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Abstract: This paper deals with a method of calculating the self and mutual inductances of various air coils
located arbitrarily in space. Known elementary solutions (the Biot-Savart formulas) were used to determine the
magnetic field of infinitely thin current loops and infinitely thin wires of finite length linking magnetically
other coils. Unlike commonly used algorithms, these elementary solutions were not extensively transformed
analytically but were used to perform calculations by direct numerical integration. This enabled very quick
and accurate obtaining of the self-inductance values as well as determining the dependence of mutual
inductances on the position of both coils. This method allows analysis of different coil configurations
(misaligned coils, inclined to each other, etc.) that other methods do not cover. It also enables the determination
of the forces acting on the coils, as well as the calculation of the magnetic field distribution from any coil
configuration. The obtained results were compared with those presented by other authors.

Keywords: self and mutual inductances; air coils; Biot-Savart formula; contactless energy transfer

1. Introduction

Nowadays, contactless energy transfer (CET) offers great opportunities to power various types
of mobile devices. Typical inductive CET system consists of a primary side DC/AC resonant
converter, a transformer and an AC/DC secondary system that converts the high-frequency AC
energy to meet the requirements specified by the load parameters. The secondary side is not
connected electrically to the primary side, which has many obvious advantages. High-power CET
systems are used in the automotive and transportation industries, among others, as battery chargers
[1-3].

Many CET devices use magnetically coupled air coils. These include wireless energy transfer,
various types of accelerators, electronic systems, biomedical [4] and robotics applications, etc. Some
applications use a coreless transformer based on printed circuit board winding layout without a
ferrite core [5]. The advantages of coreless coils are their lower weight and increased mechanical
durability. Moreover, designing the shape is simpler and gives much more opportunities to adapt it
to the rest of the system. The problems of designing coreless systems are discussed, for example, in
articles [6-8].

Converting energy in the primary and secondary circuits of CET systems is a standard and well-
recognized task for designers of power electronic systems. Calculating the magnetic coupling of air
coils is also a well-developed scientific topic, however, due to the variety of newly designed coils
(their shapes and tasks), as well as the possibility of their arbitrary mutual position in space, it is
necessary to develop fast and accurate algorithms for calculating their self and mutual inductances.

2. Principles for calculating the self- and mutual inductances of air coils

Methods for calculating the self and mutual inductances of different air coils have been
presented in many articles [9-23].

First, it is worth mentioning the fundamental paper by F.W. Grover [9], who presented a method
for calculating mutual inductance of circular filaments in any positions. He used equations describing

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202312.2209.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 December 2023 doi:10.20944/preprints202312.2209.v1

the magnetic field of elementary current loops to determine their mutual inductances for various
mutual positions. A similar methodology was also used in this paper.

The article [10] by J.T. Conway shows the use of Bessel Functions to calculate the inductance of
different non-coaxial coils. A continuation of this article is paper [11], in which elliptic integrals were
used to calculate inductances. In [12] the inductance calculations for coils of parallel axes using Bessel
and Struve functions are shown.

The articles by Babic and his various co-authors [13-20] also solve many basic problems of
calculating the self- and mutual inductances of different coils in any mutual position.

It is also worth mentioning the article [21], in which the authors developed a fast and effective
algorithm for calculating the inductance of coaxial coils by integrating appropriate elementary
solutions. The authors of [22] also described a method for calculating mutual inductances for coils
with misalignment by integrating elementary field solutions.

Reference to above articles is provided later in this paper. There are, of course, many other
important articles on the above topic and it is impossible to list them here.

Much simpler algorithms were proposed in this paper, primarily involving the calculation of the
flux linkage for various coil configurations. Analytical solutions for simple coil configurations and
numerical integration of elementary solutions were used to create a computational tool that allows
quick and accurate calculations of the self- and mutual inductances of various air coils for any of their
mutual positions. The obtained results were compared with those presented by other authors.

2.1. Basics of magnetic field theory used for inductance calculations

The magnetic energy W, of a system carrying a current / (with the uniform current density

J) can be calculated as a volume integral over the magnetic energy density. For arrangements with
M=, in the entire space with volume ¥ it reads:

_1
W= E!BHdV’ 1)

where B and H are the magnetic induction and magnetic field strength vectors, respectively.
Using the definition of vector potential A :
B=rotA, divA=0

2)
and Maxwell's first equation
rotH=J 3)

the following form of equation (1), very useful for calculating the magnetic field energy, is obtained:

1
Wm_i;[AJdV. (4)

Formula (4), unlike formula (1), requires integration only in areas where the electric current
density is different from zero, which greatly speeds up calculations. Finally, the inductance of the
wire carrying the current / can be calculated from the formula:

L=2w, /I (5)

In the case of two independent electrical circuits leading currents I, and I, (with the current

densities J, and J,), respectively, the formula for magnetic energy can be written as follows:

W, =1 [BHAV = | [(B, +B,)(H, + H,)dV = | [ (BH,+B:H,+BH,+B:H)dV =
v v v (6)
= SL +5Lad2” s ML+ s ML

The integral I B,H, dV in formula (6) can be written according to equation (4) as:
Vv
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!BIH2 dv = JAIJ2 dv. %

Formula (7) makes it possible to calculate the mutual inductance of two magnetically coupled
circuits as:

1

M, =—[AJ,av. ®)

I l] 2y
Integration in the formula (8) should also be carried out only in areas where the current density
J, is different from zero.
Formulas (5) and (8) enable easy calculation of self and mutual inductances in systems where
the vector potential has only one component. It can be given analytically or calculated numerically.

3. Cylindrical air coils

This chapter presents equations and numerical algorithms enabling the calculation of the self-
and mutual inductances of various configurations of cylindrical air coils with a rectangular cross-
section.

3.1. Magnetic field of cylindrical coils

Figure 1a shows a system of two coaxial cylindrical coils (with rectangular cross-section) marked
with the letters P (primary) and S (secondary). To calculate the magnetic field of this coils system, the
cross-section of each coil is divided into cylindrical coils with a rectangular cross-section. The
problem of determining self- and mutual inductances, as well as the field distribution of such coils,
is thus reduced to determining the interactions between elementary thin coaxial coils. A similar
approach to this issue was also discussed in articles [23,24].

Figure 1b illustrates the dimensions and discretization of both coils. The inner radii of the coils
are denoted by 7, and 7, the outer radii by r,, and r,, and their heights by 24, and 24,

respectively. The currents flowing in the coils are marked by /, and [, respectively. The value of
the current flowing in each elementary loop /,, and I, results from the discretization of the coils.

In all considerations of this paper, the center of the primary coil is always located in the center of the
coordinate system.

S

z

z

S

2h, Zs s s
‘\ [ Tz,
"]'—r'l dr;
P
0 N By
2h, . P i r
L dz

fetls,
(a) %

Figure 1. Two coaxial cylindrical coils: General view (a); Dimensions and discretization of the primary
and secondary coil (b).

The proper selection of the values of the discretization parameters dr,,dz,,dr,,dz is a key issue

determining the accuracy of this algorithm. In each of the presented solutions, the obtained results
were tested depending on the type of discretization. Due to the very high speed of the algorithm, it
was possible to achieve very fine discretization of all areas. In some cases, this discretization should
correspond to the actual arrangement of turns in the coils.
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Figure 2 shows two infinitesimally thin coaxial current loops of radii », and r,, respectively.

The center of the primary loop is located in the center of the coordinate system and the center of
secondary loop is located at (0,z,) .

I
e
boa
0

Figure 2. Two infinitesimally thin coaxial current loops.

To calculate the magnetic field of the primary coil, the formulas for the vector potential of
infinitely thin current loops from [25, p. 260] were used. The formulas in [25] also take into account
the singularity in the potential formula for »=0. The elementary vector potential of the partial
current loop with the current /,, of the primary coil with the radius r, can be written as follows

[25]:
IuOIpd rp 2 2
dd,=——1—| KWw):| ——u |-E(u)-— |dr,dz,, 9)
2r \'r u u
where:
4rr I
= |—>2  J =—"r 10
(r+rp)2+z2 w 2h,(r,, —1,) (19
and K(u) and E(u) are elliptic integrals of the first and second kind, respectively.
The total vector potential of the primary coil can be calculated as the integral:
r2p hp
A= [ [ a4, (11)
rlp —hp
For the magnetic energy we get:
r2p hp r2p hp r2p hp
Wo=s[ A0,V = [ | 41, zdrdz= [ [ [ [ dd,1,;rdrd. (12)
v rlp —hp rlp —hp rlp —hp

Finally, the self-inductance of the primary coil can be calculated as in Eq. (5). The self-inductance
of the secondary coil is calculated in the same way (after moving it to the center of the coordinate
system). The mutual inductance between both coils is obtained using formula (8), whereby the energy
is calculated using formula (12) (after changing one of the integration surfaces to the secondary coil
area).

The number of turns of the primary winding N, and secondary winding N, should also be

considered in the calculations of inductances — it is necessary to multiply the obtained results by the
square of the number of turns for self-inductances and by the product of the number of turns of the
primary and secondary windings for mutual inductances. Determining the fourfold integral (12)
when calculating inductance is the main problem of the method. To shorten the calculation time,
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various approximations of the elliptic integrals K(u) and E(u) were tested. Finally, the formulas

given in [26] (pages 591 and 592) were used:

K@u)=a, +aw+a,w +aw +aw' +(b0 +bhw+b,w +bw +b4w4)1n(1/ w),  (13)

E(u)=c, +ew+ce,w +c,w’ +c,w' +(af0 +dw+d,w +dw +d4w4)1n(l/w). (14)

The coefficient values a, —a,,b, —b,,c, —¢,,d, —d, are given in [26] and w=1-u". The error of

this approximation is less than 2x10%.

3.2. Comparison with results obtained by other authors and the finite element method

The method was verified by comparing the results obtained by other authors, as well as by
calculations using the finite element method (FEM). Article [21] shows a method for precise
calculating of the mutual inductances of different cylindrical coaxial coils. This article compares its
own results with nine results obtained by other authors, so it provides a good summary of the topic.
Here, a comparison for two selected configurations will be shown. For example, in [21], the mutual

inductance was calculated for coils with the following dimensions: 7, =0,3m, r, =0,4m,

Ip
7, =0,1m, r,, =0,2m, h, =0,05m, h =0,05m, z, =0,2m, N, =100, N, =100.
Article [21] gives a result of the mutual inductance M =0.845445761529 6840 mH (page

4901309, Table II, Case 1). An identical value (16 significant places) was obtained in paper [12] (page
81, Table VI, Case 1). In article [14] 8 significant places in the mutual inductance value are identical
(page 1664), but the result is incorrect because it gives the value of the mutual inductance in x#H

and not in mH. It also seems that providing so many significant places in the result does probably
not make much sense due to limited calculation accuracy — the accuracy of 7-9 places appears to be
entirely adequate. The method proposed here gives a result of M =0.84544578 mH .

All configurations of cylindrical coaxial coils can be additionally quickly analyzed using the two-
dimensional FEM to verify different analytical-numerical methods proposed by various authors. The
magnetic field distribution in the configuration analyzed above is shown in Figure 3a (both coils are
powered by the current having the same value and direction), while the field distributions when
powering single coils are shown in Figure 3b,c, respectively. The values of self-inductances calculated
using the FEM from formula (5) is equal to L, = 9.5410842mH and L =2.5815732mH ,

respectively, and the mutual inductance calculated according to Eq. (8) is M =0.845467 88 mH .

z zt F

S S S

Bl | B N Bl | s

P P P

- R - i Y S =
1

(a) (b) (¢)

Figure 3. Magnetic field of two coaxial cylindrical coils. Both coils powered (a); Only primary coil
powered (b); Only secondary coil powered (c).

Figure 4 shows the dependence of M and its derivative dM/dz versus the axial displacement

of the secondary coil calculated by the proposed method and the FEM (both methods give identical
results). The beginning of the trajectory is marked by the point with coordinates (» =0m,z, =0.2m)

, and its end by the point with coordinates (» = 0m,z = 0.4m) . The derivative of mutual inductance

provides information about the forces acting on the coils depending on their relative position (see
Section 6).
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Figure 4. Mutual inductance of two-coaxial cylindrical coils and its derivative as a function of z-
displacement.

The papers [9-23] discuss, among other things, many configurations of cylindrical coaxial coils
and determine their mutual inductances. These results were also confirmed using the computational
algorithm described herein. This algorithm also enables quick and accurate determination of the
mutual inductances during the movement of the secondary coil, as well as the self-inductances of
both coils.

The scope of applications of the method presented above is very limited to very basic
configurations (cylindrical coaxial coils), but at the same time this method provides additional
opportunities to compare and check the results with 2D-FEM.

3.3. Non-coaxial cylindrical coils

In the case of non-coaxial cylindrical coils, or otherwise arbitrarily located in space, to determine
the mutual inductance, the magnetic flux linking the secondary coil when powering the primary coil
must be calculated. Figure 5 shows an arrangement of misaligned parallel cylindrical coils. The center
of the secondary coil lies at the point with coordinates (r,,,z,).

(b)
Figure 5. Non-coaxial cylindrical coils: General view (a); Model for calculating the magnetic flux

linking the secondary coil (b).

The magnetic field components generated by the primary coil on the surface defined by the
elementary loop of the secondary coil (point G) can be determined from the relationship B=rotA:

o4 10(r4)
. _ 24
B~ Oz > B: r Or (15)
Using dependencies:
OK@w) __E@w) K@) JEw) _Ew)-K@) 16)

ou  ull-yd u Ou u

these components can be expressed as:
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B 2 2 2

Hol , zu r,+ritz
B, = E(u) -K(u) |, 17
4rr, lrpr | (r, -y +7 17)

Y [ rp2 -r-z

B = E(u +K(u) |

z 47[\/’;7 I ( )(}"p —7")2 +Zz ( ) (18)

The magnetic flux penetrating the surface of the elementary loop of the secondary coil can be
calculated as the surface integral of the induction vector perpendicular to this surface:

O, = jS'BZ ds. (19)

The mutual inductance between both coils can finally be written as:

M=d /1, (20)

The value of the total magnetic flux linking the secondary coil is calculated by determining the
flux generated by each elementary loop of the primary coil in a single loop of the secondary coil. This
procedure is repeated for all secondary coil loops and the results are averaged.

Formulas (19-20) can be used to calculate the mutual inductance for any position of the
secondary coil relative to the primary coil. The method was verified by comparing the results
obtained by other authors. For example, in article [12], the mutual inductance was calculated for coils
with the following dimensions: 7, =7.1247cm, r,, =8.5217cm, 7, =9.69645cm, r,  =13.84935cm,

h,=7.1374cm, h; =1.2065cm, z, =7.366cm, 7, =30.988cm, N, =1142, N =516.

> Tml

Article [12] gives a result of M =-1.422560384213514mH (page 79), and the method
described here gives a result of M =-1.422 5607 mH . The same example was solved in [19], but the
result given there M =-1.422583 607 uH (page 95) is incorrect due to wrong units ( #H instead of

mH ). The self-inductances of both coils (not calculated in above papers) are equal to
L,=0.14166241 H and L =0.086260334 H, respectively.

The method shown here allows for easy calculation of mutual inductance values for any
secondary coil movement trajectory. The beginning of the trajectory is marked by the point with
coordinates (r,,,z,), and its end by the point with coordinates (r,,,z,) (see Figure 5).

In [10] (page 1027, Table II), the mutual inductances of two identical coplanar current loops of
radius 1 m lying on top of each other, for the secondary coil moving in the r-direction were calculated.
In this case, there is no need to discretize the coil area — the considerations are then carried out
automatically for the current loops. Calculations were performed (according to [10]) for the following
data: n,=lm,r, >r,,n =lm,n —>n, h,h >0 z,z —>0,r,=0m,r,=20m, N, =1,
N, =1. Using the method presented here, the same values were obtained with an accuracy of 7-9
significant places and these results will not be presented. Instead, the results of mutual inductance
calculations are shown when the secondary coil moves obliquely from the point with coordinates

(r,, =0m,z, =0.002m) to the point C with coordinates (r,, =~3m,z, =1.002m), to the point D
with coordinates (r,, =1m,z, = (+/3+0.002)m) and axially to the point E with coordinates

(r,, =0m,z, =2.002m) . In each of these cases, the offset was defined so that the final distance from
the center of the secondary coil to the center of the primary coil was the same (2 m). Figure 6a shows
final positions of the secondary coil (points C, D and E). The proposed method gives the same results
by moving the secondary coil axially as the method discussed in Section 3.2 (point E). The results for
point D lie between the curves for points C and E and are not shown here. Figure 6b gives the values
of the mutual inductance of the coils as a function of displacement in generalized coordinates
(depending on the direction of movement). This figure also shows the derivative of the mutual
inductance in the movement direction, which will be used to calculate the forces between both coils
(see Section 6). The mutual inductance of the coils decreases significantly when the secondary coil is
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moved by a distance greater than the radius of the primary coil, and then becomes negative due to
the change in the direction of the magnetic flux in the secondary coil.

1———M (uH), point C
2 ——— dM/dw (1H/m), point C|
54 3——— M (uH), point E
4 ——— dM/dw (uH/m), point E
8
-10 T T T
0.5 1,0 15 wm) 20

(b)

Figure 6. The initial position of the secondary coil and its three final positions (a); Mutual inductance
and its derivative of non-coaxial cylindrical coils as a function of displacement in generalized
coordinates (b).

The above method can also be used to calculate the mutual inductance of coils arranged
arbitrarily in space. Figure 7a shows a system of two such cylindrical coils — the surface of the
secondary coil can be inclined to the surface of the primary coil in any way. The center of the
secondary coil lies at the point with coordinates (r,,,z,), and its plane is shifted by angle « in
relation to the r-axis. Figure 7b illustrates the system of two elementary current loops of the primary
and secondary coils and shows how to calculate the magnetic flux in the secondary coil loop
generated by the primary coil loop. To determine this flux, the normal components of the induction
vector on the surface of the secondary coil loop must be calculated and integrated over this surface.

(b)

Figure 7. Cylindrical coils in any mutual position: General view (a); Model for the magnetic flux
linkage calculations (b).

Using this algorithm, the mutual inductance of cylindrical coils can be easily determined for the
secondary coil placed in any position, which allows for the determination of characteristics like those
shown in Figure 6b. Figure 8a shows an arrangement of coils lying diagonally to each other. The final
position of the secondary coil is also marked here. Calculations were made for coils with dimensions
from Section 3.2. The inclination angle was g =15deg, the coordinates of the starting point were
(r,; =0m,z, =0,2m) and the end point coordinates were (r,, =1m,z, =0,2m). Since the distance

between the centers of the coils in the analyzed case is small, it was possible to take into account only
asmall angle B due to the possibility of contact between both coils for its larger values. The results

are shown in Figure 8b.
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Figure 8. Cylindrical coils in any mutual position (two positions of the secondary coil are marked) (a);
Mutual inductance and its derivative as a function of displacement in r-direction (b).

For the oblique relative position of the coils, the mutual inductances are slightly larger for small
displacements than in the case of parallel arrangement, then they decrease significantly and for larger
displacements they become negative values due to the change in the direction of the magnetic flux in
the secondary coil.

As has already been said, the efficiency and accuracy of the algorithm depend greatly on the
accuracy of the discretization of the primary and secondary coil regions. They also depend strongly
on the discretization of the elementary surfaces of the secondary coil current loops (the number of
points at which the values of the magnetic field components and the flux orthogonal to this surface
are calculated). These are typical problems of all numerical calculations in which numerical
integration is performed.

Using formulas (17) and (18), it is also possible to determine the distribution of magnetic field
generated by systems of any number of cylindrical coils arranged arbitrarily in space (see Section 5).

4. Rectangular air coils

This section deals with the calculation of self- and mutual inductances of rectangular coils in any
mutual position, as well as the distribution of magnetic fields of such coil systems. Figure 9a shows
a system of rectangular coils, in which the secondary coil is in any position in relation to the primary
coil. Figure 9b gives the dimensions of the primary coil.

(b)

Figure 9. Two rectangular coils in any position (a); Dimensions of the primary coil (b).

The use of formulas (5-8) to calculate self- and mutual inductances in this case is impossible and
the magnetic flux linkage method described in section 3.4 was used for calculations. Figures 9b and
10 illustrate the dimensions and discretization of both coils. The center of the primary coil is located
in the center of the coordinate system and the center of the initial position of the secondary coil for
coaxial coils is located at (0,z,) .
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Figure 10. Dimensions and discretization of the rectangular primary and secondary coils.

To calculate the magnetic field of elementary current loops created by discretization of the
primary coil from Figure 10, the Biot-Savart formula defining the magnetic field of an infinitely thin
conductor of finite length carrying a current of density J was used (Figure 11a). This made it
possible (by integrating the Biot-Savart formula) to determine the values of the magnetic field
intensity at any point in space P(x,y,z) generated by an infinitely thin band conductor.

Pix,y.2) (a)

(b)
Figure 11. Computational model of an infinitely thin band conductor with the current sheet J (a); The

elementary rectangular current loop of the primary coil from Figure 10 generating a magnetic field of
value H at a point P(x,y,z) (b).

The components of the magnetic field A, and H, atpoint P(x,y,z) are written as follows:

s lny—d+\/(x—b)2+(y—d)2+(z—e)z +1ny—d+\/(x—a)2+(y—d)2+(z—e)z

, (21
4| yoctJ(x=b) +(y—c) +(z—e)’ y—ct(x—a) +(y—c)+(z—e)’ -
1—1x:i arctan (x—by—d) +
7 meN-b) H(r—d) (-0’
—arctan (x —zb)(y —9) 5 5 +
(z—eW(x=b)*+(y—c)’+(z—e) @)
—arctan G-y -d) +
(z—eW(x—a) +(y—d) +(z—e)’
+arctan (x—a)(y —c)

(z—eW(x-a) +(y-c) +(z—e)’

By changing the variables (x,y,z) appropriately, the above equations make it possible to

calculate the components of the magnetic field of any surface with the current parallel to a coordinate
surface, and finally, the magnetic field of the infinitely thin rectangular current loop from Fig. 11b.
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Thus, the primary coil can be approximated by infinitely thin rectangular band coils or, as in the case
of cylindrical coils, by thin rectangular current loops whose geometry and position are determined
by the centers of gravity of the discretization elements. The magnetic flux penetrating the surface of
the elementary loop of the secondary coil can be calculated as the integral according to Eq. (19) for
the normal component of the induction vector. This procedure is repeated for all secondary coil loops
and the results are averaged. The mutual inductance between both coils can finally be calculated as
in Eq. (20). Similar methods, using the magnetic flux linking other rectangular coils were used, among
others, in [23,24].

The method presented in the previous Section was used to calculate self- and mutual
inductances for rectangular coils in any of their mutual positions. Formulas (21) and (22) were used
to calculate the magnetic flux linking the secondary coil.

The effectiveness of the method was illustrated by calculations of self and mutual inductances
of two coaxial rectangular coils with identical cross-section dimensions as in Section 3.2 (Figure 3a).
The dimensions of the coils were as follows: a, =bp =0,3m, dp =0,1m, a, =b, =0,1m, d, =0,1m,
hp =0,05m, A, =0,05m, Np =100, N, =100. The center of the primary coil was located in the center
of the coordinate system and the center of the secondary coil was located in the initial position at
(x,,z,). The coordinates of the starting point for the secondary coil were (x, =0m,z, =0,2m) and
the end point coordinates were (x, =1m,z =0,2m) .Calculations were made for two cases: for
parallel coils and for coils arranged obliquely to each other as in Figure 8a for cylindrical coils (the
inclination angle g =15deg ). The self-inductances of both coils are equal to L, =11.477932 mH
and L =3.1543544 mH, respectively. These inductances are slightly larger than the inductances of

cylindrical coils with the same cross-section because cylindrical coils obviously have a smaller surface
area. The results of the mutual inductance calculations are shown in Figure 12.

0,000 4

-0,001 o

2 P =l
-0,002 4 o /[ 1 —— M(H),a=0deg
\ % / / 2 —— dMydx (H/m)
o003 \ \ |/ '3—— M(H), a=15deg
' LT /4 —— dMi/dx (H/m)
=7
-0,004 T T T T
0 200 400 600 800 x(mm) 1000

Figure 12. Mutual inductance of rectangular coils and its derivative as a function of x-displacement
for parallel and inclined coils.

As can be seen from Figure 12, the relationship between mutual inductances and displacement
for parallel and oblique coils is very similar. Mutual inductances for an oblique coil have slightly
higher values for displacements in the range of 180 mm-650 mm than for parallel coils. The derivative
of mutual inductance has a strongly exposed maximum (for a displacement of approx. 330 mm-
420 mm), which means that for these displacements the forces acting on the coils are significantly
increased (see Section 6).

The described method also gives very accurate results when calculating self- and mutual
inductances, as well as field distributions for spiral coils, helical coils, very thin coils [24,27], and coils
with nonuniform current density distributions [20]. This requires the proper selection of
discretization parameters of the coil areas and the magnetic flux integration areas, as well as the
selection of equivalent radii when modeling spiral or Archimedean coils [28,29], e.g.
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5. Magnetic field of current coils, permanent magnets and high temperature superconductors

Using formulas (17), (18), (21) and (22), it is also possible to determine the distribution of
magnetic field generated by systems of any number of cylindrical or rectangular coils arranged
arbitrarily in space. Figure 13 shows, for example, the distribution of the magnetic field (normal
component of the magnetic induction vector) over a circular and a rectangular coil depending on the
thickness of the electrically conductive area.

Figure 13. Distribution of the normal component of the magnetic induction vector (normalized
values) over a circular and a rectangular coil. For current sheet (a) and (b); For coils of finite thickness
(c) and (d); For coils carrying electric current throughout the entire volume (e) and (f).

The field distributions in Figure 13 are identical to the field distributions of high-temperature
bulk superconductors in various saturation states (also in the Meissner state) [21,30,31], as well as the
fields of permanent magnets (Figs.13 (a) and (b)) — the computational model in Figure 11b
corresponds directly to the computational model of a permanent magnet. The results shown in
Figure 13 are very important in the design of various actuators, levitating systems, as well as in the
generation of forces in electric machines with permanent magnets. From them it can be concluded
that fully saturated configurations (Figures 13 (e) and (f)) are worse for the generation of large forces
due to the shape of the magnetic field having one maximum. Distributions from Figures 13 (a) and
(b) are much more favorable due to the large gradient of the field distribution and its large values in
the entire range [30].

The described method was also used, for example, to calculate the magnetic field of a system of
coils or permanent magnets. Figure 14 shows the magnetic field above the permanent magnet
configuration used in superconducting levitation systems without degrees of freedom [31].

Figure 14. System of permanent magnets exciting a magnetic field in a superconducting levitation
system without degrees of freedom (a); Normal component of the magnetic induction vector at a
distance of 2 mm from the surface of the magnets (b); at a distance of 5 mm (c).
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6. Moving coils: induced voltages and forces

Knowledge of the self- and mutual inductance values makes it possible to calculate the forces
acting on the secondary coil and define equations of its motion. Figure 15 shows a linear accelerator
system with three primary coils arranged along the x-axis (in the Cartesian coordinate system). The
resistances of the coils have the values R, and R, the voltages at their terminals are u, and u,,
and the currents are i, and i respectively. The secondary coil is short-circuited and moves in x-

direction due to the forces coming from the primary coils powered by an external voltage source.

| _______ I ,,,,,,, P | ....... oy v

X

R B B

Figure 15. A linear actuator system consisting of three primary coils and one secondary coil moving
at speed v due to forces acting between the coils.

The voltage equation (for constant self-inductance values of both coils) for the first primary coil
can be written as follows [32]:
. di di, . OM dx
=Ri +1,—2+M=—"+;——. 23
T L T T e *)
The voltage equations for the subsequent primary coils are identical to that for the first coil. For
the secondary coil we have:

u, = R, +Ls@+Mﬁ+- oM dx

9o 24
dt di ox dr @4

Due to the constant self-inductance value, the force F, caused by the primary coil interacting

with the secondary coil can be calculated as the derivative of magnetic energy with respect to
displacement [15,17,32]:

F=-"ii. (25)

From Equation (25) it can be concluded that the switching of subsequent accelerator coils should
take place during large changes in the mutual inductance of the coils. By appropriately turning on
and off the voltage in subsequent primary coils, a sufficiently high thrust force can be achieved in the
entire system. The dynamics of the secondary coil motion can be easily described by solving a system
of differential equations (23-25). This coil system can also be analyzed from the point of view of
powering a vehicle moving above the primary coil system.

Modeling of magnetic field distributions leading to desired distributions, and thus ultimately
ensuring appropriate values of self and mutual inductances, was dealt with, among others, in articles
[32-34].

7. Conclusions

The energy calculation method and the magnetic flux linkage method have proven to be
extremely effective in calculating the self and mutual inductances of various air coil configurations,
both cylindrical and rectangular. Simplifying the computational algorithm by replacing very
complicated analytical calculations with numerical integration made it possible to obtain a numerical
algorithm with very high speed and accuracy. The proposed algorithm has become therefore a very
practical tool enabling the calculation of the inductances and magnetic field distributions of any air
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coil configurations. By appropriate mirror reflections it is also possible to take into account the
position of the coils above a semi-infinite ferromagnetic plate or between two such plates, which
greatly expands the scope of the proposed method.
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