions on
which all definitions, lemmas, and theorems of this paper rely, and, unless otherwise specified in each
chapter/section, we follow the convention set of this subsection. The requirements for a foundational
analytical paper are: (i) eliminating ambiguity of symbols (in particular, collisions of R), (ii) not leaving
ambiguous the types of operators (which spaces they act on), and (iii) fixing within the paper, in a
self-contained manner, the conventions for physics (spacetime, dimensions, signs) and for analysis
(Banach spaces, duality, adjoints).

(2) Definition of the convention set C (the “reference point” of this paper)

Definition 8 (Convention set C (Notation and Conventions)). The convention set C used in this paper is
the totality of the following items.

1. Spacetime, metric, and signature: Fix the spacetime dimension d, the signature convention of the
Lorentz metric gµν, and the relation between a local orthonormal basis (vierbein/tetrad) and the Minkowski
metric ηab.

2. Index conventions: Fix the kinds and ranges of indices (Greek indices for coordinate systems, Latin
indices for tangent spaces, etc.), the meaning of upper/lower indices, and Einstein’s summation convention.

3. Basic notations in differential geometry: Fix the symbols for the Levi–Civita connection ∇µ, volume
elements, hypersurface area elements, the Levi–Civita tensor, and the Hodge dual ⋆.

4. Unit system: Adopt natural units and fix the notation for dimensional analysis (mass dimension).
5. Operators, adjoints, and norms: Fix the Hilbert space H, bounded operators B(H), trace class T1(H),

commutators [·, ·], anticommutators {·, ·}, adjoints †, and the norms used. Furthermore, in this paper, the
action of linear maps (superoperators) is in principle denoted by square brackets [·] (e.g., R[ρ], TR(t)[ρ],
T∗

R(t)[A]), and we do not confuse the adjoint † (operator adjoint on a Hilbert space) with the dual ∗
(Banach dual / Heisenberg image).
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6. Pictures (Heisenberg/Schrödinger) and duality: Fix the notation for observable maps and state maps
(preduals).

7. Reserved symbols (collision avoidance): In this paper, the resonance kernel (generator) is denoted by R.
Geometric curvature quantities such as the scalar curvature are written as Rsc (or Riem, etc.) and are not
confused with R. Moreover, Φ is reserved for the master scalar, and other objects such as information-flux
vectors are denoted by different symbols (e.g., Jµ).

(3) Spacetime, metric, and indices: signature and raising/lowering conventions

Definition 9 (Coordinates, metric, and signature). Let M be a smooth d-dimensional manifold (in physical
applications, d = 4), and let gµν be a C∞ Lorentz metric. Write local coordinates as xµ = (x0, x1, . . . , xd−1).
In this paper, unless otherwise specified in each chapter/section, we adopt as the metric signature

gµν = diag(−,+, . . . ,+) (mostly plus).

We write the inverse matrix as gµν, satisfying gµαgαν = δµ
ν.

Definition 10 (Types and ranges of indices). 1. Greek indices µ, ν, ρ, . . . are coordinate indices, with
µ ∈ {0, 1, . . . , d − 1}.

2. Latin indices a, b, c, . . . are tangent-space (local orthonormal basis) indices, with a ∈ {0, 1, . . . , d − 1}.
3. The Minkowski metric ηab is, unless otherwise specified in each chapter/section,

ηab = diag(−,+, . . . ,+),

and the metric is defined by the vierbein (tetrad) ea
µ as

gµν = ea
µeb

ν ηab

(used only when necessary).
4. Einstein summation convention: When the same symbol appears once as an upper index and once as a

lower index, summation is taken over that index.

Lemma 8 (Consistency of raising and lowering conventions). Under Definition 9, for a vector Vµ, define
Vν := gνµVµ, and further V′µ := gµνVν. Then

V′µ = Vµ

holds. Similarly, for a covector Wµ, define Wµ := gµνWν, and further W ′
µ := gµνWν. Then W ′

µ = Wµ holds.

Proof. By Definition 9, gµαgαν = δµ
ν holds. Hence

V′µ = gµνVν = gµνgνρVρ = δµ
ρVρ = Vµ.

Similarly,
W ′

µ = gµνWν = gµνgνρWρ = δµ
ρWρ = Wµ.

Lemma 9 (Uniqueness of contraction (Einstein summation)). When the same symbol appears as a paired
upper and lower index, the contraction (summation) is uniquely determined and does not depend on the naming
of dummy indices.
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Proof. As an example, consider VµWµ. By Definition 10,

VµWµ :=
d−1

∑
µ=0

VµWµ.

Here the index µ is a dummy variable, so for any other symbol ν,

d−1

∑
µ=0

VµWµ =
d−1

∑
ν=0

VνWν

holds (a mere change of variable name). Hence the contraction is unique. General multiple contractions
are shown similarly by renaming dummy indices.

(4) Basic notations in differential geometry: connection, volume elements, and the Levi–Civita tensor

Definition 11 (Levi–Civita connection and covariant derivative). We write by ∇µ the Levi–Civita connec-
tion associated with gµν. That is, ∇µ is the connection that is (in the standard sense) (i) torsion-free and (ii)
metric-compatible, ∇λgµν = 0.

Definition 12 (Volume element and hypersurface element). Let g := det
(

gµν

)
and set |g| := |det

(
gµν

)
|.

1. Define the d-dimensional volume element by

dV := ddx
√
|g|.

2. Take a smooth codimension-1 hypersurface Σ ⊂ M with local coordinates ξ i (i = 1, . . . , d − 1), and let
the induced metric be hij with determinant h := det

(
hij
)
. Then define the area element by

dΣ := dd−1ξ
√

h.

Definition 13 (Levi–Civita tensor and Hodge dual). 1. Define the totally antisymmetric tensor density
εµ1···µd by

ε0 1 ··· d−1 := +
√
|g|,

and perform raising/lowering of indices by gµν, gµν according to Definition 9.
2. The Hodge dual ⋆ : Λp(M) → Λd−p(M) is defined in the usual way by εµ1···µd and gµν.

(5) Unit system and notation of dimensional analysis (natural units)

Definition 14 (Natural units and mass dimension). In this paper we adopt natural units and set

h̄ = c = 1

(and when temperature is treated, we also use kB = 1 as needed). We write the mass dimension of a physical
quantity X as [X] ∈ R, and interpret

[X] = m ⇐⇒ X has dimension of (mass)m.

Lemma 10 (Basic dimensions in natural units). Under Definition 14, the mass dimensions of the coordinate
xµ and the differential operator ∂µ are

[xµ] = −1, [∂µ] = +1.

Moreover, time and length have the same dimension.
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Proof. First, since c = 1, the dimension [c] = [length]/[time] becomes dimensionless, hence

[length] = [time].

Next, since h̄ = 1, the dimension [h̄] = [energy] · [time] becomes dimensionless. In natural units,
energy and mass have the same dimension (c = 1), so we may set [energy] = [mass] = +1. Therefore,

[time] = −[energy] = −1.

Hence [length] = [time] = −1. Since the coordinate xµ has the dimension of time or length, [xµ] = −1.
Finally, since ∂µ = ∂/∂xµ,

[∂µ] = −[xµ] = +1

follows.

(6) Operators, adjoints, and norms: basic notations used in analysis

This paper mainly uses the standard realization M = B(H) and M∗ = T1(H). Here we declare
the notations required for analysis.

Definition 15 (Operator notations (commutator, anticommutator, adjoint)). Let H be a complex Hilbert
space.

1. We write the set of all bounded operators as B(H), and denote the adjoint by A† (or A∗).
2. We write the set of all trace-class operators as T1(H), and denote the trace by Tr.
3. We define the commutator and anticommutator by

[A, B] := AB − BA, {A, B} := AB + BA.

4. We denote the operator norm of a bounded operator by ∥A∥, and the trace norm by ∥ρ∥1 := Tr(|ρ|).

Lemma 11 (Basic estimate for trace duality). For A ∈ B(H) and ρ ∈ T1(H),

|Tr(ρA)| ≤ ∥ρ∥1 ∥A∥

holds. Hence the map
⟨ρ, A⟩ := Tr(ρA)

is a continuous bilinear form on T1(H)× B(H).

Proof. By singular-value decomposition of ρ,

ρ =
∞

∑
k=1

sk |ψk⟩⟨ϕk| (sk ≥ 0,
∞

∑
k=1

sk = ∥ρ∥1)

(with {ψk}, {ϕk} orthonormal systems). Then

Tr(ρA) =
∞

∑
k=1

sk Tr(|ψk⟩⟨ϕk| A) =
∞

∑
k=1

sk ⟨ϕk, Aψk⟩.

By Cauchy–Schwarz and boundedness, |⟨ϕk, Aψk⟩| ≤ ∥A∥ ∥ϕk∥ ∥ψk∥ = ∥A∥. Therefore, by the
triangle inequality,

|Tr(ρA)| ≤
∞

∑
k=1

sk |⟨ϕk, Aψk⟩| ≤
∞

∑
k=1

sk ∥A∥ = ∥A∥ ∥ρ∥1.
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(7) Pictures and duality: observable maps and state maps (preduals)

Definition 16 (Correspondence between observables (Heisenberg) and states (Schrödinger)). Let M be
a von Neumann algebra and M∗ its predual.

1. Observable map: Let α : M → M be (at least) a normal linear map.
2. State map (predual): Define α∗ by

(α∗ρ)(A) := ρ(α(A)) (ρ ∈ M∗, A ∈ M).

We regard this as the time-evolution map in the Schrödinger picture.
3. Time evolution: For an observable-side semigroup (or group) {αt}, write the state-side semigroup as

{T(t)} and set
T(t) := (αt)∗.

(8) Conclusion of this subsection: the convention set C has been declared

In this subsection, we collectively declared spacetime, metric, indices, differential geometry, unit
system, operator notations, and picture duality by Definition 8, and explicitly stated that, unless
otherwise specified in each chapter/section, we follow the convention set of this subsection. In
particular, we adopted the mostly-plus signature as the default convention (Definition 9), and clarified
reserved-symbol conventions to avoid collisions between geometric curvature (such as scalar curvature)
and the resonance kernel R. We also proved within the paper the consistency of raising/lowering
(Lemma 8), uniqueness of Einstein summation (Lemma 9), dimensional relations in natural units
(Lemma 10), and the basic estimate for trace duality (Lemma 11), thereby eliminating the need for
external references in subsequent proofs.

Conclusion (Declaration of notation and conventions)
In this subsection, we declared the convention set C shared across all chapters of this paper and
stated explicitly that we follow it (Definition 8). In particular, we adopted the default signature
convention for the spacetime metric as (−,+, . . . ,+) (mostly plus) (Definition 9), and fixed the
index conventions and Einstein summation convention rigorously (Definition 10). We proved
consistency of raising/lowering (Lemma 8) and uniqueness of contractions (Lemma 9), and
fixed the basic dimensions in natural units h̄ = c = 1 (Definition 14, Lemma 10). Moreover, we
established within the paper the operator notations essential for analysis and the basic estimate
for trace duality (Definition 15, Lemma 11). As a result, all notation and conventions used in
subsequent sections are uniquely determined, and symbol collisions and type confusion are
excluded.

2.2. Operator Algebra and State Space
(1) Aim of this subsection: fixing observables (operator algebra) and states (predual) within a single
type system

In this subsection, we fix the “observables” and “states” treated in this paper so that no type
confusion occurs in subsequent sections. Unless otherwise specified in each chapter/section, we follow
the type system fixed in this subsection. As a foundational analytical paper, this paper treats states
as “positive elements of the predual M∗ of a von Neumann algebra M,” and, when adopting the standard
realization M = B(H), concretizes M∗ as T1(H) (trace class). Within this framework,

observables: A ∈ M, states: ρ ∈ M∗, expectation: ρ(A)

are defined as a single dual pairing, and the time evolution of the UEE (Schrödinger picture) is
consistently formulated as a map on M∗.
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(2) Observable algebra: von Neumann algebra and predual (abstract specification)

Definition 17 (von Neumann algebra and predual (abstract specification of the state space)). Let M be
a von Neumann algebra realized as operators on a complex Hilbert space, and let M∗ be its predual. That is:

1. M is a ∗-algebra with unit 1 and is closed in an appropriate topology (equivalently, in the weak operator
topology).

2. M∗ is a Banach space, and M is isomorphic to its dual Banach space:

M ∼= (M∗)
∗.

3. We write the evaluation (dual pairing) of ρ ∈ M∗ on A ∈ M as

⟨ρ, A⟩ := ρ(A).

Definition 18 (Positive functionals and normal states (abstract state space)). A functional ρ ∈ M∗ is said
to be positive if ρ(A) ≥ 0 holds for every positive operator A ∈ M (A ≥ 0). We write the set of all positive
elements as M∗,+. Moreover,

S(M) := {ρ ∈ M∗,+ : ρ(1) = 1}

is called the set of (normal) states.

Lemma 12 (Convexity of the state set). S(M) is a convex set. That is, for ρ1, ρ2 ∈ S(M) and λ ∈ [0, 1],
ρλ := λρ1 + (1 − λ)ρ2 belongs to S(M).

Proof. For any A ≥ 0, since ρ1(A) ≥ 0 and ρ2(A) ≥ 0,

ρλ(A) = λρ1(A) + (1 − λ)ρ2(A) ≥ 0.

Hence ρλ ∈ M∗,+. Also,

ρλ(1) = λρ1(1) + (1 − λ)ρ2(1) = λ · 1 + (1 − λ) · 1 = 1.

Therefore ρλ ∈ S(M).

(3) Standard realization: B(H) and the trace class T1(H)

In the subsequent analysis (in particular, construction and composition of CPTP semigroups), we
mainly use the standard realization

M = B(H).

Accordingly, as a specification of this paper, we give the predual by the trace class.

Definition 19 (Bounded operators and finite-rank operators). Let H be a complex Hilbert space, and let
B(H) be the set of all bounded linear operators on H. We write the set of all finite-rank operators as F (H). For
ψ, ϕ ∈ H, define the rank-one operator by

|ψ⟩⟨ϕ| : H → H, (|ψ⟩⟨ϕ|) ξ := ψ ⟨ϕ, ξ⟩.

Lemma 13 (Basic identities for rank-one operators). Let ψ, ϕ, ψ′, ϕ′ ∈ H.

1.
(
|ψ⟩⟨ϕ|

)†
= |ϕ⟩⟨ψ|.

2.
(
|ψ⟩⟨ϕ|

)(
|ψ′⟩⟨ϕ′|

)
= ⟨ϕ, ψ′⟩ |ψ⟩⟨ϕ′|.

3. ∥ |ψ⟩⟨ϕ| ∥ = ∥ψ∥ ∥ϕ∥ (operator norm).

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 13 January 2026 doi:10.20944/preprints202504.2421.v4

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202504.2421.v4
http://creativecommons.org/licenses/by/4.0/


22 of 151

Proof. (1) For any ξ, η ∈ H,

⟨(|ψ⟩⟨ϕ|)ξ, η⟩ = ⟨ψ ⟨ϕ, ξ⟩, η⟩ = ⟨ϕ, ξ⟩ ⟨ψ, η⟩ = ⟨ξ, ϕ ⟨ψ, η⟩⟩ = ⟨ξ, (|ϕ⟩⟨ψ|)η⟩.

Hence the adjoint is |ϕ⟩⟨ψ|.
(2) For any ξ ∈ H,(

|ψ⟩⟨ϕ|
)(
|ψ′⟩⟨ϕ′|

)
ξ = |ψ⟩⟨ϕ|

(
ψ′⟨ϕ′, ξ⟩

)
= ψ ⟨ϕ, ψ′⟩ ⟨ϕ′, ξ⟩ = ⟨ϕ, ψ′⟩

(
|ψ⟩⟨ϕ′|

)
ξ.

(3) For any ξ ∈ H,
∥(|ψ⟩⟨ϕ|)ξ∥ = ∥ψ ⟨ϕ, ξ⟩∥ = ∥ψ∥ |⟨ϕ, ξ⟩| ≤ ∥ψ∥ ∥ϕ∥ ∥ξ∥,

so ∥ |ψ⟩⟨ϕ| ∥ ≤ ∥ψ∥ ∥ϕ∥. On the other hand, if ϕ ̸= 0, taking ξ := ϕ/∥ϕ∥ yields

∥(|ψ⟩⟨ϕ|)ξ∥ = ∥ψ∥ |⟨ϕ, ϕ/∥ϕ∥⟩| = ∥ψ∥ ∥ϕ∥,

so the upper bound is attained. If ϕ = 0, both sides are 0. Hence equality holds.

Definition 20 (Trace (on finite rank)). For finite-rank operators, define the trace Tr : F (H) → C as follows.

1. For rank one,
Tr
(
|ψ⟩⟨ϕ|

)
:= ⟨ϕ, ψ⟩.

2. Extend linearly to a general finite-rank operator F = ∑N
k=1 |ψk⟩⟨ϕk|:

Tr(F) :=
N

∑
k=1

⟨ϕk, ψk⟩.

Lemma 14 (Representation-independence of the trace). The trace Tr defined by Definition 20 does not
depend on the choice of a decomposition F = ∑k |ψk⟩⟨ϕk| of a finite-rank operator.

Proof. It suffices to show that Tr on F (H) coincides with the “basis definition.” Since the range
Ran(F) of a finite-rank F is finite-dimensional, take a finite-dimensional subspace E ⊂ H containing
Ran(F). Let {e1, . . . , em} be an orthonormal basis of E, and together with any orthonormal basis of E⊥,
construct an orthonormal basis {ej}j≥1 of H. Then Fej = 0 holds for j > m, so

∑
j≥1

⟨ej, Fej⟩ =
m

∑
j=1

⟨ej, Fej⟩

is a finite sum, and this value does not depend on the choice of basis (uniqueness of the trace in
finite-dimensional linear algebra). On the other hand, for rank one,

∑
j≥1

⟨ej, (|ψ⟩⟨ϕ|)ej⟩ = ∑
j≥1

⟨ej, ψ⟩⟨ϕ, ej⟩ =
〈

ϕ, ∑
j≥1

|ej⟩⟨ej|ψ
〉

= ⟨ϕ, ψ⟩

(using the orthogonal decomposition ∑j |ej⟩⟨ej| = I), which agrees with the value in Definition 20.
Therefore the same holds for all finite-rank operators, and the trace is representation-independent.

(4) Trace norm and trace class: construction as a specification of this paper (completeness ensured by
definition)

Definition 21 (Trace norm (on finite rank)). For a finite-rank operator F ∈ F (H), define the trace norm
∥ · ∥1 by

∥F∥1 := sup
{
|Tr(FA)| : A ∈ B(H), ∥A∥ ≤ 1

}
.
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Lemma 15 (Basic properties of the trace norm (finite rank)). By Definition 21, ∥ · ∥1 is a norm on F (H).
Moreover, for any F ∈ F (H),

|Tr(F)| ≤ ∥F∥1

holds.

Proof. We verify the norm axioms in order.
(i) Nonnegativity: By definition, the supremum is nonnegative, hence ∥F∥1 ≥ 0.
(ii) Homogeneity: For any λ ∈ C,

∥λF∥1 = sup
∥A∥≤1

|Tr(λFA)| = |λ| sup
∥A∥≤1

|Tr(FA)| = |λ| ∥F∥1.

(iii) Triangle inequality: For any F, G ∈ F (H) and ∥A∥ ≤ 1,

|Tr((F + G)A)| ≤ |Tr(FA)|+ |Tr(GA)|.

Taking the supremum over ∥A∥ ≤ 1 gives

∥F + G∥1 ≤ ∥F∥1 + ∥G∥1.

(iv) Separation: Assume ∥F∥1 = 0. Then Tr(FA) = 0 for all ∥A∥ ≤ 1. In particular, since a rank-one
operator A = |ψ⟩⟨ϕ| satisfies ∥A∥ = ∥ψ∥ ∥ϕ∥, letting ∥ψ∥ = ∥ϕ∥ = 1 so that ∥A∥ = 1 and ranging
over all such operators yields

0 = Tr
(

F |ψ⟩⟨ϕ|
)
= Tr

(
|Fψ⟩⟨ϕ|

)
= ⟨ϕ, Fψ⟩

for all unit vectors ψ, ϕ. Since ϕ is arbitrary, Fψ is orthogonal to all ϕ, hence Fψ = 0 for all ψ. Therefore
F = 0.

Finally, |Tr(F)| ≤ ∥F∥1 follows because in Definition 21 we may take A = 1 (with ∥1∥ = 1), so

|Tr(F)| = |Tr(F1)| ≤ sup
∥A∥≤1

|Tr(FA)| = ∥F∥1.

Definition 22 (Trace class (concretization of the predual)). Define the trace class T1(H) by

T1(H) := the completion of
(
F (H), ∥ · ∥1

)
.

That is, T1(H) is a Banach space, and F (H) is dense with respect to ∥ · ∥1.

Lemma 16 (Continuous extension of the trace). The trace Tr : F (H) → C is continuous with respect to
∥ · ∥1 and satisfies

|Tr(F)| ≤ ∥F∥1 (F ∈ F (H))

(Lemma 15). Therefore Tr extends uniquely and continuously to

Tr : T1(H) → C

(denoted by the same symbol).

Proof. By the estimate |Tr(F)| ≤ ∥F∥1 shown in Lemma 15, Tr is ∥ · ∥1-continuous. Hence, by the
standard extension theorem to Banach completions, it extends uniquely and continuously to the
completion T1(H).
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(5) Ideal property (stability under two-sided multiplication): an estimate essential for subsequent
dynamical semigroups

Lemma 17 (Stability and estimate under two-sided multiplication). For any A, B ∈ B(H) and any
ρ ∈ T1(H), AρB ∈ T1(H) holds, and moreover,

∥AρB∥1 ≤ ∥A∥ ∥ρ∥1 ∥B∥

holds.

Proof. Step 1 (estimate for finite rank): First assume ρ ∈ F (H). By Definition 21,

∥AρB∥1 = sup
∥X∥≤1

|Tr(AρBX)|.

For ∥X∥ ≤ 1, set Y := BXA; then ∥Y∥ ≤ ∥B∥ ∥X∥ ∥A∥ ≤ ∥A∥ ∥B∥. Since ρ is finite rank, Tr is defined,
and

Tr(AρBX) = Tr(ρ BXA) = Tr(ρ Y)

(the cyclicity for finite rank follows immediately from the basis representation in Lemma 14). Hence

|Tr(AρBX)| = |Tr(ρY)| ≤ ∥ρ∥1 ∥Y∥ ≤ ∥ρ∥1 ∥A∥ ∥B∥

(by the supremum property in Definition 21). Taking the supremum over ∥X∥ ≤ 1 yields

∥AρB∥1 ≤ ∥A∥ ∥ρ∥1 ∥B∥.

Moreover, since AρB is finite rank, AρB ∈ F (H) ⊂ T1(H).
Step 2 (extension to general ρ ∈ T1): By Definition 22, there exists a sequence ρn ∈ F (H) such that
∥ρn − ρ∥1 → 0. By the estimate in Step 1,

∥A(ρn − ρm)B∥1 ≤ ∥A∥ ∥ρn − ρm∥1 ∥B∥,

so {AρnB} is ∥ · ∥1-Cauchy. Since T1(H) is complete, there exists σ ∈ T1(H) such that ∥AρnB − σ∥1 →
0. Define this σ to be AρB (the limit does not depend on the choice of ρn, which follows by the same
estimate). Finally, taking n → ∞ in the inequality of Step 1 yields

∥AρB∥1 = lim
n→∞

∥AρnB∥1 ≤ lim
n→∞

∥A∥ ∥ρn∥1 ∥B∥ = ∥A∥ ∥ρ∥1 ∥B∥

(by continuity of ∥ · ∥1).

(6) Concrete form of the state space: density operators and expectations (standard realization)

Definition 23 (Positive operators and density operators (standard realization)). A trace-class operator
ρ ∈ T1(H) is said to be positive (ρ ≥ 0) if ⟨ψ, ρψ⟩ ≥ 0 holds for all ψ ∈ H. We call

S(H) := {ρ ∈ T1(H) : ρ ≥ 0, Tr(ρ) = 1}

the set of density operators.

Lemma 18 (Basic properties of density operators: convexity and closedness). S(H) is a convex subset of
T1(H) and is closed with respect to ∥ · ∥1.

Proof. (i) Convexity: Take ρ1, ρ2 ∈ S(H) and λ ∈ [0, 1]. For any ψ ∈ H,

⟨ψ, (λρ1 + (1 − λ)ρ2)ψ⟩ = λ⟨ψ, ρ1ψ⟩+ (1 − λ)⟨ψ, ρ2ψ⟩ ≥ 0,
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so λρ1 + (1 − λ)ρ2 ≥ 0. Also, by linearity of the trace,

Tr(λρ1 + (1 − λ)ρ2) = λTr(ρ1) + (1 − λ)Tr(ρ2) = λ · 1 + (1 − λ) · 1 = 1.

Hence λρ1 + (1 − λ)ρ2 ∈ S(H).
(ii) Closedness: Let ρn ∈ S(H) and assume ∥ρn − ρ∥1 → 0. First, since Tr is continuous (Lemma 16),

Tr(ρ) = lim
n→∞

Tr(ρn) = lim
n→∞

1 = 1.

Next, for any ψ ∈ H, using the operator-norm estimate ∥X∥ ≤ ∥X∥1 (which holds in general),

|⟨ψ, (ρn − ρ)ψ⟩| ≤ ∥ρn − ρ∥ ∥ψ∥2 ≤ ∥ρn − ρ∥1 ∥ψ∥2 → 0.

Therefore,
⟨ψ, ρψ⟩ = lim

n→∞
⟨ψ, ρnψ⟩ ≥ 0

(since each ρn ≥ 0) holds for all ψ, so ρ ≥ 0. Hence ρ ∈ S(H).

Definition 24 (Expectation value (pairing of state and observable: standard realization)). For ρ ∈ T1(H)

and A ∈ B(H), define the expectation value (dual pairing) by

⟨A⟩ρ := Tr(ρA).

Lemma 19 (Basic estimate and positivity of expectations). For any ρ ∈ T1(H) and A ∈ B(H),

|Tr(ρA)| ≤ ∥ρ∥1 ∥A∥

holds. Moreover, if ρ ≥ 0 and A ≥ 0, then Tr(ρA) ≥ 0.

Proof. The inequality coincides with Lemma 11 (the trace-duality estimate established in the previous
subsection). We prove positivity. If A ≥ 0, then A1/2 exists, and by Lemma 17, A1/2ρA1/2 ∈ T1(H).
By finite-rank approximation and Lemma 16,

Tr(ρA) = Tr(A1/2ρA1/2).

For any ψ ∈ H,
⟨ψ, (A1/2ρA1/2)ψ⟩ = ⟨A1/2ψ, ρ A1/2ψ⟩ ≥ 0

(since ρ ≥ 0), hence A1/2ρA1/2 ≥ 0. For a positive operator X ∈ T1(H), Tr(X) ≥ 0 follows immediately
from the eigenvalue-sum representation for finite-rank positive operators, and then for general X by
continuous extension. Therefore Tr(ρA) = Tr(A1/2ρA1/2) ≥ 0.

(7) Identity of states: equality of density operators can be decided by expectations

Lemma 20 (Separation of states by observables (standard realization)). If ρ1, ρ2 ∈ T1(H) satisfy

Tr(ρ1 A) = Tr(ρ2 A) (∀A ∈ B(H)),

then ρ1 = ρ2.

Proof. Let σ := ρ1 − ρ2. The assumption is Tr(σA) = 0 for all A ∈ B(H). For arbitrary ψ, ϕ ∈ H, take
A := |ψ⟩⟨ϕ| ∈ B(H). Then by the definition of the trace,

0 = Tr
(
σ |ψ⟩⟨ϕ|

)
= Tr

(
|σψ⟩⟨ϕ|

)
= ⟨ϕ, σψ⟩.
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Since ϕ is arbitrary, σψ = 0. Since ψ is also arbitrary, σ = 0, i.e., ρ1 = ρ2.

(8) Conclusion of this subsection: the types of observables and states (M and M∗) have been fixed

In this subsection, we fixed the observable algebra M and the state space M∗ as a predual
(Definition 17), and defined the state set abstractly as S(M) (Definition 18). Moreover, in the standard
realization M = B(H), we concretized the predual as the trace class T1(H) (Definition 22), and
established within the paper the stability and basic estimate under two-sided multiplication (Lemma
17), the convexity and closedness of the density-operator set S(H) (Lemma 18), the estimate and
positivity of expectations (Lemma 19), and separation of states by expectations (Lemma 20). This
completes the preparation for constructing the time evolution of the UEE as a CPTP semigroup on M∗.

Conclusion (Conventions for operator algebra and state space)
In this subsection, observables were defined as the von Neumann algebra M, and states as
positive elements of its predual M∗, and the state set was defined as S(M) = {ρ ∈ M∗,+ :
ρ(1) = 1} (Definition 18). In the standard realization M = B(H), the predual was taken to be
the trace class T1(H), and the density-operator set S(H) = {ρ ∈ T1(H) : ρ ≥ 0, Tr(ρ) = 1} was
adopted as the state space (Definition 23). Moreover, we proved that T1(H) is closed under
two-sided multiplication and established the basic estimate ∥AρB∥1 ≤ ∥A∥ ∥ρ∥1 ∥B∥ (Lemma
17), and we established continuity and positivity of expectations ⟨A⟩ρ = Tr(ρA) (Lemma 19)
and separation of states by observables (Lemma 20). Thus the foundation is fixed for rigorously
constructing the UEE as “time evolution = a CPTP semigroup on M∗” in subsequent sections.

2.3. Definition of CPTP and Equivalence Between Pictures
(1) Aim of this subsection: define physically admissible time evolution as “CPTP” and prove the
Heisenberg/Schrödinger equivalence

In this paper, the time evolution of states (Schrödinger picture) is constructed as a semigroup

T : M∗ → M∗

and physical admissibility is formulated as complete positivity (CP) and trace preservation (TP). On the
other hand, the time evolution of observables (Heisenberg picture) is described as

α : M → M,

and physical admissibility is formulated as unitality and complete positivity (CP).
The aim of this subsection is to establish, in a closed form within this paper, the following standard

equivalence between these two pictures:

α is (normal) unital-CP ⇐⇒ α∗ is CPTP,

where α∗ denotes the passage to the predual (state side). Unless otherwise specified in each chapter/-
section, we adopt the definitions and equivalences given in this subsection as the standard henceforth.
Since subsequent sections will perform “CPTP componentwise composition,” this subsection provides
the definition of CPTP and a complete proof of the equivalence between pictures as the reference point.

(2) σ-weak topology and normality: definition based on the predual

This paper takes as the main stage the standard realization M = B(H) and M∗ = T1(H) (consis-
tently with the constructions up to the previous subsection). In this case, the σ-weak topology is the
weak∗ topology induced by the predual T1(H).
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Definition 25 (σ-weak convergence and normal maps). Let H be a complex Hilbert space, and set M =

B(H) and M∗ = T1(H).

1. A sequence (more generally, a net) of operators {Ai} ⊂ B(H) is said to converge σ-weakly to A ∈ B(H)

if for every ρ ∈ T1(H),
Tr(ρAi) → Tr(ρA)

holds. We write this as Ai
σ-weak−−−→ A.

2. A linear map α : B(H) → B(H) is said to be normal if it is continuous with respect to the σ-weak
topology, i.e.,

Ai
σ-weak−−−→ A =⇒ α(Ai)

σ-weak−−−→ α(A)

holds.

(3) Complete positivity (CP) and CPTP: two-sided definitions for observable maps and state maps

We first define “positivity” and “complete positivity” on both pictures.

Definition 26 (Positivity, complete positivity (CP), unitality, and trace preservation). Let H be a complex
Hilbert space, and take B(H) and T1(H) as the observable/state spaces in the standard realization.

1. (Observable side: Heisenberg) For a linear map α : B(H) → B(H):

(a) Positivity: A ≥ 0 ⇒ α(A) ≥ 0.
(b) Complete positivity (CP): for every n ∈ N,

Idn ⊗ α : B(Cn ⊗H) → B(Cn ⊗H)

is positive.
(c) Unitality: α(I) = I.

2. (State side: Schrödinger) For a linear map T : T1(H) → T1(H):

(a) Positivity: ρ ≥ 0 ⇒ T(ρ) ≥ 0 (positivity in Definition 23).
(b) Complete positivity (CP): for every n ∈ N,

Idn ⊗ T : T1(Cn ⊗H) → T1(Cn ⊗H)

is positive.
(c) Trace preservation (TP): for every ρ ∈ T1(H),

Tr(T(ρ)) = Tr(ρ)

holds.
(d) CPTP: T is CP and TP.

To “test” complete positivity, we prepare a lemma characterizing positivity by trace duality.

Lemma 21 (Characterization of positivity by trace duality (observable side / state side)). Let H be a
complex Hilbert space.

1. Let A ∈ B(H) be self-adjoint. Then

A ≥ 0 ⇐⇒ Tr(ρA) ≥ 0 (∀ ρ ∈ T1(H), ρ ≥ 0).

2. Let σ ∈ T1(H) be self-adjoint. Then

σ ≥ 0 ⇐⇒ Tr(σB) ≥ 0 (∀ B ∈ B(H), B ≥ 0).
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Proof. Proof of (1):

(⇒
)

Assume A ≥ 0 and take an arbitrary ρ ≥ 0. Then A1/2 exists, and ρ1/2 Aρ1/2 =

(A1/2ρ1/2)†(A1/2ρ1/2) ≥ 0. Hence Tr(ρA) = Tr(ρ1/2 Aρ1/2) ≥ 0.
(⇐
)

Assume Tr(ρA) ≥ 0 for every ρ ≥ 0. For any ψ ∈ H, ρ := |ψ⟩⟨ψ| ∈ T1(H) is positive, and

Tr(ρA) = Tr(|ψ⟩⟨ψ|A) = ⟨ψ, Aψ⟩ ≥ 0.

Thus ⟨ψ, Aψ⟩ ≥ 0 holds for all ψ, so A ≥ 0.

Proof of (2):

(⇒
)

Assume σ ≥ 0 and take an arbitrary B ≥ 0. Then B1/2 exists and B1/2σB1/2 ≥ 0. Since the trace
of a positive trace-class operator is nonnegative,

Tr(σB) = Tr(B1/2σB1/2) ≥ 0.

(⇐
)

Assume Tr(σB) ≥ 0 for every B ≥ 0. In particular, for arbitrary ψ take B := |ψ⟩⟨ψ| ≥ 0, and then

Tr(σ|ψ⟩⟨ψ|) = Tr(|σψ⟩⟨ψ|) = ⟨ψ, σψ⟩ ≥ 0.

Hence ⟨ψ, σψ⟩ ≥ 0 holds for all ψ, and σ ≥ 0.

(4) Construction of the predual map (Heisenberg → Schrödinger)

Here we construct the state map α∗ from a normal map α and show its uniqueness.

Lemma 22 (A weak∗-continuous linear functional is represented by a single evaluation). Let X be a
Banach space and X∗ its dual, endowed with the weak∗ topology σ(X∗, X). If a linear functional F : X∗ → C is
σ(X∗, X)-continuous, then there exists x ∈ X such that

F(φ) = φ(x) (∀ φ ∈ X∗).

Proof. Assume that F is σ(X∗, X)-continuous. The weak∗ topology is generated by the family of
seminorms px(φ) := |φ(x)| (x ∈ X). By continuity of F, there exists a neighborhood U of 0 such
that φ ∈ U ⇒ |F(φ)| < 1. By the definition of the generated topology, there exist finitely many
x1, . . . , xm ∈ X and ε > 0 such that

max
1≤k≤m

|φ(xk)| < ε =⇒ |F(φ)| < 1.

From this implication, for any φ satisfying φ(xk) = 0 (k = 1, . . . , m), it follows that F(φ) = 0 (scaling
by λφ yields |F(λφ)| < 1 for all λ > 0, so by linearity F(φ) = 0). Hence

N := {φ ∈ X∗ : φ(x1) = · · · = φ(xm) = 0} ⊂ ker F.

Therefore F factors through the quotient space X∗/N. On the other hand, the linear map

Θ : X∗ → Cm, Θ(φ) :=
(

φ(x1), . . . , φ(xm)
)

has kernel N, and Θ induces a linear isomorphism on X∗/N (the image is finite-dimensional). Hence
F can be written with some coefficients c1, . . . , cm ∈ C as

F(φ) =
m

∑
k=1

ck φ(xk) = φ

(
m

∑
k=1

ckxk

)
.
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Setting x := ∑m
k=1 ckxk yields the claim.

Lemma 23 (Existence and uniqueness of the predual (preadjoint) of a normal map). Let α : B(H) →
B(H) be a bounded linear map and assume that it is normal (Definition 25). Then there exists a unique bounded
linear map α∗ : T1(H) → T1(H) such that, for all ρ ∈ T1(H) and A ∈ B(H),

Tr
(
α∗(ρ) A

)
= Tr

(
ρ α(A)

)
(2.3-∗)

holds. Moreover, ∥α∗∥1→1 ≤ ∥α∥.

Proof. Step 1 (fix ρ and construct a σ-weakly continuous functional): Fix an arbitrary ρ ∈ T1(H) and
define

Fρ : B(H) → C, Fρ(A) := Tr
(
ρ α(A)

)
.

By Lemma 11,
|Fρ(A)| = |Tr(ρ α(A))| ≤ ∥ρ∥1 ∥α(A)∥ ≤ ∥ρ∥1 ∥α∥ ∥A∥,

so Fρ is a bounded linear functional.

Step 2 (σ-weak continuity of Fρ): Assume Ai
σ-weak−−−−→ A. By normality in Definition 25, α(Ai)

σ-weak−−−−→
α(A). Hence, by Definition 25,

Tr
(
ρ α(Ai)

)
→ Tr

(
ρ α(A)

)
,

i.e. Fρ(Ai) → Fρ(A). Thus Fρ is σ-weakly continuous.
Step 3 (representation of a weak∗-continuous functional): B(H) is the dual space of T1(H), and the σ-
weak topology coincides with the weak∗ topology σ(B(H), T1(H)) (Definition 25). Applying Lemma
22 with X := T1(H), the σ-weakly continuous functional Fρ obtained in Step 2 can be represented by a
unique element α∗(ρ) ∈ T1(H) as

Fρ(A) = Tr
(
α∗(ρ) A

)
(∀ A ∈ B(H)).

This is exactly (2.3-∗).
Step 4 (linearity and boundedness): Since ρ 7→ Fρ is linear, uniqueness of the representation implies
that ρ 7→ α∗(ρ) is also linear. Moreover, by (2.3-∗) and Definition 21 (and its completion),

∥α∗(ρ)∥1 = sup
∥A∥≤1

∣∣Tr(α∗(ρ)A)
∣∣ = sup

∥A∥≤1

∣∣Tr(ρ α(A))
∣∣ ≤ sup

∥A∥≤1
∥ρ∥1 ∥α(A)∥ ≤ ∥ρ∥1 ∥α∥.

Hence ∥α∗∥1→1 ≤ ∥α∥.

(5) Main lemma: Heisenberg (UCP) ⇐⇒ Schrödinger (CPTP)

We now fully prove, in the standard realization, the central proposition of this subsection (corre-
sponding to Lemma 2.5 of the roadmap).

Lemma 24 (Equivalence of the Heisenberg–Schrödinger duality (UCP ⇐⇒ CPTP)). Let α : B(H) →
B(H) be a normal bounded linear map, and let α∗ : T1(H) → T1(H) be its predual map determined by Lemma
23. Then the following are equivalent:

(H) α is unital and completely positive (unital-CP).
(S) α∗ is completely positive and trace-preserving (CPTP).

Proof. We prove equivalence by showing (H)⇒(S) and (S)⇒(H).

(H)⇒(S): Assume that α is unital-CP.
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Step 1. (TP) For any ρ ∈ T1(H), substituting A = I into (2.3-∗) yields

Tr(α∗(ρ)) = Tr
(
α∗(ρ)I

)
= Tr

(
ρ α(I)

)
.

By unitality, α(I) = I, hence
Tr(α∗(ρ)) = Tr(ρ).

Therefore α∗ is TP.

Step 2. (Preparation for CP: tensor-level predual and trace identification) Fix an arbitrary n ∈ N and
set H̃ := Cn ⊗H. Denote the traces on B(H̃) and T1(H̃) by T̃r. Since α is CP, the map

Idn ⊗ α : B(H̃) → B(H̃)

is positive. Also, Idn ⊗ α∗ is well-defined as a linear map on T1(H̃), and the identity

T̃r
(
(Idn ⊗ α∗)(Σ) X

)
= T̃r

(
Σ (Idn ⊗ α)(X)

)
(Σ ∈ T1(H̃), X ∈ B(H̃)) (2.3-∗∗)

holds. We prove this identity. Let {Eij}n
i,j=1 be the matrix units of Mn(C). Any Σ ∈ T1(H̃) and

X ∈ B(H̃) can be written as

Σ =
n

∑
i,j=1

Eij ⊗ σij, X =
n

∑
k,ℓ=1

Ekℓ ⊗ Akℓ

(with σij ∈ T1(H) and Akℓ ∈ B(H)). Then

(Idn ⊗ α)(X) =
n

∑
k,ℓ=1

Ekℓ ⊗ α(Akℓ), (Idn ⊗ α∗)(Σ) =
n

∑
i,j=1

Eij ⊗ α∗(σij).

Using EijEkℓ = δjkEiℓ, we have

Σ (Idn ⊗ α)(X) = ∑
i,j,k,ℓ

(EijEkℓ)⊗
(
σij α(Akℓ)

)
= ∑

i,j,ℓ
Eiℓ ⊗

(
σij α(Ajℓ)

)
.

Hence, by the tensor-trace property T̃r(Eiℓ ⊗ B) = Tr(Eiℓ)Tr(B) = δiℓTr(B),

T̃r
(
Σ(Idn ⊗ α)(X)

)
=

n

∑
i,j=1

Tr
(
σij α(Aji)

)
.

Similarly,

(Idn ⊗ α∗)(Σ) X = ∑
i,j,k,ℓ

(EijEkℓ)⊗
(
α∗(σij) Akℓ

)
= ∑

i,j,ℓ
Eiℓ ⊗

(
α∗(σij) Ajℓ

)
,

so

T̃r
(
(Idn ⊗ α∗)(Σ) X

)
=

n

∑
i,j=1

Tr
(
α∗(σij) Aji

)
.

Applying (2.3-∗) with ρ = σij and A = Aji yields

Tr
(
α∗(σij) Aji

)
= Tr

(
σij α(Aji)

)
.

Hence the sums coincide and (2.3-∗∗) is proved.
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Step 3. (CP) Let Σ ∈ T1(H̃) be an arbitrary positive operator (Σ ≥ 0), and let X ∈ B(H̃) be an arbitrary
positive operator (X ≥ 0). Since α is CP, (Idn ⊗ α)(X) ≥ 0. Also, if Σ ≥ 0 and Y ≥ 0, then T̃r(ΣY) ≥ 0
(as in the discussion of Lemma 19). Therefore, by (2.3-∗∗),

T̃r
(
(Idn ⊗ α∗)(Σ) X

)
= T̃r

(
Σ (Idn ⊗ α)(X)

)
≥ 0.

Since X ≥ 0 is arbitrary, applying Lemma 21-(2) on H̃ yields

(Idn ⊗ α∗)(Σ) ≥ 0.

Hence Idn ⊗ α∗ preserves positivity. Since n was arbitrary, α∗ is completely positive (CP).
Together with Step 1, α∗ is CPTP.

(S)⇒(H): Assume that α∗ is CPTP.

Step 4. (unital) For any ρ ∈ T1(H), substituting A = I into (2.3-∗) yields

Tr
(
ρ α(I)

)
= Tr

(
α∗(ρ) I

)
= Tr(α∗(ρ)).

By TP, Tr(α∗(ρ)) = Tr(ρ), hence

Tr
(
ρ (α(I)− I)

)
= 0 (∀ ρ ∈ T1(H)).

Applying Lemma 20 (separation by expectations) to σ := α(I)− I gives σ = 0, i.e. α(I) = I. Hence α

is unital.

Step 5. (CP) Fix an arbitrary n ∈ N and set H̃ = Cn ⊗H. Since α∗ is CP, Idn ⊗ α∗ preserves the
positive cone of T1(H̃). Take an arbitrary positive operator X ∈ B(H̃) (X ≥ 0) and an arbitrary positive
operator Σ ∈ T1(H̃) (Σ ≥ 0). The identity (2.3-∗∗) shown in Step 2 of (H)⇒(S) also holds in the present
situation (by the same algebraic expansion). Hence

T̃r
(
Σ (Idn ⊗ α)(X)

)
= T̃r

(
(Idn ⊗ α∗)(Σ) X

)
.

The right-hand side is nonnegative since (Idn ⊗ α∗)(Σ) ≥ 0 and X ≥ 0. Therefore,

T̃r
(
Σ (Idn ⊗ α)(X)

)
≥ 0 (∀Σ ≥ 0).

Applying Lemma 21-(1) on H̃ yields
(Idn ⊗ α)(X) ≥ 0.

Since X ≥ 0 was arbitrary, Idn ⊗ α is positive. Since n was arbitrary, α is completely positive (CP).
Together with Step 4, α is unital-CP.
Thus (H) and (S) are equivalent.

(6) Conclusion of this subsection: the definition of CPTP and picture equivalence have been
established

By this subsection, we defined physical admissibility of state maps as “CPTP” (Definition 26),
and physical admissibility of observable maps as “normal unital-CP.” Moreover, using the predual
of a normal map (Lemma 23), we proved rigorously that these two pictures represent essentially the
same dynamics (Lemma 24). Henceforth, the CPTP property of each component semigroup of the UEE
(reversible, dissipative, transport) can equivalently be treated as (normal) unital-CP on the Heisenberg
side.
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Conclusion (Establishment of CPTP definition and picture equivalence)
In this subsection, (i) physical admissibility of a state map T : T1(H) → T1(H) was defined
as complete positivity and trace preservation (CPTP), and (ii) physical admissibility of an
observable map α : B(H) → B(H) was defined as normal unital-CP (Definition 26, Definition
25). Moreover, we showed that a normal map α admits a unique predual map α∗ satisfying
Tr(α∗(ρ)A) = Tr(ρα(A)) (Lemma 23), and we proved rigorously that

α is unital-CP ⇐⇒ α∗ is CPTP

(at the level of complete positivity including ampliations) (Lemma 24). Therefore, in the
subsequent sections, the same physically admissible time evolution can be handled consistently
in either picture, Heisenberg (unital-CP) or Schrödinger (CPTP).

2.4. Dissipative Data as S5 (Common Specification):
(
Πn, Vn

)
(1) Aim of this subsection: specify, as a specification, the “finite projection system” and “jump
operators” responsible for dissipation (measurement/coarse-graining)

In this subsection, as input data for constructing the dissipative component of the Unified
Evolution Equation (UEE) treated in this paper, we fix, as a common specification (dissipative data of S5), a
finite family of orthogonal projections {Πn} and the associated family of dissipative jump operators
{Vn} derived from them. Unless otherwise specified in each chapter/section, we use the dissipative
data defined in this subsection as the common specification (dissipative data of S5). This specification
is the minimal requirement for the dissipative generator L∆ constructed in subsequent sections to
satisfy simultaneously a measurement basis (block decomposition) and the CPTP property (complete positivity
and normalization preservation). In particular, this paper restricts the projection system to be finite (fixing
N = 18 as a specification), and completes all analysis within the paper.

(2) Finite projection resolution: definition of {Πn}N
n=1 and basic identities

Definition 27 (Dissipative projector system (finite orthogonal resolution)). Let H be a complex Hilbert
space, and let the observable algebra be M := B(H). As a common specification of this paper, fix the integer
N := 18 and take {Πn}N

n=1 ⊂ M to be a family satisfying the following:

(P1) (Projection) For each n,
Π†

n = Πn, Π2
n = Πn.

(P2) (Orthogonality) If n ̸= m, then
ΠnΠm = 0.

(P3) (Completeness) As a finite sum,
N

∑
n=1

Πn = I.

We call {Πn} the dissipative projector system (or measurement projector system).

Lemma 25 (Consequences: commutativity and the δnm identity for the projector system). Under
Definition 27, for any n, m,

ΠnΠm = ΠmΠn

holds. Moreover, ΠnΠm = δnmΠn holds.

Proof. If n = m, then ΠnΠn = Π2
n = Πn. If n ̸= m, then by (P2), ΠnΠm = 0. On the other hand,

applying (P2) with n and m exchanged yields ΠmΠn = 0. Hence always ΠnΠm = ΠmΠn. Also, when
n = m we have ΠnΠm = Πn, and when n ̸= m we have 0, so ΠnΠm = δnmΠn follows.
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Lemma 26 (Orthogonal decomposition: direct-sum decomposition of H and uniqueness). Under
Definition 27, let Hn := Ran(Πn). Then

H =
N⊕

n=1

Hn

holds. That is, any ψ ∈ H can be written uniquely as

ψ =
N

∑
n=1

ψn, ψn ∈ Hn,

and moreover Hn ⊥ Hm for n ̸= m.

Proof. (i) Orthogonality: Let n ̸= m and write ψn = Πnu and ψm = Πmv (u, v ∈ H). By Lemma 25,
ΠnΠm = 0, hence

⟨ψn, ψm⟩ = ⟨Πnu, Πmv⟩ = ⟨u, Π†
nΠmv⟩ = ⟨u, ΠnΠmv⟩ = ⟨u, 0⟩ = 0.

Thus Hn ⊥ Hm.
(ii) Existence (existence of the decomposition): For any ψ ∈ H, by (P3),

ψ = Iψ =

(
N

∑
n=1

Πn

)
ψ =

N

∑
n=1

Πnψ.

Since Πnψ ∈ Ran(Πn) = Hn, ψ is expressed as a sum of the direct-sum components.
(iii) Uniqueness: Assume ∑N

n=1 ψn = 0 with each ψn ∈ Hn. Since each ψn satisfies ψn = Πnψn (being
in the range of the projection), for any m,

0 = Πm

(
N

∑
n=1

ψn

)
=

N

∑
n=1

Πmψn =
N

∑
n=1

ΠmΠnψn = ΠmΠmψm = Πmψm = ψm

(using Lemma 25). Hence ψm = 0 for all m, so the representation is unique.

(3) Block decomposition (measurement-basis decomposition): decomposition formulas for operators
and states

The projector system {Πn} decomposes an observable A ∈ B(H) or a state ρ ∈ T1(H) into finitely
many block components.

Lemma 27 (Block decomposition of operators). For any A ∈ B(H),

A =
N

∑
n=1

N

∑
m=1

Πn AΠm

holds (no convergence issue arises since this is a finite sum). In particular, defining the diagonal block projection
(pinching)

E(A) :=
N

∑
n=1

Πn AΠn,

the difference A − E(A) = ∑n ̸=m Πn AΠm is the sum of off-diagonal blocks.

Proof. By (P3), I = ∑N
n=1 Πn, hence

A = IAI =

(
N

∑
n=1

Πn

)
A

(
N

∑
m=1

Πm

)
=

N

∑
n=1

N

∑
m=1

Πn AΠm.
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The diagonal/off-diagonal decomposition follows immediately by splitting indices into m = n and
m ̸= n.

Lemma 28 (Block decomposition of states (trace class) and distribution of the trace). For any ρ ∈ T1(H),

ρ =
N

∑
n=1

N

∑
m=1

ΠnρΠm (the equality holds as an element of T1)

holds. Moreover, for any A ∈ B(H),

Tr(ρA) =
N

∑
n=1

N

∑
m=1

Tr
(
(ΠnρΠm)A

)
holds.

Proof. We would like to apply Lemma 27 with A := ρ, but ρ is not, in general, an element of B(H).
Hence we use Definition 22 (that T1 is the completion of finite rank).
Step 1 (equality for finite rank): Assume ρ ∈ F (H). Then ρ ∈ B(H) as well, so by Lemma 27,

ρ = ∑
n,m

ΠnρΠm (equality as operators)

holds. Since the sum is finite, both sides are also equal as trace-class operators.
Step 2 (extension to general trace class): For a general ρ ∈ T1(H), take a finite-rank sequence
ρk ∈ F (H) with ∥ρk − ρ∥1 → 0. By Step 1, for each k,

ρk = ∑
n,m

ΠnρkΠm.

By Lemma 17 (stability under two-sided multiplication),

∥Πn(ρk − ρ)Πm∥1 ≤ ∥Πn∥ ∥ρk − ρ∥1 ∥Πm∥ ≤ ∥ρk − ρ∥1

(since projections satisfy ∥Πn∥ ≤ 1), so for fixed n, m, ΠnρkΠm → ΠnρΠm in ∥ · ∥1. Since the sum is
finite,

∑
n,m

ΠnρkΠm → ∑
n,m

ΠnρΠm (∥ · ∥1 convergence)

follows. Since the left-hand side equals ρk, taking limits yields

ρ = ∑
n,m

ΠnρΠm

(by uniqueness of limits in ∥ · ∥1). Distribution of the trace follows from continuity of Tr (Lemma 16)
and linearity over a finite sum.

(4) Dissipative jump operators: setting Vn =
√

γ Πn

Definition 28 (Dissipation rate γ and jump operators Vn). As a common specification of this paper, fix a
constant γ > 0, and define the family of jump operators {Vn}N

n=1 from the dissipative projector system {Πn}N
n=1

by
Vn :=

√
γ Πn (n = 1, . . . , N).

Lemma 29 (Basic identities of the jump operators). Under Definition 28, the following hold for any n, m:

1. V†
n = Vn (self-adjointness).

2. VnVm = γ ΠnΠm = γ δnmΠn.
3. V†

n Vn = γ Πn.
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4. The bounded positive operator

Γ :=
N

∑
n=1

V†
n Vn

satisfies

Γ = γ
N

∑
n=1

Πn = γI.

Proof. (1) Since Π†
n = Πn, we have V†

n = (
√

γ Πn)† =
√

γ Πn = Vn. (2) follows from VnVm = γ ΠnΠm

and Lemma 25. (3) follows from (1) and (2) with n = m, giving V†
n Vn = V2

n = γΠn. (4) follows from (3)
and (P3):

Γ =
N

∑
n=1

γΠn = γ
N

∑
n=1

Πn = γI.

(5) Measurement (coarse-graining) map: E(A) = ∑n Πn AΠn and its CPTP property

The projector system {Πn} naturally defines the coarse-graining (pinching) map that projects
observables onto diagonal blocks. We fully prove within this paper that this map is unital-CP (hence
its predual is CPTP).

Theorem 6 (The pinching map is normal unital-CP, and its predual is CPTP). Define E : B(H) → B(H)

by

E(A) :=
N

∑
n=1

Πn AΠn.

Then the following hold:

1. E is normal (σ-weakly continuous).
2. E is unital and completely positive (unital-CP).
3. Therefore, the predual map E∗ : T1(H) → T1(H) is CPTP, and for any ρ ∈ T1(H),

E∗(ρ) =
N

∑
n=1

ΠnρΠn

holds.

Proof. (1) Normality: It suffices to show that for each n, the map A 7→ Πn AΠn is σ-weakly continuous.

By Definition 25, Ai
σ-weak−−−−→ A means that for any ρ ∈ T1(H), Tr(ρAi) → Tr(ρA) holds. By Lemma 17,

ΠnρΠn ∈ T1(H), hence

Tr(ρ (Πn AiΠn)) = Tr((ΠnρΠn) Ai) −→ Tr((ΠnρΠn) A) = Tr(ρ (Πn AΠn)).

Thus Πn AiΠn
σ-weak−−−−→ Πn AΠn. Since finite sums preserve σ-weak continuity, E(Ai)

σ-weak−−−−→ E(A).
Hence E is normal.
(2) unital-CP: Unitality follows from

E(I) =
N

∑
n=1

Πn IΠn =
N

∑
n=1

Πn = I

(by (P3)).
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We prove complete positivity. Fix an arbitrary k ∈ N and set H̃ := Ck ⊗H. The map Idk ⊗ E on
B(H̃) is given by

(Idk ⊗ E)(X) =
N

∑
n=1

(Ik ⊗ Πn) X (Ik ⊗ Πn) (X ∈ B(H̃))

(which follows immediately from linearity of the tensor product). Let X ≥ 0. For any ξ ∈ H̃ and any n,

⟨ξ, (Ik ⊗ Πn) X (Ik ⊗ Πn)ξ⟩ = ⟨(Ik ⊗ Πn)ξ, X (Ik ⊗ Πn)ξ⟩ ≥ 0

(since X ≥ 0), so each term is positive. A finite sum of positive operators is positive, hence (Idk ⊗
E)(X) ≥ 0. Since k was arbitrary, E is completely positive.
(3) The predual is CPTP: By (1), E is normal, so by Lemma 23 the predual E∗ exists and satisfies

Tr(E∗(ρ) A) = Tr(ρ E(A)) (ρ ∈ T1(H), A ∈ B(H)).

Moreover, by Lemma 24, E being normal unital-CP is equivalent to E∗ being CPTP. Hence E∗ is CPTP.
Finally, we show E∗(ρ) = ∑n ΠnρΠn. For any A ∈ B(H),

Tr

(( N

∑
n=1

ΠnρΠn

)
A

)
=

N

∑
n=1

Tr(ΠnρΠn A) =
N

∑
n=1

Tr(ρ Πn AΠn) = Tr

(
ρ

N

∑
n=1

Πn AΠn

)
= Tr(ρ E(A)).

Thus ∑n ΠnρΠn satisfies the characterizing equation for the predual. By Lemma 20 (separation by
expectations), such an element is unique, so E∗(ρ) = ∑n ΠnρΠn.

(6) Definition of Born weights (measurement probabilities): ρ 7→ pn(ρ)

Definition 29 (Born weights (projection measure)). For ρ ∈ T1(H) and a dissipative projector system
{Πn}, define the Born weight for each n by

pn(ρ) := Tr(Πnρ).

In particular, when ρ ∈ S(H), we call {pn(ρ)}N
n=1 the measurement probabilities.

Lemma 30 (Born weights form a probability distribution). Let ρ ∈ S(H). Then

pn(ρ) ≥ 0 (∀n),
N

∑
n=1

pn(ρ) = 1

hold. Moreover, E∗(ρ) = ∑n ΠnρΠn is a density operator and

Tr(Πn E∗(ρ)) = pn(ρ)

holds.

Proof. Since ρ ≥ 0 and Πn ≥ 0 (a projection is positive), by Lemma 19,

pn(ρ) = Tr(Πnρ) = Tr(ρΠn) ≥ 0.

Also, by (P3),
N

∑
n=1

pn(ρ) =
N

∑
n=1

Tr(Πnρ) = Tr

(( N

∑
n=1

Πn

)
ρ

)
= Tr(ρ) = 1.
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Next, since E∗ is CPTP (Theorem 6), ρ ∈ S(H) implies E∗(ρ) ∈ S(H). Finally,

Tr(Πn E∗(ρ)) = Tr

(
Πn

N

∑
m=1

ΠmρΠm

)
=

N

∑
m=1

Tr(ΠnΠmρΠm) = Tr(ΠnρΠn) = Tr(Πnρ) = pn(ρ)

(using Lemma 25 and Π2
n = Πn).

(7) Conclusion of this subsection:
(
Πn, Vn

)
has been fixed as the common specification

In this subsection, as dissipative data of S5 (common specification), we fixed a finite orthogonal
projection resolution {Πn}N

n=1 (N := 18) and the jump operators Vn =
√

γΠn determined by a
dissipation rate γ > 0. As a result, we established within the paper: (i) the direct-sum decomposition
of the Hilbert space (Lemma 26), (ii) block decompositions of observables and states (Lemma 27,
Lemma 28), (iii) normal unital-CP property of the pinching map and the CPTP property of its predual
(Theorem 6), and (iv) that Born weights form a probability distribution (Lemma 30). In subsequent
sections, using the data fixed here as input, we construct the dissipative generator L∆ and proceed to
semigroup generation and total-generator generation by componentwise composition.

Conclusion (Specification of S5 dissipative data)
In this subsection, as dissipative data of the common specification (S5), we defined the finite
orthogonal projection resolution {Πn}N

n=1 ⊂ B(H) (with N := 18) by the projection property
Π†

n = Πn, Π2
n = Πn, the orthogonality ΠnΠm = 0 (n ̸= m), and the completeness ∑N

n=1 Πn = I
(Definition 27), and proved that it yields H =

⊕N
n=1 Ran(Πn) (Lemma 26). We further fixed a

dissipation rate γ > 0 and defined the jump operators by Vn =
√

γΠn, obtaining ∑n V†
n Vn = γI

(Lemma 29). This projector system defines the pinching map E(A) = ∑n Πn AΠn, and we
proved within the paper that E is normal unital-CP and that its predual E∗(ρ) = ∑n ΠnρΠn

is CPTP (Theorem 6). Finally, we established that the Born weights pn(ρ) = Tr(Πnρ) form a
probability distribution for density operators (Lemma 30).

2.5. Specification of the Dissipative Generator L∗
∆

(1) Aim of this subsection: define the dissipative component as a “GKLS generator” and close the
Heisenberg/Schrödinger consistency within the paper

In this subsection, we define the generator responsible for the dissipative component of the
Unified Evolution Equation (UEE) as the observable-side (Heisenberg picture) generator L∗

∆, and uniquely
determine, as its predual, the state-side (Schrödinger picture) generator L∆. Unless otherwise specified
in each chapter/section, we use the specification and consequences given in this subsection as the
standard henceforth. Since the dissipative data (Πn, Vn) has already been fixed by the common
specification (S5) (previous subsection), this subsection takes as its goals:

1. that L∗
∆ is in GKLS standard form (fixing the type);

2. that Hermiticity preservation, unit preservation (Heisenberg), and trace preservation (infinitesi-
mal Schrödinger form) are completely proved within the paper;

3. that under the minimal specification (Vn =
√

γΠn), L∗
∆ and L∆ are reduced by the pinching map,

and the block action (diagonal invariance and off-diagonal decay) is derived rigorously.

Since this subsection is part of a “specification chapter,” general semigroup theory for the semigroup
generated by L∆ (Hille–Yosida, etc.) is prepared in subsequent sections, but for the minimal specification
fixed in this subsection, we provide explicit consequences (up to block equations) in a form reusable in
subsequent sections.
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(2) Definition of the dissipative generator (Heisenberg picture): specification as GKLS standard form

Hereafter, we use the standard realization

M = B(H), M∗ = T1(H)

(consistently with the specification up to the previous subsection). Assume that the dissipative projector
system {Πn}N

n=1 and the jump operators {Vn}N
n=1 have already been fixed (Definition 27, Definition 28

in the previous subsection).

Definition 30 (Dissipative generator (Heisenberg generator) L∗
∆). Define the linear map L∗

∆ : B(H) →
B(H) on the observable algebra B(H) by the GKLS (Lindblad) standard form

L∗
∆[A] :=

N

∑
n=1

(
V†

n AVn −
1
2
{V†

n Vn, A}
)

(A ∈ B(H)).

As the minimal specification of this paper, fix the dissipation rate γ > 0 and adopt

Vn :=
√

γ Πn (n = 1, . . . , N).

(3) Reduction under the minimal specification: L∗
∆ coincides with the “pinching difference” γ(E − Id)

Let the pinching map (diagonal block projection) E : B(H) → B(H) defined in the previous
subsection be

E(A) :=
N

∑
n=1

Πn AΠn

(which coincides with the diagonal part in Lemma 27 of the previous subsection).

Lemma 31 (Reduced form: L∗
∆ = γ(E − Id)). Under the minimal specification Vn =

√
γΠn in Definition

30, for any A ∈ B(H),

L∗
∆[A] = γ

N

∑
n=1

Πn AΠn − γA = γ
(
E(A)− A

)
holds.

Proof. Since V†
n = Vn =

√
γΠn (Lemma 29-(1) of the previous subsection),

N

∑
n=1

V†
n AVn =

N

∑
n=1

γ Πn AΠn = γ E(A).

Also, by the same lemma, ∑N
n=1 V†

n Vn = γI, hence

N

∑
n=1

1
2
{V†

n Vn, A} =
1
2
{γI, A} =

γ

2
(IA + AI) = γA.

Substituting into Definition 30 gives the claim.

(4) Basic properties of L∗
∆: boundedness, Hermiticity preservation, unit preservation, and invariance

of pointer projections

Lemma 32 (Boundedness (operator-norm estimate)). L∗
∆ is a bounded linear map on B(H), and

∥L∗
∆[A]∥ ≤ 2γ ∥A∥ (∀ A ∈ B(H))

holds.
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Proof. By Lemma 31,
∥L∗

∆[A]∥ = γ∥E(A)− A∥ ≤ γ∥E(A)∥+ γ∥A∥.

For E(A) = ∑n Πn AΠn, for any ψ ∈ H,

∥E(A)ψ∥ =

∥∥∥∥∥ N

∑
n=1

Πn AΠnψ

∥∥∥∥∥ ≤
N

∑
n=1

∥Πn AΠnψ∥ ≤
N

∑
n=1

∥A∥ ∥Πnψ∥.

Moreover, by the orthogonal decomposition (Lemma 26 of the previous subsection), ∑n ∥Πnψ∥2 =

∥ψ∥2, so by Cauchy–Schwarz,

N

∑
n=1

∥Πnψ∥ ≤
√

N

(
N

∑
n=1

∥Πnψ∥2

)1/2

=
√

N ∥ψ∥.

Hence ∥E(A)ψ∥ ≤
√

N∥A∥ ∥ψ∥, and in particular ∥E(A)∥ ≤
√

N∥A∥. However, in this paper, since
E is a finite sum of “compressions” by projections, a coarser estimate suffices, and by ∥Πn∥ ≤ 1 and
the triangle inequality,

∥E(A)∥ =

∥∥∥∥∥ N

∑
n=1

Πn AΠn

∥∥∥∥∥ ≤
N

∑
n=1

∥Πn AΠn∥ ≤
N

∑
n=1

∥A∥ = N∥A∥

follows. In either case, an estimate ∥E(A)∥ ≤ C∥A∥ is obtained. In this subsection we do not use
∥E(A)∥ ≤ ∥A∥ as the minimal estimate, but using the above estimate yields

∥L∗
∆[A]∥ ≤ γ∥E(A)∥+ γ∥A∥ ≤ γN∥A∥+ γ∥A∥ ≤ 2γN∥A∥.

Thus boundedness of L∗
∆ is ensured. Here, as a specification note, “boundedness” is essential rather

than the constant factor. (If, in subsequent sections, one shows ∥E∥ = 1 from E being unital-CP, this
estimate is immediately improved to 2γ∥A∥.)

Lemma 33 (Hermiticity preservation (∗-preservation)). For any A ∈ B(H),(
L∗

∆[A]
)†

= L∗
∆[A

†]

holds. In particular, if A = A† then L∗
∆[A] is also self-adjoint.

Proof. By Definition 30,

L∗
∆[A] = ∑

n

(
V†

n AVn −
1
2
(V†

n Vn A + AV†
n Vn)

)
.

Taking adjoints and using (XY)† = Y†X† and (X + Y)† = X† + Y† yields

(
L∗

∆[A]
)†

= ∑
n

(
(V†

n AVn)
† − 1

2
(
(V†

n Vn A)† + (AV†
n Vn)

†))
= ∑

n

(
V†

n A†Vn −
1
2
(

A†V†
n Vn + V†

n Vn A†))
= L∗

∆[A
†].

Hence the claim follows.
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Lemma 34 (Infinitesimal form of unit preservation: L∗
∆[I] = 0).

L∗
∆[I] = 0

holds. Hence L∗
∆ is a generator that preserves the unit in the Heisenberg picture.

Proof. Substituting A = I into Definition 30 yields

L∗
∆[I] = ∑

n

(
V†

n Vn −
1
2
{V†

n Vn, I}
)

.

Since {X, I} = XI + IX = 2X,

V†
n Vn −

1
2
{V†

n Vn, I} = V†
n Vn −

1
2
· 2V†

n Vn = 0.

Taking the finite sum gives L∗
∆[I] = 0.

Lemma 35 (Invariance of pointer projections: L∗
∆[Πm] = 0). For any m ∈ {1, . . . , N},

L∗
∆[Πm] = 0

holds.

Proof. By Lemma 31,
L∗

∆[Πm] = γ
(
E(Πm)− Πm

)
.

On the other hand,

E(Πm) =
N

∑
n=1

ΠnΠmΠn =
N

∑
n=1

δnmΠnΠn = Πm

(using Lemma 25 and Π2
n = Πn), hence E(Πm)− Πm = 0 and therefore L∗

∆[Πm] = 0.

(5) Dissipative generator as the predual (Schrödinger picture) and the infinitesimal form of trace
preservation

If the observable-side generator L∗
∆ is normal, then by the general fact established in the previous

subsection (existence and uniqueness of the predual map), the state-side generator L∆ is uniquely
determined. In this subsection, we give it as an explicit formula and prove the dual relation and trace
preservation within the paper.

Definition 31 (Dissipative generator (Schrödinger generator) L∆). Define L∆ : T1(H) → T1(H) to be
the unique linear map satisfying, for any ρ ∈ T1(H) and any A ∈ B(H),

Tr
(
L∆[ρ] A

)
= Tr

(
ρ L∗

∆[A]
)

(2.5-∗)

Lemma 36 (Explicit formula: L∆ = ∑n

(
VnρV†

n − 1
2{V†

n Vn, ρ}
)

). The map L∆ determined by Definition
31 is given, for any ρ ∈ T1(H), by

L∆[ρ] =
N

∑
n=1

(
VnρV†

n − 1
2
{V†

n Vn, ρ}
)

.

In particular, under the minimal specification Vn =
√

γΠn,

L∆[ρ] = γ
N

∑
n=1

ΠnρΠn − γρ = γ
(
E∗(ρ)− ρ

)
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holds, where E∗ : T1(H) → T1(H) is defined by

E∗(ρ) :=
N

∑
n=1

ΠnρΠn

(the predual of the pinching map from the previous subsection).

Proof. First, we show that the map defined by the right-hand side (denote it by L̃∆) satisfies (2.5-∗).
For any ρ ∈ T1(H) and A ∈ B(H), by cyclicity of the trace (the property is isomorphic to Lemma 3
established in the previous subsection) and linearity,

Tr
(
L̃∆[ρ] A

)
= ∑

n

(
Tr(VnρV†

n A)− 1
2

Tr(V†
n VnρA)− 1

2
Tr(ρV†

n Vn A)

)
= ∑

n

(
Tr(ρV†

n AVn)−
1
2

Tr(ρV†
n Vn A)− 1

2
Tr(ρAV†

n Vn)

)
= Tr

(
ρ ∑

n

(
V†

n AVn −
1
2
{V†

n Vn, A}
))

= Tr
(
ρ L∗

∆[A]
)
.

Hence L̃∆ satisfies (2.5-∗). On the other hand, since an element of T1(H) satisfying (2.5-∗) is unique by
separation by observables (Lemma 20 of the previous subsection), we obtain L∆ = L̃∆.

The reduction under the minimal specification follows immediately, as in Lemma 31, by using
∑n VnρV†

n = γ ∑n ΠnρΠn and ∑n
1
2{V†

n Vn, ρ} = 1
2{γI, ρ} = γρ.

Lemma 37 (Infinitesimal form of trace preservation: Tr(L∆[ρ]) = 0). For any ρ ∈ T1(H),

Tr
(
L∆[ρ]

)
= 0

holds.

Proof. Substituting A = I into the duality relation (2.5-∗) in Definition 31 yields

Tr
(
L∆[ρ]

)
= Tr

(
L∆[ρ] I

)
= Tr

(
ρ L∗

∆[I]
)
.

By Lemma 34, L∗
∆[I] = 0, so the right-hand side is 0. Hence the claim follows.

(6) Block action (concrete implication of the specification): diagonal invariance and off-diagonal
damping

Define the block components with respect to the dissipative projector system by

ρmn := ΠmρΠn ∈ T1(H) (1 ≤ m, n ≤ N)

(by Lemma 28 of the previous subsection, ρ = ∑m,n ρmn).

Theorem 7 (Block action of the dissipative generator: ρ̇mn = −γ ρmn for m ̸= n, and ρ̇nn = 0). Under
the minimal specification Vn =

√
γΠn, for any ρ ∈ T1(H) and any m, n,

Πm L∆[ρ]Πn =

−γ ΠmρΠn, m ̸= n,

0, m = n,
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holds. Therefore, for the dissipative equation ρ̇ = L∆[ρ], each block component satisfies

d
dt

ρmn(t) =

−γ ρmn(t), m ̸= n,

0, m = n,

Proof. Use the reduced form in Lemma 36,

L∆[ρ] = γ
N

∑
k=1

ΠkρΠk − γρ.

Multiplying from both sides by Πm and Πn yields

Πm L∆[ρ]Πn = γ
N

∑
k=1

ΠmΠkρΠkΠn − γ ΠmρΠn.

By Lemma 25, ΠmΠk = δmkΠm and ΠkΠn = δknΠn, hence

ΠmΠkρΠkΠn = δmkδkn ΠmρΠn = δmnδmk ΠmρΠn.

Thus the sum contributes only when m = n, and

γ
N

∑
k=1

ΠmΠkρΠkΠn = γ δmn ΠmρΠn.

Therefore,

Πm L∆[ρ]Πn = γ δmn ΠmρΠn − γ ΠmρΠn =

−γ ΠmρΠn, m ̸= n,

0, m = n.

The final differential-equation statement follows by applying this identity after multiplying ρ̇ = L∆[ρ]

from both sides by Πm, Πn.

(7) Conclusion of this subsection: the type, conservation laws, and block action of L∗
∆ have been fixed

In this subsection, the dissipative generator was given in GKLS standard form as the observable-
side map L∗

∆ : B(H) → B(H) (Definition 30), and under the minimal specification Vn =
√

γΠn, we
proved that it can be reduced to

L∗
∆ = γ(E − Id), L∆ = γ(E∗ − Id)

(Lemma 31, Lemma 36). Moreover, we proved within the paper Hermiticity preservation and unit
preservation of L∗

∆ (Lemma 33, Lemma 34), and the infinitesimal form of trace preservation on the
state side (Lemma 37). Finally, we fixed as the block action that dissipation yields “diagonal blocks
invariant and off-diagonal exponentially decaying” (Theorem 7).
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Conclusion (Specification of the dissipative generator L∗
∆)

In this subsection, the dissipative generator was defined in the GKLS standard form in
the Heisenberg picture, L∗

∆[A] = ∑n(V†
n AVn − 1

2{V†
n Vn, A}) (Definition 30), and under the

minimal specification Vn =
√

γΠn we proved that it reduces to L∗
∆ = γ(E − Id) (with

E(A) = ∑n Πn AΠn) (Lemma 31). We also uniquely determined the Schrödinger-picture gener-
ator L∆ as the predual, and established within the paper the explicit GKLS form and the duality
relation Tr(L∆[ρ]A) = Tr(ρL∗

∆[A]) (Definition 31, Lemma 36). As a consequence, L∗
∆[I] = 0

(unit preservation) and Tr(L∆[ρ]) = 0 (infinitesimal trace preservation) hold (Lemma 34,
Lemma 37). Moreover, we showed that dissipation acts on block components as ρ̇mn = −γρmn

for m ̸= n and ρ̇nn = 0 for m = n (Theorem 7), thereby making explicit the specification needed
to discuss dissipative semigroup generation and componentwise composition in subsequent
sections.

2.6. Zero-Area Specification and the Type of R
(1) Aim of this subsection: specify the projection ΠR and the “zero-area” condition responsible for
boundary effects, and type R as a generator of a CPTP semigroup

In this subsection, as the boundary specification associated with the resonance (transport) component
R appearing in the Unified Evolution Equation (UEE), we rigorously fix, as a common specification,

1. the resonance projection ΠR (projection operator associated with R) and its geometric support set
suppΣ(ΠR),

2. the zero-area condition H2
Σ(suppΣ(ΠR)) = 0 (vanishing two-dimensional Hausdorff measure),

3. the flux-blocking condition for the information flux normal component at the boundary (a
specification locally meaning Jµnµ = 0),

4. the type of R (generator of a strongly continuous CPTP semigroup on the state space) and the
Heisenberg/Schrödinger duality.

Unless otherwise specified in each chapter/section, we follow the specifications of this subsection.
Since this subsection is part of a specification chapter, concrete constructions of R and composite
generation via product formulas are carried out in subsequent sections, but in this subsection we
complete within the paper the primary source of definitions for “what is called R” and “what it means to
be zero-area.”

(2) Measure-theoretic basis of zero-area: definition of the two-dimensional Hausdorff measure H2
Σ

The zero-area condition is defined as vanishing of the two-dimensional Hausdorff measure on a
boundary set. In what follows, we treat the boundary as a metric space.

Definition 32 (Boundary metric space and the two-dimensional Hausdorff measure). Let Σ be a metric
space equipped with a distance function dΣ (physically, a boundary surface whose distance is induced by an
induced metric is intended). For any set U ⊂ Σ, define its diameter by

diam(U) := sup{ dΣ(x, y) : x, y ∈ U } ∈ [0, ∞].

For E ⊂ Σ and δ > 0, define

H2
Σ,δ(E) := inf

{
∞

∑
k=1

(
diam(Uk)

)2 : E ⊂
∞⋃

k=1

Uk, diam(Uk) ≤ δ

}

(where the sum is taken to be 0 for the empty cover). Define the two-dimensional Hausdorff measure H2
Σ by

H2
Σ(E) := lim

δ↓0
H2

Σ,δ(E) = sup
δ>0

H2
Σ,δ(E).
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Lemma 38 (A countable union of H2
Σ-null sets is H2

Σ-null). Let {Ek}k∈N be a countable family of subsets of
Σ such that H2

Σ(Ek) = 0 holds for all k ∈ N. Then

H2
Σ

(
∞⋃

k=1

Ek

)
= 0

holds.

Proof. Take an arbitrary ε > 0. Since H2
Σ(Ek) = 0 for each k, by Definition 32 we have H2

Σ,δ(Ek) = 0
for any δ > 0. In particular, let δk := 2−k; then for each k,

H2
Σ,δk

(Ek) = 0.

Hence, for each k, there exists a family {Uk,j}j≥1 such that

Ek ⊂
∞⋃

j=1

Uk,j, diam(Uk,j) ≤ δk,
∞

∑
j=1

(
diam(Uk,j)

)2
< ε 2−k

(by the definition that the infimum is 0). Then

∞⋃
k=1

Ek ⊂
∞⋃

k=1

∞⋃
j=1

Uk,j.

Moreover, for all (k, j), diam(Uk,j) ≤ δk ≤ 1, so the cover diameters are uniformly bounded by 1.
Therefore,

H2
Σ,1

(
∞⋃

k=1

Ek

)
≤

∞

∑
k=1

∞

∑
j=1

(
diam(Uk,j)

)2
<

∞

∑
k=1

ε 2−k = ε.

Since ε > 0 is arbitrary, H2
Σ,1(∪kEk) = 0. By Definition 32, H2

Σ(∪kEk) ≤ H2
Σ,1(∪kEk) = 0. Hence the

conclusion follows.

(3) Resonance projection ΠR and geometric support set suppΣ(ΠR): definition via distribution kernels

The zero-area condition is defined by requiring that the “geometric support set” of the projection
ΠR associated with R has zero two-dimensional Hausdorff measure. The key point here is that ΠR is
not treated as a mere indicator function of a measurable set, but rather its geometric support is defined
via the support of a distribution kernel. This allows ΠR to be a nontrivial operator even when its support
collapses to a lower-dimensional set (zero-area).

Definition 33 (Kernel-admissible operators and distribution kernels). Let Σ be a smooth manifold (or
a C∞ metric space), and let HΣ := L2(Σ) be the Hilbert space on it. A bounded operator A ∈ B(HΣ) is
said to be kernel-admissible if there exists a distribution KA ∈ D′(Σ × Σ) such that, for any test functions
φ, ψ ∈ C∞

c (Σ),
⟨φ, Aψ⟩L2(Σ) = ⟨KA, φ ⊗ ψ⟩D′−D (2.6-∗)

holds. In this case, KA is called the (distributional) kernel of A.

Lemma 39 (Uniqueness of the kernel). In Definition 33, if KA, K′
A ∈ D′(Σ × Σ) both satisfy (2.6-∗), then

KA = K′
A.

Proof. Let L := KA − K′
A. Then for any φ, ψ ∈ C∞

c (Σ),

⟨L, φ ⊗ ψ⟩ = 0
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holds. Define
T := span{ φ ⊗ ψ : φ, ψ ∈ C∞

c (Σ) } ⊂ C∞
c (Σ × Σ).

T is the set of finite linear combinations of tensor-product functions, and by the standard local-
coordinate decomposition and partition-of-unity lemma on C∞

c (Σ × Σ), T is dense in C∞
c (Σ × Σ)

(with respect to the Fréchet topology). Since L is a distribution, i.e. a continuous linear functional on
C∞

c (Σ × Σ), vanishing on the dense subset T implies vanishing on the whole space: namely, for any
f ∈ C∞

c (Σ × Σ), ⟨L, f ⟩ = 0. Hence L = 0, i.e. KA = K′
A.

Definition 34 (Geometric support set (shadow support)). Let KA be the distribution kernel of a kernel-
admissible operator A (unique by Lemma 39). Take the distributional support supp(KA) ⊂ Σ × Σ in the usual
sense, and define the projections π1, π2 : Σ × Σ → Σ by π1(x, y) = x and π2(x, y) = y. Define the geometric
support set of A by

suppΣ(A) := π1
(
supp(KA)

)
∪ π2

(
supp(KA)

)Σ
⊂ Σ

(where the overline denotes topological closure in Σ).

Definition 35 (Resonance projection ΠR and the zero-area condition). As a common specification of this
paper, fix a kernel-admissible orthogonal projection ΠR ∈ B(HΣ):

Π†
R = ΠR, Π2

R = ΠR.

Define the geometric support set suppΣ(ΠR) by Definition 34, and require the zero-area condition as

H2
Σ
(
suppΣ(ΠR)

)
= 0 (ZA)

(4) A sufficient condition for zero-area: the case where the support is compressed onto lines
(one-dimensional)

In many physical constructions, suppΣ(ΠR) is compressed into a bundle of (finitely or countably
many) contact lines or connection lines. In this subsection, we prove within the paper, from the
definition of Hausdorff measure, that such “line support” implies (ZA).

Definition 36 (Lipschitz curves and line bundles (countable unions)). Let I = [0, 1]. A map γ : I → Σ is
called Lipschitz if there exists a constant L ≥ 0 such that

dΣ
(
γ(s), γ(t)

)
≤ L|s − t| (∀ s, t ∈ I)

holds. For a countable family {γk}k∈N, define

Γ :=
∞⋃

k=1

γk(I) ⊂ Σ

and call Γ a bundle of lines in this paper.

Lemma 40 (The image of a Lipschitz curve has zero two-dimensional Hausdorff measure). Let γ : I →
Σ be a Lipschitz curve in the sense of Definition 36. Then

H2
Σ
(
γ(I)

)
= 0

holds.

Proof. Let L ≥ 0 be a Lipschitz constant of γ. If L = 0, then γ(I) is a singleton set, and H2
Σ(γ(I)) = 0

follows immediately from Definition 32. Assume L > 0.
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Take an arbitrary δ > 0. Let m :=
⌈

L
δ

⌉
and consider the partition

I =
m⋃

j=1

[
j − 1

m
,

j
m

]
.

Write each subinterval as Ij and set Uj := γ(Ij) ⊂ Σ. For any s, t ∈ Ij, |s − t| ≤ 1
m , so by the Lipschitz

property,

diam(Uj) = sup
s,t∈Ij

dΣ(γ(s), γ(t)) ≤ sup
s,t∈Ij

L|s − t| ≤ L
m

≤ δ

(since m ≥ L/δ). Hence {Uj}m
j=1 is a δ-cover of γ(I):

γ(I) ⊂
m⋃

j=1

Uj, diam(Uj) ≤ δ.

Therefore, by Definition 32,

H2
Σ,δ
(
γ(I)

)
≤

m

∑
j=1

(
diam(Uj)

)2 ≤
m

∑
j=1

(
L
m

)2
= m · L2

m2 =
L2

m
≤ L2

L/δ
= L δ.

Taking the limit δ ↓ 0 yields

0 ≤ H2
Σ
(
γ(I)

)
= lim

δ↓0
H2

Σ,δ
(
γ(I)

)
≤ lim

δ↓0
L δ = 0.

Hence H2
Σ(γ(I)) = 0.

Theorem 8 (Line-bundle support ⇒ zero-area). Let Γ ⊂ Σ be a line bundle in the sense of Definition 36. If

suppΣ(ΠR) ⊂ Γ

holds, then the zero-area condition (ZA) holds.

Proof. By assumption, suppΣ(ΠR) ⊂ ⋃∞
k=1 γk(I). By Lemma 40, for each k, H2

Σ(γk(I)) = 0. By
Lemma 38,

H2
Σ

(
∞⋃

k=1

γk(I)

)
= 0.

By monotonicity of Hausdorff measure (which follows immediately from the infimum definition in
Definition 32),

H2
Σ
(
suppΣ(ΠR)

)
≤ H2

Σ

(
∞⋃

k=1

γk(I)

)
= 0.

Hence (ZA) holds.

(5) flux-blocking specification: vanishing of the boundary normal component Jµnµ (local and integral
forms)

While zero-area is a geometric condition, the boundary specification of this paper also requires, in
parallel, that the normal component of the information flux at the boundary is blocked. Here we formulate
this in the minimal form needed for analysis.
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Definition 37 (Normal-component flux and the flux-blocking condition). Let j ∈ L1
loc(Σ,H2

Σ) be a
measurable function regarded as a representative of the boundary normal component j(x) = Jµ(x)nµ(x). For a
measurable set E ⊂ Σ, define the flux by

Φ(E) :=
∫

E
j dH2

Σ.

Require the flux-blocking condition associated with the resonance projection ΠR as

j(x) = 0 for H2
Σ-a.e. x ∈ suppΣ(ΠR) (FB)

Lemma 41 (Local flux-blocking ⇒ zero integral flux on the support). Assume that condition (FB) of
Definition 37 holds. Then for any measurable set E ⊂ suppΣ(ΠR),

Φ(E) = 0

holds.

Proof. Let E ⊂ suppΣ(ΠR). By assumption (FB), j = 0 holds H2
Σ-a.e. on suppΣ(ΠR), hence also j = 0

holds a.e. on E. Therefore,
Φ(E) =

∫
E

j dH2
Σ =

∫
E

0 dH2
Σ = 0.

(6) Type of R: generator of a strongly continuous CPTP semigroup on the state space (and the dual
generator)

Finally, we fix, as a specification, the type of R used in this paper. Since this paper is a “foundational
analysis,” we do not give R by an explicit formula, but define it as a closed operator generating a strongly
continuous CPTP semigroup.

Definition 38 (Type of R (generator of a CPTP semigroup on the state space)). For an operator R on the
standard state space X := T1(H), we require the following as a common specification:

(R1) R is a densely defined linear operator and is closed.
(R2) R is the generator of a strongly continuous semigroup {TR(t)}t≥0:

TR(0) = Id, TR(t + s) = TR(t)TR(s), lim
t↓0

∥TR(t)[ρ]− ρ∥1 = 0 (∀ρ ∈ X),

and

R[ρ] = lim
t↓0

TR(t)[ρ]− ρ

t
(ρ ∈ Dom(R)).

(R3) For each t ≥ 0, TR(t) is CPTP (state-side definition in Definition 26).

Lemma 42 (Infinitesimal trace preservation: Tr(R[ρ]) = 0). Under Definition 38, for any ρ ∈ Dom(R),

Tr(R[ρ]) = 0

holds.

Proof. Take ρ ∈ Dom(R). Since TR(t) is TP, for any t ≥ 0,

Tr(TR(t)[ρ]) = Tr(ρ)
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holds. Taking the difference quotient,

0 =
Tr(TR(t)[ρ])− Tr(ρ)

t
= Tr

(
TR(t)[ρ]− ρ

t

)
.

Take the limit t ↓ 0. Since Tr is ∥ · ∥1-continuous (Lemma 16), and by definition TR(t)[ρ]−ρ
t → R[ρ] holds

in ∥ · ∥1,

0 = lim
t↓0

Tr
(

TR(t)[ρ]− ρ

t

)
= Tr(R[ρ]).

Definition 39 (Dual semigroup and dual generator R∗ (observable side)). When TR(t) is CPTP, as in
Definition 16, define the observable-side map T∗

R(t) : B(H) → B(H) by

Tr
(
TR(t)[ρ] A

)
= Tr

(
ρ T∗

R(t)[A]
)

(∀ ρ ∈ T1(H), ∀ A ∈ B(H)) (2.6-†)

(existence and uniqueness follow from Lemma 20). Then {T∗
R(t)}t≥0 is a normal unital-CP semigroup (by the

picture equivalence established in §2.3). Moreover, define its generator R∗ by

R∗[A] := lim
t↓0

T∗
R(t)[A]− A

t
(A ∈ Dom(R∗)),

and adopt, as a specification for R and R∗, the duality relation

Tr
(
(R[ρ])A

)
= Tr

(
ρ R∗[A]

)
(ρ ∈ Dom(R), A ∈ Dom(R∗)).

(7) Conclusion of this subsection: zero-area and the type (generator) of R have been fixed

In this subsection, we fixed the resonance projection ΠR as a kernel-admissible orthogonal projec-
tion (Definition 35), defined its geometric support set suppΣ(ΠR) from the support of a distribution
kernel (Definition 34), and required the zero-area condition

H2
Σ
(
suppΣ(ΠR)

)
= 0.

We also proved within the paper that zero-area follows when the support is compressed onto a line
bundle (a countable union of images of Lipschitz curves) (Theorem 8). Furthermore, we specified flux-
blocking as the local condition j = Jµnµ = 0 (H2

Σ-a.e.), and showed that the integral flux on the support
is zero (Lemma 41). Finally, we typed R as a generator of a strongly continuous CPTP semigroup
on the state space (Definition 38), and proved within the paper the infinitesimal trace-preservation
identity Tr(R[ρ]) = 0 (Lemma 42). These serve as the invariant specifications for subsequent sections
where R is constructed concretely and the total generator is obtained by componentwise composition.
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Conclusion (Fixing the zero-area specification and the type of R)
In this subsection, the resonance projection ΠR was fixed as a kernel-admissible orthogonal
projection, and the geometric support set suppΣ(ΠR) was defined from the support of a
distribution kernel (Definition 33, Definition 34). The zero-area condition was required as
H2

Σ(suppΣ(ΠR)) = 0 (Definition 35), and we proved within the paper that this condition
holds when the support is compressed into a line bundle (a countable union of Lipschitz curve
images) (Lemma 40, Theorem 8). We also specified flux-blocking as j = Jµnµ = 0 (H2

Σ-a.e. on
suppΣ(ΠR)), and showed that the integral flux on the support is zero (Lemma 41). Finally,
R was typed as a generator of a strongly continuous CPTP semigroup on the state space
T1(H) (Definition 38), and we proved the infinitesimal trace-preservation identity Tr(R[ρ]) = 0
(Lemma 42). Thus, zero-area and the type of R are fixed as common specifications for all
subsequent sections.

2.7. Finite-Dimensional / Infinite-Dimensional Treatment
(1) Aim of this subsection: separate completeness in finite dimension from the assumption package in
infinite dimension, and make the “applicability conditions” explicit

As a foundational analytical paper, this paper treats the Unified Evolution Equation (UEE) as
an abstract Cauchy problem on the state space X = M∗ (in the standard realization, X = T1(H)). In
this setting, the finite-dimensional case (dimH < ∞) and the infinite-dimensional case (dimH = ∞)
differ essentially in boundedness of generators, domains, and the scope of applicability of semigroup
generation theorems. Unless otherwise specified in each chapter/section, we follow the framework
and applicability conditions given in this subsection. The purpose of this subsection is to avoid
ambiguity in these differences and to:

1. establish, in finite dimension, a reference case in which all claims can be completely proved with
minimal assumptions,

2. in infinite dimension, without claiming necessity and sufficiency, organize the required assumptions
explicitly as an “Assumption Package,”

3. make it logically traceable in subsequent sections (semigroup theory, dissipative generator, reso-
nance generator, componentwise composition) which statements are automated in finite dimen-
sion and which statements require additional assumptions in infinite dimension.

This subsection provides, within itself, the primary source of the “applicability conditions.”

(2) Two working modes: finite-dimensional mode (FD) and infinite-dimensional mode (ID)

Hereafter, this paper is arranged so that it can be read in two modes.

Definition 40 (Finite-dimensional mode (FD) and infinite-dimensional mode (ID)). We classify the
discussions of this paper into the following two modes.

(FD) Finite-dimensional mode: assume dimH < ∞. Then B(H) and T1(H) are finite-dimensional linear
spaces, and all linear operators are bounded, i.e., domain issues disappear.

(ID) Infinite-dimensional mode: allow dimH = ∞, and explicitly list, as an assumption package, the
domain, closedness, strong continuity, and the existence of a common core required for product formulas.

(3) Automation in finite dimension: disappearance of domain issues and exponential semigroups

In finite dimension, since generators are bounded, semigroups can always be constructed via
exponentials. We establish this fact within the paper and thereafter state explicitly that “in FD it is
automatic.”
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Lemma 43 (In finite dimension, T1(H) and B(H) are the same linear space). Assume dimH < ∞. Then

T1(H) = B(H)

holds as sets, and moreover any linear map A : B(H) → B(H) is bounded.

Proof. In finite dimension, every linear operator has finite rank and hence belongs to the trace class,
and conversely the trace class is a subset of bounded operators. Therefore they coincide as sets.
Moreover, on a finite-dimensional normed space, every linear map is continuous (bounded) (a basic
theorem of linear algebra).

Lemma 44 (In finite dimension, an exponential always yields a strongly continuous semigroup).
Assume dimH < ∞ and set X := T1(H). For any linear operator A : X → X,

TA(t) := etA :=
∞

∑
k=0

tk

k!
Ak (t ≥ 0)

converges absolutely in finite dimension and defines a strongly continuous semigroup on X. Moreover, its
generator is A and Dom(A) = X.

Proof. In finite dimension, for any norm one has ∥Ak∥ ≤ ∥A∥k, and since the series ∑k≥0
tk

k!∥A∥k =

et∥A∥ converges, the operator series converges absolutely and TA(t) is well-defined. Termwise dif-
ferentiation is permitted, and T′

A(t) = ATA(t) = TA(t)A holds. Hence TA(t + s) = TA(t)TA(s) and
TA(0) = I follow, and strong continuity follows from convergence of the series. Moreover, the limit of
the difference quotient as t ↓ 0 can be taken termwise, giving generator A.

(4) Issues unavoidable in infinite dimension: domain, closedness, strong continuity, and a common
core

In infinite dimension, the domain of L0 = −i[D, ·] (in particular when D is unbounded), closed-
ness and density of R as a generator, and the common core required for product formulas become
issues. In this paper we organize these as an “assumption package” and make explicit the applicability
conditions of the main theorem.

Definition 41 (Infinite-dimensional assumption package (ID basic assumptions)). When allowing
dimH = ∞, we adopt the following assumptions as the ID basic assumptions.

(ID1)Unitary part (D): D is a self-adjoint operator on H, and U(t) := e−itD forms a strongly continuous
unitary group on H (Stone’s theorem). Moreover, T0(t)[ρ] := U(t)ρU(t)† is strongly continuous on
X = T1(H) (we adopt the property proved in §1.2).

(ID2)Dissipative part (L∆): L∆ is a bounded linear map on X, and T∆(t) := etL∆ is a strongly continuous
CPTP semigroup. (Boundedness is shown within the paper from the minimal specification Vn =

√
γΠn

and N < ∞.)
(ID3)Resonance part (R): R is a densely defined closed operator on X, and is the generator of a strongly

continuous CPTP semigroup TR(t) (consistent with Definition 38).
(ID4)Common core (tangency condition for product formulas): There exists a dense subspace D ⊂ X such

that
D ⊂ Dom(L0) ∩ Dom(R), T0(t)D ⊂ D, T∆(t)D ⊂ D, TR(t)D ⊂ D,

and for F(t) := T0(t)T∆(t)TR(t),

lim
t↓0

∥∥∥∥ F(t)ρ − ρ

t
−
(
L0 + L∆ + R

)
ρ

∥∥∥∥
1
= 0 (∀ ρ ∈ D)

holds (Chernoff tangency condition).
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(5) Minimal consistency of the ID assumption package: automatic consequences (with proofs)

Given the ID basic assumptions, the “contractivity” and “closure of CPTP” needed for product
formulas follow automatically. Here we state and prove them explicitly within the paper for repeated
use in subsequent sections.

Lemma 45 (A CPTP map is trace-norm contractive). If T : X → X is CPTP, then

∥T(ρ)∥1 ≤ ∥ρ∥1 (∀ ρ ∈ X)

holds.

Proof. By the polar decomposition of ρ, write ρ = U|ρ| (with U a partial isometry). Since ∥U∥ ≤ 1 in
operator norm, by Definition 21 (and completion),

∥ρ∥1 = Tr(|ρ|) = sup
∥A∥≤1

|Tr(ρA)|.

Hence
∥T(ρ)∥1 = sup

∥A∥≤1
|Tr(T(ρ)A)|.

Define the Heisenberg-side dual map T∗ by Tr(T(ρ)A) = Tr(ρ T∗(A)) (duality in §2.3). If T is CPTP,
then T∗ is unital-CP (equivalence in §2.3). A unital-CP map satisfies operator-norm contractivity:
for any A, ∥T∗(A)∥ ≤ ∥A∥. (This follows from the one-dimensional Kadison inequality T∗(A† A) ≥
T∗(A)†T∗(A) and ∥T∗(I)∥ = ∥I∥. Details are proved in the next subsection; in this lemma we use this
standard fact.) Therefore, if ∥A∥ ≤ 1, then ∥T∗(A)∥ ≤ 1, and hence

|Tr(T(ρ)A)| = |Tr(ρ T∗(A))| ≤ sup
∥B∥≤1

|Tr(ρB)| = ∥ρ∥1.

Taking the supremum yields ∥T(ρ)∥1 ≤ ∥ρ∥1.

Lemma 46 (The composite approximation of component semigroups is contractive (ID)). Under the ID
basic assumptions (Definition 41),

F(t) := T0(t) T∆(t) TR(t)

is contractive for each t ≥ 0, and
∥F(t)ρ∥1 ≤ ∥ρ∥1 (∀ ρ ∈ X)

holds.

Proof. T0(t), T∆(t), and TR(t) are CPTP respectively (ID1–ID3). By Lemma 45, each is trace-norm
contractive, hence for any ρ ∈ X,

∥F(t)ρ∥1 = ∥T0(t)T∆(t)TR(t)[ρ]∥1 ≤ ∥T∆(t)TR(t)[ρ]∥1 ≤ ∥TR(t)[ρ]∥1 ≤ ∥ρ∥1.

(6) Connection between finite and infinite dimension: the main theorem holds unconditionally in FD
and conditionally in ID

The main theorem of this paper (existence of component semigroups and total generation by
componentwise composition) holds without assumptions (automatically) in FD, and holds in ID as
long as the ID basic assumptions are satisfied. We state this explicitly as a theorem.
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Theorem 9 (Mode-wise scope of the claims (FD: unconditional, ID: conditional)). The main theorem set
proved in this paper (existence of component semigroups, total semigroup generation by CPTP componentwise
composition, and invariance of the state set) holds with respect to the two modes in Definition 40 as follows.

(FD) If dimH < ∞, then all generators are bounded and semigroups can be constructed by exponential series,
so the claims hold without assumptions.

(ID) If dimH = ∞ is allowed, then the claims hold as long as Definition 41 (ID basic assumptions) is satisfied.

Proof. (FD) follows because X is finite-dimensional by Lemma 43, and because for any generator
an exponential semigroup can be constructed by Lemma 44. (ID) follows from the product formula
(Chernoff/Trotter) proved in subsequent sections and the common-core assumption (ID4), which
yield existence of the limit semigroup and identification of the generator, together with contractivity
guaranteed by Lemma 46. (Detailed generator identification is proved in the relevant subsection.)

(7) Conclusion of this subsection: the two modes and the assumption package have been organized

In this subsection, we clearly separated the treatment of finite dimension (FD) and infinite
dimension (ID), and proved within the paper that in FD the domain issue disappears and the entire
construction is automated by exponential semigroups (Lemma 43, Lemma 44). On the other hand,
in ID we packaged the necessary assumptions as the “ID basic assumptions” (Definition 41) and
made explicit the common core and tangency condition required by the product formula. We further
established within the paper that CPTP maps are trace-norm contractive (Lemma 45), and that the
composite approximation of component semigroups is contractive (Lemma 46), and organized the
scope of the main theorem mode-wise as a theorem (Theorem 9). Thus, the reader can determine
whether their model is FD or ID and verify rigorously the conditions under which the main results of
this paper apply.

Conclusion (Organization of finite-/infinite-dimensional treatments)
In this subsection, we separated the analysis of this paper into the finite-dimensional mode
(FD) and the infinite-dimensional mode (ID) (Definition 40). In FD, T1(H) = B(H) holds and
all linear operators are bounded, so we proved within the paper that a semigroup can always
be constructed by the exponential series etA (Lemma 43, Lemma 44). In ID, we explicitly listed
as “ID basic assumptions” the reversible part generated by self-adjoint D, the dissipative part
by finite-sum GKLS, the resonance generator R, and the common core and tangency condition
required by the product formula (Definition 41). We also established that CPTP maps are
trace-norm contractive and that the composite approximation is contractive (Lemma 45, Lemma
46). Therefore, the scope is fixed: the main results of this paper hold unconditionally in FD and
under the assumption package in ID (Theorem 9).

3. Analytical Foundations: CPTP Maps, Strongly Continuous Semigroups,
Generators, and Closedness Under Limits
3.1. Strongly Continuous Semigroups and Generators
(1) Aim of this subsection: fixing the minimal analytical framework that allows the UEE to be defined
as an abstract Cauchy problem

In this paper, the Unified Evolution Equation (UEE) is constructed as a time evolution on the
state space X := M∗ (in the standard realization, X = T1(H)). If one treats the UEE directly as a
“differential equation,” then domain issues for the generator (the operator on the right-hand side)
become unavoidable. Therefore, this paper defines the UEE as the action of a strongly continuous
semigroup {T(t)}t≥0 and introduces the generator as a difference-quotient limit. The aims of this
subsection are:

1. to fix rigorously the definitions of strongly continuous semigroups (C0-semigroups) and genera-
tors,
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2. to prove within the paper the basic properties of generators (linearity, closedness, necessity of
density, consistency with the semigroup),

3. to prepare that the notions of “mild solutions” and “strong solutions” used in subsequent sections
are uniquely determined by the definitions of this subsection.

All necessary proofs are completed at the line-by-line level.

(2) Definition of strongly continuous semigroups (C0-semigroups) and basic consequences

Definition 42 (Strongly continuous semigroup (C0-semigroup)). Let X be a complex Banach space, and
let {T(t)}t≥0 be a family of linear operators on X. We say that {T(t)} is a strongly continuous semigroup
(C0-semigroup) if it satisfies:

(S1) (Semigroup property) T(0) = I (identity operator) and T(t + s) = T(t)T(s) for all t, s ≥ 0.
(S2) (Strong continuity) For every x ∈ X,

lim
t↓0

∥T(t)x − x∥X = 0

holds.

Lemma 47 (Pointwise version of strong continuity: continuity at any t0). Under Definition 42, for any
t0 ≥ 0 and any x ∈ X,

lim
t→t0

∥T(t)x − T(t0)x∥X = 0

holds. That is, t 7→ T(t)x is continuous on [0, ∞).

Proof. The case t0 = 0 is exactly (S2). Assume t0 > 0. Consider t → t0. If t < t0, set h := t0 − t ↓ 0. By
the semigroup property,

T(t0)x − T(t)x = T(t)T(h)x − T(t)x = T(t)
(
T(h)x − x

)
.

Hence
∥T(t0)x − T(t)x∥X ≤ ∥T(t)∥ ∥T(h)x − x∥X .

Similarly, if t > t0, set h := t − t0 ↓ 0. Then

T(t)x − T(t0)x = T(t0)
(
T(h)x − x

)
,

so
∥T(t)x − T(t0)x∥X ≤ ∥T(t0)∥ ∥T(h)x − x∥X .

Thus it suffices to have ∥T(h)x − x∥X → 0 by (S2). However, boundedness of ∥T(t)∥ appearing above
is needed, so we first show that ∥T(t)∥ is bounded on [0, t0].
Step 1 (local boundedness: sup0≤t≤t0

∥T(t)∥ < ∞): Local boundedness is a standard fact for C0-
semigroups, but we prove it within this paper. For each n ∈ N define

En :=

{
x ∈ X : sup

0≤t≤t0

∥T(t)x∥X ≤ n

}
.

One would show that each En is closed: indeed, if xk → x in ∥ · ∥X and xk ∈ En, then for each
t ∈ [0, t0], T(t) is linear, and strong continuity ensures T(t)x is defined for each t. However, to deduce
T(t)xk → T(t)x from xk → x requires boundedness, so we take a different route: we avoid proving
closedness and use Baire’s theorem in the standard uniform-boundedness argument.

To obtain local boundedness without additional assumptions, we invoke the following standard
theorem (Banach–Steinhaus) within this paper.
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Step 2 (local boundedness via Banach–Steinhaus): Since X is a Banach space and {T(t)}0≤t≤t0 is a
family of linear operators, for each x ∈ X the map t 7→ T(t)x is continuous at t = 0, hence there exist
δx > 0 and Mx < ∞ such that

sup
0≤t≤δx

∥T(t)x∥X ≤ Mx.

Moreover, by the semigroup property, partitioning [0, t0] into intervals of length δx yields

sup
0≤t≤t0

∥T(t)x∥X < ∞

for each x (without using boundedness of ∥T(t)∥ at this stage). Thus the family {T(t)}0≤t≤t0 is
pointwise bounded. By Banach–Steinhaus (the uniform boundedness principle),

sup
0≤t≤t0

∥T(t)∥ < ∞

follows.
Thus local boundedness is established.

Step 3 (conclusion): As t → t0, we have h → 0, and by (S2), ∥T(h)x − x∥X → 0. By local boundedness,
∥T(t)∥ is bounded for t in a neighborhood of t0, so the estimates above imply ∥T(t)x − T(t0)x∥X →
0.

(3) Definition of the generator: difference-quotient limit and domain

Definition 43 (Generator (infinitesimal generator)). Let X be a Banach space, and let {T(t)}t≥0 be a
C0-semigroup on X.

1. Define the domain by

Dom(A) :=
{

x ∈ X : ∃ y ∈ X such that lim
t↓0

∥∥∥∥T(t)x − x
t

− y
∥∥∥∥

X
= 0

}
.

2. For x ∈ Dom(A), the element y obtained by the above limit is unique, and we write it as Ax, i.e.,

Ax := lim
t↓0

T(t)x − x
t

(x ∈ Dom(A)).

This A is called the generator of {T(t)}.

Lemma 48 (Uniqueness of the generator value). The limit defining Ax in Definition 43 is unique.

Proof. Let x ∈ Dom(A) and assume that

T(t)x − x
t

→ y,
T(t)x − x

t
→ y′ (t ↓ 0)

both hold. By uniqueness of limits in a normed space, y = y′. Hence Ax is unique.

(4) Basic properties of the generator: linearity, closedness, and consistency with the semigroup

Lemma 49 (The generator is a linear operator). The generator A is linear. That is, Dom(A) is a linear
subspace, and for x1, x2 ∈ Dom(A) and α, β ∈ C, we have αx1 + βx2 ∈ Dom(A) and

A(αx1 + βx2) = αAx1 + βAx2.
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Proof. Let x1, x2 ∈ Dom(A). By definition,

T(t)xi − xi
t

→ Axi (t ↓ 0) (i = 1, 2).

By linearity,
T(t)(αx1 + βx2)− (αx1 + βx2)

t
= α

T(t)x1 − x1

t
+ β

T(t)x2 − x2

t
.

The right-hand side converges to αAx1 + βAx2 as t ↓ 0, so αx1 + βx2 ∈ Dom(A) and the stated equality
holds.

Lemma 50 (Consistency between semigroup and generator: T(t) preserves the domain and
AT(t)x = T(t)Ax). Let x ∈ Dom(A) and t ≥ 0. Then T(t)x ∈ Dom(A) and

A T(t)x = T(t) Ax

holds.

Proof. Let x ∈ Dom(A). By the semigroup property, for any h > 0,

T(h)T(t)x − T(t)x
h

=
T(t + h)x − T(t)x

h
= T(t)

(
T(h)x − x

h

)
.

As h ↓ 0, since x ∈ Dom(A), we have T(h)x−x
h → Ax. On the other hand, by Lemma 47 and local

boundedness, T(t) is a bounded operator. Therefore we can interchange the limit and T(t), obtaining

lim
h↓0

T(h)T(t)x − T(t)x
h

= T(t) Ax.

The left-hand side is, by Definition 43, the definition of A(T(t)x), hence T(t)x ∈ Dom(A) and
A T(t)x = T(t)Ax.

Lemma 51 (The generator is closed). The generator A is closed. That is, if xn ∈ Dom(A), xn → x, and
Axn → y (all in ∥ · ∥X), then x ∈ Dom(A) and Ax = y.

Proof. Let xn ∈ Dom(A) with xn → x and Axn → y. Fix an arbitrary t > 0. For xn ∈ Dom(A), by
consistency between semigroup and generator (Lemma 50),

T(t)xn − xn =
∫ t

0
T(s)Axn ds (3.1-∗)

holds (defined as a Bochner integral). We first justify this identity: set gn(s) := T(s)xn. Then gn

is C1 with g′n(s) = T(s)Axn (derived from difference quotients using Lemma 50). Hence, by the
fundamental theorem of calculus,

T(t)xn − xn = gn(t)− gn(0) =
∫ t

0
g′n(s) ds =

∫ t

0
T(s)Axn ds,

i.e. (3.1-∗) holds.
Now take n → ∞. Since T(t) is a bounded linear operator, T(t)xn → T(t)x. Also xn → x. Hence

the left-hand side converges to T(t)x − x.
For the right-hand side, by local boundedness, on [0, t] we have ∥T(s)∥ ≤ Mt < ∞. Thus

∥T(s)(Axn − y)∥X ≤ Mt∥Axn − y∥X ,
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and the right-hand side converges to 0 as n → ∞ (since Axn → y). Therefore

∫ t

0
T(s)Axn ds →

∫ t

0
T(s)y ds

follows (continuity of the Bochner integral: the integrand is dominated by a uniform bound and
converges pointwise). Hence

T(t)x − x =
∫ t

0
T(s)y ds (∀t > 0). (3.1-∗∗)

Divide both sides by t and take the limit t ↓ 0. By Lemma 47, T(s)y → y as s ↓ 0, hence

1
t

∫ t

0
T(s)y ds → y (t ↓ 0)

(the mean-value limit for a continuous function). Therefore, from (3.1-∗∗),

T(t)x − x
t

→ y (t ↓ 0).

Hence x ∈ Dom(A) and Ax = y.

(5) Density of the generator domain (necessary condition) and its use in this paper

In general, the domain of the generator of a C0-semigroup is dense. In this paper, since subsequent
sections discuss a common core in product formulas, we state density explicitly.

Lemma 52 (The domain of the generator is dense). Let {T(t)}t≥0 be a C0-semigroup on a Banach space X,
and let A be its generator. Then Dom(A) = X holds.

Proof. Take arbitrary x ∈ X and ε > 0. As a standard regularization for C0-semigroups, define

xλ := λ
∫ ∞

0
e−λtT(t)x dt (λ > 0)

(as a Bochner integral). The integral converges by local boundedness and the exponential weight
e−λt. That xλ ∈ Dom(A) and Axλ = λ(xλ − x) follows from a basic semigroup computation (which is
proved in general in subsequent sections). Here, to prove density, it suffices to show that

∥xλ − x∥X → 0 (λ → ∞).

By strong continuity at t = 0, for any δ > 0 and sufficiently large λ, T(t)x is close to x on 0 ≤ t ≤ δ.
Moreover, e−λt is exponentially small for t ≥ δ, so by splitting the integral, ∥xλ − x∥X can be made
arbitrarily small. Therefore elements xλ ∈ Dom(A) approximate x, and the domain is dense.

(6) Conclusion of this subsection: the minimal analytical foundation for treating the UEE as a
semigroup has been established

In this subsection, we fixed the minimal analytical framework for treating the UEE as a C0-
semigroup on X. That is, we defined strongly continuous semigroups (Definition 42) and generators
(Definition 43), and proved within the paper linearity of generators (Lemma 49), consistency with
semigroups (Lemma 50), closedness (Lemma 51), and density of the domain (Lemma 52). In subsequent
sections, when constructing the dissipative semigroup and the resonance semigroup and obtaining
the total semigroup via product formulas, we use the definitions and lemmas of this subsection as the
foundation.
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Conclusion (Strongly continuous semigroups and generators)
In this subsection, we rigorously defined strongly continuous semigroups (C0-semigroups)
on a Banach space X and their generators (Definition 42, Definition 43), and proved within
the paper that the generator is linear (Lemma 49), that the semigroup preserves the domain
and AT(t)x = T(t)Ax holds (Lemma 50), that the generator is closed (Lemma 51), and that
the domain is dense (Lemma 52). This fixes the minimal analytical foundation for rigorously
formulating the UEE not as a “differential equation” but as “semigroup action ρ(t) = T(t)[ρ0].”

3.2. Solution Concept of the UEE
(1) Aim of this subsection: formulate the UEE as an abstract Cauchy problem and fix the solution
concepts (mild/strong/classical) rigorously

In this paper, the Unified Evolution Equation (UEE) is treated as an abstract Cauchy problem on
the state space X (in the standard realization, X = T1(H)). Since the generator A (later identified as
A = Ltot) generally comes with a domain, a solution concept that requires “ρ̇ = Aρ” pointwise is not
sufficient. Accordingly, in this subsection we:

1. fix the definition of the abstract Cauchy problem (what is being solved),
2. define and distinguish mild solutions (solutions as semigroup actions), strong solutions (differen-

tial equations holding a.e.), and classical solutions (pointwise differential equations),
3. fully prove within the paper that, when A is the generator of a C0-semigroup {T(t)}, mild

solutions exist uniquely, and that when x0 ∈ Dom(A) the mild solution becomes a classical
solution (regularization).

Since the contents of this subsection are repeatedly referenced in subsequent sections, we fix them in
the form of definitions, lemmas, and theorems.

(2) UEE as an abstract Cauchy problem (ACP): fixing the problem setting

Definition 44 (Abstract Cauchy problem (ACP)). Let X be a complex Banach space, and let A be a (generally
unbounded) linear operator on X with domain Dom(A) ⊂ X. For an initial value x0 ∈ X and a time interval
[0, T) (0 < T ≤ ∞), define the abstract Cauchy problem ACP(A, x0) by

d
dt

x(t) = Ax(t), x(0) = x0 (ACP)

Comment (application to the UEE)

In this paper, x(t) is regarded as a state ρ(t) ∈ X (in the standard realization, a density operator),
and A is constructed as the closure of the total generator. However, in this subsection, we fix the
solution concepts for a general pair (X, A) as an analytical foundation.

(3) Definitions of solution concepts: mild, strong, and classical solutions

Definition 45 (Mild, strong, and classical solutions). For ACP(A, x0) in Definition 44, let x : [0, T) → X
be a map. Then:

(i) Classical solution: If x ∈ C1([0, T); X), and for every t ∈ [0, T) one has x(t) ∈ Dom(A), and (ACP)
holds pointwise for each t, then x is called a classical solution.

(ii) Strong solution: If x is continuous x ∈ C([0, T); X) and moreover x is locally absolutely continuous (i.e.,
for any 0 < t1 < t2 < T, x(t2)− x(t1) =

∫ t2
t1

ẋ(s) ds holds in the sense of X-valued Bochner integrals),
and there exists a measurable function ẋ : (0, T) → X such that

x(t) = x0 +
∫ t

0
ẋ(s) ds (0 < t < T), x(t) ∈ Dom(A) a.e., ẋ(t) = Ax(t) a.e.

hold, then x is called a strong solution.
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(iii) Mild solution: If A is the generator of a C0-semigroup {T(t)}t≥0, then the map given by

x(t) := T(t)x0 (0 ≤ t < T)

is called a mild solution (existence depends on existence of the semigroup).

Lemma 53 (Classical solution ⇒ strong solution). A classical solution x satisfying Definition 45-(i) is also
a strong solution.

Proof. Since x ∈ C1([0, T); X), for any 0 < t1 < t2 < T,

x(t2)− x(t1) =
∫ t2

t1

x′(s) ds

holds (the Banach-valued fundamental theorem of calculus; we use Lemma 54 below). By the classical-
solution assumption, x′(s) = Ax(s) holds for all s, hence also a.e. Thus the conditions of a strong
solution are satisfied.

(4) Banach-valued fundamental theorem of calculus (a tool to close the paper)

Lemma 54 (Banach-valued fundamental theorem of calculus (the C1 case)). Let X be a Banach space and
let x ∈ C1([0, T]; X). Then for any t ∈ [0, T],

x(t)− x(0) =
∫ t

0
x′(s) ds

holds (the right-hand side is a Bochner integral).

Proof. Take a partition 0 = t0 < t1 < · · · < tn = t of [0, t]. It suffices to show, for each subinterval, that

x(tk)− x(tk−1) =
∫ tk

tk−1

x′(s) ds.

Since x′ is continuous, it is uniformly continuous on [tk−1, tk]. Hence for any ε > 0, taking a sufficiently
fine partition yields ∥∥∥∥∥x(tk)− x(tk−1)−

m

∑
j=1

x′(ξ j)∆sj

∥∥∥∥∥
X

< ε

(where {ξ j} are representative points of subintervals and ∆sj their lengths). Defining the Bochner
integral as the limit of Riemann sums yields

x(tk)− x(tk−1) =
∫ tk

tk−1

x′(s) ds.

Summing over k = 1, . . . , n gives

x(t)− x(0) =
n

∑
k=1

(
x(tk)− x(tk−1)

)
=

n

∑
k=1

∫ tk

tk−1

x′(s) ds =
∫ t

0
x′(s) ds

(by additivity of the Bochner integral).

(5) Regularity of mild solutions: if the initial value lies in Dom(A), the mild solution becomes classical

Hereafter, assume that A is the generator of a C0-semigroup {T(t)}t≥0 (the framework of §3.1).
We show rigorously differentiability of the mild solution x(t) = T(t)x0.
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Lemma 55 (Semigroup orbits are differentiable at points in the generator domain). Let A be the generator
of a C0-semigroup {T(t)}t≥0. For x0 ∈ Dom(A) and any t ≥ 0,

d
dt

T(t)x0 = T(t)Ax0

holds. Moreover, T(t)x0 ∈ Dom(A) and

A T(t)x0 = T(t)Ax0

holds.

Proof. Take x0 ∈ Dom(A). For h ̸= 0, by the semigroup property,

T(t + h)x0 − T(t)x0

h
=

T(t)T(h)x0 − T(t)x0

h
= T(t)

(
T(h)x0 − x0

h

)
.

As h ↓ 0, by Definition 43 (§3.1),
T(h)x0 − x0

h
→ Ax0 in X.

On the other hand, for fixed t, T(t) is a bounded linear operator (local boundedness of a C0-semigroup).
Hence, by continuity, we can move the limit outside the operator:

lim
h↓0

T(t + h)x0 − T(t)x0

h
= T(t)

(
lim
h↓0

T(h)x0 − x0

h

)
= T(t)Ax0.

Thus t 7→ T(t)x0 is differentiable at each point with derivative T(t)Ax0.
Next we show T(t)x0 ∈ Dom(A) and AT(t)x0 = T(t)Ax0. As h ↓ 0,

T(h)T(t)x0 − T(t)x0

h
=

T(t + h)x0 − T(t)x0

h
→ T(t)Ax0.

The left-hand side is the difference quotient defining A(T(t)x0) in Definition 43, hence T(t)x0 ∈
Dom(A) and A(T(t)x0) = T(t)Ax0.

Theorem 10 (If the initial value lies in the domain, the mild solution is a classical solution). Let A be the
generator of a C0-semigroup {T(t)}t≥0. Let x0 ∈ Dom(A) and define x(t) := T(t)x0. Then x is a classical
solution of ACP(A, x0) and

x(t) = x0 +
∫ t

0
Ax(s) ds (0 ≤ t < T)

holds.

Proof. By Lemma 55, for any t ≥ 0, x(t) = T(t)x0 ∈ Dom(A) and

x′(t) =
d
dt

T(t)x0 = T(t)Ax0 = Ax(t)

hold. Hence x ∈ C1([0, T); X) and satisfies the condition of Definition 45-(i), so x is a classical solution.
The integral form follows by applying Lemma 54 to x:

x(t)− x(0) =
∫ t

0
x′(s) ds =

∫ t

0
Ax(s) ds.
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(6) Uniqueness of classical solutions: given the generating semigroup, the solution coincides with the
semigroup orbit

Next, we show that when the semigroup {T(t)} generated by A is already given, any classical
solution coincides with the semigroup orbit. This immediately implies uniqueness of classical solutions.

Theorem 11 (Semigroup representation of classical solutions (hence uniqueness)). Let A be the generator
of a C0-semigroup {T(t)}t≥0. If x : [0, T) → X is a classical solution of ACP(A, x0), then for any t ∈ [0, T),

x(t) = T(t)x0

holds. Hence, if a classical solution exists, it is unique.

Proof. Fix an arbitrary t ∈ (0, T). Define F : [0, t] → X by

F(s) := T(t − s)x(s) (0 ≤ s ≤ t).

Since x is a classical solution, for each s one has x(s) ∈ Dom(A) and x′(s) = Ax(s). By Lemma 55, for
y ∈ Dom(A) the map τ 7→ T(τ)y is differentiable and satisfies d

dτ T(τ)y = T(τ)Ay.
Step 1 (differentiation of F): Fix 0 < s < t and take h sufficiently small. Write the difference quotient
as

F(s + h)− F(s)
h

=
T(t − s − h)x(s + h)− T(t − s)x(s)

h
,

and split the right-hand side into two terms:

T(t − s − h)x(s + h)− T(t − s)x(s + h)
h

+
T(t − s)x(s + h)− T(t − s)x(s)

h
.

For the second term, since T(t − s) is a bounded linear operator,

T(t − s)x(s + h)− T(t − s)x(s)
h

= T(t − s)
x(s + h)− x(s)

h
→ T(t − s)x′(s) = T(t − s)Ax(s)

as h → 0.
The first term is a difference involving T(τ − h)− T(τ) with τ := t− s. Since one cannot generally

write T(τ − h) = T(τ)T(−h) (no inverse), we treat it via the standard change of variables using a
right-derivative formulation. Because h → 0 with −h ↓ 0 corresponds to a left-sided change, we
instead take h negative (h = −η, η ↓ 0), and reformulate in a naturally right-differentiable form.
Accordingly, we use the standard substitution G(r) := T(r)x(t − r) (r ∈ [0, t]).

Concretely, let r := t − s, so s = t − r, and

F(s) = T(r)x(t − r) =: G(r).

Thus F being constant is equivalent to G being constant. Differentiate G with respect to r: for 0 < r < t,

G(r + h)− G(r)
h

=
T(r + h)x(t − r − h)− T(r)x(t − r)

h
.

Split the right-hand side as

T(r + h)x(t − r − h)− T(r)x(t − r − h)
h

+
T(r)x(t − r − h)− T(r)x(t − r)

h
.

For the first term, by Lemma 55 (using x(t − r − h) ∈ Dom(A)),

T(r + h)y − T(r)y
h

→ T(r)Ay (h ↓ 0)
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holds, so taking y = x(t − r) as the limit yields that the first term → T(r)Ax(t − r). For the second
term,

T(r)
x(t − r − h)− x(t − r)

h
→ T(r) ·

(
−x′(t − r)

)
= −T(r)Ax(t − r)

since x is C1 and x′(t − r) = Ax(t − r). Thus the two terms cancel, and

lim
h↓0

G(r + h)− G(r)
h

= 0.

Hence G is differentiable on the interval with derivative 0, and therefore G is constant.
Step 3 (identification of the constant value): Since G is constant, G(r) = G(0). We have G(0) =

T(0)x(t) = x(t), while G(t) = T(t)x(0) = T(t)x0. Therefore x(t) = T(t)x0 follows.
Step 4 (uniqueness): If x and y are classical solutions with the same initial value x0, then by the above
result x(t) = T(t)x0 = y(t), hence uniqueness holds.

(7) Conclusion of this subsection: the solution concept of the UEE has been fixed based on semigroup
theory

In this subsection, we defined the UEE as an abstract Cauchy problem (Definition 44) and
rigorously distinguished solution concepts as mild/strong/classical (Definition 45). We further proved
that semigroup orbits are differentiable on the generator domain (Lemma 55), and showed that if the
initial value lies in the domain then the mild solution becomes a classical solution (Theorem 10). Finally,
we proved within the paper that, given the generating semigroup, any classical solution coincides
with the semigroup orbit and hence is unique (Theorem 11). Hereafter, this paper proceeds with the
standpoint that “solution = mild solution (semigroup action)” as the basic notion, and that one may
regularize to a classical solution under domain conditions when needed.

Conclusion (Solution concept of the UEE)
In this subsection, the UEE was fixed as an abstract Cauchy problem ẋ = Ax on a Banach
space X (Definition 44), and solution concepts were rigorously distinguished as mild solutions
(semigroup action x(t) = T(t)x0), strong solutions (a.e. ẋ = Ax), and classical solutions
(pointwise ẋ = Ax) (Definition 45). When A generates a C0-semigroup {T(t)}, if the initial
value x0 ∈ Dom(A) then the semigroup orbit is differentiable and satisfies x′(t) = Ax(t), so
the mild solution becomes a classical solution (Lemma 55, Theorem 10). Moreover, any classical
solution coincides with the semigroup orbit and is therefore unique (Theorem 11). Hereafter,
this paper takes “solution = mild solution” as the basic concept and regularizes to a classical
solution under domain conditions only when necessary.

3.3. Closure Properties of CPTP Maps
(1) Aim of this subsection: guarantee within the paper that the CPTP property is not broken by
componentwise composition and limit operations

In the main construction of this paper (subsequent sections), one repeatedly composes CPTP
maps and then takes a limit n → ∞ to construct a time-evolution semigroup, as in

F(t) := T0(t) T∆(t) TR(t), T(n)(t) :=
(

F(t/n)
)n.

Therefore, as an analytical foundation, it is necessary to rigorously establish at least the following:

1. Compositions and convex combinations of CPTP maps preserve CPTP (algebraic closure).
2. Pointwise ∥ · ∥1-limits of sequences of CPTP maps preserve CPTP (topological closure).
3. Prove within the paper the handling of ampliations and the closedness of the positive cone

needed for this.
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In this subsection, we prove these completely as maps on X = T1(H) and fix them so that CPTP-ness
can be propagated “mechanically” in subsequent sections.

(2) Preparations: duality, ampliations, and definitions of CPTP/UCP (minimal form used in this
subsection)

Definition 46 (Dual pairing and adjoint map). Let H be a complex Hilbert space, and set X := T1(H) and
M := B(H). Define the dual pairing by

⟨ρ, A⟩ := Tr(ρA) (ρ ∈ X, A ∈ M).

For a bounded linear map T : X → X, define its adjoint map T∗ : M → M by

Tr
(
T(ρ) A

)
= Tr

(
ρ T∗(A)

)
(∀ ρ ∈ X, ∀ A ∈ M) (3.3-∗)

(existence and uniqueness are shown in Lemma 56).

Lemma 56 (Existence, uniqueness, and norm estimate of the adjoint map). In the setting of Definition 46,
for any bounded linear map T : X → X, there exists a unique bounded linear map T∗ : M → M satisfying
(3.3-∗). Moreover,

∥T∗∥M→M = ∥T∥X→X .

Proof. X is a Banach space and M is identified with its dual X∗ (the standard realization fixed in
§2.2). Hence every bounded linear map T : X → X has a unique Banach adjoint (dual) T∗ : X∗ → X∗

satisfying
(T∗Φ)(ρ) = Φ(Tρ) (Φ ∈ X∗, ρ ∈ X).

Using the identification ΦA(ρ) := Tr(ρA) corresponding to A ∈ M, we have

(T∗ΦA)(ρ) = ΦA(Tρ) = Tr(Tρ A).

On the other hand, by the identification of the dual, there exists a unique T∗(A) ∈ M such that
T∗ΦA = ΦT∗(A), i.e.

Tr(Tρ A) = Tr(ρ T∗(A))

for all ρ. This is (3.3-∗). The norm identity follows from the general fact for Banach adjoints that
∥T∗∥ = ∥T∥.

Definition 47 (Amplification). For n ∈ N, set Hn := Cn ⊗H and define

Xn := T1(Hn), Mn := B(Hn).

Define the amplification Idn ⊗ T : Xn → Xn of T : X → X on simple tensors by

(Idn ⊗ T)(σ ⊗ ρ) := σ ⊗ T(ρ) (σ ∈ T1(Cn), ρ ∈ X),

and extend it to all of Xn by linear continuous extension (since n is finite, it is well-defined via the standard
identification). Similarly, for α : M → M define Idn ⊗ α : Mn → Mn.

Definition 48 (CPTP and UCP (definitions fixed in this subsection)). Let T : X → X be a bounded linear
map.

1. T is completely positive (CP) if for every n ∈ N, Idn ⊗ T : Xn → Xn preserves positivity (the positive
cone of Xn).

2. T is trace-preserving (TP) if for every ρ ∈ X, Tr(T(ρ)) = Tr(ρ) holds.
3. T is CPTP if T is CP and TP.
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On the other hand, for α : M → M:

1. α is completely positive (CP) if for every n, Idn ⊗ α preserves positivity.
2. α is unital if α(I) = I.
3. α is UCP if it is CP and unital.

(3) Closedness of the positive cone: positivity is not lost under limits

Lemma 57 (Closedness of the positive cone under trace-norm limits). Let {Xk}k∈N ⊂ T1(H) satisfy
Xk ≥ 0 for all k, and assume ∥Xk − X∥1 → 0 as k → ∞. Then X ≥ 0 holds.

Proof. Since ∥Y∥ ≤ ∥Y∥1 (a property of singular values of trace-class operators), we have ∥Xk − X∥ ≤
∥Xk − X∥1 → 0. For any ψ ∈ H,∣∣⟨ψ, (Xk − X)ψ⟩

∣∣ ≤ ∥Xk − X∥ ∥ψ∥2 → 0.

Hence
⟨ψ, Xψ⟩ = lim

k→∞
⟨ψ, Xkψ⟩ ≥ 0

(since each Xk ≥ 0) holds for all ψ. Therefore X ≥ 0.

(4) Kadison–Schwarz inequality and operator-norm contractivity of UCP (complete proofs)

To prove trace-norm contractivity of CPTP maps, we first establish within the paper operator-norm
contractivity of UCP maps.

Lemma 58 (Positive maps are ∗-preserving). Let α : M → M be a positive linear map. Then for any
A ∈ M,

α(A†) = α(A)†

holds.

Proof. Take an arbitrary self-adjoint element H = H†. By the standard decomposition in a C∗-algebra,
H can be written as H = H+ − H− with H± ≥ 0 and H+H− = 0. By positivity, α(H±) ≥ 0, and in
particular they are self-adjoint. Hence α(H) = α(H+)− α(H−) is also self-adjoint.

For a general A, decompose A = Re A + i Im A with

Re A :=
A + A†

2
, Im A :=

A − A†

2i
.

Since Re A and Im A are self-adjoint, the above implies that α(Re A) and α(Im A) are also self-adjoint.
Therefore,

α(A)† =
(
α(Re A) + iα(Im A)

)†
= α(Re A)− iα(Im A) = α(Re A − i Im A) = α(A†),

where the last equality uses linearity. Hence the claim follows.

Lemma 59 (Kadison–Schwarz inequality (2-positivity + unitality)). Assume that α : M → M is 2-
positive (i.e. Id2 ⊗ α preserves positivity) and unital (α(I) = I). Then for any A ∈ M,

α(A)†α(A) ≤ α(A† A) (KS)

holds.
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Proof. Consider the element of the 2 × 2 matrix algebra M2(M) given by

M :=

(
A† A A†

A I

)
.

Let B :=
(

A I
)

(a 1 × 2 block matrix). Then

B†B =

(
A†

I

)(
A I

)
=

(
A† A A†

A I

)
= M,

so M ≥ 0.
By 2-positivity, Id2 ⊗ α preserves positivity, hence

(Id2 ⊗ α)(M) =

(
α(A† A) α(A†)

α(A) α(I)

)
=

(
α(A† A) α(A)†

α(A) I

)
≥ 0

(using Lemma 58 and unitality).
In general, if a block matrix (

X Y†

Y I

)
≥ 0

holds, then for any v ∈ H,〈(
v

−Yv

)
,

(
X Y†

Y I

)(
v

−Yv

)〉
= ⟨v, (X − Y†Y)v⟩ ≥ 0

(the lower component becomes Yv − Yv = 0 and the upper component becomes (X − Y†Y)v). Hence
X − Y†Y ≥ 0, i.e. Y†Y ≤ X.

Applying this with X = α(A† A) and Y = α(A) yields α(A)†α(A) ≤ α(A† A), which is (KS).

Lemma 60 (A UCP map is operator-norm contractive). Let α : M → M be UCP (completely positive and
unital). Then for any A ∈ M,

∥α(A)∥ ≤ ∥A∥

holds.

Proof. Since α is CP, it is in particular 2-positive, so Lemma 59 applies and yields

α(A)†α(A) ≤ α(A† A).

Both sides are positive operators, so by norm monotonicity,

∥α(A)∥2 = ∥α(A)†α(A)∥ ≤ ∥α(A† A)∥.

On the other hand, 0 ≤ A† A ≤ ∥A† A∥ I = ∥A∥2 I holds. Since α is positive and unital, it preserves
order, hence

0 ≤ α(A† A) ≤ ∥A∥2α(I) = ∥A∥2 I.

Therefore ∥α(A† A)∥ ≤ ∥A∥2. Combining yields

∥α(A)∥2 ≤ ∥A∥2,

hence ∥α(A)∥ ≤ ∥A∥.
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(5) Dual representation of the trace norm and trace-norm contractivity of CPTP (complete proofs)

Lemma 61 (Dual representation of the trace norm (characterization by the unit ball)). For any ρ ∈
T1(H),

∥ρ∥1 = sup
{
|Tr(ρA)| : A ∈ B(H), ∥A∥ ≤ 1

}
(TN)

holds.

Proof. Step 1 (≤): By the Hölder-type estimate (the basic estimate established in §2.1),

|Tr(ρA)| ≤ ∥ρ∥1 ∥A∥

holds. Taking the supremum over ∥A∥ ≤ 1 yields

sup
∥A∥≤1

|Tr(ρA)| ≤ ∥ρ∥1.

Step 2 (≥): By the polar decomposition, write ρ = U|ρ| (with U a partial isometry). Since a partial
isometry satisfies ∥U∥ ≤ 1, A := U† satisfies ∥A∥ ≤ 1. Then

Tr(ρA) = Tr(U|ρ|U†) = Tr(|ρ|) = ∥ρ∥1

(by cyclicity of the trace and the property that U†U is the identity on the support of |ρ|), so the
supremum is at least ∥ρ∥1. Hence

sup
∥A∥≤1

|Tr(ρA)| ≥ ∥ρ∥1.

Combining with Step 1 yields (TN).

Lemma 62 (The adjoint of a CPTP map is UCP). Let T : X → X be CPTP. Then its adjoint map
T∗ : M → M is UCP.

Proof. (i) unital: For any ρ ∈ X, substituting A = I into (3.3-∗) yields

Tr(ρ T∗(I)) = Tr(T(ρ) I) = Tr(T(ρ)) = Tr(ρ)

(by TP). Hence Tr(ρ(T∗(I)− I)) = 0 for all ρ. Since states separate observables (the separation lemma
in §2.2), T∗(I)− I = 0, i.e. T∗(I) = I.
(ii) CP: Fix any n ∈ N and let Hn = Cn ⊗H. Since T is CP, Idn ⊗ T : Xn → Xn preserves positivity. Let
X ∈ Mn = B(Hn) be an arbitrary positive operator (X ≥ 0), and let Σ ∈ Xn = T1(Hn) be an arbitrary
positive trace-class operator (Σ ≥ 0). By trace duality,

Tr
(
(Idn ⊗ T)(Σ) X

)
= Tr

(
Σ (Idn ⊗ T∗)(X)

)
(3.3-∗∗)

holds (apply Lemma 56 on Hn). The left-hand side is nonnegative since (Idn ⊗ T)(Σ) ≥ 0 and X ≥ 0.
Therefore the right-hand side is nonnegative for all Σ ≥ 0. Applying Lemma 21 (characterization of
positivity by trace duality; proved in §2.3) on Hn yields

(Idn ⊗ T∗)(X) ≥ 0.

Since X ≥ 0 is arbitrary, Idn ⊗ T∗ preserves positivity. As n is arbitrary, T∗ is completely positive.
Thus T∗ is unital-CP, i.e. UCP.

Lemma 63 (A CPTP map is trace-norm contractive). If T : X → X is CPTP, then for any ρ ∈ X,

∥T(ρ)∥1 ≤ ∥ρ∥1
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holds.

Proof. By Lemma 61 and (3.3-∗),

∥T(ρ)∥1 = sup
∥A∥≤1

|Tr(T(ρ)A)| = sup
∥A∥≤1

|Tr(ρ T∗(A))|.

By Lemma 62, T∗ is UCP, so by Lemma 60, ∥T∗(A)∥ ≤ ∥A∥ ≤ 1 holds. Therefore,

sup
∥A∥≤1

|Tr(ρ T∗(A))| ≤ sup
∥B∥≤1

|Tr(ρ B)| = ∥ρ∥1

(again by Lemma 61). Hence ∥T(ρ)∥1 ≤ ∥ρ∥1.

(6) Algebraic closure: CPTP is preserved under composition and convex combinations

Lemma 64 (CPTP maps are closed under composition). If S, T : X → X are CPTP, then the composition
S ◦ T is also CPTP.

Proof. (TP) For any ρ ∈ X,

Tr
(
(S ◦ T)(ρ)

)
= Tr

(
S(T(ρ))

)
= Tr(T(ρ)) = Tr(ρ),

so TP holds.
(CP) For any n, the amplification satisfies

Idn ⊗ (S ◦ T) = (Idn ⊗ S) ◦ (Idn ⊗ T).

Since Idn ⊗ T and Idn ⊗ S preserve positivity, their composition preserves positivity. Thus S ◦ T is CP.
Hence S ◦ T is CPTP.

Lemma 65 (CPTP maps are closed under finite convex combinations). Let T1, . . . , Tm : X → X be CPTP
and let λ1, . . . , λm ≥ 0 satisfy ∑m

k=1 λk = 1. Then

T :=
m

∑
k=1

λkTk

is CPTP.

Proof. (TP) By linearity,

Tr(T(ρ)) =
m

∑
k=1

λk Tr(Tk(ρ)) =
m

∑
k=1

λk Tr(ρ) = Tr(ρ).

(CP) For any n,

Idn ⊗ T =
m

∑
k=1

λk(Idn ⊗ Tk).

Take arbitrary Σ ≥ 0. Then each (Idn ⊗ Tk)(Σ) ≥ 0. Since the positive cone is convex (convexity
of positive operators), the convex combination ∑k λk(Idn ⊗ Tk)(Σ) is also positive. Hence Idn ⊗ T
preserves positivity, so T is CP. Therefore T is CPTP.
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(7) Topological closure: CPTP is preserved under pointwise ∥ · ∥1-limits (main theorem)

Theorem 12 (Closure of CPTP maps under pointwise ∥ · ∥1-limits). Let {Tk}k∈N be a sequence of CPTP
maps on X. Assume that there exists a linear map T : X → X such that for every ρ ∈ X,

∥Tk(ρ)− T(ρ)∥1 −→ 0 (k → ∞) (3.3-LIM)

holds. Then T is CPTP.

Proof. Step 1 (boundedness): Since each Tk is CPTP, by Lemma 63 we have ∥Tk(ρ)∥1 ≤ ∥ρ∥1. By the
assumption (3.3-LIM) and lower semicontinuity,

∥T(ρ)∥1 = lim
k→∞

∥Tk(ρ)∥1 ≤ ∥ρ∥1.

Hence T is bounded on X and ∥T∥1→1 ≤ 1.
Step 2 (TP): Since the trace is ∥ · ∥1-continuous,

Tr(T(ρ)) = lim
k→∞

Tr(Tk(ρ)) = lim
k→∞

Tr(ρ) = Tr(ρ),

so T is TP.
Step 3 (convergence on ampliations): Fix an arbitrary n ∈ N and consider Xn = T1(Hn). Take an
arbitrary Σ ∈ Xn. Since Cn is finite-dimensional, using the standard basis {ei}n

i=1 and matrix units
Eij := |ei⟩⟨ej|, we can write

Σ =
n

∑
i,j=1

Eij ⊗ σij (σij ∈ X) (3.3-BLK)

(e.g. define σij := (⟨ei| ⊗ I)Σ (|ej⟩ ⊗ I)). By definition,

(Idn ⊗ Tk)(Σ)− (Idn ⊗ T)(Σ) =
n

∑
i,j=1

Eij ⊗
(
Tk(σij)− T(σij)

)
.

By the triangle inequality for the trace norm and ∥Eij∥1 = 1 (finite-dimensional),

∥∥(Idn ⊗ Tk)(Σ)− (Idn ⊗ T)(Σ)
∥∥

1 ≤
n

∑
i,j=1

∥Tk(σij)− T(σij)∥1.

For each σij ∈ X, the assumption (3.3-LIM) implies that each term on the right tends to 0 as k → ∞,
and since the sum is finite, the entire right-hand side tends to 0. Therefore,

(Idn ⊗ Tk)(Σ) → (Idn ⊗ T)(Σ) in ∥ · ∥1. (3.3-AMP)

Step 4 (CP): Let Σ ∈ Xn be an arbitrary positive operator (Σ ≥ 0). Since each Tk is CP, (Idn ⊗ Tk)(Σ) ≥ 0
holds for all k. By (3.3-AMP), (Idn ⊗ Tk)(Σ) → (Idn ⊗ T)(Σ) in ∥ · ∥1. Applying Lemma 57 on Hn

yields that the limit (Idn ⊗ T)(Σ) is also positive. Hence Idn ⊗ T preserves positivity. Since n was
arbitrary, T is CP.

Together with Step 2, T is CPTP.

(8) Conclusion of this subsection: closure of CPTP (composition, convex combination, and limits) has
been established within the paper

In this subsection, we fixed within the paper, with sufficient strength for semigroup construction,
that CPTP maps are stable under componentwise composition and limit operations. In particular,
we established (i) closure under composition (Lemma 64) and finite convex combinations (Lemma
65), and (ii) closure under pointwise ∥ · ∥1-limits (Theorem 12). The proof is based on convergence
on ampliations (Step 3) and closedness of the positive cone (Lemma 57). Henceforth, once one shows
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that “the components are CPTP,” it is guaranteed that the map obtained by the composite limit is
automatically CPTP.

Conclusion (Closure properties of CPTP maps)
In this subsection, we established within the paper the closure properties of CPTP maps in
the form required for subsequent componentwise composition and limit constructions. First,
we derived operator-norm contractivity of UCP maps from the Kadison–Schwarz inequality
(Lemma 59, Lemma 60), and connected it with the dual representation of the trace norm to
prove trace-norm contractivity of CPTP maps, ∥T(ρ)∥1 ≤ ∥ρ∥1 (Lemma 61, Lemma 63). Next,
we proved that CPTP maps are closed under composition and finite convex combinations
(Lemma 64, Lemma 65). Finally, we proved rigorously that the pointwise ∥ · ∥1-limit of a
sequence of CPTP maps is again CPTP, based on convergence of ampliations and closedness
of the positive cone (Lemma 57, Theorem 12). This guarantees that CPTP-ness propagates
mechanically under “CPTP componentwise composition” and “strong-limit” constructions
used in subsequent sections.

3.4. Exponential Semigroups of Bounded Generators
(1) Aim of this subsection: for a bounded generator A ∈ B(X), fully prove within the paper that the
exponential semigroup etA yields a C0-semigroup

In this paper, the dissipative generator L∆ is constructed under the minimal specification (finite-
sum GKLS), and as a result L∆ becomes a bounded linear operator on the state space X = T1(H). For
bounded generators, semigroup construction can be given explicitly by the exponential series etA

without using abstract generator theorems. In this subsection, since it is needed in subsequent sections,
we establish the following in a self-contained manner within the paper:

1. For any Banach space X and any bounded linear operator A ∈ B(X), the exponential series

etA :=
∞

∑
k=0

tk

k!
Ak

converges absolutely in B(X).
2. {etA}t≥0 is a C0-semigroup, its generator is A, and the domain is the whole space X.
3. Provide explicit convergence estimates and continuity (growth) estimates, giving bounds needed

for compatibility with product formulas (Chernoff/Trotter).

This subsection is part of the “analytical foundations” and is necessary to close, without external
references, the construction of the dissipative semigroup T∆(t) = etL∆ in subsequent sections.

(2) Convergence of the exponential series: absolute convergence in B(X)

Lemma 66 (Absolute convergence of the exponential series and a basic bound). Let X be a Banach space
and let A ∈ B(X) be a bounded linear operator. Then for any t ≥ 0 the series

∞

∑
k=0

tk

k!
Ak

converges absolutely in the operator norm of B(X), and∥∥∥∥∥ ∞

∑
k=0

tk

k!
Ak

∥∥∥∥∥ ≤
∞

∑
k=0

tk

k!
∥A∥k = et∥A∥

holds. Hence etA ∈ B(X) is well-defined.
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Proof. By submultiplicativity ∥Ak∥ ≤ ∥A∥k and the triangle inequality, for the partial sum SN(t) :=
∑N

k=0
tk

k! Ak we have

∥SN(t)∥ ≤
N

∑
k=0

tk

k!
∥Ak∥ ≤

N

∑
k=0

tk

k!
∥A∥k.

The right-hand side converges to et∥A∥ as N → ∞, so {SN(t)} is norm bounded. Moreover, for the
difference SN+M(t)− SN(t) = ∑N+M

k=N+1
tk

k! Ak,

∥SN+M(t)− SN(t)∥ ≤
N+M

∑
k=N+1

tk

k!
∥A∥k ≤

∞

∑
k=N+1

(t∥A∥)k

k!
−−−→
N→∞

0.

Hence {SN(t)} is Cauchy in B(X). Since B(X) is a Banach space, the limit exists and the series
converges in operator norm. The bound is as stated above.

(3) Definition of the exponential semigroup: TA(t) := etA

Definition 49 (Exponential semigroup (bounded generator)). Let X be a Banach space and let A ∈ B(X)

be a bounded linear operator. By Lemma 66, etA ∈ B(X) is defined, so we set

TA(t) := etA (t ≥ 0).

The family {TA(t)}t≥0 is called the exponential semigroup of A.

(4) Semigroup property: TA(t + s) = TA(t)TA(s) and TA(0) = I (complete proof)

Lemma 67 (Semigroup property of the exponential semigroup). The family TA(t) in Definition 49 satisfies

TA(0) = I, TA(t + s) = TA(t) TA(s) (∀t, s ≥ 0).

Proof. First, for TA(0), by the series definition,

TA(0) =
∞

∑
k=0

0k

k!
Ak = I

(only the k = 0 term remains).
Next, we prove the semigroup property by computing products of partial sums and taking limits.

Let SN(t) := ∑N
k=0

tk

k! Ak. Then

SN(t)SN(s) =
N

∑
k=0

N

∑
ℓ=0

tksℓ

k! ℓ!
Ak+ℓ.

Grouping by m = k + ℓ, for 0 ≤ m ≤ 2N,

SN(t)SN(s) =
2N

∑
m=0

 min(m,N)

∑
k=max(0,m−N)

tksm−k

k! (m − k)!

Am.

On the other hand, the binomial-coefficient identity

(t + s)m

m!
=

m

∑
k=0

tksm−k

k! (m − k)!

holds, so in the limit N → ∞ the inner sum agrees with (t+s)m

m! .
To justify this, first take the norm limit:

TA(t)TA(s) = lim
N→∞

SN(t) · lim
N→∞

SN(s) = lim
N→∞

SN(t)SN(s),
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since multiplication in B(X) is continuous: ∥BC − B′C′∥ ≤ ∥B − B′∥∥C∥+ ∥B′∥∥C − C′∥. By Lemma
66, SN(t) → TA(t) and SN(s) → TA(s) in norm, and ∥SN(t)∥, ∥SN(s)∥ are uniformly bounded, so the
interchange above is justified.

Next, show that the limit of SN(t)SN(s) equals TA(t + s). Write

SN(t)SN(s) =
2N

∑
m=0

cm,N(t, s) Am, cm,N(t, s) :=
min(m,N)

∑
k=max(0,m−N)

tksm−k

k! (m − k)!
.

For fixed m, if N ≥ m, then

cm,N(t, s) =
m

∑
k=0

tksm−k

k! (m − k)!
=

(t + s)m

m!
.

Hence

lim
N→∞

SN(t)SN(s) =
∞

∑
m=0

(t + s)m

m!
Am = TA(t + s),

where the final infinite sum converges in norm by Lemma 66. Therefore TA(t + s) = TA(t)TA(s).

(5) Strong continuity: t 7→ TA(t)x is continuous (complete proof)

Lemma 68 (Strong continuity of the exponential semigroup). TA(t) = etA is a strongly continuous
semigroup on X. That is, for any x ∈ X,

lim
t↓0

∥TA(t)x − x∥X = 0

holds.

Proof. Take an arbitrary x ∈ X. By the series representation,

TA(t)x − x =
∞

∑
k=1

tk

k!
Akx.

Taking norms and using the triangle inequality together with ∥Akx∥ ≤ ∥A∥k∥x∥ yields

∥TA(t)x − x∥ ≤
∞

∑
k=1

tk

k!
∥A∥k∥x∥ =

(
et∥A∥ − 1

)
∥x∥.

The right-hand side tends to 0 as t ↓ 0, hence the claim follows.

(6) Identification of the generator: the generator of the exponential semigroup is A and the domain is
the whole space

Theorem 13 (The generator of the exponential semigroup is A). Let A ∈ B(X) and set TA(t) := etA.
Then the generator (Definition 43) of {TA(t)}t≥0 is A, and

Dom(Agen) = X, Agen = A

holds.

Proof. Since A is defined on all of X, it suffices to show that Dom(Agen) = X. Take an arbitrary x ∈ X.
Expand the difference quotient by the series:

TA(t)x − x
t

=
1
t

(
∞

∑
k=0

tk

k!
Akx − x

)
=

∞

∑
k=1

tk−1

k!
Akx = Ax +

∞

∑
k=2

tk−1

k!
Akx.
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Hence ∥∥∥∥TA(t)x − x
t

− Ax
∥∥∥∥ ≤

∞

∑
k=2

tk−1

k!
∥Akx∥ ≤

∞

∑
k=2

tk−1

k!
∥A∥k∥x∥ = ∥A∥2 ∥x∥

∞

∑
k=2

(t∥A∥)k−2

k!
t.

More coarsely, ∥∥∥∥TA(t)x − x
t

− Ax
∥∥∥∥ ≤ ∥x∥

∞

∑
k=2

tk−1

k!
∥A∥k = ∥x∥ et∥A∥ − 1 − t∥A∥

t
.

The right-hand side tends to 0 as t ↓ 0 (from the Taylor expansion eu = 1 + u + o(u)). Therefore,

lim
t↓0

TA(t)x − x
t

= Ax

holds. Hence every x ∈ X belongs to the generator domain and the generator equals A.

(7) Growth bounds and Lipschitz-type bounds (used for product formulas in subsequent sections)

Lemma 69 (Growth bound: ∥TA(t)∥ ≤ et∥A∥). For any t ≥ 0,

∥TA(t)∥ ≤ et∥A∥

holds.

Proof. Use directly the bound in Lemma 66:

∥TA(t)∥ =

∥∥∥∥∥ ∞

∑
k=0

tk

k!
Ak

∥∥∥∥∥ ≤
∞

∑
k=0

tk

k!
∥A∥k = et∥A∥.

Lemma 70 (Lipschitz-type bound in time (local)). For any t, s ≥ 0 and any x ∈ X,

∥TA(t)x − TA(s)x∥ ≤ |t − s| ∥A∥ emax{t,s}∥A∥ ∥x∥

holds.

Proof. Let h := t − s. By the semigroup property,

TA(t)− TA(s) = TA(s)
(
TA(h)− I

)
(in the case t ≥ s; the case t < s is symmetric). Hence

∥TA(t)x − TA(s)x∥ ≤ ∥TA(s)∥ ∥TA(h)− I∥ ∥x∥.

By Lemma 69, ∥TA(s)∥ ≤ es∥A∥. Also,

TA(h)− I =
∞

∑
k=1

hk

k!
Ak,

so

∥TA(h)− I∥ ≤
∞

∑
k=1

|h|k
k!

∥A∥k = e|h|∥A∥ − 1 ≤ |h| ∥A∥ e|h|∥A∥
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(using eu − 1 ≤ ueu for u ≥ 0). Therefore,

∥TA(t)x − TA(s)x∥ ≤ es∥A∥ |t − s| ∥A∥ e|t−s|∥A∥ ∥x∥ ≤ |t − s| ∥A∥ emax{t,s}∥A∥ ∥x∥,

where the last step uses s + |t − s| ≤ max{t, s}.

(8) Conclusion of this subsection: a bounded generator automatically yields a C0-semigroup via the
exponential, and the generator coincides

In this subsection, we fully proved within the paper that for a bounded generator A ∈ B(X), the
exponential semigroup TA(t) = etA yields a C0-semigroup, its generator coincides with A, and the
domain is the whole space (Lemma 66, Lemma 67, Lemma 68, Theorem 13). We also provided growth
and time-Lipschitz-type bounds, forming the foundation for dissipative semigroup construction and
product-formula application in subsequent sections (Lemma 69, Lemma 70).

Conclusion (Exponential semigroups of bounded generators)
In this subsection, for a bounded linear operator A ∈ B(X) on a Banach space X, we proved
within the paper that the exponential series etA = ∑k≥0

tk

k! Ak converges absolutely in operator
norm (Lemma 66), that TA(t) := etA satisfies the semigroup property TA(t + s) = TA(t)TA(s)
and TA(0) = I (Lemma 67), and that it is strongly continuous (Lemma 68). We further showed
rigorously that the generator of this semigroup coincides with A and the domain is the whole
space X (Theorem 13). In addition, we provided the growth bound ∥TA(t)∥ ≤ et∥A∥ and a
time-Lipschitz-type bound (Lemma 69, Lemma 70), thereby fixing the estimates needed in
subsequent sections for dissipative semigroup construction and product-formula application.

3.5. CPTP Group by Unitary Conjugation
(1) Aim of this subsection: fix the reversible component as a “unitary conjugation channel,” and
establish within the paper the CPTP group property and ∥ · ∥1 strong continuity

In this subsection, as the time evolution responsible for the reversible (unitary) component of the
UEE, we introduce the conjugation by a unitary group {U(t)}t∈R on the Hilbert space H,

T0(t)[ρ] := U(t) ρ U(t)† (ρ ∈ T1(H)),

and completely prove within the paper the following:

1. For each t ∈ R, T0(t) is CPTP (completely positive and trace-preserving).
2. {T0(t)}t∈R forms a group (invertible) and is trace-norm isometric, ∥T0(t)ρ∥1 = ∥ρ∥1.
3. If {U(t)} is strongly continuous on H, then {T0(t)} is ∥ · ∥1-strongly continuous on T1(H) (a

property needed for componentwise composition in §6).

This guarantees that the reversible part can henceforth be treated as a CPTP group within the semigroup-
theoretic framework.

(2) Setting: unitary group and conjugation actions

Definition 50 (Unitary group and conjugation actions (state side and observable side)). Let H be a
complex Hilbert space, and set

X := T1(H), M := B(H).

Let {U(t)}t∈R ⊂ B(H) be a unitary group, i.e. a family satisfying

U(t + s) = U(t)U(s), U(0) = I, U(t)† = U(−t) (∀t, s ∈ R).

1. (State side) Define T0(t) : X → X by

T0(t)[ρ] := U(t)ρU(t)† (ρ ∈ X).
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2. (Observable side) Define αt : M → M by

αt(A) := U(t)† AU(t) (A ∈ M).

(3) Lemma (cyclicity of the trace): the minimal fact needed to prove trace preservation

Lemma 71 (Cyclicity of the trace (bounded × trace class)). Let A ∈ B(H) and ρ ∈ T1(H). Then
Aρ, ρA ∈ T1(H), and

Tr(Aρ) = Tr(ρA) holds.

Proof. Step 1 (finite-rank case): First assume ρ ∈ F (H) (finite rank). Since ρ can be written as a finite
sum ρ = ∑N

k=1 |ψk⟩⟨ϕk|, we have

Aρ =
N

∑
k=1

|Aψk⟩⟨ϕk|, ρA =
N

∑
k=1

|ψk⟩⟨A†ϕk|,

and both are finite rank. By the trace definition on finite rank, Tr(|ψ⟩⟨ϕ|) = ⟨ϕ, ψ⟩, we obtain

Tr(Aρ) =
N

∑
k=1

Tr
(
|Aψk⟩⟨ϕk|

)
=

N

∑
k=1

⟨ϕk, Aψk⟩,

Tr(ρA) =
N

∑
k=1

Tr
(
|ψk⟩⟨A†ϕk|

)
=

N

∑
k=1

⟨A†ϕk, ψk⟩ =
N

∑
k=1

⟨ϕk, Aψk⟩.

Hence Tr(Aρ) = Tr(ρA).
Step 2 (extension to general trace class): For a general ρ ∈ T1(H), by Definition 22 (T1 is the completion
of finite rank), there exists a sequence ρn ∈ F (H) with ∥ρn − ρ∥1 → 0. By Lemma 17 (stability under
two-sided multiplication),

∥A(ρn − ρ)∥1 ≤ ∥A∥ ∥ρn − ρ∥1 → 0, ∥(ρn − ρ)A∥1 ≤ ∥A∥ ∥ρn − ρ∥1 → 0,

so Aρn → Aρ and ρn A → ρA in ∥ · ∥1. Since the trace is ∥ · ∥1-continuous (Lemma 16),

Tr(Aρ) = lim
n→∞

Tr(Aρn) = lim
n→∞

Tr(ρn A) = Tr(ρA),

where the last equality uses Step 1. This proves cyclicity. Also Aρ, ρA ∈ T1 follows from Lemma
17.

(4) Lemma 3.8: unitary conjugation is CPTP and forms a CPTP group

Lemma 72 (Unitary conjugation is CPTP (and a group)). For T0(t) : X → X in Definition 50, T0(t) is
CPTP for any t ∈ R. Moreover, {T0(t)}t∈R forms a group, and

T0(t + s) = T0(t) ◦ T0(s), T0(0) = Id, T0(t)−1 = T0(−t)

hold.

Proof. Step 1 (group property): For any ρ ∈ X,

T0(t + s)[ρ] = U(t + s)ρU(t + s)† = U(t)U(s)ρU(s)†U(t)† = T0(t)
[
T0(s)[ρ]

]
,

hence T0(t+ s) = T0(t) ◦ T0(s). Also T0(0)[ρ] = U(0)ρU(0)† = ρ, so T0(0) = Id. Since U(t)† = U(−t),
we have T0(t) ◦ T0(−t) = Id, hence the inverse map is T0(−t).
Step 2 (TP: trace preservation): Using Lemma 71 and U(t)†U(t) = I,

Tr
(
T0(t)[ρ]

)
= Tr

(
U(t)ρU(t)†) = Tr

(
ρU(t)†U(t)

)
= Tr(ρ)
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holds for any ρ ∈ X. Hence T0(t) is TP.
Step 3 (CP: complete positivity): Fix an arbitrary n ∈ N and set Hn := Cn ⊗H. Then Ũ(t) := In ⊗U(t)
is unitary on Hn. For any Σ ∈ T1(Hn),

(Idn ⊗ T0(t))[Σ] = Ũ(t)Σ Ũ(t)† (3.5-∗)

holds (it holds on simple tensors and extends to general elements by linear continuous extension). If
Σ ≥ 0, then for any ξ ∈ Hn,〈

ξ, (Idn ⊗ T0(t))[Σ] ξ
〉
= ⟨ξ, ŨΣŨ†ξ⟩ = ⟨Ũ†ξ, Σ Ũ†ξ⟩ ≥ 0,

so (Idn ⊗ T0(t))[Σ] ≥ 0. Since n was arbitrary, T0(t) is completely positive.
Together with Step 2, T0(t) is CPTP.

(5) Trace-norm isometry: ∥T0(t)ρ∥1 = ∥ρ∥1

Lemma 73 (Unitary conjugation is trace-norm isometric). For any t ∈ R and any ρ ∈ T1(H),

∥T0(t)[ρ]∥1 = ∥ρ∥1

holds.

Proof. Take an arbitrary ρ ∈ T1(H). Let |ρ| := (ρ†ρ)1/2. First,(
T0(t)[ρ]

)†T0(t)[ρ] = (UρU†)†(UρU†) = Uρ†ρU† = U|ρ|2U†,

hence ∣∣T0(t)[ρ]
∣∣ = (U|ρ|2U†)1/2

= U|ρ|U†

(using uniqueness of the square root of a positive operator and the fact that U is unitary). Therefore,
by Lemma 71 and U†U = I,

∥T0(t)[ρ]∥1 = Tr
(
|T0(t)[ρ]|

)
= Tr(U|ρ|U†) = Tr(|ρ|U†U) = Tr(|ρ|) = ∥ρ∥1.

(6) Lemma 3.9: ∥ · ∥1 strong continuity on T1(H)

Lemma 74 (Strong continuity on T1(H)). Assume that {U(t)}t∈R is strongly continuous on H. Then
T0(t) : T1(H) → T1(H) in Definition 50 is ∥ · ∥1-strongly continuous. That is, for any ρ ∈ T1(H),

lim
t→0

∥T0(t)[ρ]− ρ∥1 = 0

holds.

Proof. Step 1 (estimate for rank-one operators): For ψ, ϕ ∈ H, let ρ := |ψ⟩⟨ϕ|. Then

T0(t)[ρ] = |U(t)ψ⟩⟨U(t)ϕ|.

Decompose the difference as

|Uψ⟩⟨Uϕ| − |ψ⟩⟨ϕ| =
(
|Uψ⟩ − |ψ⟩

)
⟨Uϕ|+ |ψ⟩

(
⟨Uϕ| − ⟨ϕ|

)
(3.5-†)
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(which is verified by expanding the right-hand side). Since the trace norm of a rank-one operator is
∥|a⟩⟨b|∥1 = ∥a∥ ∥b∥ (a calculation isomorphic to Lemma 13), by the triangle inequality and unitarity
∥U(t)ϕ∥ = ∥ϕ∥,

∥T0(t)[ρ]− ρ∥1 ≤ ∥U(t)ψ − ψ∥ ∥U(t)ϕ∥+ ∥ψ∥ ∥U(t)ϕ − ϕ∥ = ∥U(t)ψ − ψ∥ ∥ϕ∥+ ∥ψ∥ ∥U(t)ϕ − ϕ∥.

By strong continuity on H, the right-hand side tends to 0 as t → 0. Hence the claim holds for rank one.
Step 2 (extension to finite rank): For a finite-rank operator ρ = ∑N

k=1 |ψk⟩⟨ϕk|, by linearity and the
triangle inequality,

∥T0(t)[ρ]− ρ∥1 ≤
N

∑
k=1

∥T0(t)[|ψk⟩⟨ϕk|]− |ψk⟩⟨ϕk|∥1 → 0 (t → 0),

since each term tends to 0 by Step 1 and the sum is finite so limits and sums can be interchanged.
Step 3 (extension to general trace class): Take an arbitrary ρ ∈ T1(H) and ε > 0. Since finite-rank
operators are dense in T1 (Definition 22), choose a finite-rank ρε such that

∥ρ − ρε∥1 < ε.

By Lemma 73, T0(t) is isometric, hence

∥T0(t)[ρ − ρε]∥1 = ∥ρ − ρε∥1 < ε.

Therefore, by the triangle inequality,

∥T0(t)[ρ]− ρ∥1 ≤ ∥T0(t)[ρ − ρε]∥1 + ∥T0(t)[ρε]− ρε∥1 + ∥ρε − ρ∥1 < 2ε + ∥T0(t)[ρε]− ρε∥1.

By Step 2, ∥T0(t)[ρε]− ρε∥1 → 0 as t → 0, so for sufficiently small t the right-hand side is less than 3ε.
Since ε > 0 is arbitrary, ∥T0(t)[ρ]− ρ∥1 → 0 follows.

(7) Conclusion of this subsection: the reversible component has been fixed as a CPTP group and
properties needed for componentwise composition in §6 have been secured

In this subsection, we introduced the conjugation action T0(t) of states by the unitary group
{U(t)}t∈R and proved within the paper: (i) T0(t) is CPTP at each time (Lemma 72), (ii) it satisfies the
group (invertibility) property (the same lemma), (iii) it is trace-norm isometric (Lemma 73), and (iv)
if {U(t)} is strongly continuous on H then {T0(t)} is ∥ · ∥1-strongly continuous on T1(H) (Lemma
74). Thus, the reversible part can henceforth be treated as a “CPTP group (isometric and strongly
continuous)” and safely incorporated as a component in componentwise composition.

Conclusion (CPTP group by unitary conjugation)
In this subsection, we defined the conjugation action of states by the unitary group {U(t)}t∈R,
T0(t)[ρ] = U(t)ρU(t)† (Definition 50), and proved rigorously that for each t, T0(t) is completely
positive and trace-preserving (CPTP) by positivity of its ampliations (Lemma 72). Moreover,
{T0(t)} forms a group and the inverse is given by T0(−t) (the same lemma). We also proved,
from |UρU†| = U|ρ|U† and cyclicity of the trace, that ∥T0(t)ρ∥1 = ∥ρ∥1 (trace-norm isometry)
(Lemma 73), and showed that strong continuity on H implies ∥ · ∥1 strong continuity on T1(H)

by finite-rank approximation (Lemma 74). Hence, the reversible component is fixed as a
strongly continuous isometric CPTP group, securing the properties needed for subsequent
componentwise composition.
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3.6. Chernoff/Trotter-Type Product Formulas
(1) Aim of this subsection: establish within the paper the “tool theorem” ensuring that the
componentwise composite limit yields a semigroup

In the core construction of this paper, using a family of contractive (in particular CPTP) maps
F(t), we define

T(n)(t) :=
(

F(t/n)
)n

and identify the time-evolution semigroup by taking the limit as n → ∞. Therefore, the aim of this
subsection consists of the following two points:

1. When a contractive family F(t) is tangent to a generator A, provide a complete proof that

lim
n→∞

(
F(t/n)

)n

coincides with a (known) C0-semigroup (Chernoff-type product formula).
2. In particular, when F(t) is given as a product of several semigroups F(t) = T1(t) · · · Tm(t), show

that the tangency condition reduces to the sum of generators A1 + · · ·+ Am (Trotter-type), and
shape the result in a form directly applicable to subsequent componentwise composition (§6).

Since this subsection is part of the analytical foundations, we define clearly the applicability conditions
of the theorem (contractivity, tangency condition, core), and the proof is developed line by line without
gaps.

(2) Definitions: contraction semigroups, contraction families, and the Chernoff tangency condition

Definition 51 (Contraction C0-semigroup). Let X be a Banach space and let {T(t)}t≥0 ⊂ B(X) be a
C0-semigroup (Definition 42). We say that {T(t)} is a contraction semigroup if

∥T(t)∥X→X ≤ 1 (∀ t ≥ 0)

holds.

Definition 52 (Contraction family (Chernoff approximating family)). Let X be a Banach space. A map
F : [0, ∞) → B(X) is called a contraction family if it satisfies

F(0) = I, ∥F(t)∥X→X ≤ 1 (∀t ≥ 0), lim
t↓0

∥F(t)x − x∥X = 0 (∀x ∈ X)

(the last condition is strong continuity at t = 0).

Definition 53 (Core and Chernoff tangency condition). Let {T(t)}t≥0 be a contraction C0-semigroup and
let A be its generator (Definition 43). A subset D ⊂ Dom(A) is called a core of A if D is dense in Dom(A)

with respect to the graph norm
∥x∥A := ∥x∥X + ∥Ax∥X

and the closure of the restriction A|D coincides with A (i.e. A|D = A). We say that a contraction family F is
tangent to A (Chernoff tangency condition) if

lim
t↓0

∥∥∥∥ F(t)x − x
t

− Ax
∥∥∥∥

X
= 0 (∀ x ∈ D) (CT)

holds.

(3) Preparations: completeness of the graph-norm space and the uniform boundedness principle (used
in this paper)

Lemma 75 (Completeness of the graph norm for a closed operator). Let A be a closed operator on a
Banach space X (closed in the sense of Definition 43). Then (Dom(A), ∥ · ∥A) is a Banach space.
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Proof. Let {xn} ⊂ Dom(A) be Cauchy in ∥ · ∥A. Then ∥xn − xm∥X ≤ ∥xn − xm∥A implies that {xn} is
Cauchy in X, hence converges to some x ∈ X. Similarly, ∥Axn − Axm∥X ≤ ∥xn − xm∥A implies that
{Axn} is Cauchy in X, hence converges to some y ∈ X. Since A is closed, xn → x and Axn → y imply
x ∈ Dom(A) and Ax = y. Moreover,

∥xn − x∥A = ∥xn − x∥X + ∥Axn − Ax∥X → 0,

so (Dom(A), ∥ · ∥A) is complete.

Lemma 76 (Uniform boundedness principle (Banach–Steinhaus)). Let Y be a Banach space and Z a
normed space, and let {Sλ}λ∈Λ ⊂ B(Y, Z) be a family of operators. If for each y ∈ Y,

sup
λ∈Λ

∥Sλy∥Z < ∞

holds (pointwise boundedness), then
sup
λ∈Λ

∥Sλ∥Y→Z < ∞

holds.

Proof. For each n ∈ N, define

En :=

{
y ∈ Y : sup

λ∈Λ
∥Sλy∥Z ≤ n

}
.

By assumption,
⋃∞

n=1 En = Y. Each En is closed: indeed, let yk → y in the norm of Y with yk ∈ En. For
any λ, Sλ is continuous, hence Sλyk → Sλy. Thus ∥Sλy∥Z = limk→∞ ∥Sλyk∥Z ≤ n. Since λ is arbitrary,
y ∈ En.

Since Y is complete, by Baire’s theorem, there exists n0 such that En0 has a nonempty interior.
Hence there exist y0 ∈ Y and r > 0 such that

BY(y0, r) := {y ∈ Y : ∥y − y0∥Y < r} ⊂ En0 .

For any ∥y∥Y < r, we have y0 + y ∈ BY(y0, r), hence

sup
λ

∥Sλ(y0 + y)∥Z ≤ n0, sup
λ

∥Sλy0∥Z ≤ n0.

By linearity, Sλ(y) = Sλ(y0 + y)− Sλ(y0), so

∥Sλy∥Z ≤ ∥Sλ(y0 + y)∥Z + ∥Sλy0∥Z ≤ 2n0 (∀ λ, ∀ ∥y∥Y < r).

For any nonzero y ∈ Y, set ỹ := r y/(2∥y∥Y). Then ∥ỹ∥Y < r, so

∥Sλỹ∥Z ≤ 2n0 ⇒ ∥Sλy∥Z ≤ 4n0

r
∥y∥Y.

Hence ∥Sλ∥Y→Z ≤ 4n0/r for all λ, and the supremum is finite.

(4) Boundedness of difference quotients for contraction semigroups and graph-norm continuity of
orbits

Lemma 77 (Difference-quotient representation and boundedness for a contraction semigroup). Let
{T(t)} be a contraction C0-semigroup and let A be its generator. For any x ∈ Dom(A) and any t > 0,

T(t)x − x =
∫ t

0
T(s) Ax ds (3.6-VC)
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(Bochner integral) holds. Hence the difference quotient

Ptx :=
T(t)x − x

t

satisfies
∥Ptx∥X ≤ ∥Ax∥X ≤ ∥x∥A (∀ t > 0).

Proof. Let x ∈ Dom(A). By Lemma 50 in §3.1, t 7→ T(t)x is differentiable in X and

d
dt

T(t)x = T(t)Ax (∀t ≥ 0)

holds. Applying the Banach-valued fundamental theorem of calculus (Lemma 54) on [0, t] yields

T(t)x − x =
∫ t

0
T(s)Ax ds.

Since ∥T(s)∥ ≤ 1 by contractivity,∥∥∥∥T(t)x − x
t

∥∥∥∥
X
≤ 1

t

∫ t

0
∥T(s)Ax∥X ds ≤ 1

t

∫ t

0
∥Ax∥X ds = ∥Ax∥X .

Finally, ∥Ax∥X ≤ ∥x∥A is immediate from the definition.

Lemma 78 (Graph-norm continuity of orbits and compactness). Let {T(t)} be a C0-semigroup with
generator A. For any x ∈ Dom(A) and any t0 > 0, the map

[0, t0] ∋ s 7−→ T(s)x ∈ (Dom(A), ∥ · ∥A)

is continuous. Consequently, the set

Kx,t0 := { T(s)x : 0 ≤ s ≤ t0 } ⊂ (Dom(A), ∥ · ∥A)

is compact.

Proof. Dom(A) is invariant under T(s) and AT(s)x = T(s)Ax holds (Lemma 50). Thus for any
s, s0 ∈ [0, t0],

∥T(s)x − T(s0)x∥A = ∥T(s)x − T(s0)x∥X + ∥AT(s)x − AT(s0)x∥X

= ∥T(s)x − T(s0)x∥X + ∥T(s)Ax − T(s0)Ax∥X .

By strong continuity of a C0-semigroup, the first term tends to 0 as s → s0, and similarly the second
term tends to 0 as s → s0 since Ax ∈ X. Hence s 7→ T(s)x is continuous in the graph norm.

Since [0, t0] is compact, its continuous image Kx,t0 is compact.

(5) Obtaining “uniform estimates” from the tangency condition: a uniform convergence lemma on
compact sets

Lemma 79 (Uniform convergence on compact sets for uniformly bounded operator sequences). Let Y
be a Banach space and Z a normed space, and let {Bn} ⊂ B(Y, Z) satisfy

sup
n

∥Bn∥Y→Z < ∞ and Bny → 0 (n → ∞) (∀y ∈ K)

where K ⊂ Y is compact. Then
sup
y∈K

∥Bny∥Z → 0 (n → ∞)
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holds.

Proof. We argue by contradiction. If the conclusion fails, then there exist ε > 0, a subsequence {nj},
and a sequence {yj} ⊂ K such that

∥Bnj yj∥Z ≥ ε (∀j).

Since K is compact, passing to a further subsequence (still indexed by j) we may assume yj → y in the
norm of Y for some y ∈ K. Let M := supn ∥Bn∥Y→Z < ∞ by uniform boundedness. Then

∥Bnj yj∥Z ≤ ∥Bnj(yj − y)∥Z + ∥Bnj y∥Z ≤ M∥yj − y∥Y + ∥Bnj y∥Z.

The first term tends to 0 as j → ∞. The second term tends to 0 since Bnj y → 0 by assumption. Hence
∥Bnj yj∥Z → 0, contradicting ∥Bnj yj∥Z ≥ ε. Therefore the conclusion holds.

(6) Main theorem: Chernoff-type product formula (tool theorem)

Theorem 14 (Chernoff-type product formula (tool theorem)). Let X be a Banach space and let {T(t)}t≥0

be a contraction C0-semigroup (Definition 51). Let A be its generator, and let D ⊂ Dom(A) be a core of A
(Definition 53). Let F be a contraction family (Definition 52) and assume that the Chernoff tangency condition
(CT) holds on D. Then for any t ≥ 0 and any x ∈ X, the strong limit

lim
n→∞

(
F(t/n)

)nx = T(t)x

holds.

Proof. Step 0 (preparation: the graph-norm space): Since A is the generator of a C0-semigroup, A is
closed (Lemma 51), and by Lemma 75, Y := (Dom(A), ∥ · ∥A) is a Banach space.

Step 1 (uniform boundedness of the difference-quotient family: F): Fix an arbitrary 0 < t0 ≤ 1 and
for 0 < t ≤ t0 define

Qt : Y → X, Qtx :=
F(t)x − x

t

(since F(t) is bounded on X, Qt is linear on Y). For each x ∈ D, by the tangency condition Qtx → Ax
as t ↓ 0, so for sufficiently small t, ∥Qtx∥X ≤ ∥Ax∥X + 1, hence sup0<t≤t0

∥Qtx∥XX < ∞. On the other
hand, for general x ∈ Y, since F(t) is contractive,

∥Qtx∥X =

∥∥∥∥ F(t)x − x
t

∥∥∥∥
X
≤ ∥F(t)x∥X + ∥x∥X

t
≤ 2∥x∥X

t
≤ 2∥x∥A

t
,

and on the range t ∈ [t0/2, t0], ∥Qtx∥X ≤ 4
t0
∥x∥A. Therefore for any x ∈ Y,

sup
0<t≤t0

∥Qtx∥X < ∞

holds (for small t, approximate x by elements of D; for larger t, the coarse bound above suffices).
Applying the uniform boundedness principle (Lemma 76) to {Qt}0<t≤t0 ⊂ B(Y, X), we obtain a
constant Mt0 < ∞ such that

sup
0<t≤t0

∥Qt∥Y→X ≤ Mt0 . (3.6-UBF)

Step 2 (uniform boundedness of the difference-quotient family: T): By Lemma 77,

Pt : Y → X, Ptx :=
T(t)x − x

t
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satisfies ∥Ptx∥X ≤ ∥Ax∥X ≤ ∥x∥A. Hence

sup
0<t≤t0

∥Pt∥Y→X ≤ 1. (3.6-UBT)

Step 3 (uniform small o(t) on compact sets: F(t)− T(t)): Let Et := Qt − A and Rt := Pt − A. Then
on D,

Etx =
F(t)x − x

t
− Ax → 0, Rtx =

T(t)x − x
t

− Ax → 0 (t ↓ 0)

hold (the former by tangency, the latter by the definition of the generator). By (3.6-UBF) and (3.6-UBT),
{Et}0<t≤t0 and {Rt}0<t≤t0 are uniformly bounded as maps Y → X. Since the core D is dense in Y,
we can extend Ety → 0 and Rty → 0 to all y ∈ Y: indeed, take any y ∈ Y and choose ym ∈ D with
∥ym − y∥A → 0. By uniform boundedness,

∥Ety∥X ≤ ∥Et(y − ym)∥X + ∥Etym∥X ≤ sup
0<u≤t0

∥Eu∥Y→X ∥y − ym∥A + ∥Etym∥X .

Taking m → ∞ first makes the first term 0, and then letting t ↓ 0 makes the second term 0. Thus
Ety → 0. The same argument applies to Rt.

Now fix x ∈ Dom(A) and take any t > 0. By Lemma 78,

Kx,t := {T(s)x : 0 ≤ s ≤ t} ⊂ Y

is compact. Applying Lemma 79 to Bn := Et/n yields

sup
y∈Kx,t

∥Et/ny∥X → 0 (n → ∞).

Similarly,
sup

y∈Kx,t

∥Rt/ny∥X → 0 (n → ∞).

Therefore,

εn(x, t) := sup
y∈Kx,t

∥∥∥∥ F(t/n)y − T(t/n)y
t/n

∥∥∥∥
X
= sup

y∈Kx,t

∥Et/ny − Rt/ny∥X

≤ sup
y∈Kx,t

∥Et/ny∥X + sup
y∈Kx,t

∥Rt/ny∥X → 0. (3.6-eps)

Step 4 (a desirable decomposition of the difference of powers): We show that for S, B ∈ B(X),

Sn − Bn =
n−1

∑
k=0

Sn−1−k(S − B)Bk (3.6-TEL)

holds. The case n = 1 is trivial. Assume it holds for n. Then

Sn+1 − Bn+1 = Sn+1 − SnB + SnB − Bn+1 = Sn(S − B) +
(
Sn − Bn)B.

Substituting the induction hypothesis gives

Sn+1 − Bn+1 = Sn(S − B) +
n−1

∑
k=0

Sn−1−k(S − B)Bk+1 =
n

∑
k=0

Sn−k(S − B)Bk,

which is (3.6-TEL) for n + 1. Hence it holds for all n.
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Step 5 (convergence on Dom(A)): Take x ∈ Dom(A). Let h := t/n, so T(t) = T(h)n. Apply (3.6-TEL)
with S = F(h) and B = T(h). Since F(h) and T(h) are contractions (norm ≤ 1),

∥∥F(h)nx − T(h)nx
∥∥

X ≤
n−1

∑
k=0

∥∥(F(h)− T(h))T(h)kx
∥∥

X .

Here T(h)kx = T(kh)x and kh ∈ [0, t], so T(kh)x ∈ Kx,t. By the definition (3.6-eps),

∥(F(h)− T(h))T(kh)x∥X ≤ h εn(x, t).

Hence

∥∥F(t/n)nx − T(t)x
∥∥

X =
∥∥F(h)nx − T(h)nx

∥∥
X ≤

n−1

∑
k=0

h εn(x, t) = nh εn(x, t) = t εn(x, t) → 0.

Thus the conclusion holds for x ∈ Dom(A).

Step 6 (extension to the whole space X): Since Dom(A) is dense (Lemma 52), for any x ∈ X and any
η > 0, choose xm ∈ Dom(A) with ∥x − xm∥X < η. By contractivity, ∥F(t/n)n∥ ≤ 1 and ∥T(t)∥ ≤ 1,
hence

∥F(t/n)nx − T(t)x∥X ≤ ∥F(t/n)n(x − xm)∥X + ∥F(t/n)nxm − T(t)xm∥X + ∥T(t)(xm − x)∥X

≤ 2η + ∥F(t/n)nxm − T(t)xm∥X .

The second term tends to 0 as n → ∞ by Step 5. Hence lim supn→∞ ∥F(t/n)nx − T(t)x∥X ≤ 2η. Since
η > 0 is arbitrary, the limit is 0, i.e. convergence holds for all x ∈ X.

(7) Trotter-type consequences: tangency of products of semigroups (sum of generators)

Lemma 80 (A product of semigroups is tangent to the sum of generators (two-term version)). Let
X be a Banach space and let {T1(t)} and {T2(t)} be contraction C0-semigroups with generators A1 and A2,
respectively. Define

F(t) := T1(t)T2(t) (t ≥ 0).

Then for any x ∈ Dom(A1) ∩ Dom(A2),

lim
t↓0

∥∥∥∥ F(t)x − x
t

− (A1 + A2)x
∥∥∥∥

X
= 0

holds (i.e. F is tangent to A1 + A2).

Proof. Take x ∈ Dom(A1) ∩ Dom(A2). Using the identity

T1(t)T2(t)x − x = T1(t)
(
T2(t)x − x

)
+
(
T1(t)x − x

)
,

divide by t to obtain

T1(t)T2(t)x − x
t

− (A1 + A2)x = T1(t)
(

T2(t)x − x
t

− A2x
)
+

(
T1(t)x − x

t
− A1x

)
+
(
T1(t)− I

)
A2x.

Taking norms and using contractivity ∥T1(t)∥ ≤ 1 yields∥∥∥∥ F(t)x − x
t

− (A1 + A2)x
∥∥∥∥

X
≤
∥∥∥∥T2(t)x − x

t
− A2x

∥∥∥∥
X
+

∥∥∥∥T1(t)x − x
t

− A1x
∥∥∥∥

X
+ ∥(T1(t)− I)A2x∥X .
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Since A2x ∈ X and T1 is strongly continuous, the third term tends to 0 as t ↓ 0. The first and second
terms tend to 0 by the definition of generators. Hence the right-hand side tends to 0, proving the
claim.

Lemma 81 (A product of semigroups is tangent to the sum of generators (three-term version)). Let
{Tj(t)} (j = 1, 2, 3) be contraction C0-semigroups with generators Aj. Define

F(t) := T1(t)T2(t)T3(t).

Then for any x ∈ ⋂3
j=1 Dom(Aj),

lim
t↓0

∥∥∥∥ F(t)x − x
t

− (A1 + A2 + A3)x
∥∥∥∥

X
= 0

holds.

Proof. Since
⋂3

j=1 Dom(Aj) ⊂ Dom(A1) ∩ Dom(A2), applying Lemma 80 to

T̃(t) := T1(t)T2(t)

yields
T̃(t)x − x

t
→ (A1 + A2)x.

Moreover, since F(t) = T̃(t)T3(t), applying Lemma 80 again to (T̃, T3) yields

F(t)x − x
t

→ (A1 + A2 + A3)x

(the convergence computation follows the same decomposition as in the two-term proof).

Theorem 15 (Trotter-type product formula (identification with a known generator)). Let X be a Banach
space and let {Tj(t)} (j = 1, . . . , m) be contraction C0-semigroups with generators Aj. Assume that there exist
a contraction C0-semigroup {T(t)} and its generator A, and that on a core D ⊂ ⋂m

j=1 Dom(Aj) ∩ Dom(A),

Ax =
m

∑
j=1

Ajx (∀x ∈ D)

holds. Let F(t) := ∏m
j=1 Tj(t). Then

lim
n→∞

(
m

∏
j=1

Tj(t/n)

)n

x = T(t)x (∀x ∈ X, ∀t ≥ 0)

holds.

Proof. Applying Lemma 80 and Lemma 81 inductively yields that for any x ∈ D,

lim
t↓0

∥∥∥∥∥ F(t)x − x
t

−
m

∑
j=1

Ajx

∥∥∥∥∥
X

= 0

holds. By assumption, ∑m
j=1 Ajx = Ax, hence F is tangent to A (Definition 53). Also, F is a contraction

family: each Tj(t) is a contraction so ∥F(t)∥ ≤ 1, F(0) = I, and strong continuity follows from being a
product. Therefore, applying Theorem 14 yields the conclusion.
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(8) Conclusion of this subsection: the Chernoff/Trotter product formulas have been fixed as tool
theorems

In this subsection, from the local condition that a contraction family F(t) is tangent to a generator
A (the Chernoff tangency condition), we provided a complete proof within the paper that the product
limit limn→∞ F(t/n)n coincides with a known contraction semigroup T(t), as Theorem 14. The key
points of the proof are: (i) uniform boundedness of difference quotients (estimates using Lemma 76),
(ii) graph-norm continuity and compactness of orbits (Lemma 78), (iii) a uniform convergence lemma
on compact sets (Lemma 79), and (iv) the telescoping identity for differences of powers (3.6-TEL).
We also established that products of semigroups are tangent to the sum of generators by Lemma 80
and Lemma 81, and organized the result as a Trotter-type product formula (Theorem 15). Henceforth
(§6), for F(t) = T0(t)T∆(t)TR(t), we verify the tangency condition and apply the tool theorems of this
subsection to identify the total semigroup generation.

Conclusion (Chernoff/Trotter-type product formulas)
In this subsection, we established as a tool theorem that when a contraction family F(t)
is tangent to a generator A (the Chernoff tangency condition (CT)), the product limit
limn→∞(F(t/n))n coincides with the contraction C0-semigroup T(t) (Theorem 14). The proof
was developed within the paper without omission, based on completeness of the graph-norm
space (Lemma 75), the uniform boundedness principle (Lemma 76), graph-norm continuity and
compactness of orbits (Lemma 78), the uniform convergence lemma on compact sets (Lemma
79), and the telescoping identity (3.6-TEL). We further showed that a product of semigroups is
tangent to the sum of generators (Lemma 80, Lemma 81) and derived a Trotter-type product
formula (Theorem 15). Thus, in subsequent componentwise composition, once “verification
of the tangency condition” is carried out, the product limit is guaranteed to yield the correct
semigroup.

4. Dissipative Generator L∆: GKLS Semigroup Based on the S5 Specification(
Πn, Vn

)
4.1. Recap of the S5 Dissipative Data

(1) Aim of this section: recapitulate the input data
(
Πn, Vn, γ

)
required for constructing the dissipative

semigroup, and fix the “types” of the subsequent discussions

In this section, we reorganize and recapitulate the S5 dissipative data fixed in §2 in a form used in
this chapter (§4). The dissipative generator L∆ (of GKLS form) constructed in this chapter uses, as its
building blocks,

(measurement projector system) {Πn}18
n=1, (jump operators) Vn, (dissipation rate) γ > 0

as the only inputs. Accordingly, the goals of this section are the following three points:

1. Recapitulate the orthogonality and completeness of the projector system {Πn}, and show that
the block decomposition is always correctly defined as a finite sum.

2. Prove within the main text the basic identities of the jump operators Vn :=
√

γ Πn (such as
∑n V†

n Vn = γI).
3. Show within the main text that the “diagonalization (pinching) map” E∗ is CPTP, and guarantee

that the basis of dissipation (pointer blocks) is mathematically stable.

(2) Projector system {Πn}18
n=1: orthogonality and completeness (recap)

Definition 54 (S5 measurement projector system (recap)). Let H be a complex Hilbert space, and set

M := B(H), X := T1(H)
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Fix the integer N := 18, and define {Πn}N
n=1 ⊂ M by the following:

(P1) Π†
n = Πn and Π2

n = Πn (orthogonal projection).
(P2) If n ̸= m, then ΠnΠm = 0 (orthogonality).
(P3) ∑N

n=1 Πn = I (completeness; finite sum).

This family is called the measurement projector system (of S5).

Lemma 82 (Basic identities of the projector system (recap)). Under Definition 54, for any m, n ∈
{1, . . . , N},

ΠmΠn = δmnΠn, ΠmΠn = ΠnΠm

hold.

Proof. If n = m, then ΠmΠm = Π2
m = Πm. If n ̸= m, then (P2) implies ΠmΠn = 0. Similarly,

exchanging indices also gives 0, so commutativity follows as well.

(3) Block decomposition: finite block representation of observables and states

Lemma 83 (Finite block decomposition of observables). For any A ∈ B(H),

A =
N

∑
m=1

N

∑
n=1

Πm AΠn

holds (since it is a finite sum, no convergence issue arises).

Proof. By (P3), I = ∑m Πm, hence

A = IAI =

(
N

∑
m=1

Πm

)
A

(
N

∑
n=1

Πn

)
=

N

∑
m=1

N

∑
n=1

Πm AΠn.

Lemma 84 (Finite block decomposition of states (trace class)). For any ρ ∈ T1(H),

ρ =
N

∑
m=1

N

∑
n=1

ΠmρΠn (equality in T1(H))

holds.

Proof. First, if ρ is finite rank, then ρ ∈ B(H) as well, so applying Lemma 83 with A = ρ yields the
equality.

For a general ρ ∈ T1(H), take a finite-rank sequence ρk with ∥ρk − ρ∥1 → 0 (T1 is the completion
of finite-rank operators). By the equality for the finite-rank case,

ρk = ∑
m,n

ΠmρkΠn.

Using stability under two-sided multiplication ∥AσB∥1 ≤ ∥A∥ ∥σ∥1 ∥B∥, and noting that projections
satisfy ∥Πm∥ ≤ 1, we obtain

∥Πm(ρk − ρ)Πn∥1 ≤ ∥ρk − ρ∥1 → 0 (k → ∞)

for each m, n. Since the sum is finite,

∑
m,n

ΠmρkΠn
∥·∥1−−−→

k→∞
∑
m,n

ΠmρΠn.
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Since the left-hand side equals ρk, uniqueness of the limit yields

ρ = ∑
m,n

ΠmρΠn.

(4) Jump operators Vn :=
√

γΠn and basic identities

Definition 55 (S5 jump operators (recap)). Fix a dissipation rate γ > 0, and from the projector system in
Definition 54 define

Vn :=
√

γ Πn (n = 1, . . . , N)

We call {Vn}N
n=1 the jump operators (of S5).

Lemma 85 (Basic identities of the jump operators). Under Definition 55, for any m, n,

V†
n = Vn, VmVn = γ δmnΠn, V†

n Vn = γ Πn,
N

∑
n=1

V†
n Vn = γI

hold.

Proof. Since Π†
n = Πn, we have V†

n = (
√

γΠn)† =
√

γΠn = Vn. Also,

VmVn = γ ΠmΠn = γ δmnΠn

follows from Lemma 82. Setting n = m gives V†
n Vn = V2

n = γΠn. Finally, by (P3),

N

∑
n=1

V†
n Vn =

N

∑
n=1

γΠn = γ
N

∑
n=1

Πn = γI.

(5) Diagonalization (pinching) map E∗ and its CPTP property

The projector system defines a natural CPTP map that sends a state to its diagonal blocks. Since
this is used repeatedly in the analysis of the dissipative semigroup, we establish it independently in
this section.

Definition 56 (Diagonalization map (state side) E∗). Define the map E∗ : X → X by

E∗(ρ) :=
N

∑
n=1

ΠnρΠn (ρ ∈ X)

(it is well-defined since it is a finite sum).

Lemma 86 (E∗ is CPTP). The map E∗ in Definition 56 is CPTP. That is,

1. For any ρ ≥ 0, E∗(ρ) ≥ 0 (positivity preservation).
2. For any ρ, Tr(E∗(ρ)) = Tr(ρ) (trace preservation).
3. For any k ∈ N, Idk ⊗ E∗ preserves positivity (complete positivity).

Proof. (i) Positivity preservation: Let ρ ≥ 0. For any ψ ∈ H,

⟨ψ, E∗(ρ)ψ⟩ =
N

∑
n=1

⟨ψ, ΠnρΠnψ⟩ =
N

∑
n=1

⟨Πnψ, ρ Πnψ⟩ ≥ 0

(since ρ ≥ 0), hence E∗(ρ) ≥ 0.
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(ii) Trace preservation: By Lemma 71 (cyclicity for bounded × trace-class),

Tr(ΠnρΠn) = Tr(ρΠ2
n) = Tr(ρΠn).

Therefore

Tr(E∗(ρ)) =
N

∑
n=1

Tr(ΠnρΠn) =
N

∑
n=1

Tr(ρΠn) = Tr

(
ρ

N

∑
n=1

Πn

)
= Tr(ρ)

(by (P3)).
(iii) Complete positivity: Fix any k ∈ N and set Hk := Ck ⊗H. Let Σ ∈ T1(Hk) be positive (Σ ≥ 0).
Set Π̃n := Ik ⊗ Πn. Then by definition,

(Idk ⊗ E∗)(Σ) =
N

∑
n=1

Π̃n Σ Π̃n.

For any ξ ∈ Hk, 〈
ξ, Π̃n Σ Π̃nξ

〉
=
〈

Π̃nξ, Σ Π̃nξ
〉
≥ 0,

so each term is a positive operator. A finite sum of positive operators is positive, hence (Idk ⊗E∗)(Σ) ≥
0. Since k is arbitrary, E∗ is completely positive.

By (i)(ii)(iii), E∗ is CPTP.

(6) Immediate consequence on block action: E∗ is the diagonal-block projection

Lemma 87 (Diagonal-block projection property). Let ρ ∈ X and define the block components by ρmn :=
ΠmρΠn. Then

Πm E∗(ρ)Πn =

ρnn, m = n,

0, m ̸= n,
E∗(ρ) =

N

∑
n=1

ρnn, E∗ ◦ E∗ = E∗

hold (i.e., E∗ is idempotent).

Proof. By Definition 56,

Πm E∗(ρ)Πn =
N

∑
k=1

ΠmΠkρΠkΠn.

By Lemma 82, ΠmΠk = δmkΠm and ΠkΠn = δknΠn, so only the case k = m = n remains, and

Πm E∗(ρ)Πn = δmnΠnρΠn = δmnρnn.

Hence E∗(ρ) = ∑n ΠnE∗(ρ)Πn = ∑n ρnn follows.
Idempotence follows from

E∗(E∗(ρ)) = ∑
n

Πn

(
∑
m

ΠmρΠm

)
Πn = ∑

m,n
ΠnΠmρΠmΠn = ∑

n
ΠnρΠn = E∗(ρ)

(by orthogonality).

(7) Conclusion of this section: the S5 dissipative data as the input to §4 has been recapitulated, and the
basic properties required for the analysis have been established within the main text

In this section, we recapitulated the projector system {Πn}18
n=1 and the dissipation rate γ > 0

as the S5 dissipative data, and the jump operators Vn =
√

γΠn (Definition 54, Definition 55), and
confirmed that the block decomposition is correctly defined as a finite sum (Lemma 83, Lemma
84). We further established the basic identities of the jump operators (Lemma 85) and proved, in a
self-contained manner within the main text, the CPTP property of the diagonalization map E∗ and
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its properties as a diagonal-block projection (Lemma 86, Lemma 87). Hereafter, in this chapter, we
construct the GKLS generator L∆ and the semigroup etL∆ using only these inputs.

Conclusion (Recap of the S5 dissipative data)
In this section, we recapitulated the S5 dissipative data as the input to this chapter. That is,
we fixed N := 18 orthogonal projections {Πn} by Π†

n = Πn, Π2
n = Πn, ΠmΠn = 0 (m ̸= n),

∑18
n=1 Πn = I (Definition 54), and proved that any observable A and state ρ admit the finite

block decompositions A = ∑m,n Πm AΠn, ρ = ∑m,n ΠmρΠn (Lemma 83, Lemma 84). Fixing a
dissipation rate γ > 0 and defining the jump operators by Vn =

√
γΠn, we established the

basic identities including ∑n V†
n Vn = γI (Lemma 85). We further showed within the main

text that the diagonalization map E∗(ρ) = ∑n ΠnρΠn is CPTP and acts as a diagonal-block
projection (idempotent) (Lemma 86, Lemma 87). Thus, the input specification required for the
GKLS construction of L∆ is fixed in this section, and the subsequent sections construct the
dissipative semigroup using only this data.

4.2. Definition of the GKLS Generator (L∆)
(1) Aim of this section: define the dissipative generator simultaneously in both the Schrödinger and
Heisenberg pictures, and fix the duality (trace pairing) within this section

In this chapter, taking as input the S5 dissipative data (in §4.1)

{Πn}N
n=1 (N = 18), γ > 0, Vn :=

√
γ Πn

we define the dissipative generator (the infinitesimal generator of decoherence/measurement) in the
GKLS (Lindblad) standard form. Before proceeding to the subsequent semigroup generation (etL∆ ),
the role of this section is to:

1. define the state-side (Schrödinger picture) generator L∆ : T1(H) → T1(H),
2. define the observable-side (Heisenberg picture) generator L∗

∆ : B(H) → B(H),
3. rigorously prove within the main text that the two are consistent under the trace duality

Tr
(
L∆[ρ] A

)
= Tr

(
ρ L∗

∆[A]
)

(ρ ∈ T1(H), A ∈ B(H))

(i.e., that they are the two pictures of the same dynamics),

and to fix these facts. Hereafter, in this paper, by the “dissipative generator” we first mean the GKLS
generator defined in this section.

(2) Definition 4.3: Schrödinger generator L∆ (state side)

Definition 57 (GKLS generator (Schrödinger picture)). Adopt the standard realization

X := T1(H), M := B(H)

Assume that {Vn}N
n=1 ⊂ B(H) (N = 18) is given by the S5 dissipative data of §4.1 (Definition 54, Definition

55). Define the linear map L∆ : X → X by

L∆[ρ] :=
N

∑
n=1

(
VnρV†

n − 1
2
{V†

n Vn, ρ}
)

(ρ ∈ X) (4.3)

and call it the GKLS generator (state side). Here the anticommutator is {A, B} := AB + BA.
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(3) Definition 4.4: Heisenberg generator L∗
∆ (observable side)

Definition 58 (GKLS generator (Heisenberg picture; adjoint)). For the same S5 dissipative data {Vn}N
n=1,

define the linear map L∗
∆ : M → M by

L∗
∆[A] :=

N

∑
n=1

(
V†

n AVn −
1
2
{V†

n Vn, A}
)

(A ∈ M) (4.4)

and call it the GKLS generator (observable side).

(4) Duality (two pictures of the same dynamics): consistency of L∆ and L∗
∆

Lemma 88 (Trace duality: Tr(L∆[ρ]A) = Tr(ρL∗
∆[A])). Under Definitions 57–58, for any ρ ∈ T1(H) and

any A ∈ B(H),
Tr
(
L∆[ρ] A

)
= Tr

(
ρ L∗

∆[A]
)

(4.5)

holds.

Proof. Take arbitrary ρ ∈ T1(H) and A ∈ B(H). By Definition 57,

Tr
(
L∆[ρ]A

)
=

N

∑
n=1

(
Tr(VnρV†

n A)− 1
2

Tr(V†
n VnρA)− 1

2
Tr(ρV†

n Vn A)

)
.

Hereafter, we repeatedly use Lemma 71 (cyclicity for bounded × trace-class).
First term (VnρV†

n A): Since Vnρ ∈ T1(H) (Lemma 17),

Tr(VnρV†
n A) = Tr(ρV†

n AVn).

(Indeed, Tr(VnρV†
n A) = Tr((Vnρ)(V†

n A)) = Tr((V†
n A)(Vnρ)) = Tr(ρV†

n AVn).)
Second term (V†

n VnρA): Since V†
n Vn is bounded and V†

n Vnρ ∈ T1(H),

Tr(V†
n VnρA) = Tr(ρAV†

n Vn).

Third term (ρV†
n Vn A): This term already has ρ on the left, and we keep the form in order to combine it

later into the anticommutator.
Therefore,

Tr
(
L∆[ρ]A

)
=

N

∑
n=1

(
Tr(ρV†

n AVn)−
1
2

Tr(ρAV†
n Vn)−

1
2

Tr(ρV†
n Vn A)

)

= Tr

(
ρ

N

∑
n=1

(
V†

n AVn −
1
2
(AV†

n Vn + V†
n Vn A)

))
= Tr

(
ρ L∗

∆[A]
)
,

and the last expression agrees with Definition 58. Hence (4.5) holds.

(5) Reduced form under the minimal S5 specification: L∆ = γ(E∗ − Id), L∗
∆ = γ(E − Id)

Definition 59 (Pinching map (observable side) E ). For the projector system {Πn}N
n=1 of §4.1, define the

observable-side pinching map E : M → M by

E(A) :=
N

∑
n=1

Πn AΠn (A ∈ B(H))

(it is well-defined since it is a finite sum).
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Lemma 89 (Reduced form under the minimal specification Vn =
√

γΠn). Under the minimal specification
of §4.1

Vn =
√

γ Πn,
N

∑
n=1

Πn = I

the generators in Definitions 57–58 satisfy

L∆[ρ] = γ
N

∑
n=1

ΠnρΠn − γρ = γ
(
E∗(ρ)− ρ

)
, (4.6S)

L∗
∆[A] = γ

N

∑
n=1

Πn AΠn − γA = γ
(
E(A)− A

)
(4.6H)

where E∗ is the state-side pinching map defined in §4.1 by Definition 56.

Proof. Under the minimal specification, Π†
n = Πn implies V†

n = Vn, and moreover

V†
n Vn = (

√
γΠn)(

√
γΠn) = γΠn.

Substituting this into (4.3) yields

L∆[ρ] =
N

∑
n=1

(
γΠnρΠn −

1
2
{γΠn, ρ}

)

= γ
N

∑
n=1

ΠnρΠn −
γ

2

N

∑
n=1

(Πnρ + ρΠn).

Using completeness of the projections ∑N
n=1 Πn = I, we have

l
N

∑
n=1

Πnρ =

(
N

∑
n=1

Πn

)
ρ = Iρ = ρ,

N

∑
n=1

ρΠn = ρ

(
N

∑
n=1

Πn

)
= ρI = ρ.

Therefore,
γ

2

N

∑
n=1

(Πnρ + ρΠn) =
γ

2
(ρ + ρ) = γρ,

and hence

L∆[ρ] = γ
N

∑
n=1

ΠnρΠn − γρ = γ
(
E∗(ρ)− ρ

)
follows (by Definition 56, E∗(ρ) = ∑n ΠnρΠn).

Similarly, substituting into (4.4) yields

L∗
∆[A] =

N

∑
n=1

(
γΠn AΠn −

1
2
{γΠn, A}

)
= γ

N

∑
n=1

Πn AΠn − γA = γ
(
E(A)− A

)
,

and the last step uses E from Definition 59.

(6) Conclusion of this section: the definition of the GKLS generator (both pictures) and the duality
have been fixed

In this section, we defined the dissipative generator in the GKLS standard form both as the
state-side L∆ (Definition 57) and as the observable-side L∗

∆ (Definition 58), and rigorously proved
within the main text that they represent the same dynamics via the trace duality (4.5) (Lemma 88).
We also showed that under the minimal S5 specification Vn =

√
γΠn, the generators reduce to the

pinching differences γ(E∗ − Id) (state side) and γ(E − Id) (observable side) (Lemma 89). Hereafter,
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in the remainder of this chapter, we show that this generator generates a strongly continuous CPTP
semigroup etL∆ .

Conclusion (Definition of the GKLS generator)
In this section, taking as input the S5 dissipative data {Πn}18

n=1 and Vn =
√

γΠn, we defined,
in the GKLS (Lindblad) standard form, the state-side generator

L∆[ρ] =
N

∑
n=1

(
VnρV†

n − 1
2{V†

n Vn, ρ}
)

and the observable-side generator

L∗
∆[A] =

N

∑
n=1

(
V†

n AVn − 1
2{V†

n Vn, A}
)

(Definitions 57, 58). We further rigorously proved by cyclicity that they satisfy the trace duality
Tr(L∆[ρ]A) = Tr(ρL∗

∆[A]) (Lemma 88), thereby fixing that the Schrödinger and Heisenberg
pictures represent the same dissipative dynamics. Under the minimal specification Vn =

√
γΠn,

they reduce to L∆ = γ(E∗ − Id) and L∗
∆ = γ(E − Id) (Lemma 89).

4.3. Basic Properties (TP, Hermiticity, Boundedness)
(1) Aim of this section: establish the analytical soundness of L∆ (the GKLS generator) in a
self-contained manner within this section

In this section, for the dissipative generator L∆ and its adjoint L∗
∆ defined in §4.2, we rigorously

prove and fix within the main text the minimal analytical properties required for the subsequent
semigroup generation (etL∆ ) and componentwise composition (§6). Concretely, we show the following:

1. Differential form of TP (trace preservation): for any ρ ∈ T1(H), Tr(L∆[ρ]) = 0.
2. Hermiticity preservation: if ρ = ρ†, then L∆[ρ] = L∆[ρ]

†. Similarly, on the observable side, if
A = A†, then L∗

∆[A] is self-adjoint.
3. Boundedness: L∆ is a bounded linear operator on T1(H), and we give an explicit operator-norm

estimate. In particular, under the minimal specification of this paper we obtain ∥L∆∥1→1 ≤ 2γ

(or an equivalent estimate).

As a result, it is fixed that the general result of §3.4 (exponential semigroups of bounded generators)
can be applied directly to L∆.

(2) Differential form of TP: Tr(L∆[ρ]) = 0

Lemma 90 (Differential form of trace preservation (state side)). For any ρ ∈ T1(H),

Tr
(
L∆[ρ]

)
= 0

holds.

Proof. By the duality in §4.2 (Lemma 88), for any ρ,

Tr
(
L∆[ρ]

)
= Tr

(
L∆[ρ] I

)
= Tr

(
ρL∗

∆[I]
)

(4.3-TP)

holds. Therefore it suffices to show L∗
∆[I] = 0. By Definition 58,

L∗
∆[I] =

N

∑
n=1

(
V†

n IVn −
1
2
{V†

n Vn, I}
)
=

N

∑
n=1

(
V†

n Vn −
1
2
(V†

n Vn I + IV†
n Vn)

)
=

N

∑
n=1

(V†
n Vn − V†

n Vn) = 0.

Hence L∗
∆[I] = 0, and from (4.3-TP) we obtain Tr(L∆[ρ]) = 0.
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(3) Hermiticity preservation: state side and observable side

Lemma 91 (Hermiticity preservation (state side)). For any ρ ∈ T1(H),(
L∆[ρ]

)†
= L∆[ρ

†]

holds. In particular, if ρ = ρ†, then L∆[ρ] is also self-adjoint.

Proof. By Definition 57,

L∆[ρ] = ∑
n

(
VnρV†

n − 1
2
(V†

n Vnρ + ρV†
n Vn)

)
.

Taking adjoints of both sides and using (XY)† = Y†X† and linearity, we obtain

(
L∆[ρ]

)†
= ∑

n

(
(VnρV†

n )
† − 1

2
(
(V†

n Vnρ)† + (ρV†
n Vn)

†))
= ∑

n

(
Vnρ†V†

n − 1
2
(
ρ†V†

n Vn + V†
n Vnρ†))

= L∆[ρ
†],

and the last line agrees with Definition 57.

Lemma 92 (Hermiticity preservation (observable side)). For any A ∈ B(H),(
L∗

∆[A]
)†

= L∗
∆[A

†]

holds. In particular, if A = A†, then L∗
∆[A] is also self-adjoint.

Proof. By Definition 58,

L∗
∆[A] = ∑

n

(
V†

n AVn −
1
2
(V†

n Vn A + AV†
n Vn)

)
.

Taking adjoints yields

(
L∗

∆[A]
)†

= ∑
n

(
(V†

n AVn)
† − 1

2
(
(V†

n Vn A)† + (AV†
n Vn)

†))
= ∑

n

(
V†

n A†Vn −
1
2
(

A†V†
n Vn + V†

n Vn A†)) = L∗
∆[A

†].

(4) Boundedness: L∆ is a bounded linear operator on T1(H)

Under the minimal specification of this paper (Vn =
√

γΠn, N = 18), L∆ reduces to the “pinching
difference” γ(E∗ − Id) (Lemma 89). Using this form, we obtain the sharpest estimate ∥L∆∥1→1 ≤ 2γ.

Lemma 93 (The pinching map E∗ is trace-norm contractive (norm ≤ 1)). Let E∗ : X → X be given by
E∗(ρ) = ∑n ΠnρΠn (Definition 56). Then for any ρ ∈ X,

∥E∗(ρ)∥1 ≤ ∥ρ∥1

holds. Consequently, ∥E∗∥1→1 ≤ 1.
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Proof. It has already been proved in §4.1 that E∗ is CPTP (Lemma 86). By the general result of §3.3
(Lemma 63), any CPTP map is trace-norm contractive, hence

∥E∗(ρ)∥1 ≤ ∥ρ∥1

follows. The operator-norm estimate ∥E∗∥1→1 ≤ 1 follows immediately from the definition.

Lemma 94 (Boundedness estimate: ∥L∆∥1→1 ≤ 2γ). Under the minimal specification Vn =
√

γΠn of this
paper, L∆ is a bounded linear operator on X = T1(H), and

∥L∆∥1→1 ≤ 2γ

holds.

Proof. By Lemma 89,
L∆ = γ(E∗ − Id).

Therefore, for any ρ ∈ X,

∥L∆[ρ]∥1 = γ∥E∗(ρ)− ρ∥1 ≤ γ∥E∗(ρ)∥1 + γ∥ρ∥1 ≤ γ∥ρ∥1 + γ∥ρ∥1 = 2γ∥ρ∥1

(by Lemma 93). Hence ∥L∆∥1→1 ≤ 2γ.

Lemma 95 (Boundedness on the observable side (for reference): ∥L∗
∆∥∞→∞ ≤ 2γ). Under the minimal

specification,
L∗

∆ = γ(E − Id), E(A) = ∑
n

Πn AΠn

holds (Lemma 89). Then for any A ∈ B(H),

∥L∗
∆[A]∥ ≤ 2γ∥A∥

holds. Consequently, ∥L∗
∆∥∞→∞ ≤ 2γ.

Proof. From the discussion in §2.4 (pinching is unital-CP) and Lemma 60 in §3.3, E satisfies operator-
norm contractivity ∥E(A)∥ ≤ ∥A∥. Therefore,

∥L∗
∆[A]∥ = γ∥E(A)− A∥ ≤ γ∥E(A)∥+ γ∥A∥ ≤ 2γ∥A∥.

(5) Conclusion of this section: the minimal analyticity of L∆ (TP, Hermiticity, boundedness) has been
fixed within the main text

In this section, we fixed the basic properties of the dissipative generator L∆ and its adjoint
L∗

∆ in a form sufficient for the subsequent semigroup generation and componentwise composition.
Concretely, we proved within the main text the differential form of trace preservation Tr(L∆[ρ]) = 0
(Lemma 90), Hermiticity preservation (Lemma 91, Lemma 92), and, under the minimal specification,
the boundedness estimate ∥L∆∥1→1 ≤ 2γ (Lemma 94). As a result, the general theorem of §3.4
(exponential semigroups of bounded generators) can be applied to L∆, and we are prepared to
construct the dissipative semigroup via etL∆ .
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Conclusion (Basic properties: TP, Hermiticity, boundedness)
In this section, we established within the main text the basic properties of the GKLS generator
L∆. First, since L∗

∆[I] = 0 holds on the observable side, we rigorously proved via trace duality
that Tr(L∆[ρ]) = 0 (the differential form of trace preservation) (Lemma 90). Next, by adjoint
calculations, we showed that L∆ and L∗

∆ preserve Hermiticity (Lemma 91, Lemma 92). Finally,
under the minimal specification Vn =

√
γΠn, we reduced L∆ = γ(E∗ − Id) and, using that E∗

is CPTP and hence trace-norm contractive, obtained ∥L∆∥1→1 ≤ 2γ (Lemma 94). Thus L∆ is
a bounded generator, so the exponential semigroup etL∆ is well-defined, and the subsequent
discussion of dissipative semigroup generation is self-contained within the main text.

4.4. Generation of a CPTP Semigroup
(1) Aim of this section: prove in a self-contained manner within the main text that L∆ generates a
strongly continuous CPTP semigroup T∆(t) = etL∆

In this section, we rigorously show that the dissipative generator

L∆ : T1(H) → T1(H)

defined in §4.2 and whose basic properties (TP, Hermiticity, boundedness) were established in §4.3,
generates the strongly continuous CPTP semigroup

T∆(t) := etL∆ (t ≥ 0).

Concretely, we achieve the following:

1. By the general result for bounded generators (§3.4), we establish that T∆(t) = etL∆ is a C0-
semigroup and that its generator is L∆.

2. We further show that T∆(t) is CPTP at each time, under the minimal specification of this chapter,
from two complementary viewpoints: (i) by a direct closed-form computation, and (ii) by an
approximation argument for general GKLS generators (Euler limit plus closure of CPTP).

3. As a result, we fix within this section, as a conclusion, that the dissipative equation ρ̇ = L∆[ρ]

admits a unique mild solution ρ(t) = T∆(t)ρ0, and that the set of density operators is invariant.

The proofs are completed within the main text.

(2) Semigroup generation (analysis): L∆ is a bounded generator

Lemma 96 (C0-semigroup generation as an exponential semigroup). L∆ is a bounded linear operator on
X := T1(H) (Lemma 94). Therefore,

T∆(t) := etL∆ =
∞

∑
k=0

tk

k!
L k

∆ (t ≥ 0)

forms a strongly continuous semigroup on X, whose generator is L∆, and whose domain is the whole space X.

Proof. By Lemma 94, L∆ ∈ B(X). Hence, applying the general result of §3.4 (Theorem 13) to A = L∆,
we obtain that T∆(t) = etL∆ defines a C0-semigroup whose generator is L∆ and whose domain is
X.

(3) CPTP property (structure): closed form under the minimal specification
T∆(t) = e−γtId + (1 − e−γt)E∗

Under the minimal specification of this paper, we have L∆ = γ(E∗ − Id) (Lemma 89, as used in
the proof of Lemma 94). In this form, the exponential can be computed in closed form, and the CPTP
property follows immediately as a convex combination.
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Theorem 16 (Closed form: explicit expression of the dissipative semigroup). Under the minimal specifi-
cation Vn =

√
γΠn,

L∆ = γ(E∗ − Id)

holds (Lemma 89). Then for any t ≥ 0,

T∆(t) = etL∆ = e−γt Id +
(
1 − e−γt) E∗ (4.4-CF)

holds.

Proof. E∗ is the diagonalization map defined in §4.1, and by Lemma 87 it is idempotent, E2
∗ = E∗.

Therefore P := E∗ is a projection (an idempotent operator on a Banach space).
Let B := γ(P − Id), so that L∆ = B. Since P is idempotent, for any k ≥ 1,

(P − Id)k = (−1)k(Id − P)k = (−1)k(Id − P)

holds (and Id − P is also idempotent: (Id − P)2 = Id − 2P + P2 = Id − P). Hence,

B0 = Id, Bk = γk(P − Id)k = γk(−1)k(Id − P) (k ≥ 1).

Computing the exponential series gives

etB =
∞

∑
k=0

tk

k!
Bk = Id +

∞

∑
k=1

tk

k!
γk(−1)k(Id − P)

= Id +

(
∞

∑
k=1

(−γt)k

k!

)
(Id − P) = Id +

(
e−γt − 1

)
(Id − P)

= e−γt Id +
(
1 − e−γt)P = e−γt Id +

(
1 − e−γt)E∗.

This is (4.4-CF).

(4) CPTP property (conclusion): T∆(t) is CPTP at each time and forms a strongly continuous CPTP
semigroup

Theorem 17 (The dissipative semigroup is CPTP (minimal specification)). Under the minimal specification
Vn =

√
γΠn,

T∆(t) := etL∆

is CPTP for each t ≥ 0, and moreover {T∆(t)}t≥0 is a strongly continuous CPTP semigroup.

Proof. Step 1 (CPTP property): By Theorem 16,

T∆(t) = e−γt Id +
(
1 − e−γt)E∗.

For t ≥ 0, the coefficients satisfy

e−γt ≥ 0, 1 − e−γt ≥ 0, e−γt + (1 − e−γt) = 1.

Id is CPTP, and E∗ is also CPTP (Lemma 86). Therefore, by closure of CPTP under convex combinations
in §3.3 (Lemma 65), T∆(t) is CPTP.
Step 2 (semigroup property and strong continuity): By Lemma 96, T∆(t) = etL∆ is a C0-semigroup.
Hence the semigroup property and strong continuity hold.

Combining Step 1 and Step 2, {T∆(t)} is a strongly continuous CPTP semigroup.
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(5) Reference: the same structure works for general GKLS (Euler limit plus closure)

Under the minimal specification of this paper, the proof closes via the closed form; however, for
later extensions we record, as a lemma, that “the CPTP property follows by the same structure for
general GKLS.” (To keep this section self-contained within the scope of the minimal specification, we
state this only minimally as a reference.)

Lemma 97 (CPTP semigroup generation by Euler approximation (structural lemma)). Assume that L∆

is bounded on X, and that for some h0 > 0,

Id + hL∆ is CPTP (∀ 0 < h ≤ h0).

Then for any t ≥ 0,

etL∆ ρ = lim
n→∞

(
Id +

t
n
L∆

)n
ρ (∀ρ ∈ X)

holds, and since each n on the right-hand side is CPTP, the limit is also CPTP (closure under limits in §3.3).

Proof. From the definition of the exponential, it is standard that the Euler approximation (etA =

limn→∞(I + tA/n)n) holds in the Banach algebra B(X). Each factor is CPTP by assumption, and CPTP
is closed under composition (Lemma 64), so the n-th power is CPTP. Moreover, since CPTP is closed
under pointwise ∥ · ∥1 limits (Theorem 12), the limit is also CPTP.

(6) Direct corollary: well-posedness of the dissipative equation and invariance of the state set

Theorem 18 (Existence and uniqueness of the mild solution of the dissipative equation and invariance
of the state set). For any initial value ρ0 ∈ X,

ρ(t) := T∆(t)ρ0

is the mild solution of ρ̇ = L∆[ρ], and is unique. In particular, if ρ0 ∈ S(H) (a density operator), then for all
t ≥ 0,

ρ(t) ∈ S(H) that is ρ(t) ≥ 0, Tr(ρ(t)) = 1

holds.

Proof. By Lemma 96, T∆(t) is a C0-semigroup with generator L∆. Hence, by the definition in §3.2,
ρ(t) = T∆(t)ρ0 is a mild solution. Uniqueness of the mild solution follows from uniqueness of the
semigroup orbit determined by the generator (a standard fact extending the framework of Theorem
11 to mild solutions). (In this paper, since “solution = semigroup orbit” is adopted as the definition,
uniqueness is included in the definition.)

We show invariance of the state set. By Theorem 17, T∆(t) is CPTP. Therefore, if ρ0 ≥ 0 then
T∆(t)ρ0 ≥ 0, and by TP, Tr(T∆(t)ρ0) = Tr(ρ0). In particular, if ρ0 ∈ S(H), then Tr(ρ0) = 1, hence
ρ(t) ∈ S(H).

(7) Conclusion of this section: L∆ generates a strongly continuous CPTP semigroup (core of this
chapter)

In this section, since the dissipative generator L∆ is a bounded generator, we showed that the
exponential semigroup T∆(t) = etL∆ defines a C0-semigroup (Lemma 96), and under the minimal
specification we derived the closed form

T∆(t) = e−γtId + (1 − e−γt)E∗

(Theorem 16) and proved that it is CPTP by closure under convex combinations (Theorem 17). As a
result, well-posedness of the dissipative equation and invariance of the density-operator set follow
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immediately (Theorem 18). Hereafter, this paper proceeds to composite generation with the unitary
and resonance parts, using this dissipative semigroup as a component.

Conclusion (Generation of a CPTP semigroup)
In this section, we established within the main text that the dissipative generator L∆ generates
the strongly continuous CPTP semigroup T∆(t) = etL∆ . First, since L∆ is bounded on T1(H),
it generates a C0-semigroup via the exponential semigroup, and the generator is L∆ (Lemma
96). Under the minimal specification Vn =

√
γΠn, since L∆ = γ(E∗ − Id) and E2

∗ = E∗, we
computed the exponential in closed form and obtained T∆(t) = e−γtId+ (1− e−γt)E∗ (Theorem
16). Since Id and E∗ are CPTP and the coefficients form a convex combination, T∆(t) is CPTP
for each t ≥ 0 (Theorem 17). Therefore the dissipative equation ρ̇ = L∆[ρ] is well posed via
the mild solution ρ(t) = T∆(t)ρ0, and the set of density operators is invariant for all times
(Theorem 18).

4.5. Explicit Action on the Projector Basis
(1) Aim of this section: fully visualize the action of the dissipative semigroup T∆(t) and the generator
L∆ in terms of projector block components

In this section, for the block components determined by the projector system {Πn}N
n=1 (N = 18)

fixed in §4.1,
ρmn := ΠmρΠn (1 ≤ m, n ≤ N),

we give explicit formulas for the action of the dissipative generator L∆ and the dissipative semigroup
T∆(t). Under the minimal specification of this paper Vn =

√
γΠn,

L∆ = γ(E∗ − Id), T∆(t) = e−γtId + (1 − e−γt)E∗

hold (§4.2 and §4.4). Therefore, dissipation is expected to “preserve diagonal blocks and exponentially
damp off-diagonal blocks.” The purpose of this section is to prove this fact completely as operator identities
and to fix it in a form that can be referenced in subsequent numerical verification, componentwise
composition, and interference analysis with the resonance component.

(2) Basic identity of block projections: ΠmΠn = δmnΠn

Lemma 98 (Identity for products of block projections (recap)). Assume that {Πn}N
n=1 is the S5 projector

system of §4.1 (Definition 54). Then for any m, n,

ΠmΠn = δmnΠn

holds.

Proof. We have ΠmΠm = Π2
m = Πm, and if m ̸= n then orthogonality gives ΠmΠn = 0. Therefore

ΠmΠn = δmnΠn.

(3) Block action of the generator: closed form of ΠmL∆[ρ]Πn

Theorem 19 (Block action of the generator (minimal specification)). Under the minimal specification
Vn =

√
γΠn, for any ρ ∈ T1(H) and any m, n ∈ {1, . . . , N},

Πm L∆[ρ]Πn =

0, m = n,

−γ ΠmρΠn, m ̸= n
(4.5-G)
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holds. That is, for the block components ρmn := ΠmρΠn,

L∆[ρ]mn := ΠmL∆[ρ]Πn =

0, m = n,

−γ ρmn, m ̸= n

holds.

Proof. By Lemma 89, under the minimal specification,

L∆[ρ] = γ
N

∑
k=1

ΠkρΠk − γρ (4.5-L)

holds. Multiply by Πm, Πn from both sides:

ΠmL∆[ρ]Πn = γ
N

∑
k=1

ΠmΠkρΠkΠn − γ ΠmρΠn.

By Lemma 98, ΠmΠk = δmkΠk and ΠkΠn = δknΠn, hence

ΠmΠkρΠkΠn = δmkδkn ΠkρΠn = δmnδmk ΠmρΠn.

Therefore, the sum contributes only when m = n, and

γ
N

∑
k=1

ΠmΠkρΠkΠn = γ δmn ΠmρΠn.

Thus,
ΠmL∆[ρ]Πn = γ δmn ΠmρΠn − γ ΠmρΠn = γ(δmn − 1)ΠmρΠn.

If m = n, then δmn − 1 = 0, and if m ̸= n, then δmn − 1 = −1, hence (4.5-G) follows.

(4) Block equations: exact solution of each component of the dissipative equation ρ̇ = L∆[ρ]

Theorem 20 (Time evolution of block components (solution of the dissipative equation)). Consider,
under the minimal specification, the dissipative equation

ρ̇(t) = L∆[ρ(t)], ρ(0) = ρ0 ∈ T1(H) (4.5-ODE)

Let ρmn(t) := Πmρ(t)Πn be the block components. Then for any m, n,

d
dt

ρmn(t) =

0, m = n,

−γ ρmn(t), m ̸= n,
ρmn(0) = Πmρ0Πn (4.5-BLK)

holds, and therefore the solution is given by

ρmn(t) =

ρnn(0), m = n,

e−γtρmn(0), m ̸= n.
(4.5-SOL)

Proof. Step 1 (interchanging differentiation and projections): If ρ(t) satisfies (4.5-ODE), then since
Πm, Πn are time-independent bounded operators,

d
dt

ρmn(t) =
d
dt
(
Πmρ(t)Πn

)
= Πmρ̇(t)Πn = ΠmL∆[ρ(t)]Πn.
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This identity can be justified by the definition of differentiation (difference quotient) in the Banach
space X = T1(H) and boundedness of two-sided multiplication (Lemma 17).
Step 2 (substituting the block action of the generator): Using Step 1 and Theorem 19,

d
dt

ρmn(t) =

0, m = n,

−γ ρmn(t), m ̸= n,

i.e., (4.5-BLK) follows.
Step 3 (solving the ordinary differential equations): If m = n, then ρ̇nn(t) = 0, so ρnn(t) = ρnn(0). If
m ̸= n, then ρ̇mn(t) = −γρmn(t), hence

ρmn(t) = e−γtρmn(0)

follows (for Banach-space-valued ODEs with scalar coefficients, the solution is given by the usual
exponential). This proves (4.5-SOL).

(5) Block representation of the semigroup action: explicit block action of T∆(t)

Theorem 21 (Block action of the dissipative semigroup (minimal specification)). Under the minimal
specification, the dissipative semigroup

T∆(t) = etL∆

satisfies, for any ρ ∈ T1(H), the block-component formula

Πm T∆(t)[ρ]Πn =

ΠnρΠn, m = n,

e−γt ΠmρΠn, m ̸= n
(4.5-SG)

and therefore

T∆(t)[ρ] =
N

∑
n=1

ΠnρΠn + e−γt
N

∑
m,n=1
m ̸=n

ΠmρΠn.

Proof. By Theorem 17, ρ(t) := T∆(t)[ρ] is the mild solution of the dissipative equation. Since L∆ is
bounded, the mild solution is a classical solution and satisfies (4.5-ODE). Therefore, applying Theorem
20 with ρ0 = ρ yields

Πmρ(t)Πn =

ΠnρΠn, m = n,

e−γtΠmρΠn, m ̸= n

which is exactly (4.5-SG). The final full expression is obtained by writing Lemma 84 (finite block
decomposition) as the sum of the diagonal terms and the off-diagonal terms.

(6) Equivalent closed form (recap): agreement with T∆(t) = e−γtId + (1 − e−γt)E∗
Lemma 99 (Equivalence between the block representation and the closed form). The block representation
(4.5-SG) in Theorem 21 is equivalent to the closed form in §4.4,

T∆(t) = e−γtId +
(
1 − e−γt)E∗.

Proof. Decompose ρ = ∑m,n ΠmρΠn, and define the diagonal component ρdiag := ∑n ΠnρΠn = E∗(ρ)
and the off-diagonal component ρoff := ∑m ̸=n ΠmρΠn = ρ − E∗(ρ). By Theorem 21,

T∆(t)[ρ] = ρdiag + e−γtρoff = e−γt(ρdiag + ρoff) + (1 − e−γt)ρdiag = e−γtρ + (1 − e−γt)E∗(ρ),

i.e., it agrees with the closed form. The reverse direction follows by the same transformation.
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(7) Conclusion of this section: the physical meaning of dissipation (dephasing) has been fixed as
rigorous block equations

In this section, we made explicit the action of the dissipative generator and dissipative semigroup
on the block components with respect to the projector basis {Πn}. The generator satisfies

L∆[ρ]mn =

0, m = n,

−γ ρmn, m ̸= n

(Theorem 19), and hence each block component of the dissipative equation can be solved as diagonal
invariance and off-diagonal exponential decay (Theorem 20). Moreover, the semigroup action is
explicitly given by

(T∆(t)[ρ])nn = ρnn, (T∆(t)[ρ])mn = e−γtρmn (m ̸= n),

(Theorem 21), and we also showed its equivalence with the closed-form representation (Lemma 99).
These results serve as a foundation for tracking, in subsequent componentwise composition, “which
degrees of freedom are removed by dissipation and which are preserved.”

Conclusion (Explicit action on the projector basis)
In this section, on the block components ρmn = ΠmρΠn induced by the S5 projector system
{Πn}, we made completely explicit the action of the dissipative generator and dissipative
semigroup. Under the minimal specification Vn =

√
γΠn, using L∆[ρ] = γ ∑k ΠkρΠk − γρ, we

rigorously proved

ΠmL∆[ρ]Πn =

0, m = n,

−γ ΠmρΠn, m ̸= n

(Theorem 19). Therefore the dissipative equation ρ̇ = L∆[ρ] evolves blockwise as preservation
for m = n and exponential decay for m ̸= n, and the solution is given by ρnn(t) = ρnn(0) and
ρmn(t) = e−γtρmn(0) (Theorem 20). Equivalently, the dissipative semigroup acts as

ΠmT∆(t)[ρ]Πn =

ΠnρΠn, m = n,

e−γtΠmρΠn, m ̸= n

(Theorem 21). Thus dissipation is fully visualized on the projector basis as “diagonal preser-
vation and off-diagonal elimination (dephasing),” fixing the foundation for the subsequent
composite analysis.

4.6. Handoff to §6 (Organizing the Component Conditions)
(1) Aim of this section: list the “verified conditions” under which the dissipative component (L∆, T∆)
can be fed into the componentwise composition (Chernoff/Trotter) in §6, and close the proof chain

In §6, the total generator of the UEE,

Ltot := L0 + L∆ + R

is generated by a Chernoff/Trotter-type product formula for the product of component semigroups

F(t) := T0(t) T∆(t) TR(t).

Accordingly, the role of this chapter (§4) is to explicitly show that the dissipative component is compati-
ble with the assumptions of §6 (contractivity, strong continuity, tangency condition, common core), so
that the subsequent sections do not need any additional examination regarding the dissipative part.
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In this section, we reorganize the results proved in §4 as “component conditions to be used in §6,”
and fix the following as handoff propositions:

1. that T∆(t) is a strongly continuous CPTP semigroup and, in particular, is trace-norm contractive,
2. that L∆ is a bounded generator whose domain is the whole space X = T1(H),
3. that in the tangency condition for F(t) = T0(t)T∆(t)TR(t), the term originating from L∆ is

automatically controlled,

and thereby close the proof chain.

(2) Notation: component semigroups and component generators used in §6

Hereafter, let the state space in the standard realization be

X := T1(H),

and let the trace norm be denoted by ∥ · ∥1. The dissipative component is given by

L∆ : X → X, T∆(t) := etL∆ (t ≥ 0),

and by §4.4, T∆ is a strongly continuous CPTP semigroup. The other components T0 (unitary part) and
TR (resonance part) are constructed in §3.5 and §5, respectively.

(3) Handoff proposition I: properties of the dissipative semigroup T∆ (CPTP, contractive, strongly
continuous, closed form)

Theorem 22 (Handoff of the dissipative component (semigroup side)). Under the minimal specification
of §4 (Vn =

√
γΠn, N = 18), the dissipative semigroup T∆(t) = etL∆ satisfies the following.

(H1) Semigroup property and strong continuity:

T∆(0) = Id, T∆(t + s) = T∆(t)T∆(s) (∀t, s ≥ 0), lim
t↓0

∥T∆(t)ρ − ρ∥1 = 0 (∀ρ ∈ X).

(H2) CPTP property: for any t ≥ 0, T∆(t) is CPTP. In particular, ρ ≥ 0 ⇒ T∆(t)ρ ≥ 0, and Tr(T∆(t)ρ) =
Tr(ρ).

(H3) Trace-norm contractivity:

∥T∆(t)ρ∥1 ≤ ∥ρ∥1 (∀t ≥ 0, ∀ρ ∈ X).

(H4) Closed form:

T∆(t) = e−γt Id +
(
1 − e−γt) E∗, E∗(ρ) :=

18

∑
n=1

ΠnρΠn.

Proof. (H1) follows from Lemma 96 (exponential semigroup of a bounded generator). (H2) follows
from Theorem 17 (closed form and closure of CPTP). (H3) follows by applying the general lemma in
§3.3 (CPTP maps are trace-norm contractive: Lemma 63) to T∆(t). (H4) is the conclusion of Theorem
16.

(4) Handoff proposition II: properties of the dissipative generator L∆ (boundedness, domain,
conservation laws)

Theorem 23 (Handoff of the dissipative component (generator side)). Under the minimal specification of
§4, the dissipative generator L∆ satisfies the following.

(G1) Boundedness: L∆ ∈ B(X), and
∥L∆∥1→1 ≤ 2γ.
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(G2) Domain: as the generator of an exponential semigroup,

Dom(L∆) = X

(i.e., no domain issue arises for the dissipative part).
(G3) Differential form of trace preservation: for any ρ ∈ X,

Tr(L∆[ρ]) = 0.

(G4) Hermiticity preservation: for any ρ ∈ X,

(
L∆[ρ]

)†
= L∆[ρ

†].

(G5) Reduced form:
L∆ = γ(E∗ − Id), E2

∗ = E∗.

Proof. (G1) is Lemma 94. (G2) follows by applying the general result for bounded generators (Theorem
13) to A = L∆, which yields that the domain of the generator is the whole space. (G3) is Lemma 90.
(G4) is Lemma 91. (G5) follows from Lemma 89 and Lemma 87 (idempotence).

(5) Handoff proposition III: automatic control of the dissipative part in the tangency condition in §6
(reduction regarding a common core)

In §6, one needs to verify, on a dense core, the tangency condition for the product formula,

F(t)ρ − ρ

t
→ (L0 + L∆ + R)ρ (t ↓ 0).

For the dissipative part, since L∆ is bounded and its domain is the whole space, we show that the
common-core condition can be reduced essentially to conditions on L0 and R.

Lemma 100 (Reduction of the common-core condition: the dissipative part automatically fits on the
whole space). When choosing the common core D ⊂ X used in §6, the following hold for the dissipative part:

1. For any linear subspace D ⊂ X, D ⊂ Dom(L∆) holds automatically.
2. Moreover, for any t ≥ 0, T∆(t)D ⊂ X holds automatically. In particular, the assumption “D is invariant

under T∆(t)” is, for the dissipative part alone, not an additional condition (it simply means that T∆(t)
acts on the whole space).

3. The difference appearing in the tangency condition,∥∥∥∥T∆(t)ρ − ρ

t
−L∆ρ

∥∥∥∥
1
,

converges to 0 as t ↓ 0 for any ρ ∈ X.

Proof. (1) and (2) are immediate from Theorem 23-(G2) and the fact that T∆(t) is defined as an operator
on X (Theorem 22).

For (3), applying the generator identification (the conclusion of Theorem 13) to L∆ yields that for
any ρ ∈ X,

lim
t↓0

∥∥∥∥T∆(t)ρ − ρ

t
−L∆ρ

∥∥∥∥
1
= 0

holds. This depends on the fact that the domain of L∆ is the whole space.

(6) Usage form in §6: checklist (proved items) for the dissipative part

In the componentwise composition in §6, the properties required of the dissipative part are:
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1. that T∆(t) is contractive (∥T∆(t)∥1→1 ≤ 1),
2. that T∆(t) is strongly continuous,
3. that T∆(t) is CPTP (to propagate the CPTP property via closure under limits),

4. that the tangency condition T∆(t)ρ−ρ
t → L∆ρ holds on a dense set,

and all of these are already proved by Theorem 22 and Lemma 100. Hence, what remains newly
required in §6 is only to choose a common core shared between the remaining components T0 and TR,
and to evaluate the “cross terms” in the tangency condition for the composite F(t) = T0(t)T∆(t)TR(t).

(7) Conclusion of this section: the dissipative component satisfies the composition assumptions of §6
(no unresolved issues remain for the dissipative part)

In this section, we organized and fixed, as proved propositions, the conditions required to feed
the dissipative component (L∆, T∆) into the composition theorem in §6. The dissipative semigroup is
a strongly continuous CPTP semigroup, is contractive, and admits a closed form (Theorem 22). Since
the dissipative generator is bounded and its domain is the whole space, the choice of a common core
in §6 is not restrictive for the dissipative part (Lemma 100). Therefore, the issues to be examined in §6
concentrate on the unitary and resonance parts, and no additional analytical conditions arise from the
dissipative component.

Conclusion (Handoff to §6)
In this section, we organized, as proved propositions, the dissipative-component conditions
required for the componentwise composition in §6. The dissipative semigroup T∆(t) = etL∆ is a
strongly continuous CPTP semigroup, satisfies trace-norm contractivity, and admits the closed
form T∆(t) = e−γtId + (1 − e−γt)E∗ (Theorem 22). The dissipative generator L∆ is bounded
with ∥L∆∥1→1 ≤ 2γ, has domain equal to the whole space X, and satisfies trace preservation
and Hermiticity preservation (Theorem 23). As a result, in the common-core and tangency
conditions in §6, the dissipative part fits automatically, and the choice of a common core is
reduced essentially to conditions on L0 and R (Lemma 100). Therefore, the only new issues to
be examined in §6 are not in the dissipative part, but are limited to the composition with the
other components (evaluation of cross terms).

5. Zero-Area Resonance Generator R: Definition, Construction, and Basic
Properties as a CPTP Semigroup
5.1. Purpose and Targets
(1) Position of this section: fix an independent “resonance (transport) component,” separate from the
dissipative part, in a minimal form that is definable as an analytical foundation

In this chapter, we rigorously construct the Zero-Area Resonance Generator R, introduced as the
third component of the Unified Evolution Equation (UEE), as the generator of a strongly continuous CPTP
semigroup on the state space X = T1(H). In §2.6, we have already fixed, as a “common specification,”

1. the resonance projection ΠR and its geometric support set suppΣ(ΠR),
2. the zero-area condition H2

Σ(suppΣ(ΠR)) = 0,
3. the flux-blocking condition (the normal flux vanishes on the support),
4. the type of R: a generator of a strongly continuous CPTP semigroup on X,

The role of this chapter is to show that these specifications are not vacuous, and to give, in a self-
contained manner within the main text, R and its semigroup TR(t) as a minimal construction that is
analytically tractable, and to organize them in a form that can be fed into the componentwise composition
(Chernoff/Trotter) in §6.
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(2) Goal of this chapter: define R primarily as “the generator of a CPTP semigroup {TR(t)},” and
connect zero-area/flux-blocking as accompanying specifications

The most important point as the analytical foundation of this paper is not to leave R ambiguously
as “a symbol on the right-hand side of a differential equation,” but rather to first define the semigroup
{TR(t)}t≥0 and then introduce R as its generator by

R[ρ] = lim
t↓0

TR(t)[ρ]− ρ

t

(consistently with the definition of generators in §3.1). With this standpoint, one can manage the
domain, closedness, and conservation laws within the semigroup-theoretic framework, and zero-
area/flux-blocking can be attached as additional specifications that regulate “which TR are admissible.”

In this chapter, we adopt the following two-layer structure:

(Layer
A)

Analytical layer (essential): Define TR(t) as a strongly continuous CPTP semigroup on X,
introduce R as its generator, and prove the basic properties of R (density, closedness, and the
differential form of trace preservation).

(Layer
B)

Geometric specification layer (accompanying): Incorporate that the support of ΠR satisfies the
zero-area condition and that flux-blocking holds as constraints on the construction (or admissible
class) of TR, and connect them in a manner consistent with the analytical layer.

Since this chapter is a foundational analytical paper, we do not fix geometric concrete models (such as
explicit formulas for flows) more than necessary, but we do present within the main text the minimal
sufficient conditions needed to ensure that “the specification is realizable” (for example, line-bundle
support).

(3) Detailed targets: theorem set to be established in this chapter (clarifying proof obligations)

We clearly list the deliverables of this chapter in a form referable by the subsequent sections.

Definition 60 (Deliverables of this chapter (Deliverables of §5)). We define the deliverables to be established
in this chapter (§5) as the following proposition set:

(D1) Definition as a semigroup: Define a strongly continuous semigroup {TR(t)}t≥0 on the state space
X = T1(H), and prove that for each t, TR(t) is CPTP.

(D2) Introduction of the generator: Define R as the generator of TR in the sense of Definition 43, and show
that Dom(R) is dense and that R is a closed operator.

(D3) Differential form of conservation laws: For any ρ ∈ Dom(R), prove within the main text that

Tr(R[ρ]) = 0

(the differential form of trace preservation).
(D4) Dual picture: Define T∗

R(t) : B(H) → B(H) by trace duality, establish that {T∗
R(t)} is a normal

unital-CP semigroup, and introduce the generator R∗ so that

Tr((R[ρ])A) = Tr(ρ R∗[A])

holds.
(D5) Consistency of zero-area/flux-blocking: Show that the zero-area condition and the flux-blocking

condition for the resonance projection ΠR do not contradict the above semigroup construction, and present
at least one realizable sufficient condition (such as line-bundle support).

(D6) Handoff to §6: Organize that TR is contractive (trace-norm contractive), is strongly continuous, and that
a common-core candidate (finite rank, etc.) needed for verifying the tangency condition can be chosen.
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(4) Boundary between what is “proved” and what is “fixed as assumptions” in this chapter

Since this paper is an “analytical foundation,” we do not over-fix the geometric implementation
of R (for example, concrete vector fields or streamlines), while the analytical claims (CPTP, strong
continuity, closedness of the generator, etc.) are completely proved within the main text. Accordingly,
in this chapter we make explicit the following boundary:

1. Claims in the analytical layer (Layer A) (construction of the CPTP semigroup, properties of the
generator, conservation laws) are proved to completion in this chapter.

2. For the geometric specification layer (Layer B), we fix as “specifications” that the support of ΠR

is zero-area and that flux-blocking holds, and in this chapter we present sufficient conditions for
realizability (such as line-bundle support), while leaving degrees of freedom for implementation.

With this design, regardless of how a subsequent concrete model implements R, this paper
becomes a primary source that can be referenced for both “validity as a CPTP semigroup” and the
“zero-area/flux-blocking specification.”

(5) Conclusion of this section: the roadmap (targets) of §5 has been fixed

From the above, this chapter carries out, in a two-layer structure, (i) primarily defining TR(t) as
a CPTP semigroup and introducing R as its generator, and (ii) making zero-area/flux-blocking consistent
as accompanying specifications. In the subsequent sections, we first construct TR concretely from a
normal ∗-automorphism group on the Heisenberg side (or an equivalent construction), then prove
the properties and duality of the generator, and finally organize the handoff conditions needed for §6
(contractivity and tangency conditions).

Conclusion (Purpose and targets of §5)
In this chapter, we rigorously construct the resonance (transport) component R of the UEE as the
generator of a strongly continuous CPTP semigroup {TR(t)}t≥0 on the state space X = T1(H),
and fix it as an analytical foundation. The deliverables are: (D1) CPTP property of TR(t),
(D2) introduction of the generator R (density and closedness), (D3) the differential form of
trace preservation Tr(R[ρ]) = 0, (D4) the dual semigroup T∗

R and the dual generator R∗, (D5)
consistency with the zero-area/flux-blocking specification (presenting realizable sufficient
conditions), and (D6) organizing the handoff conditions required to feed it into the compo-
nentwise composition in §6 (Definition 60). This chapter proceeds in a two-layer structure:
it fully proves within the main text the “analytical layer (semigroup and generator),” while
fixing the geometric specification layer (zero-area/flux-blocking) as specifications and showing
realizability.

5.2. Underlying Spaces and Two Equivalent Descriptions (Heisenberg/Schrödinger)
(1) Aim of this section: fix the types and duality so that the resonance semigroup TR can be handled
equivalently both as a normal UCP semigroup on the observable side and as a CPTP semigroup on the
state side

In this section, prior to constructing the time evolution of the zero-area resonance component as

TR(t) : X = T1(H) → X

(on the state side: Schrödinger picture), we rigorously fix the duality with the normal UCP semigroup
on the observable side (Heisenberg picture),

αt : M = B(H) → M.
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In §2.3 we have already proved the equivalence “normal unital-CP ⇐⇒ the predual is CPTP,” but in
this section we organize the notation specialized to R and the “duality as semigroups” and the “duality
as generators,” so that no confusion of pictures occurs when constructing R in the subsequent sections.

The deliverables are as follows:

1. For a normal UCP map α : M → M, its predual α∗ : X → X exists uniquely, and α is UCP ⇐⇒
α∗ is CPTP; we restate this equivalence in the context of R.

2. We define that the semigroup {αt} (Heisenberg) and the semigroup {TR(t)} (Schrödinger) are
linked by

TR(t) = (αt)∗,

and prove that this correspondence preserves the semigroup property, continuity, and contractiv-
ity.

3. We define the correspondence between the generator R and the dual generator R∗ by

Tr
(
(R[ρ])A

)
= Tr

(
ρ R∗[A]

)
,

and establish within this section that the generator of TR and the generator of αt are dual.

(2) Underlying spaces (recap): M = B(H) and X = T1(H)

Definition 61 (Observable space and state space (standard realization)). Let H be a complex Hilbert
space, and set

M := B(H), X := T1(H).

Define the dual pairing by
⟨ρ, A⟩ := Tr(ρA) (ρ ∈ X, A ∈ M).

Lemma 101 (Separation by duality: Tr(σA) = 0 (∀A) ⇒ σ = 0). If σ ∈ X satisfies

Tr(σA) = 0 (∀ A ∈ M),

then σ = 0.

Proof. The proof is the same as Lemma 20 in §2.2. For arbitrary ψ, ϕ ∈ H, take A := |ψ⟩⟨ϕ| ∈ B(H).
Then

0 = Tr(σ|ψ⟩⟨ϕ|) = Tr(|σψ⟩⟨ϕ|) = ⟨ϕ, σψ⟩.

Since ϕ is arbitrary, σψ = 0. Since ψ is also arbitrary, σ = 0.

(3) Normal maps and preduals (preadjoints): existence, uniqueness, and norm estimate

Definition 62 (Normal maps and predual maps). Let α : M → M be a bounded linear map. We say that α

is normal if it is continuous with respect to the σ-weak topology (see §2.3). In this case, define the predual map
(preadjoint) α∗ : X → X as the map satisfying

Tr
(
α∗(ρ) A

)
= Tr

(
ρ α(A)

)
(∀ρ ∈ X, ∀A ∈ M) (5.2-∗)

Lemma 102 (Existence and uniqueness of the predual map). If α : M → M is a normal bounded linear map,
then there exists a unique bounded linear map α∗ : X → X satisfying (5.2-∗). Moreover, ∥α∗∥1→1 ≤ ∥α∥∞→∞

holds.

Proof. It suffices to apply Lemma 23 in §2.3 as is. Here we recap only the key points. By normality,
for any fixed ρ ∈ X, the functional A 7→ Tr(ρ α(A)) is σ-weakly continuous. Under the identification
M = X∗, any weak∗-continuous functional is represented by an element of X (representation lemma
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for weak∗-continuous functionals). Therefore there exists a unique α∗(ρ) ∈ X satisfying (5.2-∗).
Linearity follows from uniqueness, and the boundedness estimate follows from

∥α∗(ρ)∥1 = sup
∥A∥≤1

|Tr(α∗(ρ)A)| = sup
∥A∥≤1

|Tr(ρ α(A))| ≤ ∥ρ∥1 ∥α∥

(4) UCP ⇐⇒ CPTP (fixing the equivalence in the context of this chapter)

Lemma 103 (Picture equivalence: normal UCP ⇐⇒ CPTP). Let α : M → M be a normal bounded linear
map, and define α∗ by Lemma 102. Then the following are equivalent:

α is unital-CP (UCP) ⇐⇒ α∗ is CPTP.

Proof. It suffices to restate Lemma 24 in §2.3. To avoid external references, we state the minimal
logic. Unitality corresponds to trace preservation by substituting A = I into (5.2-∗), and complete
positivity corresponds via the duality between the amplifications Idn ⊗ α and Idn ⊗ α∗. Therefore the
equivalence holds.

(5) Duality of semigroups: the Heisenberg semigroup {αt} and the Schrödinger semigroup {TR(t)}
Definition 63 (Duality of semigroups (preadjoint semigroup)). Let {αt}t≥0 be a family of normal linear
maps on M. If each αt is normal, then by Lemma 102 the predual αt∗ exists. Define the state-side family
{TR(t)}t≥0 by

TR(t) := αt∗ (t ≥ 0).

That is,
Tr
(
TR(t)[ρ] A

)
= Tr

(
ρ αt(A)

)
(∀ρ ∈ X, ∀A ∈ M) (5.2-SG)

holds.

Lemma 104 (Preservation of the semigroup property: if αt is a semigroup then TR(t) is also a semi-
group). Assume that {αt}t≥0 satisfies the semigroup property

α0 = Id, αt+s = αt ◦ αs

and that each αt is normal. Then TR(t) := αt∗ satisfies the semigroup property on X:

TR(0) = Id, TR(t + s) = TR(t) ◦ TR(s).

Proof. First, TR(0) = α0∗ = (Id)∗ = Id is immediate from the definition. Next, for arbitrary ρ ∈ X and
A ∈ M,

Tr
(
TR(t + s)ρ A

)
= Tr

(
ρ αt+s(A)

)
= Tr

(
ρ (αt ◦ αs)(A)

)
= Tr

(
TR(t)[ρ] αs(A)

)
= Tr

(
TR(s)TR(t)[ρ] A

)
,

where the third equality applies the duality (5.2-SG) in Definition 63 to (t, ρ), and the last equality
applies the same duality to (s, TR(t)[ρ]). By Lemma 101, if traces against all A coincide then the
operators coincide, hence

TR(t + s)ρ = TR(s)TR(t)[ρ].

Therefore TR(t + s) = TR(s) ◦ TR(t). (The order appears reversed because we adopt the notation
of right action, which corresponds to the fact that the predual maps composition contravariantly.
Hereafter, since we use TR(t) := αt∗ as the Schrödinger time evolution, if one wants to write it in
the form TR(t + s) = TR(t)TR(s), one may adjust the notation for αt as t 7→ α−t. In this paper, since
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we adopt the Schrödinger semigroup property as TR(t + s) = TR(t)TR(s) henceforth, we fix the
Heisenberg-side notation accordingly.)

(6) Propagation of contractivity and CPTP: UCP semigroup ⇒ CPTP semigroup

Theorem 24 (The predual of a normal UCP semigroup is a strongly continuous CPTP semigroup
(framework theorem)). Let {αt}t≥0 be a semigroup of normal linear maps on M, and assume that for each
t, αt is UCP. Assume furthermore that αt is continuous in the σ-weak topology (i.e., t 7→ αt(A) is σ-weakly
continuous for each A). Then TR(t) := αt∗ is a strongly continuous CPTP semigroup on X, and in particular,

∥TR(t)[ρ]∥1 ≤ ∥ρ∥1 (∀t ≥ 0, ∀ρ ∈ X)

holds.

Proof. Step 1 (CPTP at each time): Since each αt is normal UCP, by Lemma 103 the predual TR(t) = αt∗
is CPTP.
Step 2 (semigroup property): Since {αt} is a semigroup, Lemma 104 implies that {TR(t)} is also a
semigroup (the order follows the contravariance of the predual).
Step 3 (strong continuity): Fix an arbitrary ρ ∈ X. For any A ∈ M, by the duality (5.2-SG),

Tr
(
(TR(t)[ρ]− ρ)A

)
= Tr

(
ρ(αt(A)− A)

)
.

By assumption, t 7→ αt(A) is σ-weakly continuous, hence the right-hand side converges to 0 as
t ↓ 0. Therefore TR(t)[ρ] → ρ holds in the weak topology. Next, since TR(t) is CPTP, it satisfies trace-
norm contractivity (Lemma 63 in §3.3), in particular ∥TR(t)[ρ]∥1 ≤ ∥ρ∥1, so it is uniformly bounded.
Moreover, by approximation using finite-rank ρk and an isometry-type argument (isomorphic to the
proof of strong continuity in §3.5), one can lift weak convergence plus uniform boundedness to strong
convergence in ∥ · ∥1. (Details are restated as a lemma in the subsequent sections; in this section, we
adopt the standard conclusion that “the predual of a σ-weakly continuous normal semigroup is a
C0-semigroup.”) Hence limt↓0 ∥TR(t)[ρ]− ρ∥1 = 0 follows.
Step 4 (contractivity): Since TR(t) is CPTP for each t, trace-norm contractivity follows from Lemma
63.

(7) Dual generators: correspondence between R and R∗ (fixing the definition)

Definition 64 (Dual generator (observable side) and generator duality). Let R be the generator (Definition
43) of the strongly continuous semigroup {TR(t)}t≥0 on X. Define the adjoint semigroup {T∗

R(t)}t≥0 ⊂ B(M)

by
Tr
(
TR(t)[ρ] A

)
= Tr

(
ρ T∗

R(t)[A]
)

(∀ρ ∈ X, ∀A ∈ M) (5.2-AD)

(which is unique by Lemma 56). Then for each t, T∗
R(t) is normal UCP (Lemma 62 in §3.3), and we define its

generator R∗ by

R∗[A] := lim
t↓0

T∗
R(t)[A]− A

t
(A ∈ Dom(R∗)).

Furthermore, we adopt as a specification of this paper the generator duality

Tr
(
(R[ρ])A

)
= Tr

(
ρ R∗[A]

)
(ρ ∈ Dom(R), A ∈ Dom(R∗)) (5.2-GD)

Lemma 105 (Justification of generator duality (difference-quotient limit)). In the setting of Definition 64,
for ρ ∈ Dom(R) and A ∈ Dom(R∗), (5.2-GD) holds.

Proof. Compute the difference quotient using (5.2-AD). For any t > 0,

Tr
(

TR(t)[ρ]− ρ

t
A
)
=

1
t

(
Tr(TR(t)[ρ] A)− Tr(ρA)

)
=

1
t

(
Tr(ρ T∗

R(t)[A])− Tr(ρA)
)
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= Tr
(

ρ
T∗

R(t)[A]− A
t

)
.

Letting t ↓ 0, since ρ ∈ Dom(R) and A ∈ Dom(R∗), the left-hand side converges to Tr((R[ρ])A) and
the right-hand side converges to Tr(ρ R∗[A]). Since the trace is ∥ · ∥1-continuous, exchanging limits is
justified, and (5.2-GD) follows.

(8) Conclusion of this section: the “underlying spaces” and the “two equivalent descriptions” needed
to construct R have been fixed

In this section, we fixed the underlying spaces M = B(H) and X = T1(H) as the stage for
constructing R, and organized the equivalence between the Heisenberg and Schrödinger descriptions
via the predual (preadjoint) of normal maps, at the levels of semigroups and generators. Concretely, we
fixed: that the predual α∗ of a normal UCP map α is CPTP (Lemma 103), the framework that the predual
of a normal UCP semigroup {αt} becomes a strongly continuous CPTP semigroup (Theorem 24), and
generator duality (Definition 64 and Lemma 105). In the subsequent sections, when constructing
TR(t) concretely and proving the basic properties of R, we use the framework of this section as a fixed
foundation.

Conclusion (Equivalent descriptions in the Heisenberg/Schrödinger pictures)
In this section, we fixed the underlying spaces M = B(H) (observables) and X = T1(H)

(states), and fixed the Heisenberg/Schrödinger equivalence based on trace duality Tr(ρA) at
both the semigroup and generator levels. The predual α∗ of a normal map α exists uniquely
(Lemma 102), and it is equivalent that α is normal UCP and that α∗ is CPTP (Lemma 103).
Therefore, defining the predual semigroup TR(t) = (αt)∗ from a normal UCP semigroup {αt},
TR(t) becomes a strongly continuous CPTP semigroup and satisfies trace-norm contractivity
(Theorem 24). Moreover, defining the adjoint semigroup T∗

R(t) and the dual generator R∗, we
derived rigorously the generator duality Tr((R[ρ])A) = Tr(ρ R∗[A]) as a difference-quotient
limit (Definition 64, Lemma 105).

5.3. Definition of TR(t) as a CPTP Transport Semigroup
(1) Aim of this section: define TR(t) primarily as “transport,” and prove within the main text that it is
CPTP, a semigroup, and strongly continuous

In this section, we primarily define the time evolution of the resonance (transport) component as

TR(t) : X = T1(H) −→ X (t ≥ 0),

and fix, with proofs, that it simultaneously satisfies

1. the semigroup property (TR(0) = Id, TR(t + s) = TR(t)TR(s)),
2. CPTP (complete positivity and trace preservation),
3. ∥ · ∥1 strong continuity (C0 property),
4. a unitary implementation induced by a geometric flow (corresponding to the meaning of transport),

within this section. In this section we do not yet define the generator R itself (in the next section
we define R = limt↓0(TR(t)− Id)/t). Accordingly, the target of this section is to establish that “the
semigroup TR(t), which serves as the foundation for R as a generator, is mathematically well-defined
as a CPTP transport semigroup.”

(2) Transport data: measure-preserving flow and the Koopman unitary group

In this paper, transport is defined as a unitary group induced by a measure-preserving flow.
(Consistency with zero-area/flux-blocking is connected later under the specification of §2.6.)
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Definition 65 (Measure-preserving flow (transport flow)). Let (Σ,B, µ) be a σ-finite measure space. A
family of maps {φt}t∈R is called a measure-preserving flow if it satisfies the following:

(F1) (Group property) φ0 = IdΣ, and φt+s = φt ◦ φs (for all t, s ∈ R).
(F2) (Measurability) For each t, φt : Σ → Σ is measurable.
(F3) (Measure preservation) For any E ∈ B,

µ(φ−1
t (E)) = µ(E) (∀t ∈ R)

holds.
(F4) (L2 strong continuity) The Koopman operators (Definition 66) defined on H := L2(Σ, µ) form a strongly

continuous group.

Definition 66 (Koopman unitary group). For (Σ, µ, φt) in Definition 65, define a family of operators
{UR(t)}t∈R on H := L2(Σ, µ) by

(UR(t) f )(x) := f (φ−t(x)) ( f ∈ H).

This is called the Koopman operator.

Lemma 106 (The Koopman operators form a unitary group). The family {UR(t)}t∈R in Definition 66 is a
unitary group on H. That is,

UR(t + s) = UR(t)UR(s), UR(0) = I, UR(t)† = UR(−t) (∀t, s ∈ R)

hold.

Proof. (i) Group property: For f ∈ H and x ∈ Σ,

(UR(t)UR(s) f )(x) = UR(s) f (φ−t(x)) = f (φ−s(φ−t(x))) = f (φ−(t+s)(x)) = (UR(t + s) f )(x)

hence UR(t + s) = UR(t)UR(s) by Definition 65-(F1). Also, since (UR(0) f )(x) = f (φ0(x)) = f (x), we
have UR(0) = I.
(ii) Isometry: For f ∈ H,

∥UR(t) f ∥2
L2 =

∫
Σ
| f (φ−t(x))|2 dµ(x).

Use the change of variables y = φ−t(x) (i.e., x = φt(y)). By Definition 65-(F3), µ is invariant under φt,
hence ∫

Σ
| f (φ−t(x))|2 dµ(x) =

∫
Σ
| f (y)|2 dµ(y) = ∥ f ∥2

L2 .

Therefore ∥UR(t) f ∥L2 = ∥ f ∥L2 .
(iii) Adjoint and inverse: By (ii), UR(t) is an isometry, and by (i), UR(t)UR(−t) = I. Hence UR(−t) is
the inverse of UR(t). An invertible isometry is unitary, and its adjoint equals its inverse, so UR(t)† =

UR(−t).

(3) Heisenberg transport: definition of a normal ∗-automorphism group αt

Transport is implemented on the observable side as a ∗-automorphism (automorphism). Here we
define it on B(H) by unitary conjugation (normality is automatically ensured).

Definition 67 (Heisenberg transport automorphism group). Let H = L2(Σ, µ), and let {UR(t)}t∈R be
the unitary group in Lemma 106. Let the observable algebra be M := B(H), and define αt : M → M by

αt(A) := UR(t)† A UR(t) (A ∈ M) (5.3-H)
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Lemma 107 (αt is a normal ∗-automorphism group and, in particular, is normal UCP). The family {αt}
in Definition 67 satisfies the following:

(A1) (Group property) αt+s = αt ◦ αs, α0 = Id.
(A2) (∗-automorphism) αt(AB) = αt(A)αt(B), αt(A†) = αt(A)†.
(A3) (Normality) αt is σ-weakly continuous (hence normal).
(A4) (UCP) αt is unital-CP (hence UCP).

Proof. (A1): By the unitary group property UR(t + s) = UR(t)UR(s) and UR(0) = I (Lemma 106),

αt+s(A) = UR(t + s)† AUR(t + s) = UR(s)†UR(t)† AUR(t)UR(s) = αs(αt(A)).

Also α0(A) = A.
(A2): For products,

αt(AB) = UR(t)† ABUR(t) = (UR(t)† AUR(t))(UR(t)†BUR(t)) = αt(A)αt(B).

For adjoints,
αt(A†) = UR(t)† A†UR(t) =

(
UR(t)† AUR(t)

)†
= αt(A)†.

(A3): For any ρ ∈ T1(H) and A ∈ B(H), by cyclicity of the trace (Lemma 71),

Tr
(
ρ αt(A)

)
= Tr

(
ρ UR(t)† AUR(t)

)
= Tr

(
UR(t)ρ UR(t)† A

)
.

If ∥ · ∥1-continuity in t holds for the unitary conjugation UR(t)ρUR(t)† on T1(H) (isomorphic to Lemma
74 in §3.5), then σ-weak continuity follows. Here, using Definition 65-(F4), UR(t) is strongly continuous
on H, and hence, by the same finite-rank approximation argument as in that lemma, ρ 7→ UR(t)ρUR(t)†

is strongly continuous on T1, so αt is σ-weakly continuous (normal).
(A4): Unitality follows from αt(I) = UR(t)† IUR(t) = I. Complete positivity is shown directly on
ampliations. For any n ∈ N, ŨR(t) := In ⊗ UR(t) is unitary on Cn ⊗ H. Therefore for any positive
operator X ∈ B(Cn ⊗ H),

(Idn ⊗ αt)(X) = ŨR(t)†XŨR(t) ≥ 0

(which can be checked by inner products). Hence Idn ⊗ αt preserves positivity. Since n is arbitrary, αt

is completely positive.

(4) Schrödinger transport: definition and explicit formula of the CPTP semigroup TR(t)

We define the predual of the normal UCP semigroup αt on the observable side as the time
evolution on the state side. Under a unitary implementation, the state-side evolution is also explicitly
given by unitary conjugation.

Definition 68 (CPTP transport semigroup (Schrödinger picture)). Let the state space be X := T1(H), and
let αt be defined by Definition 67. For each t ≥ 0, define the predual map TR(t) : X → X by

Tr
(
TR(t)[ρ] A

)
= Tr

(
ρ αt(A)

)
(∀ρ ∈ X, ∀A ∈ B(H)) (5.3-S)

(existence and uniqueness follow from Lemma 102 in §5.2).

Lemma 108 (Explicit formula: TR(t)[ρ] = UR(t)ρUR(t)†). For TR(t) in Definition 68, for any ρ ∈ X,

TR(t)[ρ] = UR(t) ρ UR(t)† (5.3-EXP)

holds.
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Proof. Take arbitrary ρ ∈ X and A ∈ B(H). By cyclicity of the trace (Lemma 71),

Tr
(
UR(t)ρUR(t)† A

)
= Tr

(
ρ UR(t)† AUR(t)

)
= Tr

(
ρ αt(A)

)
.

Since the right-hand side is the right-hand side of Definition 68, the element of X satisfying (5.3-S) is
unique (Lemma 101 in §5.2). Therefore TR(t)[ρ] = UR(t)ρUR(t)†.

(5) Main theorem: TR(t) is a strongly continuous CPTP transport semigroup and is trace-norm
isometric

Theorem 25 (Basic properties of the CPTP transport semigroup). The family {TR(t)}t≥0 determined by
Definition 68 satisfies the following:

(T1) (Semigroup property) TR(0) = Id and TR(t + s) = TR(t)TR(s) (t, s ≥ 0).
(T2) (CPTP) For each t ≥ 0, TR(t) is CPTP.
(T3) (Trace-norm isometry) For any ρ ∈ X, ∥TR(t)[ρ]∥1 = ∥ρ∥1.
(T4) (Strong continuity) For any ρ ∈ X, limt↓0 ∥TR(t)[ρ]− ρ∥1 = 0.

Therefore {TR(t)} is a strongly continuous CPTP transport semigroup on X and is isometric.

Proof. (T1) Semigroup property: Use the explicit formula in Lemma 108. Since UR(t) is a unitary
group (Lemma 106),

TR(t + s)[ρ] = UR(t + s)ρUR(t + s)† = UR(t)UR(s)ρUR(s)†UR(t)† = TR(t)
[
TR(s)[ρ]

]
.

Also TR(0)[ρ] = UR(0)ρUR(0)† = ρ.
(T2) CPTP: TP: By Lemma 71 and UR(t)†UR(t) = I,

Tr(TR(t)[ρ]) = Tr(UR(t)ρUR(t)†) = Tr(ρUR(t)†UR(t)) = Tr(ρ).

CP: Fix any n and set ŨR(t) := In ⊗ UR(t). For any positive trace-class operator Σ ∈ T1(Cn ⊗ H),

(Idn ⊗ TR(t))[Σ] = ŨR(t)Σ ŨR(t)†

holds (it holds on simple tensors and extends by linear continuous extension). For any ξ, by inner
products, ⟨ξ, ŨRΣŨ†

Rξ⟩ = ⟨Ũ†
Rξ, Σ Ũ†

Rξ⟩ ≥ 0, so the right-hand side is positive. Hence Idn ⊗ TR(t)
preserves positivity. Since n is arbitrary, TR(t) is completely positive. Thus TR(t) is CPTP.
(T3) Isometry: This follows by a computation isomorphic to Lemma 73 in §3.5. Using the square root
|ρ| of ρ†ρ,

|URρU†
R| = UR|ρ|U†

R

holds, hence
∥TR(t)[ρ]∥1 = Tr(|URρU†

R|) = Tr(UR|ρ|U†
R) = Tr(|ρ|) = ∥ρ∥1.

(T4) Strong continuity: Since UR(t) is strongly continuous on H (Definition 65-(F4)), the same finite-
rank approximation argument as Lemma 74 in §3.5 implies that ∥UR(t)ρUR(t)† − ρ∥1 → 0 as t ↓ 0 on
T1(H). This proves (T1)–(T4).

(6) “Localization” implementation for connecting to the zero-area specification (minimal organization
in this section)

Under the specification of this paper (§2.6), selective localization of transport by the resonance
projection ΠR is required. In this section, we prepare, as a definition, a standard implementation of
localized transport semigroups (verification of the zero-area condition itself is treated in subsequent
sections).
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Definition 69 (Localized transport unitaries (ΠR-localization)). Let ΠR be a self-adjoint projection (Π†
R =

ΠR, Π2
R = ΠR). A unitary group {UR(t)} is said to be ΠR-localized if

UR(t)ΠR = ΠRUR(t) (∀t), UR(t) (I − ΠR) = (I − ΠR) (∀t) (5.3-LOC)

holds.

Lemma 109 (ΠR-localization preserves the CPTP property and isometry). For {UR(t)} satisfying
Definition 69, TR(t)[ρ] = UR(t)ρUR(t)† satisfies the conclusions of Theorem 25 (CPTP, isometry, strong
continuity). Moreover, on (I − ΠR), TR(t) coincides with the identity:

(I − ΠR) TR(t)[ρ] (I − ΠR) = (I − ΠR)ρ(I − ΠR).

Proof. CPTP, isometry, and strong continuity follow because the proof of Theorem 25 depends only on
unitarity and strong continuity of {UR(t)}. For the last identity, by (5.3-LOC), using UR(t)(I − ΠR) =

(I − ΠR) and UR(t)†(I − ΠR) = (I − ΠR),

(I − ΠR)TR(t)[ρ](I − ΠR) = (I − ΠR)UR(t)ρUR(t)†(I − ΠR) = (I − ΠR)ρ(I − ΠR)

holds.

(7) Conclusion of this section: TR(t) has been primarily defined as a CPTP transport semigroup, and
the foundation for the subsequent discussion (the generator R) in §5 has been fixed

In this section, using the Koopman unitary group {UR(t)} induced by a measure-preserving flow,
we defined the normal ∗-automorphism group on the Heisenberg side αt(A) = UR(t)† AUR(t), and
defined the Schrödinger-side transport semigroup TR(t) as its predual (Definitions 67, 68). We further
derived the explicit formula TR(t)[ρ] = UR(t)ρUR(t)† (Lemma 108), and completely proved within the
main text that TR(t) is a strongly continuous CPTP semigroup and is trace-norm isometric (Theorem
25). Finally, we minimally organized the ΠR-localization implementation to connect to the zero-area
specification (Definition 69, Lemma 109). In the next section, we define R as the generator of this TR(t)
and prove basic identities such as the differential form of conservation laws.

Conclusion (Definition of the CPTP transport semigroup TR(t))
In this section, using the Koopman unitary group UR(t) induced by a measure-preserving flow
φt, we defined the Heisenberg-side transport automorphism αt(A) = UR(t)† AUR(t) (Defi-
nition 67), and defined the Schrödinger-side transport semigroup TR(t) by Tr(TR(t)[ρ] A) =

Tr(ρ αt(A)) as its predual (Definition 68). As a result, TR(t)[ρ] = UR(t)ρUR(t)† holds (Lemma
108), and we rigorously proved within the main text that {TR(t)}t≥0 is a CPTP transport
semigroup with the semigroup property and strong continuity, and moreover satisfies the
trace-norm isometry ∥TR(t)[ρ]∥1 = ∥ρ∥1 (Theorem 25). In addition, even if one introduces
localization by ΠR (i.e., UR(t) is the identity on (I − ΠR)), the CPTP property and isometry
are preserved (Lemma 109). Thus the foundation is fixed for defining, in the next section, the
generator R := limt↓0(TR(t)− Id)/t.

5.4. Definition of the Generator R (Strong Derivative) and Basic Identities
(1) Aim of this section: define the generator R as the strong derivative of TR(t), and fix within the
main text the conservation laws, ∗-compatibility, and tangent-cone compatibility of the positive cone

In the previous section (§5.3), we established that the transport semigroup {TR(t)}t≥0 is a strongly
continuous CPTP semigroup on the state space X = T1(H) (in fact, it is the restriction of an isometric
group). In this section, following the general theory of §3.1, we define the generator R as the strong
derivative of TR(t), and completely prove and fix within the main text the following basic identities:
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1. The domain Dom(R) of the generator and uniqueness of the action R[ρ] (fixing the definition).
2. The differential form of trace preservation Tr(R[ρ]) = 0, which follows from TR(t) being TP.

3. ∗-compatibility derived from CPTP (the differential form of Hermiticity preservation):
(

R[ρ]
)†

=

R[ρ†].
4. The tangent-cone compatibility of the positive cone (tangent cone property) as the differential

form of positivity preservation: if ρ ≥ 0, then R[ρ] belongs to the tangent cone of the positive
cone. (This is a technical point that ensures that positivity does not break in the componentwise
composition in §6.)

All definitions and proofs are completed within this section.

(2) Definition 5.6: generator R (strong derivative)

Definition 70 (Generator R (strong derivative)). Let X be a Banach space (in this chapter, X = T1(H)),
and let {TR(t)}t≥0 ⊂ B(X) be a C0-semigroup (§5.3). Define the domain of the generator R by

Dom(R) :=
{

ρ ∈ X : ∃ σ ∈ X such that lim
t↓0

∥∥∥∥TR(t)[ρ]− ρ

t
− σ

∥∥∥∥
1
= 0

}
.

For ρ ∈ Dom(R), the element σ obtained by the above limit is unique, and we define

R[ρ] := lim
t↓0

TR(t)[ρ]− ρ

t
.

We call this the generator of {TR(t)}.

Lemma 110 (Uniqueness, closedness, and density (general properties of generators)). The operator R
defined by Definition 70 is linear, and the following hold:

1. Dom(R) is dense in X,
2. R is a closed operator,
3. for t ≥ 0 and ρ ∈ Dom(R), one has TR(t)[ρ] ∈ Dom(R) and R TR(t)[ρ] = TR(t) R[ρ].

Proof. By Theorem 25 in §5.3, {TR(t)} is a C0-semigroup. Therefore the conclusion follows by directly
applying the general results of §3.1 (linearity of the generator: Lemma 49, closedness: Lemma 51,
density of the domain: Lemma 52, compatibility with the semigroup: Lemma 50).

(3) Lemma 5.7: TP ⇒ Tr(R[ρ]) = 0 (differential form of information conservation)

Lemma 111 (Differential form of trace preservation (TP ⇒ Tr(R[ρ]) = 0)). Assume that {TR(t)} is
trace-preserving (TP), i.e.,

Tr(TR(t)[ρ]) = Tr(ρ) (∀t ≥ 0, ∀ρ ∈ X).

Then for any ρ ∈ Dom(R),
Tr(R[ρ]) = 0

holds.

Proof. Take an arbitrary ρ ∈ Dom(R). By assumption, for any t > 0,

Tr(TR(t)[ρ])− Tr(ρ) = 0.

Dividing both sides by t gives

Tr
(

TR(t)[ρ]− ρ

t

)
= 0.
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Let t ↓ 0. By Definition 70, TR(t)[ρ]−ρ
t → R[ρ] in ∥ · ∥1. Since the trace is continuous with respect to ∥ · ∥1

(Lemma 16 in §2.2), we may pass the limit outside the trace and obtain

0 = lim
t↓0

Tr
(

TR(t)[ρ]− ρ

t

)
= Tr(R[ρ]).

Hence the conclusion follows.

(4) ∗-compatibility: (R[ρ])† = R[ρ†] (differential form of Hermiticity preservation)

Lemma 112 (∗-preservation of TR(t) and ∗-compatibility of the generator). Assume that {TR(t)} is
CPTP (Theorem 25 in §5.3). Then the following hold:

1. For any t ≥ 0 and any ρ ∈ X, (
TR(t)[ρ]

)†
= TR(t)[ρ†] (5.4-⋆)

holds.
2. Moreover, for any ρ ∈ Dom(R), one has ρ† ∈ Dom(R) and

(
R[ρ]

)†
= R[ρ†] (5.4-⋆⋆)

holds.

Proof. Proof of (i): Since TR(t) is CP, it preserves positivity. Decompose any ρ ∈ X as ρ = Re ρ+ i Im ρ:

Re ρ :=
ρ + ρ†

2
, Im ρ :=

ρ − ρ†

2i
.

Then Re ρ and Im ρ are self-adjoint. A CPTP map is linear, and positivity preservation implies that it
preserves self-adjointness: indeed, a self-adjoint S = S† can be written as S = S+ − S− with S± ≥ 0,
hence TR(t)S = TR(t)S+ − TR(t)S− is a difference of positive operators and therefore self-adjoint.
Thus TR(t)[Re ρ] and TR(t)[Im ρ] are self-adjoint, and

TR(t)[ρ]† =
(
TR(t)[Re ρ] + i TR(t)[Im ρ]

)†
= TR(t)[Re ρ]− i TR(t)[Im ρ]

= TR(t)[Re ρ − i Im ρ] = TR(t)[ρ†].

This proves (5.4-⋆).
Proof of (ii): Let ρ ∈ Dom(R). By Definition 70,

R[ρ] = lim
t↓0

TR(t)[ρ]− ρ

t
in ∥ · ∥1.

First we show that ρ† ∈ Dom(R). Using (5.4-⋆),

TR(t)[ρ]† − ρ†

t
=

(TR(t)[ρ])† − ρ†

t
=

(
TR(t)[ρ]− ρ

t

)†

.

The right-hand side converges in ∥ · ∥1 to (R[ρ])† as t ↓ 0 (the adjoint is ∥ · ∥1-continuous: ∥X† −Y†∥1 =

∥X − Y∥1). Hence the difference-quotient limit exists, so ρ† ∈ Dom(R) and

R[ρ†] = (R[ρ])†

holds. This is exactly (5.4-⋆⋆).
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(5) Lemma 5.8: differential form of positivity preservation (tangent-cone compatibility of the positive
cone)

Here we formulate and fix the “differential form of positivity preservation” in terms of the
standard notion of the contingent cone.

Definition 71 (Positive cone and contingent cone). Let X = T1(H) and define the positive cone by

X+ := {ρ ∈ X : ρ ≥ 0}

(where ρ ≥ 0 means positive semidefinite as an operator). Define the contingent cone (Bouligand/contingent
cone) TX+(ρ) ⊂ X at a point ρ ∈ X+ by

TX+(ρ) :=
{

v ∈ X : ∃ tk ↓ 0, ∃ ρk ∈ X+ s.t. ∥ρk − ρ∥1 → 0,
∥∥∥∥ρk − ρ

tk
− v
∥∥∥∥

1
→ 0

}
.

Lemma 113 (Tangent-cone compatibility: positivity preservation ⇒ R[ρ] ∈ TX+(ρ)). Assume that
{TR(t)}t≥0 preserves positivity (i.e., ρ ≥ 0 ⇒ TR(t)[ρ] ≥ 0). For ρ ∈ X+ ∩ Dom(R),

R[ρ] ∈ TX+(ρ)

holds.

Proof. Take ρ ∈ X+ ∩ Dom(R). Set tk := 1/k and define

ρk := TR(tk)ρ.

By positivity preservation, ρk ∈ X+ for each k. Since TR is strongly continuous, ∥ρk − ρ∥1 = ∥TR(tk)ρ−
ρ∥1 → 0 as k → ∞. Moreover, since ρ ∈ Dom(R),∥∥∥∥ρk − ρ

tk
− R[ρ]

∥∥∥∥
1
=

∥∥∥∥TR(tk)ρ − ρ

tk
− R[ρ]

∥∥∥∥
1
→ 0 (k → ∞)

holds. This satisfies the condition of Definition 71, hence R[ρ] ∈ TX+(ρ).

(6) Immediate corollary: ρ(t) = TR(t)[ρ0] stays inside the positive cone, and the tangent is given by
R[ρ]

Theorem 26 (Positivity invariance and tangent (geometric interpretation of the mild solution)). Let
ρ0 ∈ X+. Then t 7→ ρ(t) := TR(t)[ρ0] stays in X+ (i.e., ρ(t) ∈ X+). Moreover, if ρ0 ∈ Dom(R), then the
tangent at t = 0 is R[ρ0], and

lim
t↓0

∥∥∥∥ρ(t)− ρ0

t
− R[ρ0]

∥∥∥∥
1
= 0, R[ρ0] ∈ TX+(ρ0)

hold.

Proof. Positivity preservation follows from CP as part of CPTP, hence ρ0 ≥ 0 ⇒ TR(t)[ρ0] ≥ 0.
Therefore ρ(t) ∈ X+. If ρ0 ∈ Dom(R), then by Definition 70 the difference quotient converges to R[ρ0],
and Lemma 113 yields the tangent-cone inclusion.

(7) Conclusion of this section: R has been defined as a strong derivative, and the identities needed for
componentwise composition in §6 have been fixed

In this section, we defined the generator R of the CPTP transport semigroup TR(t) as the strong
derivative (Definition 70), and rigorously derived from TP the differential form of trace preservation
Tr(R[ρ]) = 0 (Lemma 111). We further established the ∗-compatibility derived from CPTP as a
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difference-quotient limit and fixed (R[ρ])† = R[ρ†] (Lemma 112). Finally, we formulated the differential
form of positivity preservation in terms of the contingent cone and proved that if ρ ≥ 0 then R[ρ]
belongs to the tangent cone of the positive cone (Lemma 113). These are the basic identities ensuring
that “positivity and trace preservation do not break” in the composite generation in §6.

Conclusion (Definition of the generator R and basic identities)
In this section, we defined the generator R of the CPTP transport semigroup {TR(t)} as the
strong derivative R[ρ] = limt↓0(TR(t)[ρ]− ρ)/t (Definition 70), and fixed the general properties
of generators (dense domain, closedness, and compatibility with the semigroup) (Lemma 110).
Moreover, since TR(t) is TP, we rigorously proved within the main text the differential form
of trace preservation Tr(R[ρ]) = 0 (Lemma 111). We also showed the ∗-preservation derived
from CPTP by a difference-quotient limit and fixed (R[ρ])† = R[ρ†] (Lemma 112). Finally,
we formulated the differential form of positivity preservation in terms of the contingent cone
TX+(ρ) and proved that if ρ ≥ 0 and ρ ∈ Dom(R), then R[ρ] belongs to the tangent cone of the
positive cone (Lemma 113). Thus R is fixed as a generator satisfying the conservation laws and
compatibility conditions required for the componentwise composition in §6.

5.5. Zero-Area Specification
(1) Aim of this section: fix zero-area as a “measure-theoretic dimension condition,” and complete
within the main text a sufficient condition (line support) to avoid vacuity of the definition

In this section, we fix the geometric specification zero-area imposed on the resonance projection
ΠR as a dimension condition on the support set based on the two-dimensional Hausdorff measure.
The aim of this section is “fixing the specification as an analytical foundation,” and we do not reprove
in this section physical consequences such as elimination of boundary terms (area-term cancellation).
That is, in this section we:

1. rigorously define the support set supp(ΠR) ⊂ Σ of the resonance projection ΠR,
2. declare the zero-area condition H2

Σ(supp(ΠR)) = 0 as a specification,
3. prove line-by-line, as a sufficient condition frequently used later, that “if the support is line

support (one-dimensional flow support) then zero-area holds automatically,” thereby showing
that the definition is not vacuous,

and complete these within the main text.

(2) Geometric stage: boundary Σ and the two-dimensional Hausdorff measure H2
Σ

Definition 72 (Boundary metric space and the two-dimensional Hausdorff measure (recap)). Let Σ be a
metric space equipped with a distance dΣ, and define the diameter by

diam(U) := sup{dΣ(x, y) : x, y ∈ U}.

For E ⊂ Σ and δ > 0, define

H2
Σ,δ(E) := inf

 ∞

∑
j=1

diam(Uj)
2 : E ⊂

∞⋃
j=1

Uj, diam(Uj) ≤ δ

,

and define
H2

Σ(E) := lim
δ↓0

H2
Σ,δ(E)

and call it the two-dimensional Hausdorff measure.
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(3) Support of the resonance projection ΠR: definition via an operator-valued Radon measure

Definition 73 (Operator-valued Radon measure and representation of a projection). Let Σ be a locally
compact Hausdorff space and let its Borel σ-algebra be B(Σ). Let HΣ be a Hilbert space, and write BΣ :=
B(HΣ). A map µΠ : B(Σ) → BΣ is called an operator-valued Radon measure if:

(M1) For any countable disjoint family {Ej} ⊂ B(Σ), one has, in the weak operator topology,

µΠ

 ∞⋃
j=1

Ej

 =
∞

∑
j=1

µΠ(Ej)

(countable additivity).
(M2) For any u, v ∈ HΣ, the complex measure

νu,v(E) := ⟨u, µΠ(E)v⟩HΣ

is a finite Radon measure.

Moreover, if ΠR ∈ BΣ satisfies

⟨u, ΠRv⟩ =
∫

Σ
dνu,v(x) (∀u, v ∈ HΣ) (5.5-M)

then we say that ΠR is representable by µΠ.

Definition 74 (Support of a projection operator). Assume that the representation in Definition 73 is given.
An open set U ⊂ Σ is said to be µΠ-null if

µΠ(U) = 0 (the zero operator)

holds. Define the support set supp(ΠR) ⊂ Σ by

supp(ΠR) := Σ \
⋃
{U ⊂ Σ : U is open and µΠ(U) = 0 } (5.5-SUP)

(Equivalently, x ∈ supp(ΠR) means that every neighborhood U ∋ x satisfies µΠ(U) ̸= 0.)

Lemma 114 (Closedness: supp(ΠR) is closed). The set supp(ΠR) in Definition 74 is closed in the topology
of Σ.

Proof. By (5.5-SUP),

Σ \ supp(ΠR) =
⋃
{U ⊂ Σ : U is open and µΠ(U) = 0 }.

The right-hand side is a union of open sets and hence is open. Therefore its complement supp(ΠR) is
closed.

(4) Definition of the zero-area condition and a basic equivalence (characterization by coverings)

Definition 75 (zero-area specification (dimension condition on the support set)). For the support set
supp(ΠR) ⊂ Σ of the resonance projection ΠR, if

H2
Σ
(
supp(ΠR)

)
= 0 (ZA)

holds, then we say that ΠR (and the associated resonance mechanism) is zero-area.
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Theorem 27 (Basic property of zero-area sets: squared-diameter coverings with arbitrary precision).
Assume that a set E ⊂ Σ satisfies

H2
Σ(E) = 0.

Then for any ε > 0, there exists a countable open cover {Uj}j≥1 such that

E ⊂
∞⋃

j=1

Uj,
∞

∑
j=1

diam(Uj)
2 < ε (5.5-COV)

holds. Conversely, if for any ε > 0 there exists a cover satisfying (5.5-COV), then H2
Σ(E) = 0 holds.

Proof. (i) H2
Σ(E) = 0 ⇒ existence of a cover: By the assumption H2

Σ(E) = 0 and Definition 72, for
any δ > 0 we have H2

Σ,δ(E) = 0. Fix δ := 1. Since H2
Σ,1(E) = 0, the infimum in Definition 72 is 0, hence

for any ε > 0 there exists a cover {Uj}j≥1 such that

E ⊂
⋃
j≥1

Uj, diam(Uj) ≤ 1, ∑
j≥1

diam(Uj)
2 < ε.

In particular, (5.5-COV) follows.
(ii) existence of a cover ⇒ H2

Σ(E) = 0: Assume that for any ε > 0 there exists a cover satisfying
(5.5-COV). Take an arbitrary δ ∈ (0, 1], and first refine the cover in (5.5-COV) to a cover satisfying the
diameter condition diam(Uj) ≤ δ. Concretely, since each Uj is open, Uj can be covered by a countable
family of open sets of diameter ≤ δ: for each point x ∈ Uj, take an open ball B(x, δ/2) ⊂ Uj, then
diam(B(x, δ/2)) ≤ δ holds. Since Σ is a separable metric space (in this paper, we assume locally
compact and second countable as a boundary), by the Lindelöf property one can extract a countable
subcover. Thus each Uj is covered by countably many open sets of diameter ≤ δ.

Perform this refinement for all j, and denote the resulting overall countable cover by {Vk}k≥1.
Then E ⊂ ⋃

k Vk and diam(Vk) ≤ δ hold. Moreover, since the refinement replaces each Uj by a
cover with smaller diameters, the squared-diameter sum can be controlled from above (by standard
procedures, e.g., approximating each Uj by finitely many balls, one can ensure that for any η > 0,
∑k diam(Vk)

2 ≤ ∑j diam(Uj)
2 + η). Therefore, for any ε > 0,

H2
Σ,δ(E) ≤

∞

∑
k=1

diam(Vk)
2 < ε + η

holds. Letting η ↓ 0 yields H2
Σ,δ(E) ≤ ε. Since ε > 0 is arbitrary, H2

Σ,δ(E) = 0. Finally, taking the limit
δ ↓ 0 yields H2

Σ(E) = 0.

(5) Lemma 5.10: one-dimensional flow support (line support) ⇒ zero-area (a sufficient condition to
avoid vacuity of the definition)

Lemma 115 (One-dimensional flow support ⇒ zero-area). Assume that E ⊂ Σ is contained in a union of
the images of countably many C1 curves: namely, assume that there exist C1 maps γk : [0, 1] → Σ (k ∈ N) such
that

E ⊂
∞⋃

k=1

γk([0, 1]) (5.5-LINE)

holds. Then
H2

Σ(E) = 0

holds. Consequently, if supp(ΠR) ⊂ E, then the zero-area specification (ZA) holds.
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Proof. Step 1 (C1 curve images are Lipschitz): Fix k. Since γk is C1 on [0, 1], its derivative γ̇k is
continuous, and by compactness sups∈[0,1] ∥γ̇k(s)∥ < ∞ (norm in local coordinates). Therefore, by a
mean-value estimate, there exists a constant Lk < ∞ such that

dΣ(γk(s), γk(t)) ≤ Lk|s − t| (∀s, t ∈ [0, 1])

holds. That is, γk is Lipschitz.
Step 2 (H2

Σ of a Lipschitz curve image is zero): For fixed k, set Γk := γk([0, 1]). Take an arbitrary δ > 0.

Let m :=
⌈

Lk
δ

⌉
, and partition the interval into m equal parts, Ij = [ j−1

m , j
m ]. Let Uk,j := γk(Ij). Then for

any s, t ∈ Ij, |s − t| ≤ 1/m, hence

diam(Uk,j) = sup
s,t∈Ij

dΣ(γk(s), γk(t)) ≤ sup
s,t∈Ij

Lk|s − t| ≤ Lk
m

≤ δ.

Therefore {Uk,j}m
j=1 is a δ-cover of Γk. Hence, by Definition 72,

H2
Σ,δ(Γk) ≤

m

∑
j=1

diam(Uk,j)
2 ≤ m

(
Lk
m

)2
=

L2
k

m
≤

L2
k

Lk/δ
= Lk δ.

Letting δ ↓ 0, the right-hand side converges to 0, hence

H2
Σ(Γk) = lim

δ↓0
H2

Σ,δ(Γk) = 0.

Step 3 (nullness under countable unions): By (5.5-LINE), E ⊂ ⋃
k≥1 Γk. Since Hausdorff measure is

countably subadditive,

H2
Σ(E) ≤ H2

Σ

(
∞⋃

k=1

Γk

)
≤

∞

∑
k=1

H2
Σ(Γk) =

∞

∑
k=1

0 = 0.

Therefore H2
Σ(E) = 0. The final claim (supp(ΠR) ⊂ E ⇒ zero-area) follows from monotonicity in

Definition 75 (A ⊂ B ⇒ H2
Σ(A) ≤ H2

Σ(B)).

(6) Conclusion of this section: zero-area has been fixed as a measure-theoretic specification, and a
sufficient condition via line support has been proved within the main text

In this section, we defined the geometric specification zero-area associated with the reso-
nance projection ΠR as vanishing of the two-dimensional Hausdorff measure of the support set,
H2

Σ(supp(ΠR)) = 0 (Definition 75), and established closedness of the support set (Lemma 114). We
further derived, as a basic consequence of the zero-area condition, that “squared-diameter coverings
with arbitrary precision” are possible, directly from the definition of Hausdorff measure (Theorem 27).
Finally, we proved line-by-line that if the support is contained in a union of countably many C1 curve
images (line support, one-dimensional flow support), then zero-area holds automatically (Lemma 115),
thereby excluding vacuity of the definition.
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Conclusion (zero-area specification)
In this section, we fixed zero-area as the measure-theoretic dimension condition that “the
support set of the resonance projection ΠR has zero two-dimensional Hausdorff measure”
(Definition 75: H2

Σ(supp(ΠR)) = 0). The support set is defined in the sense of an operator-
valued Radon measure, and its support is closed (Lemma 114). Moreover, by the definition of
Hausdorff measure, zero-area is equivalent to the existence of open coverings with arbitrarily
small squared-diameter sum (Theorem 27). Finally, we proved that if the support is contained
in countably many C1 curves (one-dimensional flows), then H2

Σ = 0 holds automatically
(Lemma 115), thereby fixing that under the line-support assumptions expected in subsequent
discussions, the zero-area specification is mathematically non-vacuous.

5.6. Sufficient Condition via a Lindblad Representation
(1) Aim of this section: prove in a self-contained manner within the main text that if R is given in
GKLS (Lindblad) form, then {etR}t≥0 is a CPTP semigroup

In §5.3–§5.4, we defined the generator R from the transport semigroup TR(t) constructed as
transport. However, one may often ask:

“Can one also show, by another (standard) sufficient condition, that R is indeed the generator of a
CPTP semigroup?”

In this section we provide such a sufficient condition: if R is represented in GKLS (Lindblad) form (under
appropriate boundedness), then the exponential semigroup {etR}t≥0 is a strongly continuous CPTP semigroup.

The basic proof strategy is as follows:

1. From the GKLS form, construct a Kraus representation of a “small time-step” map (hence CPTP).
2. Show in ∥ · ∥1 that the step map is tangent to R.
3. Represent etR as a strong limit of CPTP maps via a power limit, and derive CPTP-ness of etR from

closure of CPTP (§3.3).

This section is a “sufficient condition” and does not depend on the origin of R (transport or dissipation).

(2) Setup: Hilbert space and state space, finitely many Lindblad operators

Definition 76 (Lindblad data (finite sum)). Let H be a complex Hilbert space, and set

M := B(H), X := T1(H).

We call the following the Lindblad data:

(L0) A bounded self-adjoint operator H = H† ∈ M (Hamiltonian part).
(L1) A finite family of bounded operators {Lk}M

k=1 ⊂ M (M < ∞).
(L2) A positive operator

C :=
M

∑
k=1

L†
k Lk ∈ M.

(3) GKLS (Lindblad) form: definition and boundedness of the resonance generator R

Definition 77 (Generator RGKLS in GKLS (Lindblad) form). For the Lindblad data (H, {Lk}) in Definition
76, define the linear map RGKLS : X → X by

RGKLS[ρ] := −i[H, ρ] +
M

∑
k=1

(
LkρL†

k − 1
2{L†

k Lk, ρ}
)

(ρ ∈ X) (5.6-GKLS)

(where the commutator is [H, ρ] = Hρ − ρH and the anticommutator is {A, ρ} = Aρ + ρA).
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Lemma 116 (Boundedness: RGKLS ∈ B(X)). RGKLS is a bounded linear map on X, and for any ρ ∈ X,

∥RGKLS[ρ]∥1 ≤
(

2∥H∥+ 2∥C∥
)
∥ρ∥1 (5.6-BND)

holds. Consequently, ∥RGKLS∥1→1 ≤ 2∥H∥+ 2∥C∥.

Proof. Take an arbitrary ρ ∈ X. First, for the reversible (Hamiltonian) part, by the two-sided multipli-
cation estimate (Lemma 17 in §2.2),

∥Hρ∥1 ≤ ∥H∥ ∥ρ∥1, ∥ρH∥1 ≤ ∥ρ∥1 ∥H∥ = ∥H∥ ∥ρ∥1,

hence
∥[H, ρ]∥1 ≤ ∥Hρ∥1 + ∥ρH∥1 ≤ 2∥H∥ ∥ρ∥1.

Therefore
∥ − i[H, ρ]∥1 = ∥[H, ρ]∥1 ≤ 2∥H∥ ∥ρ∥1.

Next, for the dissipative (Lindblad) part, for each k the same estimate yields

∥LkρL†
k∥1 ≤ ∥Lk∥ ∥ρ∥1 ∥L†

k∥ = ∥Lk∥2 ∥ρ∥1.

Also, since L†
k Lk ≤ C (order of positive operators), we have ∥L†

k Lk∥ ≤ ∥C∥. Hence

∥L†
k Lk ρ∥1 ≤ ∥L†

k Lk∥ ∥ρ∥1 ≤ ∥C∥ ∥ρ∥1, ∥ρ L†
k Lk∥1 ≤ ∥C∥ ∥ρ∥1.

Thus, for each k,∥∥∥LkρL†
k − 1

2{L†
k Lk, ρ}

∥∥∥
1
≤ ∥LkρL†

k∥1 +
1
2∥L†

k Lkρ∥1 +
1
2∥ρL†

k Lk∥1 ≤ ∥Lk∥2∥ρ∥1 + ∥C∥∥ρ∥1.

Since the sum is finite,∥∥∥∥∥ M

∑
k=1

(
LkρL†

k − 1
2{L†

k Lk, ρ}
)∥∥∥∥∥

1

≤
M

∑
k=1

∥Lk∥2∥ρ∥1 + M∥C∥∥ρ∥1.

Moreover, since ∑M
k=1 ∥Lk∥2 ≤ ∑M

k=1 ∥L†
k Lk∥ ≤ M∥C∥, the right-hand side is bounded by 2M∥C∥∥ρ∥1.

More sharply, using C = ∑k L†
k Lk,

M

∑
k=1

∥LkρL†
k∥1 ≤

M

∑
k=1

∥Lk∥2∥ρ∥1 ≤
∥∥∥∥∥ M

∑
k=1

L†
k Lk

∥∥∥∥∥ ∥ρ∥1 = ∥C∥ ∥ρ∥1

(using subadditivity of the operator norm for a finite sum and ∥L†
k Lk∥ ≤ ∥Lk∥2). Similarly, the anti-

commutator term satisfies ∥Cρ∥1 + ∥ρC∥1 ≤ 2∥C∥∥ρ∥1, hence the whole dissipative part is bounded
by 2∥C∥∥ρ∥1. Combining yields

∥RGKLS[ρ]∥1 ≤ 2∥H∥∥ρ∥1 + 2∥C∥∥ρ∥1 = (2∥H∥+ 2∥C∥)∥ρ∥1,

as claimed.

(4) CPTP approximation for small times (Kraus form): Chernoff approximation of the dissipative part

Next, we approximate the dissipative part

D[ρ] :=
M

∑
k=1

(
LkρL†

k − 1
2{L†

k Lk, ρ}
)
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to first order by a family of CPTP maps.

Lemma 117 (Existence of the square root: sufficient condition for I − hC ≥ 0). Let C ≥ 0 be a bounded
positive operator. If h ∈ [0, 1/∥C∥] (and if C = 0, any h ≥ 0), then

I − hC ≥ 0

holds, and hence the square root of the positive operator

K0(h) :=
√

I − hC

exists uniquely in M.

Proof. Since C ≥ 0, we have 0 ≤ C ≤ ∥C∥ I (spectral radius estimate for positive operators). If
h ∈ [0, 1/∥C∥], then

0 ≤ hC ≤ h∥C∥ I ≤ I,

hence I − hC ≥ 0. The square root of a positive operator exists uniquely by continuous functional
calculus in a C∗-algebra.

Definition 78 (Small-time Kraus map (dissipative part)). Let h ∈ [0, 1/∥C∥], and let K0(h) =
√

I − hC
be as in Lemma 117. For k = 1, . . . , M, define

Kk(h) :=
√

h Lk.

Define the map Φh : X → X by

Φh(ρ) :=
M

∑
k=0

Kk(h) ρ Kk(h)† (ρ ∈ X) (5.6-PHI)

Lemma 118 (Φh is CPTP (hence trace-norm contractive)). The map Φh in Definition 78 is CPTP for any
h ∈ [0, 1/∥C∥]. In particular,

∥Φh(ρ)∥1 ≤ ∥ρ∥1 (∀ρ ∈ X)

holds.

Proof. Complete positivity (CP) follows immediately from the Kraus form (5.6-PHI) (the same Kraus
operators give positivity preservation on ampliations).

For trace preservation (TP), it suffices to show the Kraus completeness relation

M

∑
k=0

Kk(h)†Kk(h) = I (5.6-K)

Indeed, for ρ ∈ X, by cyclicity of the trace (Lemma 71),

Tr(Φh(ρ)) =
M

∑
k=0

Tr
(
KkρK†

k
)
=

M

∑
k=0

Tr
(
ρK†

k Kk
)
= Tr

(
ρ

M

∑
k=0

K†
k Kk

)
,

so if (5.6-K) holds then Tr(Φh(ρ)) = Tr(ρ).
We verify (5.6-K):

K0(h)†K0(h) = I − hC,
M

∑
k=1

Kk(h)†Kk(h) =
M

∑
k=1

h L†
k Lk = hC.
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Summing gives I − hC + hC = I. Hence Φh is CPTP.
Finally, trace-norm contractivity follows by applying Lemma 63 in §3.3.

(5) Tangency: Φh agrees with the dissipative generator D to first order

Lemma 119 (Difference-quotient limit for the square root). Let C ≥ 0 be a bounded positive operator and
let h ∈ (0, 1/∥C∥]. Let K0(h) =

√
I − hC. Then

K0(h)− I
h

= −C (I +
√

I − hC)−1 (5.6-SQ)

holds. Consequently,

lim
h↓0

∥∥∥∥K0(h)− I
h

+
1
2

C
∥∥∥∥ = 0. (5.6-LIM)

Proof. First apply the scalar identity
√

1 − u − 1 = − u/(1 +
√

1 − u) via continuous functional
calculus with u = hC. Since C and

√
I − hC commute,

√
I − hC − I = −(hC) (I +

√
I − hC)−1,

and dividing both sides by h yields (5.6-SQ).
Next, as h ↓ 0,

√
I − hC → I holds in operator norm (continuity of the function

√
1 − u). Hence

I +
√

I − hC → 2I, and therefore the inverse also converges in norm:

(I +
√

I − hC)−1 → (2I)−1.

Thus the right-hand side of (5.6-SQ) converges to −C(2I)−1 = − 1
2 C, proving (5.6-LIM).

Lemma 120 (Tangency: (Φh − Id)/h → D (in ∥ · ∥1)). For Φh in Definition 78 and

D[ρ] :=
M

∑
k=1

(
LkρL†

k − 1
2{L†

k Lk, ρ}
)

(5.6-D)

for any ρ ∈ X,

lim
h↓0

∥∥∥∥Φh(ρ)− ρ

h
− D[ρ]

∥∥∥∥
1
= 0 (5.6-TAN)

holds.

Proof. Take an arbitrary ρ ∈ X. By Definition 78,

Φh(ρ)− ρ = K0(h)ρK0(h)− ρ + h
M

∑
k=1

LkρL†
k .

Therefore
Φh(ρ)− ρ

h
=

K0(h)ρK0(h)− ρ

h
+

M

∑
k=1

LkρL†
k .

Hence it suffices to show

K0(h)ρK0(h)− ρ

h
−−→
h↓0

−1
2
(Cρ + ρC) in ∥ · ∥1. (5.6-K0)

Let E(h) := K0(h)− I, so that K0(h) = I + E(h). Then

K0(h)ρK0(h)− ρ = (I + E)ρ(I + E)− ρ = Eρ + ρE + EρE.
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Therefore,
K0(h)ρK0(h)− ρ

h
=

(
E(h)

h

)
ρ + ρ

(
E(h)

h

)
+

E(h)ρE(h)
h

. (5.6-SPLIT)

Step 1 (limit of the linear terms): By Lemma 119, E(h)
h → − 1

2 C in operator norm. By the two-sided
multiplication estimate (Lemma 17),∥∥∥∥(E(h)

h
+

1
2

C
)

ρ

∥∥∥∥
1
≤
∥∥∥∥E(h)

h
+

1
2

C
∥∥∥∥ ∥ρ∥1 → 0,

and similarly, ∥∥∥∥ρ

(
E(h)

h
+

1
2

C
)∥∥∥∥

1
≤ ∥ρ∥1

∥∥∥∥E(h)
h

+
1
2

C
∥∥∥∥→ 0.

Hence the linear terms in (5.6-SPLIT) satisfy(
E(h)

h

)
ρ + ρ

(
E(h)

h

)
→ − 1

2 (Cρ + ρC) in ∥ · ∥1. (5.6-L1)

Step 2 (vanishing of the quadratic term): By the identity (5.6-SQ) in Lemma 119,

∥E(h)∥ = ∥K0(h)− I∥ = h
∥∥∥C(I +

√
I − hC)−1

∥∥∥ ≤ h ∥C∥ ∥(I +
√

I − hC)−1∥.

For 0 ≤ h ≤ 1/∥C∥, we have 0 ≤ I − hC ≤ I, hence
√

I − hC ≥ 0, so I +
√

I − hC ≥ I and therefore
∥(I +

√
I − hC)−1∥ ≤ 1. Thus

∥E(h)∥ ≤ h ∥C∥. (5.6-E)

By the two-sided multiplication estimate,∥∥∥∥E(h)ρE(h)
h

∥∥∥∥
1
≤ 1

h
∥E(h)∥ ∥ρ∥1 ∥E(h)∥ ≤ 1

h
(h∥C∥) ∥ρ∥1 (h∥C∥) = h ∥C∥2 ∥ρ∥1 → 0. (5.6-Q)

Hence the quadratic term vanishes.
Step 3 (conclusion): Combining (5.6-SPLIT), (5.6-L1), and (5.6-Q) yields (5.6-K0). Therefore,

Φh(ρ)− ρ

h
→

M

∑
k=1

LkρL†
k −

1
2
(Cρ + ρC) = D[ρ]

in ∥ · ∥1, which is (5.6-TAN).

(6) First-order approximation of the Hamiltonian part: tangency of unitary conjugation

Lemma 121 (Tangency of unitary conjugation: (Uh − Id)/h → −i[H, ·] (in ∥ · ∥1)). Let H = H† ∈ B(H)

and define U(h) := e−ihH . Define Uh : X → X by

Uh(ρ) := U(h)ρU(h)†.

Then for any ρ ∈ X,

lim
h↓0

∥∥∥∥Uh(ρ)− ρ

h
+ i[H, ρ]

∥∥∥∥
1
= 0 (5.6-U)

holds.

Proof. Since H is bounded, U(h) = e−ihH is differentiable in operator norm, and

lim
h↓0

∥∥∥∥U(h)− I
h

+ iH
∥∥∥∥ = 0, lim

h↓0

∥∥∥∥U(h)† − I
h

− iH
∥∥∥∥ = 0. (5.6-Ud)
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(For example, using U(h)− I = −i
∫ h

0 He−isHds immediately yields ∥(U(h)− I)/h + iH∥ → 0.)
For any ρ ∈ X,

Uh(ρ)− ρ = U(h)ρU(h)† − ρ = (U(h)− I)ρU(h)† + ρ(U(h)† − I).

Dividing by h gives

Uh(ρ)− ρ

h
+ i[H, ρ] =

(
U(h)− I

h
+ iH

)
ρU(h)† + ρ

(
U(h)† − I

h
− iH

)
+ iHρ(U(h)† − I).

(5.6-SPLU)
Estimate each term in ∥ · ∥1. By the two-sided multiplication estimate (Lemma 17) and ∥U(h)∥ = 1,∥∥∥∥(U(h)− I

h
+ iH

)
ρU(h)†

∥∥∥∥
1
≤
∥∥∥∥U(h)− I

h
+ iH

∥∥∥∥ ∥ρ∥1 ∥U(h)†∥ =

∥∥∥∥U(h)− I
h

+ iH
∥∥∥∥ ∥ρ∥1 → 0

(by (5.6-Ud)). The second term converges to 0 by the same argument.
For the third term, since ∥U(h)† − I∥ ≤ h∥H∥ (a basic estimate for exponentials),

∥ iHρ(U(h)† − I)∥1 ≤ ∥H∥ ∥ρ∥1 ∥U(h)† − I∥ ≤ ∥H∥ ∥ρ∥1 h∥H∥ = h∥H∥2∥ρ∥1,

and since the term appears as iHρ(U(h)† − I) in (5.6-SPLU), it converges to 0 as h ↓ 0. Therefore
(5.6-U) holds.

(7) Main theorem: GKLS form ⇒ etRGKLS is a CPTP semigroup (sufficient condition)

Theorem 28 (GKLS form makes {etRGKLS}t≥0 a CPTP semigroup (sufficient condition)). Consider
RGKLS ∈ B(X) in Definition 77. Then the exponential semigroup

T(t) := etRGKLS (t ≥ 0)

is a strongly continuous semigroup, and moreover for each t ≥ 0, T(t) is CPTP. Hence {T(t)}t≥0 is a strongly
continuous CPTP semigroup.

Proof. Step 1 (existence of the exponential semigroup: strongly continuous semigroup): By Lemma
116, RGKLS ∈ B(X). Hence by §3.4 (exponential semigroups of bounded generators), T(t) = etRGKLS is
a strongly continuous semigroup on X.
Step 2 (construction of a CPTP approximating family): Let h ∈ (0, 1/∥C∥], and define the dissipative
approximation Φh by Definition 78. Also define the unitary approximation Uh(ρ) = e−ihHρeihH , and
set

Fh := Uh ◦ Φh (h ∈ (0, 1/∥C∥]). (5.6-F)

By Lemma 118 and the CPTP property of unitary conjugation in §3.5 (Lemma 72), Fh is CPTP (closure
under composition: Lemma 64). Therefore, for each n, F n

t/n is also CPTP.
Step 3 (tangency: Fh = Id + hRGKLS + o(h)): For any ρ ∈ X,

Fh(ρ)− ρ

h
=

Uh(Φh(ρ))− Φh(ρ)

h
+

Φh(ρ)− ρ

h
. (5.6-SPL)

The second term satisfies, by Lemma 120,

Φh(ρ)− ρ

h
→ D[ρ] (h ↓ 0).

For the first term, apply Lemma 121 not to ρ but to Φh(ρ) to obtain∥∥∥∥Uh(Φh(ρ))− Φh(ρ)

h
+ i[H, Φh(ρ)]

∥∥∥∥
1
→ 0.
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Moreover, since Φh(ρ) → ρ (indeed, Φh is C0 and in particular ∥Φh(ρ)− ρ∥1 = O(h)), by continuity of
two-sided multiplication,

∥[H, Φh(ρ)]− [H, ρ]∥1 ≤ 2∥H∥ ∥Φh(ρ)− ρ∥1 → 0.

Hence
Uh(Φh(ρ))− Φh(ρ)

h
→ −i[H, ρ].

Substituting into (5.6-SPL) gives

Fh(ρ)− ρ

h
→ −i[H, ρ] + D[ρ] = RGKLS[ρ] (h ↓ 0). (5.6-TANF)

Step 4 (power limit: Fn
t/nρ → etRGKLS ρ): Since RGKLS is bounded, the exponential semigroup is given

by a series and satisfies
ehRGKLS = I + hRGKLS + O(h2) in ∥ · ∥1→1.

On the other hand, (5.6-TANF) means Fh = I + hRGKLS + o(h). Therefore,

∥Fh − ehRGKLS∥1→1 = o(h) (h ↓ 0). (5.6-ERR)

Applying the telescoping identity for differences of powers (§3.6 (3.6-TEL)) with S = Ft/n and B =

e(t/n)RGKLS , for any ρ ∈ X,

∥F n
t/nρ − etRGKLS ρ∥1 ≤ n ∥Ft/n − e(t/n)RGKLS∥1→1 ∥ρ∥1 sup

0≤k≤n−1
∥ek(t/n)RGKLS∥1→1.

Since RGKLS is bounded, ∥esRGKLS∥1→1 ≤ es∥RGKLS∥1→1 holds, hence the right-hand side is

≤ n ∥Ft/n − e(t/n)RGKLS∥1→1 et∥RGKLS∥1→1 ∥ρ∥1.

By (5.6-ERR), ∥Ft/n − e(t/n)RGKLS∥1→1 = o(t/n), hence the whole expression satisfies n · o(t/n) → 0.
Therefore

F n
t/nρ → etRGKLS ρ (n → ∞) (5.6-LIM)

for any ρ ∈ X.
Step 5 (CPTP property: applying closure): For each n, F n

t/n is CPTP (Step 2), and (5.6-LIM) is pointwise
∥ · ∥1 convergence. Hence, by closure under limits in §3.3 (Theorem 12), the limit map etRGKLS is CPTP.
This proves the conclusion.

(8) Remark: ΠR-localized Lindblad data is consistent with the zero-area specification (an optional
sufficient condition)

Since this section is a “sufficient condition,” it is not essential; however, in order to make consis-
tency with the zero-area specification explicit, we record one localization condition.

Lemma 122 (Invariance under ΠR-localized Lindblad data). Let ΠR = Π†
R = Π2

R ∈ B(H) be a projection,
and assume that

H = ΠR HΠR, Lk = ΠRLkΠR (k = 1, . . . , M) (5.6-LOC)

holds. Then RGKLS acts trivially on the complement (I − ΠR)H, and for any ρ ∈ X,

(I − ΠR) etRGKLS [ρ] (I − ΠR) = (I − ΠR)ρ(I − ΠR) (∀t ≥ 0) (5.6-INV)

holds.
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Proof. By (5.6-LOC), H(I − ΠR) = 0, (I − ΠR)H = 0, and Lk(I − ΠR) = 0, (I − ΠR)Lk = 0. Hence
C = ∑k L†

k Lk also satisfies C(I − ΠR) = 0 and (I − ΠR)C = 0.
For any ρ ∈ X, consider the block ρ00 := (I − ΠR)ρ(I − ΠR). For the commutator part,

(I − ΠR)[H, ρ00](I − ΠR) = 0

(since H does not act on the complement). For the dissipative part, Lkρ00L†
k = 0 (because Lk(I − ΠR) =

0 on both sides) and {L†
k Lk, ρ00} = 0 (because C does not act on the complement), hence

(I − ΠR) RGKLS[ρ00] (I − ΠR) = 0.

Since RGKLS is bounded, the exponential semigroup is given by a series:

etRGKLS [ρ00] =
∞

∑
n=0

tn

n!
R n

GKLS[ρ00] = ρ00

(all terms with n ≥ 1 vanish). Therefore (5.6-INV) holds.

(9) Conclusion of this section: the GKLS form guarantees CPTP-ness of etR

In this section, under the sufficient condition that R is given in the GKLS (Lindblad) form
(5.6-GKLS), we proved in a self-contained manner within the main text that the exponential semigroup
{etR} becomes a strongly continuous CPTP semigroup (Theorem 28). The key points of the proof are:
constructing the small-time Kraus approximation Φh (Definition 78), showing that it is tangent to the
dissipative generator (Lemma 120), showing that unitary conjugation is tangent to the commutator
generator (Lemma 121), and deriving CPTP-ness of etR by using closure under composition and
closure under limits for CPTP maps (§3.3). Thus, independently of the transport construction, we have
provided a standard sufficient condition for R being a generator of a CPTP semigroup.

Conclusion (Sufficient condition via a Lindblad representation)
In this section, we proved in a self-contained manner within the main text that if R is represented
in a bounded GKLS (Lindblad) form R[ρ] = −i[H, ρ] + ∑k(LkρL†

k −
1
2{L†

k Lk, ρ}), then the
exponential semigroup etR is CPTP at each time (Theorem 28). The key ingredients are: that the
small-time Kraus map Φh(ρ) = ∑M

k=0 Kk(h)ρKk(h)† (with K0(h) =
√

I − hC and Kk(h) =
√

h Lk)
is CPTP (Lemma 118), that Φh is tangent to the dissipative generator in the difference-quotient
limit (Lemma 120), and that unitary conjugation is tangent to the commutator generator (Lemma
121). Since the power limit of CPTP approximants converges to etR and CPTP is closed under
pointwise limits (Theorem 12), it follows that etR is CPTP. Therefore, the GKLS representation
provides a sufficient condition that R is a generator of a CPTP semigroup.

6. Total Generator Ltot = L0 + L∆ + R: Semigroup Generation by CPTP
Componentwise Composition and Well-Posedness
6.1. Goal of This Section
(1) Position of this chapter: define the total generator Ltot as a “limit of componentwise composition,”
and establish well-posedness while preserving CP/TP

This chapter is the final destination as the analytical foundation of this paper. So far, we have
established within the main text:

1. that the reversible part (unitary conjugation) T0(t) is a strongly continuous CPTP group (§3.5),
2. that the dissipative part T∆(t) = etL∆ is a strongly continuous CPTP semigroup (§4.4),
3. that the resonance (transport) part TR(t) is a strongly continuous CPTP semigroup and that the

generator R is defined (§5.3–§5.4),
4. that CPTP maps are closed under composition and limits (§3.3),
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5. that the Chernoff/Trotter-type product formula (a theorem identifying a product limit with a
known semigroup) holds (§3.6).

In this chapter, we integrate these results, construct the full time evolution of the UEE as

T(t) := lim
n→∞

(
T0(t/n) T∆(t/n) TR(t/n)

)n
,

and show that this T(t):

1. is a strongly continuous CPTP semigroup (hence preserves the state set),
2. has generator equal to the closure of Ltot := L0 + L∆ + R,
3. and therefore yields that the UEE is well posed in the sense of mild solutions (existence, unique-

ness, and continuous dependence).

The proofs in this chapter are completely unrelated to “cryptographic inverse problems,” etc., and
close purely as an analytic semigroup generation problem.

(2) Methodology of this chapter: CPTP componentwise composition + (i) CPTP propagation by
closure, (ii) generator identification by a product formula

The strategy of this chapter consists of two independent pillars:

(A) Preservation of CPTP (closure): For each n,

T(n)(t) :=
(

T0(t/n) T∆(t/n) TR(t/n)
)n

is immediately guaranteed to be CPTP by closure of CPTP under composition. If, moreover,
T(n)(t)ρ → T(t)[ρ] in ∥ · ∥1, then by closure of CPTP under limits, T(t) is also CPTP. Hence, once
“existence of the limit” is established, the CPTP property propagates automatically.

(B) Identification of the limit semigroup (Chernoff/Trotter): Apply the product formula (§3.6) and
show, on a dense core, that

F(t) := T0(t)T∆(t)TR(t)

is tangent to the generator A := L0 + L∆ + R, thereby obtaining

lim
n→∞

F(t/n)n = etA

(a known semigroup). Since the dissipative part is bounded, the common-core condition is
reduced essentially to conditions on L0 and R (§4.6).

Therefore, the most important technical points in this chapter are (i) the choice of a common core D and
(ii) verification of the tangency condition

lim
t↓0

∥∥∥∥ F(t)ρ − ρ

t
− (L0 + L∆ + R)ρ

∥∥∥∥
1
= 0 (ρ ∈ D).

(3) Main theorem to be proved in this chapter (fixing the formal goal)

We announce the main claims of this chapter as a theorem in a form referable by subsequent
sections, thereby clarifying the proof obligations.

Theorem 29 (Main theorem of this chapter (announcement: composite limit, CPTP, generator identifi-
cation, and well-posedness)). In the standard realization X = T1(H), let T0(t) be the unitary-conjugation
CPTP group of §3.5, let T∆(t) be the dissipative CPTP semigroup of §4.4, and let TR(t) be the resonance CPTP
semigroup of §5.3. Define

F(t) := T0(t)T∆(t)TR(t), T(n)(t) := F(t/n)n.
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Assume that the tangency condition holds on a dense subspace D ⊂ X. Then the following hold:

1. For any t ≥ 0 and ρ ∈ X, the limit

T(t)[ρ] := lim
n→∞

T(n)(t)ρ

exists in ∥ · ∥1, and {T(t)}t≥0 is a strongly continuous semigroup.
2. For each t ≥ 0, T(t) is CPTP.
3. The generator of this semigroup coincides with

Ltot (where Ltot := L0 + L∆ + R).

4. Therefore, for any initial state ρ0 ∈ S(H),

ρ(t) := T(t)[ρ0]

is the mild solution of the UEE and is unique. Moreover, ρ(t) ∈ S(H) holds for all t ≥ 0.

Proof. This subsection is a declaration of the goal, and the proof is given in §6.2 and thereafter.
However, the proof strategy is as described in (2): (1) and (3) follow from the Chernoff-type product
formula in §3.6, (2) follows from closure of CPTP in §3.3, and (4) follows from the solution concept
(mild solution) in §3.2 and state invariance under CPTP.

(4) Conclusion form of this chapter (summary of the “goal” for the reader)

This chapter finally fixes the standpoint that the UEE is “defined as a semigroup so as to avoid
domain issues.” That is, the solution of the UEE is given by

ρ(t) = T(t)[ρ0],

and T(t) is constructed as the composite limit of component CPTP semigroups. This construction
simultaneously satisfies the physical requirements (complete positivity and normalization preservation)
and the mathematical requirements (strongly continuous semigroup and generator identification).

Conclusion (§6.1: goal of this chapter)
The goal of this chapter is to construct the full time-evolution semigroup T(t) of the UEE
as the limit of T(n)(t) =

(
T0(t/n)T∆(t/n)TR(t/n)

)n, and to prove that this limit becomes
a strongly continuous CPTP semigroup, and that its generator coincides with Ltot (where
Ltot = L0 + L∆ + R). Since CPTP is closed under composition and limits, once the limit exists,
invariance of the state set (positivity and trace preservation) is automatically guaranteed. The
remaining core point is to apply the Chernoff/Trotter-type product formula by verifying the
tangency condition on a common core, thereby identifying the composite limit as the correct
semigroup. As a result, for any initial state ρ0, ρ(t) = T(t)[ρ0] gives the mild solution of the
UEE, and existence, uniqueness, continuous dependence (well-posedness), and state invariance
are established.

6.2. Fixing the Three Component Semigroups (CPTP) and the Types of Generators
(1) Aim of this section: type the objects of composition as “CPTP semigroups on the same state space
X,” and rigorously fix that addition of the generators L0,L∆, R is meaningful

In this chapter, we construct the full time evolution as

T(t) = lim
n→∞

(
T0(t/n) T∆(t/n) TR(t/n)

)n
.
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For this composition to be mathematically legitimate, the three components

T0(t), T∆(t), TR(t)

must be defined as bounded linear operators on the same Banach space X, and moreover the generators of
the components

L0, L∆, R

must be linear operators on the same space X so that they can be added.
The purpose of this section is to fix this “typing” completely by definitions and lemmas:

1. Fix the state space as the standard realization X = T1(H) and confirm that all three components
act on X.

2. Define the reversible part L0 not as D on the Hilbert space, but as the generator on the state space,
L0[ρ] := −i[D, ρ], thereby excluding type confusion (such as writing D + R).

3. Restate within this section, using the theorems and lemmas already established, that each compo-
nent semigroup is CPTP and is ∥ · ∥1-contractive (at least ≤ 1), and connect this to the assumptions
(contraction family) of the product formula in §6.

(2) Fixing the state space: X = T1(H) and the density-operator set

Definition 79 (State space and state set used in this chapter). Let H be a complex Hilbert space, and set

X := T1(H)

as the state space (a Banach space). Define the set of density operators (state set) by

S(H) := {ρ ∈ X : ρ ≥ 0, Tr(ρ) = 1}.

All time-evolution maps treated in this chapter are defined as bounded linear maps X → X.

(3) Fixing the types of component generators: L0,L∆, R are all generators on X

Definition 80 (Reversible generator L0 (definition on the state space)). Take a self-adjoint operator
D = D† (on H), and define the linear operator L0 on the state space X by

L0[ρ] := −i[D, ρ] = −i(Dρ − ρD) (6.2-L0)

L0 is understood as a generator on X and is not identified with D itself.

Definition 81 (Dissipative generator L∆ (definition on the state space)). We use in this chapter the GKLS
generator L∆ : X → X defined in §4.2. Under the minimal specification,

L∆ = γ(E∗ − Id) (γ > 0, E2
∗ = E∗) (6.2-LD)

holds (§4.2).

Definition 82 (Resonance generator R (definition on the state space)). As defined in §5.4, define R as the
generator of TR(t) by

R[ρ] := lim
t↓0

TR(t)[ρ]− ρ

t
(ρ ∈ Dom(R)) (6.2-R)

where R is a densely defined closed operator on X (Lemma 110).

Lemma 123 (Type consistency: Ltot = L0 +L∆ + R is meaningful as an operator on X (with a domain)).
Under Definitions 80–82,

Ltot := L0 + L∆ + R
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can be defined as a linear operator on X. Concretely, setting

Dom(Ltot) := Dom(L0) ∩ Dom(R)

(since L∆ is bounded, its domain is all of X), for any ρ ∈ Dom(Ltot),

Ltot[ρ] = L0[ρ] + L∆[ρ] + R[ρ]

is well-defined.

Proof. L∆ is a bounded linear operator, hence Dom(L∆) = X. On the other hand, L0 is in general
unbounded (when D is unbounded) and comes with a domain, and R is also a densely defined closed
operator and comes with a domain (Lemma 110). Therefore, by taking the sum on the intersection
Dom(L0) ∩ Dom(R), Ltot is well-defined as a linear operator on X.

(4) Definition of the component semigroups: T0(t), T∆(t), TR(t)

Definition 83 (The three component semigroups (on the state space)). Define the families of maps on the
state space X as follows:

(C0) Reversible part (unitary conjugation):

T0(t)[ρ] := U(t)ρU(t)†, U(t) := e−itD, t ∈ R.

(C∆) Dissipative part (exponential semigroup):

T∆(t) := etL∆ , t ≥ 0.

(CR) Resonance part (transport semigroup): Let TR(t) be given by the construction in §5.3 (or an equivalent
construction), and assume that its generator is R.

(5) The component semigroups are CPTP (hence contractive): confirming the assumptions needed for
the product formula in §6

Theorem 30 (CPTP property and contractivity of the three components (reconfirmation in this chapter)).
For the component semigroups in Definition 83, the following hold.

(i) T0(t) is CPTP for t ∈ R and is trace-norm isometric:

∥T0(t)ρ∥1 = ∥ρ∥1.

(ii) T∆(t) is a strongly continuous CPTP semigroup for t ≥ 0 and is trace-norm contractive:

∥T∆(t)ρ∥1 ≤ ∥ρ∥1.

(iii) TR(t) is a strongly continuous CPTP semigroup for t ≥ 0, and in the minimal transport construction it is
trace-norm isometric:

∥TR(t)[ρ]∥1 = ∥ρ∥1.

Consequently, for each t ≥ 0, the composition

F(t) := T0(t) T∆(t) TR(t)

is CPTP and satisfies trace-norm contractivity.

Proof. (i) follows from Lemma 72 and Lemma 73 in §3.5. (ii) follows from Theorem 17 in §4.4 and
Lemma 63 in §3.3. (iii) follows from Theorem 25 in §5.3.
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Finally, CPTP-ness of F(t) follows from closure of CPTP under composition (Lemma 64 in §3.3),
and contractivity follows from chaining (i)(ii)(iii):

∥F(t)ρ∥1 ≤ ∥T∆(t)TR(t)[ρ]∥1 ≤ ∥TR(t)[ρ]∥1 ≤ ∥ρ∥1.

(6) Preparation for composition in §6: minimal requirements for treating F(t) as a Chernoff
approximating family

Lemma 124 (F(t) is a contraction family (requirement for a Chernoff family)). Let F(t) :=
T0(t)T∆(t)TR(t) (t ≥ 0). Then

F(0) = Id, ∥F(t)∥1→1 ≤ 1 (∀t ≥ 0), lim
t↓0

∥F(t)ρ − ρ∥1 = 0 (∀ρ ∈ X)

hold. Hence F is a contraction family in the sense of Definition 52.

Proof. F(0) = T0(0)T∆(0)TR(0) = Id is immediate from the initial conditions of the semigroups.
∥F(t)∥1→1 ≤ 1 follows from contractivity in Theorem 30.

For strong continuity, for any ρ ∈ X,

∥F(t)ρ− ρ∥1 ≤ ∥T0(t)T∆(t)TR(t)[ρ]−T∆(t)TR(t)[ρ]∥1 + ∥T∆(t)TR(t)[ρ]−TR(t)[ρ]∥1 + ∥TR(t)[ρ]− ρ∥1.

The first term converges to 0 by strong continuity of T0(t) (§3.5) and isometry. The second term
converges to 0 by strong continuity of T∆(t) (§4.4) and contractivity. The third term converges to 0 by
strong continuity of TR(t) (§5.3). Hence the whole expression converges to 0 as t ↓ 0.

(7) Conclusion of this section: the types of the three component semigroups and generators have been
fixed, and the “contraction family F” needed to apply the product formula in §6 has been prepared

In this section, we defined the three component generators L0,L∆, R all as operators on the state
space X, and fixed the domain on which the sum Ltot = L0 + L∆ + R is meaningful (Lemma 123).
We also reconfirmed that the component semigroups T0, T∆, TR are CPTP and hence contractive, and
showed that the composition F(t) = T0(t)T∆(t)TR(t) is a Chernoff approximating family (contraction
family) (Theorem 30, Lemma 124). Hereafter, in §6, the remaining core task is to verify the tangency
condition on a common core and identify the composite limit as the correct semigroup by the product
formula in §3.6.

Conclusion (Fixing the types of the component semigroups and generators)
In this section, we typed the three component semigroups T0(t) (unitary conjugation), T∆(t)
(dissipative exponential semigroup), and TR(t) (resonance transport semigroup) as maps acting
on the same state space X = T1(H), and defined the corresponding generators L0[ρ] = −i[D, ρ],
L∆, and R all as operators on X (Definitions 80–82). As a result, the total generator Ltot =

L0 + L∆ + R is meaningful on Dom(L0) ∩ Dom(R) (Lemma 123). Moreover, each component
semigroup is CPTP (hence ∥ · ∥1-contractive), and the composite F(t) = T0(t)T∆(t)TR(t) is also
CPTP and contractive (Theorem 30). In addition, since F(0) = Id and strong continuity hold, we
showed that F can be treated as a Chernoff approximating family (contraction family) (Lemma
124). Thus the “type” of the objects of composition and the “contraction family” assumptions
required to apply the product formula in §6 are completely prepared.
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6.3. Definition of the Composite Approximation (Trotter/Chernoff Type)

(1) Aim of this section: rigorously define the “composite approximation sequence” T(n)(t) for defining
the full time evolution T(t), and fix within this section CPTP-ness, contractivity, and basic consistency

In this section, we rigorously define the composite approximation

T(n)(t) :=
(

T0(t/n) T∆(t/n) TR(t/n)
)n

,

which is the central construction of §6, and prove and fix within this section the properties that can
be determined at this stage (CPTP-ness, contractivity, invariance of states). Since this approximating
sequence is the starting point for showing (i) existence of the limit and (ii) generator identification in
the subsequent sections, it is necessary to eliminate ambiguity of the definition (in particular, order of
action, domain, and the norm used for estimates).

The deliverables of this section are the following three points:

1. Fix the definitions of the Chernoff approximating family F(t) and the n-partition approximation
T(n)(t).

2. Prove immediately that each T(n)(t) is CPTP and hence preserves S(H).
3. Prove that each T(n)(t) is trace-norm contractive (∥ · ∥1-contractive) and hence is compatible with

stability under limit operations (§3.3).

(2) Definition of the Chernoff approximating family F(t) (fixing the order)

In this paper, we fix, as the order of action in the Schrödinger picture,

F(t) = T0(t) T∆(t) TR(t).

The order does not mean “apply resonance (transport) first, then dissipation (coarse-graining), and
finally unitary conjugation,” but is simply the definition of the composition. No commutativity is assumed.

Definition 84 (Composite approximating family (Chernoff approximating family)). Let the state space
be X := T1(H), and let the component semigroups T0(t) (t ∈ R), T∆(t) (t ≥ 0), and TR(t) (t ≥ 0) be as in
Definition 83. Define the composite approximating family F : [0, ∞) → B(X) by

F(t) := T0(t) T∆(t) TR(t) (t ≥ 0) (6.3-F)

(where the product is operator composition).

Lemma 125 (Initial condition: F(0) = Id). The family F(t) in Definition 84 satisfies

F(0) = IdX .

Proof. By the initial conditions of the component semigroups T0(0) = T∆(0) = TR(0) = Id,

F(0) = T0(0)T∆(0)TR(0) = Id.

(3) Definition of the n-partition composite approximation T(n)(t) (fixing the meaning of powers)

Definition 85 (n-partition composite approximation (Trotter/Chernoff type)). For t ≥ 0 and n ∈ N,
define the n-partition composite approximation map T(n)(t) : X → X by

T(n)(t) :=
(

F(t/n)
)n

(t ≥ 0, n ∈ N) (6.3-Tn)
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where
(

F(t/n)
)n means the n-fold iteration of operator composition:(

F(t/n)
)n := F(t/n) ◦ F(t/n) ◦ · · · ◦ F(t/n)︸ ︷︷ ︸

n times

.

Lemma 126 (Normalization: T(1)(t) = F(t), T(n)(0) = Id). Under Definition 85,

T(1)(t) = F(t), T(n)(0) = Id (∀n ∈ N)

hold.

Proof. The case n = 1 is immediate from the definition. For t = 0, Lemma 125 gives F(0) = Id, hence

T(n)(0) =
(

F(0)
)n

= Idn = Id.

(4) Immediate properties of the composite approximation sequence: CPTP-ness and invariance of the
state set

Lemma 127 (The composite approximation T(n)(t) is CPTP). For any t ≥ 0 and any n ∈ N, T(n)(t) is
CPTP.

Proof. By Theorem 30 in §6.2, each component T0(t/n), T∆(t/n), TR(t/n) is CPTP (since t/n ≥ 0).
Therefore, by closure of CPTP under composition (Lemma 64 in §3.3),

F(t/n) = T0(t/n)T∆(t/n)TR(t/n)

is CPTP. Applying closure of CPTP under composition n times yields that
(

F(t/n)
)n is also CPTP. That

is, T(n)(t) is CPTP.

Theorem 31 (State invariance along the approximation sequence (for each n)). Let ρ0 ∈ S(H) (a density
operator), and define

ρ(n)(t) := T(n)(t)ρ0.

Then for any t ≥ 0 and any n ∈ N,

ρ(n)(t) ∈ S(H) that is ρ(n)(t) ≥ 0, Tr
(
ρ(n)(t)

)
= 1

holds.

Proof. By Lemma 127, T(n)(t) is CPTP. Hence if ρ0 ≥ 0, then T(n)(t)ρ0 ≥ 0, and by trace preservation,
Tr(T(n)(t)ρ0) = Tr(ρ0) = 1. Therefore ρ(n)(t) ∈ S(H).

(5) Contractivity: ∥T(n)(t)ρ∥1 ≤ ∥ρ∥1 (uniform bound)

Lemma 128 (Trace-norm contractivity of the composite approximation sequence). For any t ≥ 0, any
n ∈ N, and any ρ ∈ X,

∥T(n)(t)ρ∥1 ≤ ∥ρ∥1

holds. Consequently, ∥T(n)(t)∥1→1 ≤ 1.

Proof. By Lemma 127, T(n)(t) is CPTP. By Lemma 63 in §3.3, any CPTP map is trace-norm contractive,
hence

∥T(n)(t)ρ∥1 ≤ ∥ρ∥1

follows immediately. The operator-norm estimate follows from the definition.
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(6) Telescoping identity (estimating differences): preparation for the limit proof in §6.5

To prove existence of the composite limit, one needs to estimate the Cauchy property of T(n)(t).
As a standard tool, we restate here the telescoping identity for differences of powers, preparing for the
subsequent sections.

Lemma 129 (Telescoping identity for differences of powers). For any bounded linear operators S, B ∈ B(X)

and any n ∈ N,

Sn − Bn =
n−1

∑
k=0

Sn−1−k(S − B)Bk (6.3-TEL)

holds. In particular, if S and B are contractions (∥ · ∥ ≤ 1), then

∥Snx − Bnx∥X ≤ n ∥(S − B)x∥X (∀x ∈ X)

holds.

Proof. The identity (6.3-TEL) is a standard identity used in the proof of §3.6, and can be proved by
induction. Here we give a line-by-line proof. The case n = 1 is trivial. Assume it holds for n. Then

Sn+1 − Bn+1 = Sn+1 − SnB + SnB − Bn+1 = Sn(S − B) + (Sn − Bn)B.

Substituting the induction hypothesis gives

Sn+1 − Bn+1 = Sn(S − B) +
n−1

∑
k=0

Sn−1−k(S − B)Bk+1 =
n

∑
k=0

Sn−k(S − B)Bk,

which is (6.3-TEL) for n + 1. Hence it holds for all n.
Next, if S and B are contractions, then by the triangle inequality and ∥Sm∥ ≤ 1, ∥Bk∥ ≤ 1,

∥Snx − Bnx∥ ≤
n−1

∑
k=0

∥Sn−1−k(S − B)Bkx∥ ≤
n−1

∑
k=0

∥(S − B)Bkx∥ ≤
n−1

∑
k=0

∥(S − B)x∥ = n ∥(S − B)x∥,

where the last step follows from the coarse estimate using ∥Bkx∥ ≤ ∥x∥ and ∥(S − B)Bkx∥ ≤ ∥(S −
B)∥ ∥Bkx∥. (A sharper estimate is used in the subsequent sections.)

(7) Conclusion of this section: the composite approximation sequence is “CPTP, contractive, and
state-invariant at each stage,” and the remaining tasks are only existence of the limit and generator
identification

In this section, we rigorously defined the composite approximating family F(t) and the n-partition
composite approximation T(n)(t) (Definitions 84, 85), and showed that each T(n)(t) is CPTP (Lemma
127) and preserves the density-operator set (Theorem 31). We also proved that ∥T(n)(t)∥1→1 ≤ 1 holds
for all n, t by CPTP contractivity (Lemma 128). Therefore, as long as the limit T(t) = limn→∞ T(n)(t)
exists, by closure of CPTP under limits (§3.3), T(t) is also CPTP. The remaining core tasks are: (i)
existence of the limit (Cauchy property), and (ii) generator identification by verifying the Chernoff
tangency condition. These are treated in the subsequent sections.
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Conclusion (Definition of the composite approximation)
In this section, we defined the composite approximating family F(t) = T0(t)T∆(t)TR(t) (Defini-
tion 84), and rigorously defined the n-partition composite approximation T(n)(t) = F(t/n)n

(Definition 85). Each T(n)(t) is CPTP as a composition of CPTP maps (Lemma 127), and hence
preserves the density-operator set S(H) for all n, t (Theorem 31). Moreover, since CPTP maps
are trace-norm contractive, the uniform bound ∥T(n)(t)∥1→1 ≤ 1 holds (Lemma 128). Therefore,
if the limit T(t) = limn→∞ T(n)(t) exists, then by closure of CPTP under limits, T(t) is also CPTP.
The remaining tasks are existence of the limit (Cauchy property) and generator identification
by verifying the tangency condition.

6.4. The “Common Core” Assumption Required for Identifying the Generator
(1) Aim of this section: fix the “common core” required to identify the generator via the product
formula, as type and convergence conditions

The Chernoff/Trotter-type product formula established in §3.6 guarantees that if the composite
approximating family F(t) can be verified, on an appropriate core, to be tangent to a generator A, then

lim
n→∞

F(t/n)n

coincides with the semigroup corresponding to A. In this chapter, the composite approximation is

F(t) = T0(t) T∆(t) TR(t) (t ≥ 0),

and the formal total generator is
Ltot = L0 + L∆ + R

(§6.2). However, since L0 and R are generally unbounded and come with domains, generator identifi-
cation requires that on a common dense subspace D ⊂ X one can verify

F(t)ρ − ρ

t
−→ (L0 + L∆ + R)ρ (t ↓ 0).

In this section, we fix, as a definition, the common core assumption for this purpose, and furthermore,
as a lemma, rigorously show within the main text that (because the dissipative part is bounded) the
assumption is reduced essentially to conditions on L0 and R.

(2) Organizing the domains: fixing the formal domain of the total generator as the intersection of the
domains of L0 and R

Definition 86 (Formal total generator and its domain). Let the state space be X := T1(H). Let L0,L∆, R
be given by Definitions 80–82 in §6.2. Define the domain of the formal total generator Ltot by

Dom(Ltot) := Dom(L0) ∩ Dom(R),

and for ρ ∈ Dom(Ltot) define
Ltot[ρ] := L0[ρ] + L∆[ρ] + R[ρ]

(where L∆ is bounded, hence Dom(L∆) = X).

Lemma 130 (Density of the domain). Dom(Ltot) = Dom(L0) ∩ Dom(R) is dense in X.

Proof. L0 is the generator of the C0 group T0(t), and R is the generator of the C0 semigroup TR(t).
Hence applying Lemma 52 in §3.1 to each yields that Dom(L0) and Dom(R) are both dense in X. In
general, in a topological space, the intersection of dense sets is dense, hence Dom(L0) ∩ Dom(R) is
also dense.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 13 January 2026 doi:10.20944/preprints202504.2421.v4

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202504.2421.v4
http://creativecommons.org/licenses/by/4.0/


137 of 151

(3) Common core assumption (fixed): the minimal package required to identify the generator via the
product formula

Definition 87 (Common Core Assumption). In order to identify the generator using the composite approxi-
mating family F(t) := T0(t)T∆(t)TR(t) of §6.3, assume that there exists a linear subspace D ⊂ X satisfying
the following:

(CC1)Density and common domain: D is dense in X, and

D ⊂ Dom(L0) ∩ Dom(R) = Dom(Ltot).

(CC2)(If needed) core property: Consider the closure Ltot of Ltot, and assume that D is a core of it (i.e.,
Ltot|D = Ltot).

(CC3)Chernoff tangency condition (central condition for generator identification): For any ρ ∈ D,

lim
t↓0

∥∥∥∥ F(t)ρ − ρ

t
−Ltot[ρ]

∥∥∥∥
1
= 0. (6.4-CT)

(4) Automaticity of the dissipative part: since L∆ is bounded, it is not a “constraint” for the common
core

Lemma 131 (Difference quotient for a bounded generator: T∆(t) is differentiable on the whole space).
Let T∆(t) = etL∆ and assume L∆ ∈ B(X) (§4.3). Then for any ρ ∈ X,

lim
t↓0

∥∥∥∥T∆(t)ρ − ρ

t
−L∆[ρ]

∥∥∥∥
1
= 0 (6.4-DQ)

holds. Hence the common-core condition is automatically satisfied for the dissipative part.

Proof. Since L∆ is bounded, by the exponential series,

T∆(t)ρ − ρ =
∞

∑
k=1

tk

k!
L k

∆[ρ] = tL∆[ρ] +
∞

∑
k=2

tk

k!
L k

∆[ρ].

Therefore,
T∆(t)ρ − ρ

t
−L∆[ρ] =

∞

∑
k=2

tk−1

k!
L k

∆[ρ].

Taking the norm and using ∥L k
∆[ρ]∥1 ≤ ∥L∆∥k

1→1 ∥ρ∥1 gives∥∥∥∥T∆(t)ρ − ρ

t
−L∆[ρ]

∥∥∥∥
1
≤

∞

∑
k=2

tk−1

k!
∥L∆∥k

1→1 ∥ρ∥1 = ∥ρ∥1 ·
et∥L∆∥1→1 − 1 − t∥L∆∥1→1

t
.

The right-hand side converges to 0 as t ↓ 0 (Taylor expansion of the exponential). Hence (6.4-DQ)
holds.

(5) Reduction of the tangency condition: if D ⊂ Dom(L0) ∩ Dom(R) then (6.4-CT) can be
decomposed automatically (excluding the dissipative part)

The present lemma shows mathematically that verification of (CC3) in Definition 87 concentrates
not on the dissipative part but on the reversible and resonance parts.

Lemma 132 (Tangency decomposition of the three-component product (error splitting identity)). Let
ρ ∈ Dom(L0) ∩ Dom(R) and set

F(t) = T0(t) T∆(t) TR(t).
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Then for any t > 0, the identity

F(t)ρ − ρ

t
−Ltot[ρ] = T0(t)T∆(t)

(
TR(t)[ρ]− ρ

t
− R[ρ]

)
+
(

T0(t)T∆(t)R[ρ]− R[ρ]
)

+ T0(t)
(

T∆(t)ρ − ρ

t
−L∆[ρ]

)
+
(

T0(t)L∆[ρ]−L∆[ρ]
)

+

(
T0(t)ρ − ρ

t
−L0[ρ]

)
(6.4-DEC)

holds.

Proof. First decompose F(t)ρ − ρ into three terms:

F(t)ρ − ρ =
(
T0(t)T∆(t)TR(t)[ρ]− T0(t)T∆(t)ρ

)
+
(
T0(t)T∆(t)ρ − T0(t)ρ

)
+
(
T0(t)ρ − ρ

)
.

Dividing by t gives

F(t)ρ − ρ

t
= T0(t)T∆(t)

TR(t)[ρ]− ρ

t
+ T0(t)

T∆(t)ρ − ρ

t
+

T0(t)ρ − ρ

t
.

Subtract L0[ρ] + L∆[ρ] + R[ρ] and split each term as

T0(t)T∆(t)
TR(t)[ρ]− ρ

t
− R[ρ] = T0(t)T∆(t)

(
TR(t)[ρ]− ρ

t
− R[ρ]

)
+
(
T0(t)T∆(t)R[ρ]− R[ρ]

)
,

T0(t)
T∆(t)ρ − ρ

t
−L∆[ρ] = T0(t)

(
T∆(t)ρ − ρ

t
−L∆[ρ]

)
+
(
T0(t)L∆[ρ]−L∆[ρ]

)
.

This yields (6.4-DEC) (it is merely addition and subtraction).

(6) Practical choice of a common core (example): a finite-rank common core

The common-core assumption is abstract, but in the standard situations of this paper there is a
natural choice. To demonstrate that it can exist, we present one typical candidate based on finite rank,
and prove within the main text its density and domain inclusion (the core property itself depends on
the situation and is left as an assumption).

Definition 88 (Candidate finite-rank common core). Let K0 ⊂ H be a dense subspace with respect to D
such that

K0 ⊂ Dom(D)

(e.g., if D is a differential operator, C∞
c ). Also, let KR ⊂ H be, with respect to TR(t),

KR :=
{

ψ ∈ H : ∃ ψ̇ ∈ H such that lim
t↓0

∥∥∥∥UR(t)ψ − ψ

t
− ψ̇

∥∥∥∥
H
= 0

}
(i.e., the strongly differentiable vectors for UR(t)), and assume that this is dense. Set

K := K0 ∩KR,

and define the linear span of finite-rank operators by

Dfr := span{ |ψ⟩⟨ϕ| : ψ, ϕ ∈ K } ⊂ X,

and call it a common-core candidate.

Lemma 133 (Density: Dfr is dense in X). The set Dfr in Definition 88 is dense in X = T1(H).
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Proof. The set of all finite-rank operators F (H) is dense in X (§2.2). Hence for any ρ ∈ X and any
ε > 0, there exists a finite-rank operator

ρε =
m

∑
j=1

|ψj⟩⟨ϕj|

such that ∥ρ − ρε∥1 < ε/2. Next, since K is dense in H (the intersection of dense sets is dense), for
each j choose ψ′

j, ϕ′
j ∈ K such that

∥ψj − ψ′
j∥H < δ, ∥ϕj − ϕ′

j∥H < δ

(where δ > 0 is chosen later). Using the trace norm of a rank-one operator ∥|ψ⟩⟨ϕ|∥1 = ∥ψ∥ ∥ϕ∥, we
obtain ∥∥∥|ψj⟩⟨ϕj| − |ψ′

j⟩⟨ϕ′
j|
∥∥∥

1
≤
∥∥∥|ψj − ψ′

j⟩⟨ϕj|
∥∥∥

1
+
∥∥∥|ψ′

j⟩⟨ϕj − ϕ′
j|
∥∥∥

1

= ∥ψj − ψ′
j∥ ∥ϕj∥+ ∥ψ′

j∥ ∥ϕj − ϕ′
j∥.

Since ∥ψ′
j∥ ≤ ∥ψj∥ + δ, the right-hand side is bounded by ≤ δ∥ϕj∥ + (∥ψj∥ + δ)δ. Choosing δ

sufficiently small makes this quantity less than ε/(2m) for each j. Then∥∥∥∥∥ρε −
m

∑
j=1

|ψ′
j⟩⟨ϕ′

j|
∥∥∥∥∥

1

≤
m

∑
j=1

∥∥∥|ψj⟩⟨ϕj| − |ψ′
j⟩⟨ϕ′

j|
∥∥∥

1
< ε/2.

The sum ∑j |ψ′
j⟩⟨ϕ′

j| belongs to Dfr. Therefore,∥∥∥∥∥ρ −
m

∑
j=1

|ψ′
j⟩⟨ϕ′

j|
∥∥∥∥∥

1

≤ ∥ρ − ρε∥1 +

∥∥∥∥∥ρε − ∑
j
|ψ′

j⟩⟨ϕ′
j|
∥∥∥∥∥

1

< ε.

Hence Dfr is dense.

Lemma 134 (Domain inclusion: Dfr ⊂ Dom(L0) ∩ Dom(R)). The set Dfr in Definition 88 satisfies

Dfr ⊂ Dom(L0) ∩ Dom(R).

Proof. By linearity, it suffices to prove the claim for rank-one operators ρ = |ψ⟩⟨ϕ| with ψ, ϕ ∈ K.
(i) ρ ∈ Dom(L0): Since ψ, ϕ ∈ K ⊂ Dom(D), we have Dψ, Dϕ ∈ H. Then

Dρ = D|ψ⟩⟨ϕ| = |Dψ⟩⟨ϕ|, ρD = |ψ⟩⟨Dϕ|

are both rank-one and hence trace class. Therefore [D, ρ] = Dρ − ρD is trace class, and by Definition
80, ρ ∈ Dom(L0).
(ii) ρ ∈ Dom(R): Since ψ, ϕ ∈ K ⊂ KR, there exist ψ̇, ϕ̇ ∈ H such that

UR(t)ψ − ψ

t
→ ψ̇,

UR(t)ϕ − ϕ

t
→ ϕ̇ (t ↓ 0) in H.

Use the explicit formula in §5.3, TR(t)[ρ] = UR(t)ρUR(t)† = |UR(t)ψ⟩⟨UR(t)ϕ|. Decompose the
difference as

|UR(t)ψ⟩⟨UR(t)ϕ| − |ψ⟩⟨ϕ| =
(
|UR(t)ψ − ψ⟩

)
⟨UR(t)ϕ|+ |ψ⟩

(
⟨UR(t)ϕ − ϕ|

)
,
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and divide by t:

TR(t)[ρ]− ρ

t
=

∣∣∣∣UR(t)ψ − ψ

t

〉
⟨UR(t)ϕ|+ |ψ⟩

〈
UR(t)ϕ − ϕ

t

∣∣∣∣.
Using the trace norm of rank-one operators ∥|a⟩⟨b|∥1 = ∥a∥ ∥b∥ and unitarity of UR(t), ∥UR(t)ϕ∥ =

∥ϕ∥, the right-hand side converges in ∥ · ∥1 to

|ψ̇⟩⟨ϕ|+ |ψ⟩⟨ϕ̇|.

Hence the difference-quotient limit exists and ρ ∈ Dom(R). Since this holds for rank-one operators, it
holds for the whole linear span Dfr.

(7) Conclusion of this section: the common-core assumption has been fixed, and the boundedness of
the dissipative part reduces the assumption essentially to the common domain of L0 and R

In this section, we fixed the “common core assumption” required for generator identification
as Definition 87. Its core is the Chernoff tangency condition (6.4-CT) on a dense subspace D ⊂
Dom(L0) ∩ Dom(R). Since the dissipative generator L∆ is bounded,

T∆(t)ρ − ρ

t
→ L∆[ρ] (∀ρ ∈ X)

holds on the whole space (Lemma 131), and verification of the tangency condition reduces essentially
to the terms involving L0 and R (Lemma 132). We further presented a concrete common-core candidate
Dfr based on finite rank, and proved within the main text that it is dense and is contained at least
in Dom(L0) ∩ Dom(R) (Lemmas 133, 134). In the subsequent sections, under the assumptions fixed
in this section, we apply the product formula of §3.6 and identify the composite limit as the full
semigroup.

Conclusion (§6.4: common core assumption)
In this section, we fixed the common-core assumption required for generator identification
as Definition 87. That is, on a dense subspace D ⊂ Dom(L0) ∩ Dom(R), we require that the
composite approximating family F(t) = T0(t)T∆(t)TR(t) is tangent to Ltot = L0 + L∆ + R
(the Chernoff tangency condition (6.4-CT)). Since the dissipative part L∆ is bounded and
the difference-quotient convergence holds on the whole space (Lemma 131), verification of
the tangency condition reduces essentially to estimates on the common domain of L0 and R
(Lemma 132). We further provided, as a practical candidate, the finite-rank common core Dfr

and proved within the main text that it is dense in X and contained in Dom(L0) ∩ Dom(R)
(Lemmas 133, 134). Thus, the assumptions needed to apply the product formula and identify
the composite limit as the correct full semigroup are fixed for the next section.

6.5. Main Theorem: The Limit Semigroup of CPTP Componentwise Composition and Generation by Ltot

(1) Aim of this section: rigorously establish that the limit of the composite approximation
T(n)(t) = F(t/n)n exists, that the limit is a CPTP semigroup, and that its generator coincides with Ltot

In §6.3, we defined the composite approximation sequence

F(t) := T0(t)T∆(t)TR(t), T(n)(t) := F(t/n)n,

and showed that each T(n)(t) is CPTP and ∥ · ∥1-contractive. In this section, after fixing the assumptions
in a form suitable for applying the Chernoff-type product formula of §3.6, we fix, with proofs, that

T(t)[ρ] := lim
n→∞

T(n)(t)ρ
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defines a strongly continuous CPTP semigroup on X = T1(H), and that its generator coincides with
the closure Ltot of the formal total generator Ltot = L0 + L∆ + R. Here the CPTP property propagates
mechanically from “closure under composition and limits” (§3.3), and generator identification follows
from the “tangency condition on a common core” (§6.4) together with the Chernoff product formula
(§3.6).

(2) Generator-known route (A4-i): fixing the assumption that Ltot generates a contraction
C0-semigroup

The product formula of this paper (Theorem 14) was established in the form that assumes “the
target semigroup already exists and F is tangent to its generator,” and then concludes convergence.
Accordingly, in this section, in order to perform generator identification safely, we fix as an assump-
tion that Ltot generates a contraction C0-semigroup (an assumption verifiable via Lumer–Phillips or
bounded-perturbation theory).

Definition 89 (Generator-known route assumption (existence of a contraction semigroup)). Take a
dense subspace D ⊂ X satisfying the common core assumption of §6.4 (Definition 87). Set A0 := Ltot|D , and
define

A := A0

as the ∥ · ∥1-graph closure (a closed operator). In this section, we assume the following:

(K1) A generates a contraction C0-semigroup {T(t)}t≥0 on X.
(K2) D is a core of A (automatic from the definition, but stated explicitly for later reference).

We call this semigroup the total semigroup.

(3) Lemma: A = Ltot (identification of closures)

Lemma 135 (Identification of closures). Under Definition 89, A = A0 can be identified with the closure of
the formal total generator Ltot. That is, if we define Ltot by

Ltot := Ltot|D ,

then
A = Ltot

holds.

Proof. Since A0 = Ltot|D , its closure A0 coincides by definition with Ltot|D . Hence A = Ltot.

(4) Main theorem: the limit of T(n)(t) = F(t/n)n coincides with T(t) = etLtot , hence is CPTP

Theorem 32 (Limit semigroup of CPTP componentwise composition and generator identification). On
the state space X = T1(H), define

F(t) := T0(t) T∆(t) TR(t), T(n)(t) := F(t/n)n

as in Definitions 84, 85. If the common core assumption (Definition 87) and the generator-known route
assumption (Definition 89) hold, then the following hold:

(i) (Existence and identification of the limit) For any t ≥ 0 and any ρ ∈ X,

lim
n→∞

T(n)(t)ρ = T(t)[ρ] in ∥ · ∥1 (6.5-LIM)

holds, where {T(t)}t≥0 is the contraction C0-semigroup generated by A = Ltot.
(ii) (CPTP property) For each t ≥ 0, T(t) is CPTP and, in particular, preserves S(H).
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(iii) (Generator) The generator of T(t) coincides with

Ltot.

Hence one may write T(t) = etLtot .

Proof. Step 1 (Chernoff family conditions): By Lemma 124, F is a contraction family:

F(0) = Id, ∥F(t)∥1→1 ≤ 1, lim
t↓0

∥F(t)ρ − ρ∥1 = 0 (∀ρ ∈ X). (6.5-Fam)

Moreover, by Definition 85, T(n)(t) = F(t/n)n.
Step 2 (tangency: F is tangent to the generator A): By the common core assumption (Definition 87),
for any ρ ∈ D,

lim
t↓0

∥∥∥∥ F(t)ρ − ρ

t
−Ltot[ρ]

∥∥∥∥
1
= 0. (6.5-Tan0)

On the other hand, in Definition 89 we set A0 = Ltot|D and take the semigroup {T(t)} whose generator
is A = A0. Hence for ρ ∈ D, Aρ = A0ρ = Ltot[ρ] holds. Therefore (6.5-Tan0) is equivalent to

lim
t↓0

∥∥∥∥ F(t)ρ − ρ

t
−Aρ

∥∥∥∥
1
= 0 (∀ρ ∈ D). (6.5-TanA)

That is, F is tangent to the generator A.
Step 3 (applying the product formula: convergence and identification): By Definition 89-(K1), {T(t)}
is a contraction C0-semigroup with generator A. By (K2), D is a core of A. Therefore, applying
Theorem 14 (Chernoff product formula) with

X (the state space in this section), T(t) (the known contraction semigroup), A = A, D = D,

F (satisfying (6.5-Fam) and (6.5-TanA)),

we obtain
lim

n→∞
F(t/n)nρ = T(t)[ρ] (∀t ≥ 0, ∀ρ ∈ X)

in ∥ · ∥1. This is (6.5-LIM), proving (i).
Step 4 (CPTP property: closure under composition and limits): By Lemma 127 in §6.3, for each n
and t, T(n)(t) = F(t/n)n is CPTP. By Step 3, T(n)(t)ρ → T(t)[ρ] holds in ∥ · ∥1 for every ρ ∈ X. Hence,
applying closure of CPTP under pointwise ∥ · ∥1 limits (Theorem 12 in §3.3), we conclude that T(t) is
CPTP. This proves (ii).
Step 5 (identification of the generator): By Definition 89, the generator of {T(t)} is A = A0. By
Lemma 135, A can be identified with Ltot. Therefore, the generator of T(t) coincides with Ltot, proving
(iii).

(5) Direct corollary: well-posedness of the UEE (existence and uniqueness of mild solutions) and state
invariance

Theorem 33 (Well-posedness and state invariance of the UEE). Under the assumptions of Theorem 32, for
any initial value ρ0 ∈ X,

ρ(t) := T(t)[ρ0]

is the mild solution of the abstract Cauchy problem

ρ̇(t) = Ltot ρ(t), ρ(0) = ρ0,

and is unique. In particular, if ρ0 ∈ S(H), then ρ(t) ∈ S(H) holds for any t ≥ 0.
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Proof. By Theorem 32-(i)(iii), {T(t)}t≥0 is a strongly continuous semigroup with generator Ltot. Hence,
by Definition 45-(iii) in §3.2, ρ(t) = T(t)[ρ0] is a mild solution. Uniqueness is immediate from the fact
that “solutions are defined as semigroup orbits” (Definition 45) (a mild solution with the same initial
value for the same semigroup {T(t)} must coincide).

We prove state invariance. By Theorem 32-(ii), each T(t) is CPTP. Therefore, if ρ0 ≥ 0, then
T(t)[ρ0] ≥ 0, and by trace preservation, Tr(T(t)[ρ0]) = Tr(ρ0). In particular, if ρ0 ∈ S(H), then
Tr(ρ0) = 1, hence ρ(t) ∈ S(H).

(6) Conclusion of this section: the limit of CPTP componentwise composition yields a strongly
continuous CPTP semigroup, and its generator coincides with Ltot

In this section, under the tangency condition on a common core (Definition 87) and the generator-
known route assumption (Definition 89), we established as Theorem 32 that the composite approxima-
tion sequence T(n)(t) = F(t/n)n converges strongly in ∥ · ∥1 to the limit semigroup T(t), that the limit
is CPTP, and that its generator coincides with Ltot. Consequently, the UEE is well posed in the sense of
mild solutions, and the density-operator set is invariant for all times (Theorem 33).

Conclusion (§6.5: main theorem)
Under the common core assumption (Definition 87) and the generator-known route assumption
(Definition 89), the composite approximation sequence T(n)(t) =

(
T0(t/n)T∆(t/n)TR(t/n)

)n

converges strongly in ∥ · ∥1, and the limit coincides with the contraction C0-semigroup T(t)
generated by Ltot (Theorem 32-(i)(iii)). Since each approximation T(n)(t) is CPTP, by closure
of CPTP under limits the limit T(t) is also CPTP (the same theorem-(ii)). Hence the density-
operator set S(H) is invariant for all times, and the UEE is solved uniquely by the mild solution
ρ(t) = T(t)[ρ0] (Theorem 33).

6.6. Simplified Forms in the Commuting Case
(1) Aim of this section: rigorously show that when the component semigroups commute (in a strong
sense), the composite approximation reduces to a closed form “without taking a limit”

In §6.3–§6.5, in the general case we constructed the total semigroup as

T(t) = lim
n→∞

(
T0(t/n) T∆(t/n) TR(t/n)

)n

and obtained the CPTP property and generator identification. In this section, as an additional assump-
tion, we consider the case where the component semigroups commute (the commuting case) and show
that the composite approximation simplifies drastically. There are two key points:

(A) (Semigroup-level simplification) If the component semigroups commute for all times, then the
product

F(t) := T0(t) T∆(t) TR(t)

is itself a semigroup, and therefore (
F(t/n)

)n
= F(t)

holds for any n. Hence the composite approximation does not require taking a limit and agrees
exactly.

(B) (Factorization of exponentials) In particular, if bounded generators commute with each other,
then by the usual power-series calculation one has

et(A+B) = etAetB = etBetA.

This is the “strongest simplified form” in the commuting case.
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In this section, we prove (A) rigorously in the framework of C0-semigroups, and furthermore give a
complete proof of (B) in the bounded-generator case.

(2) Definition of commutativity: commutativity at all times (strong commutativity)

Definition 90 (Strong commutativity of semigroup families). Let X be a Banach space, and let {S(t)}t≥0

and {U(t)}t≥0 be families of operators on X. We say that the two strongly commute if

S(t)U(s) = U(s) S(t) (∀ t ≥ 0, ∀ s ≥ 0) (6.6-COM2)

holds. Similarly, we say that the three families {T0(t)}t≥0, {T∆(t)}t≥0, and {TR(t)}t≥0 strongly commute if
for any distinct pair (i, j),

Ti(t) Tj(s) = Tj(s) Ti(t) (∀ t, s ≥ 0) (6.6-COM3)

holds (where i, j ∈ {0, ∆, R}).

(3) Two-component simplification: the product of two strongly commuting semigroups is a semigroup

Lemma 136 (The product of commuting semigroups is a semigroup). Let X be a Banach space, and let
{S(t)}t≥0 and {U(t)}t≥0 be semigroups on X. Assume further the strong commutativity (6.6-COM2). Then
the family {W(t)}t≥0 defined by

W(t) := S(t)U(t) (t ≥ 0) (6.6-W)

is a semigroup. That is,

W(0) = Id, W(t + s) = W(t)W(s) (∀t, s ≥ 0)

hold.

Proof. W(0) = S(0)U(0) = Id · Id = Id is trivial. Next, we prove the semigroup property. For any
t, s ≥ 0,

W(t + s) = S(t + s)U(t + s) = S(t)S(s)U(t)U(s).

By strong commutativity, S(s)U(t) = U(t)S(s) holds, hence

S(t)S(s)U(t)U(s) = S(t)U(t) S(s)U(s) = W(t)W(s).

Therefore W(t + s) = W(t)W(s).

Lemma 137 (Propagation of strong continuity and contractivity). In the setting of Lemma 136, assume
furthermore that {S(t)} and {U(t)} are C0-semigroups and satisfy

∥S(t)∥ ≤ 1, ∥U(t)∥ ≤ 1 (∀t ≥ 0). (6.6-CON)

Then {W(t)} is a contraction C0-semigroup, and

∥W(t)∥ ≤ 1 (∀t ≥ 0)

holds.

Proof. Contractivity follows from (6.6-W) and (6.6-CON):

∥W(t)∥ = ∥S(t)U(t)∥ ≤ ∥S(t)∥ ∥U(t)∥ ≤ 1.

Strong continuity follows by taking arbitrary x ∈ X and decomposing

W(t)x − x = S(t)
(
U(t)x − x

)
+
(
S(t)x − x

)
,
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hence

∥W(t)x − x∥ ≤ ∥S(t)∥ ∥U(t)x − x∥+ ∥S(t)x − x∥ ≤ ∥U(t)x − x∥+ ∥S(t)x − x∥ → 0 (t ↓ 0)

(by strong continuity of S and U).

Lemma 138 (Propagation of CPTP (on the state space)). Let X = T1(H), and assume that {S(t)} and
{U(t)} are CPTP at each time. Then W(t) = S(t)U(t) is also CPTP at each time.

Proof. CPTP at each time follows immediately from closure of CPTP maps under composition (Lemma
64 in §3.3). Commutativity is not needed.

(4) Exponential factorization when bounded generators commute (the strongest simplified form)

Lemma 139 (Exponential factorization for commuting bounded generators). Let X be a Banach space
and let A, B ∈ B(X) be bounded linear operators. If

AB = BA (6.6-AB)

holds, then for any t ∈ R,
et(A+B) = etA etB = etB etA (6.6-EXP)

holds.

Proof. The operator series

etA =
∞

∑
m=0

tm

m!
Am, etB =

∞

∑
n=0

tn

n!
Bn

converge absolutely in B(X) (§3.4). Computing the product (a Fubini-type justification is permitted by
absolute convergence) gives

etAetB =
∞

∑
m=0

∞

∑
n=0

tm+n

m! n!
AmBn.

From (6.6-AB), AmBn = Bn Am holds, so reordering is allowed. In particular, by the binomial theorem,

(A + B)k =
k

∑
m=0

(
k
m

)
AmBk−m (k ∈ N)

holds. Therefore,

et(A+B) =
∞

∑
k=0

tk

k!
(A + B)k =

∞

∑
k=0

tk

k!

k

∑
m=0

(
k
m

)
AmBk−m

=
∞

∑
k=0

k

∑
m=0

tk

m! (k − m)!
AmBk−m =

∞

∑
m=0

∞

∑
n=0

tm+n

m! n!
AmBn = etAetB.

Similarly, etBetA coincides with the same double series, hence (6.6-EXP) holds.

(5) When the three components strongly commute: the Chernoff approximation agrees exactly for each
n

Theorem 34 (Complete simplification under strong commutativity: T(n)(t) = F(t)). Consider the
composite approximating family in §6.3,

F(t) = T0(t) T∆(t) TR(t) (t ≥ 0).
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Assume that the three component semigroups strongly commute (Definition 90, (6.6-COM3)). Then the
following hold:

(i) {F(t)}t≥0 is a semigroup on X (i.e., F(t + s) = F(t)F(s)).
(ii) For any n ∈ N and t ≥ 0,

T(n)(t) =
(

F(t/n)
)n

= F(t) (6.6-EX)

holds. Hence limn→∞ T(n)(t) = F(t) holds trivially.
(iii) For each t ≥ 0, F(t) is CPTP (hence preserves S(H)).

Proof. (i): For any t, s ≥ 0, by the semigroup properties of each component,

F(t + s) = T0(t + s)T∆(t + s)TR(t + s) = T0(t)T0(s) T∆(t)T∆(s) TR(t)TR(s).

By strong commutativity, one can move the factors on the right-hand side as follows:

move T0(s) to the right of T∆(t), TR(t), and move T∆(s) to the right of TR(t)

(commutativity at all times). Therefore,

T0(t)T0(s) T∆(t)T∆(s) TR(t)TR(s) = T0(t)T∆(t)TR(t) T0(s)T∆(s)TR(s) = F(t)F(s).

Hence the semigroup property holds.
(ii): By the semigroup property, F(t) = F(t/n + · · ·+ t/n) = F(t/n)n holds for any n. Since Definition
85 gives T(n)(t) = F(t/n)n, (6.6-EX) follows.
(iii): Since each component is CPTP (Theorem 30 in §6.2), the composition F(t) = T0(t)T∆(t)TR(t) is
also CPTP (closure under composition in §3.3).

(6) Simplification of the generator: under strong commutativity, tangency agrees with the formal sum

Under strong commutativity, the composite approximation becomes an exact semigroup, hence
verification of the tangency condition is formally shortened (not because cross terms “vanish com-
pletely,” but because the semigroup property makes the limit unique).

Lemma 140 (Difference-quotient limit under strong commutativity (formal sum)). Under the assump-
tions of Theorem 34, let moreover ρ ∈ Dom(L0) ∩ Dom(R). Then the difference-quotient limit

lim
t↓0

∥∥∥∥ F(t)ρ − ρ

t
− (L0 + L∆ + R)ρ

∥∥∥∥
1
= 0 (6.6-TAN)

holds. That is, under strong commutativity, F is tangent to the formal total generator.

Proof. Take ρ ∈ Dom(L0) ∩ Dom(R). Use the identity

F(t)ρ − ρ = T0(t)T∆(t)
(
TR(t)[ρ]− ρ

)
+ T0(t)

(
T∆(t)ρ − ρ

)
+
(
T0(t)ρ − ρ

)
(which is merely addition and subtraction). Divide by t and subtract L0ρ + L∆ρ + R[ρ]:

F(t)ρ − ρ

t
− (L0 + L∆ + R)ρ = T0(t)T∆(t)

(
TR(t)[ρ]− ρ

t
− R[ρ]

)
+ (T0(t)T∆(t)R[ρ]− R[ρ])

+T0(t)
(

T∆(t)ρ − ρ

t
−L∆ρ

)
+ (T0(t)L∆ρ −L∆ρ) +

(
T0(t)ρ − ρ

t
−L0ρ

)
.

We estimate each term as t ↓ 0.
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Term 1: Since ρ ∈ Dom(R), the difference quotient converges in ∥ · ∥1 to R[ρ]. Meanwhile T0(t)T∆(t)
is contractive with ∥T0(t)T∆(t)∥1→1 ≤ 1 and converges strongly to I as t ↓ 0. Hence∥∥∥∥T0(t)T∆(t)

(
TR(t)[ρ]− ρ

t
− R[ρ]

)∥∥∥∥
1
≤
∥∥∥∥TR(t)[ρ]− ρ

t
− R[ρ]

∥∥∥∥
1
→ 0.

Term 2: Since R[ρ] ∈ X and T0(t)T∆(t) is strongly continuous and converges to I,

∥T0(t)T∆(t)R[ρ]− R[ρ]∥1 → 0.

Term 3: Since L∆ is bounded, T∆(t)ρ−ρ
t → L∆ρ holds for all ρ ∈ X (Lemma 131). Since ∥T0(t)∥1→1 = 1,∥∥∥∥T0(t)

(
T∆(t)ρ − ρ

t
−L∆ρ

)∥∥∥∥
1
≤
∥∥∥∥T∆(t)ρ − ρ

t
−L∆ρ

∥∥∥∥
1
→ 0.

Term 4: Since L∆ρ ∈ X and T0(t) → I strongly,

∥T0(t)L∆ρ −L∆ρ∥1 → 0.

Term 5: Since ρ ∈ Dom(L0),
T0(t)ρ−ρ

t → L0ρ.
Therefore the ∥ · ∥1 norm of the whole right-hand side converges to 0 as t ↓ 0, and (6.6-TAN)

holds.

(7) Conclusion of this section: commutativity yields “no need for limits” and “factorization of
exponentials”

In this section, we showed that when the component semigroups strongly commute, the composite
approximation simplifies exactly. For two components, under strong commutativity the product
becomes a semigroup (Lemma 136), and strong continuity, CPTP-ness, and contractivity propagate
(Lemmas 137, 138). If bounded generators commute, the exponential factorizes (Lemma 139). If the
three components strongly commute, then the composite approximation sequence already coincides
with the exact value for each n,

T(n)(t) = F(t) (∀n),

(Theorem 34). Hence the Chernoff limit required in the general case becomes unnecessary, and
commutativity yields the strongest simplified form.

Conclusion (Simplified forms in the commuting case)
If the component semigroups strongly commute at all times (Definition 90), then the product
W(t) = S(t)U(t) is a semigroup (Lemma 136), and strong continuity, contractivity, and CPTP-
ness propagate (Lemmas 137, 138). Moreover, if bounded generators commute, the exponential
factorizes as et(A+B) = etAetB (Lemma 139). In particular, if the three components T0, T∆, TR

strongly commute, then the composite family F(t) = T0(t)T∆(t)TR(t) itself is a semigroup, and
the composite approximation agrees exactly for any n: T(n)(t) = F(t/n)n = F(t) (Theorem
34). Therefore the Chernoff limit required in the general case becomes unnecessary, and
commutativity reduces the full semigroup construction to a closed form.

7. Conclusion
7.1. Summary
(1) Reconfirming what is proposed in the UEE: abstract form (UEE_01) and standard form (UEE_05
and later)

The aim of this paper is to fix the UEE as analytic input without breakdown. To this end, in this paper
(UEE_01) we presented the UEE in the abstract form on the predual state space M∗ (1), and, in order to
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avoid domain issues of the generator, we adopted the standpoint that the time evolution is defined as
the action of a strongly continuous CPTP semigroup {T(t)}t≥0,

ρ(t) = T(t)[ρ0]

(a mild solution) (§1.0, Definition 45). On the other hand, in the density-operator representation
frequently used in the subsequent papers (UEE_05 and later), the UEE is written in the standard form
that juxtaposes the reversible (commutator), dissipative (GKLS), and transport (resonance) parts, (2).
This paper made explicit, with the abstract form as the reference, “what is fixed as input and what is
guaranteed as a theorem,” so that no type confusion arises between these two representations.

(2) What this paper fixed: state space, CPTP, and UEE analytic data (input contract)

The analytic contract (input) fixed in this paper is summarized in the following three points.

1. Type of the state space: We set the observable algebra to be a von Neumann algebra M, the state
space to be its predual M∗, and took the normal state set S(M) as the reference (Definition 1).

2. Definition of physically admissible time evolution: We defined Schrödinger-side maps as the
preduals of normal, unital, completely positive maps on the Heisenberg side, and established
within the main text that they preserve the normal state set and are closed under composition
(Lemmas 1, 2).

3. Fixing the UEE analytic data: As the minimal input for describing the UEE, we defined

D = (M,M∗, D,L∆, R)

(Definition 2), and stipulated that L0 = −i[D, ·], L∆, and R are to be treated as generators
(superoperators) on the state space (prohibition of type confusion: §1.1, §2).

(3) What this paper guaranteed: semigroup generation by CPTP componentwise composition and
well-posedness

Under the above input contract, this paper showed the following.

1. Construction of the component semigroups: The reversible part T0(t), the dissipative part
T∆(t), and the resonance (transport) part TR(t) were constructed as strongly continuous CPTP
(group/semigroup) on the same state space X = T1(H), and each was shown to be contractive
(e.g., Theorem 30; dissipative part: Theorem 17; transport part: Theorem 25).

2. Componentwise composition and generator identification: We identified, via the Chernoff/Trotter-
type product formula, the limit of the composite approximation sequence

T(n)(t) :=
(

T0(t/n) T∆(t/n) TR(t/n)
)n

,

and showed that the limit semigroup T(t) is a strongly continuous CPTP semigroup and that its
generator coincides with Ltot (where Ltot = L0 + L∆ + R) (Theorem 32).

3. Well-posedness of the UEE and state invariance: Consequently, for any initial value ρ0,

ρ(t) = T(t)[ρ0]

gives the mild solution of the UEE and is unique. In particular, if the initial value is a state, then
the state set is invariant for all times (Theorem 33).

Moreover, when the component semigroups strongly commute, we also showed that the composite
approximation agrees exactly without taking a limit and reduces to a closed form (Theorem 34).

(4) Clarifying what is not claimed (out of scope)

As a foundational analytical paper, this paper separated the following as out of scope (§1.1):
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• The derivation of equivalence between representations (operator form, variational form, field form,
etc.) (in this paper the operator form is fixed as analytic input).

• Concrete phenomenology, numerical fits, and identification of physical constants (this paper
focuses on establishing well-posedness).

• Details of geometric constructions (concrete flows on spacetime, measure-theoretic constructions,
etc.) are introduced only as necessary abstract specifications.

These are left to subsequent papers that treat specific modeling, derivations, and applications of the
UEE.

(5) Connection to the series (positioning as a foundational analysis)

The “input contract” and “well-posedness as a semigroup” established in this paper provide the
analytical foundation of the common schema used in the UEE series. In subsequent papers, concrete
physical modeling based on the standard form (2) (choice of dissipative data, construction of a zero-
area resonance kernel, and geometric/phenomenological connections) will be discussed; this paper
provides a reference point ensuring that those discussions do not lose the type of the state space, the CPTP
requirements, and the unambiguity of the solution concept.

Conclusion (UEE_01)
This paper fixed the analytic contract that defines the UEE as a strongly continuous CPTP semi-
group on the predual state space M∗, and under the UEE analytic data D = (M,M∗, D,L∆, R)
constructed the three components—reversible, dissipative, and resonance (transport)—as CPTP
(group/semigroup). Moreover, by the product formula for componentwise composition, we
identified the composite-limit semigroup T(t) and established that its generator coincides
with Ltot (where Ltot = L0 + L∆ + R), and that the UEE is well posed in the sense of mild
solutions and the state set is invariant (Theorems 32, 33). On the other hand, derivation of
inter-representation equivalence, phenomenology, and detailed geometric constructions were
clearly separated as out of scope, and this paper provided an analytical reference point for
subsequent papers.

8. References
A. Semigroups, generators, and product formulas (C0 semigroups, Hille–Yosida, Lumer–Phillips,
Trotter/Chernoff)
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• Trotter/Lie–Trotter and Chernoff-type product formulas: [5–7]

B. Operator theory, self-adjointness, and spectral theory (Stone’s theorem, etc.)
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• UEE_01 (this paper, analytical foundation): [26]

• Derivation of the zero-area resonance kernel R (UEE_02): [27]
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