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Abstract

In this paper we continue the study of the thermodynamics of fluid elements in isothermal turbulent
self-gravitating systems, presented by molecular clouds. We build the model again based on the
hypothesis that can, locally, substitute the turbulent kinetic energy per fluid element for the macro-
temperature of a gas of fluid elements. Also, we presume that the cloud has a fractal nature. The
virial theorem is applicable to our system, too (hence it is in a dynamical equilibrium). But in contrast
to the previous work, where the turbulent kinetic energy clearly dominates over the gravity, in the
present paper, we assume that the virial relation 2Ekin + Egrav = 0 holds, for the entire cloud. Hence
the cloud is dense and strongly self-gravitating object. On that base we calculate the internal and the
total energy per fluid element. Writing down the first principle we obtain the explicit form of the
entropy increment. It demonstrates an untypical behaviour. In the range 0 ≤ β < 0.4, for the turbulent
scaling exponent, the entropy increment is positive, but in the interval 0.4 < β ≤ 1 is negative, and for
βcr = 0.4 is zero. The latter two regimes (negative and zero) can not be explained from the classical
point of view. Although, we give some arguments for the reasons of these irregularities and the main
is that our cloud is an open self-organizing system, driving by the gravity. Moreover, we study the
system for critical points under the conditions of three thermodynamic ensembles: micro-canonical,
canonical, and grand canonical. Only the canonical ensemble demonstrates a critical point, which is a
maximum of the free energy and corresponds to an unstable equilibrium of the system. Analysis of the
equilibrium potentials, also, shows that the system resides in unstable states under all the conditions.
These results we explain arising the hypothesis that the virialized cloud is in the final unstable state
before its contraction and subsequent fragmentation or collapse.

Keywords: molecular clouds; fluids; turbulence; self-gravity; virialization; thermodynamics

1. Introduction
This work continues our investigation of the hydrodynamic isothermal turbulent self-gravitating

systems by using the powerful tools of thermodynamics. Again in the base of our study we put the
idea that fully developed saturated isothermal turbulence can be regarded locally as an ideal gas
of fluid elements, which do not have internal degrees of freedom (see e.g. similar ideas in [1–12]).
Therefore we can substitute the turbulent kinetic energy per fluid element for the temperature of
the chaotic motion of the fluid elements, the idea rose by Keto et al. [13]. As a plausible model
for our purpose we use molecular clouds (MCs), which are known to be (supersonically) turbulent
self-gravitating gas entities consisting mostly by molecular hydrogen (see e.g. [14–16]) at roughly
constant Kelvin temperature T ∼ 10 K [17]. Their turbulence is fully developed and saturated and
demonstrates an inertial range of scales, which roughly spans 0.05 pc ≤ l ≤ 100 pc, where turbulent
kinetic energy transfers from the larger to the smaller scales, which is the so called "turbulent energy
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cascade". The latter phenomenon is well stated for subsonic ([18,19]) and for trans- and supersonic
turbulence ([20–24]), as well. The saturated turbulence (together with the gravity) determines the
fractal structure of MCs [14–16,21], which we take in account, as well. Also, the energy transfer from
larger to smaller scales constrains us to work with quantities (energies) calculated per fluid element,
and to assume only local (in a small volume regarding to the whole cloud) equilibrium. This means
that we apply the tools of non-equilibrium thermodynamics.

Gravity (self-gravity and gravity of the surrounding medium) is the other main factor in this
physical picture. It is an attracting force and tends to contract and eventually to collapse the MCs,
while the turbulence tends to disperse the gas. So they operate opposite to each other. The balance
between these two "forces" depends on the evolutionary stage of the cloud. Young clouds are diffuse
and the turbulence dominates over gravity. The cloud’s entity is saved due to the confining pressure of
the surrounding medium (see e.g. [14–16]). In contrast, at the later stages turbulence and gravity are in
a rough balance, which can be presented approximately by the virial equation 2Ekin + Egrav = 0 (see
e.g. [15,16,25]). At these later stages the star-formation process in the MCs takes place. Accounting for
this evolutionary picture, in our previous work [26] we attempted to model the former scenario (for
the diffuse clouds) and obtained that under the boundary conditions of the grand canonical ensemble
the Gibbs energy had a minimum, which corresponded to a stable dynamical equilibrium state of
our system. This can be explained with the key role of the confining pressure at the early stages of
cloud’s evolution. In the present work we model a virialized cloud, i.e. an object at the later stages
of its evolution. We obtain that micro-canonical and grand canonical ensembles do not have critical
points, while the canonical ensemble demonstrates a maximum of the free energy, which means that
the system is in unstable equilibrium. Moreover the additional analysis of the equilibrium potential,
relevant to corresponding ensembles, show that all the states of the system are unstable. To explain
these results we assume that the virialized clouds are in the final unstable state of their evolution
leading to subsequent contraction and eventual fragmentation or collapse.

Finally, we have to say, that magnetic fields and new-born stars also play a significant role in
the MCs’ physics, but we neglect them in our considerations in order to simplify these first attempts.
In the inertial range, which includes the scales from the giant clouds’ sizes (∼ 100 pc) down to the
pre/proto-stellar cores’ sizes (∼ 0.05 pc), the dominant energies are the turbulent kinetic and the
gravitational. The magnetic energy is subdominant, so it can be neglected in our analysis (see e.g.
[15,25]).

The paper structure is as follows: in the next Section 2 we present the model and give the equations
for the internal and the total energy, and also make the assumption for the mean field consideration; in
Section 3 we write down the first principle for the model and obtain the explicit form of the entropy
(Section 3.1), then we get the formulae for the free energy (Section 3.2) and the Gibbs potential (Section
3.3); after that, in Section 3.4, we consider the cloud stability under three sets of boundary conditions:
micro-canonical ensemble (Section 3.4.1), canonical ensemble (Section 3.4.2), and grand canonical
ensemble (Section 3.4.3); in Section 3.5 we study the origin of the entropy change; in Section 4 we
comment on the basis of the model and the main results (Section 4.1) and on the possible caveats
(Section 4.2); finally, in Section 5, we give our conclusions.

2. Set Up of the Model
In this Section we recall the model presented in [26]. We study a molecular gas cloud, which is

isothermal with Kelvin temperature T ∼ 10 K (e.g. see [15–17]). The gas is turbulent. This turbulence
is fully developed and saturated and the cloud scale l is in the inertial range: lup ≥ l ≥ ld 1. lup and ld
are the upper scale of the inertial range and the scale of dissipation, respectively. We assume that the
inner part of the cloud with characteristic scale ld has very small mass and volume compared to the
whole cloud, hence: l ≫ ld. Also, we presume the cloud to be a homogeneous object with an averaged

1 This range roughly spans between 100 pc and 0.05 pc
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number density n = n(l). This simplification is unavoidable, in order to consider the cloud as a simple
thermodynamic system.

We suppose, as well, that in the inertial range, the following scaling law is valid:

σ(l) = u0lβ , (1)

where σ(l) is the 3D turbulence velocity dispersion, u0 ∼ 1 km/s is a normalizing coefficient and
0 ≤ β ≤ 1 is the turbulent scaling exponent [21,23,24,27].

We presume that the cloud is immersed in a very large, but not infinite medium2. This environ-
ment is characterized by some averaged number density (of the fluid elements) n0, Kelvin temperature
(of the molecule motion) T0, and 3D turbulence velocity dispersion σ0. It has a role of reservoir of
thermal and turbulent energy, and, as well, of matter, for the cloud. Its gravitational potential in the
volume of our object is φm = const.

We consider the local macroscopic turbulent motion of the fluid elements (in the inertial range)
as purely chaotic. Hence the turbulence is of Kolmogorov type. And therefore can be regarded as a
motion in an ideal gas containing of fluid elements treated as particles without internal degrees of
freedom. Consequently we can introduce the notion of macro-temperature θ (the temperature of the
chaotic motion of fluid elements) which is related to the velocity dispersion σ through the following
expression:

1
2

mσ(l)2 ≡ 3
2

κθ(l) , (2)

where m is the mass of the fluid elements, and κ is the Boltzmann constant. Equation (2) means that the
turbulent kinetic energy, per fluid element, at scale l is equivalent to the kinetic energy of the chaotic
motion of the gas of fluid elements, which we called "macro-gas". According to our presumption the
motion of the fluid elements is only locally purely chaotic, hence this equation must be considered as
an averaged relation (at regarded scale l).

Using equations (1) and (2) we obtain for the macro-temperature θ the following scaling law:

θ(l) =
m
3κ

σ(l)2 =
mu2

0
3κ

l2β . (3)

Hence if we account for the turbulent kinetic energy and the gravitational energy, we can write
down the following expressions for the internal and the total energy of the macro-gas, per fluid element,
respectively:

u = εturb =
3
2

κθ , (4)

and

ε = u + εgrav = εturb + εgrav =
3
2

κθ + mφ , (5)

where φ = φm + φs is the total gravitational potential in the cloud’s volume caused by both: the
surrounding medium (φm) and the self-gravity of the cloud (φs).

It is worth to note that in our model the interaction between the fluid elements is only due to
gravitational attraction. This interaction, in a small volume, is negligible in comparison to their kinetic
energy. But one can not neglect the gravitational energy of these elements caused by the self-gravity of
the whole cloud. So we account for it including in equation (5) (for the total energy, per fluid element)
the total potential φ. The latter means that we consider every fluid element as it is submerged in
an averaged external gravitational field caused by the surrounding medium and the self-gravity of

2 To avoid the so called "Jeans swindle": the assumption for infinite homogeneous medium is actually not really consistent,
because the Poisson equation cannot be solved unless the medium density is zero.
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the cloud. At this point we introduce the assumption that the cloud is virialized. In other wards
2Eturb + Egrav = 0, if we consider the whole cloud. Hence for energy per fluid element this reads:

2εturb + εgrav = 0 ⇔ εgrav = −2εturb ⇒ ε = −εturb = −3
2

κθ , (6)

where the last equality means that the total energy is equal, in absolute value, to the turbulent kinetic
energy, but its sign is negative.

Also we assume for our cloud that it demonstrates fractal structure in the inertial range of
scales. This assumption is supported from many observations and simulations which are systematized
in [14–16]. As a direct consequence of this we can consider fractal dimension γ of our cloud in
the plausible range 1 ≤ γ ≤ 3, which means that the mass M(l) at scale l can be presented as
follows M(l) = Md(l/ld)γ, where Md is the mass at the dissipation scale ld. Finally, combining the
assumptions for virialization and fractal structure of the cloud, using the relationship εgrav = −2εturb,
which assumes (from dimensional considerations) that, in the inertial range, it must hold lγ−1 ∼ l2β

and hence we get 2β = γ − 1, or equivalent relation γ = 1 + 2β, between the turbulence scaling
exponent β and the fractal dimension γ.

3. Results
3.1. First Principle and Entropy of Macro-Gas

In the context of the previous Section the first principle of thermodynamics of the fluid elements,
written per fluid element, reads:

dε = θds − Pd(1/n) , (7)

where s is the entropy per fluid element, P = nκθ is the local pressure of macro-gas expressed through
the equation of state, and n is the number density (v = 1/n = V/N has a meaning of volume per fluid
element, where V and N are the volume and the number of fluid elements at the considered scale l,
accordingly).

If one accounts that from equation (6) it stems dε = −(3/2)κdθ, then using (7) it is easy to obtain
that:

ds = −3
2

κ

θ
dθ − κ

n
dn . (8)

Here we must note that obviously the expression for dε is a full differential (it is a function of one
variable θ) and hence the energy is a function of the state. The entropy also satisfies this condition,
the second mixed derivatives of s (in regard to variables θ and n) are both equal to zero. The latter
means the entropy is a function of the state (this state is determined by the variables θ and n). Then we
integrate equation (8) from the scale of dissipation ld to the scale l and obtain:

s(θ, n)− s(θd, nd) = −3
2

κ ln
θ

θd
− κ ln

n
nd

. (9)

We stress here that the entropy at the dissipation scale sd = s(θd, nd) > 0 is allowed to be an undefined
positive constant because of the results obtained in this work. Therefore we reject the assumption in
the previous work [26], where sd ≡ 0 at the dissipation scale (due to the vanishing of the turbulence),
which does not change substantial any equation or result there. And so, we note that the sign of the
difference ∆s(θ, n) = s(θ, n)− sd at the considered scale l is not clear due to the different behaviour of
the two addends. θ > θd and the first term is negative, while n < nd and hence the second term is
positive. Which of them dominates? To answer this question we need to perform the expression for
the entropy in different form. Making use of the scaling relation for the macro-temperature (stemming
from equation (3)) we have θ/θd = (l/ld)2β (where θd = mu2

0l2β
d /3κ is the macro-temperature at the

dissipation scale). Starting from definition for number density we obtain n/nd = (N/Nd)(Vd/V)

(where nd, Nd and Vd are the number density of fluid elements, the number of fluid elements at and
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the volume of the dissipation scale, accordingly). Then we account that the mass at scale l can be
presented as M(l) = mN(l), and also remember the assumption that the cloud is a fractal with fractal
dimension γ, which means that M(l) ∼ lγ. Therefore we get n/nd = (M/Md)(Vd/V) = (l/ld)γ−3.
Finally for the entropy increment we arrive at the following expression:

∆s(l) = κ ln
[
(θ/θd)

−3/2(n/nd)
−1] = (3 − γ − 3β)κ ln(l/ld) . (10)

The obtained equation shows that for scales l > ld the sign of the entropy increment ∆s(l) will be the
same as the sign of the coefficient (3 − γ − 3β), which depends on two parameters: the turbulence
scaling exponent 0 ≤ β ≤ 1 and the fractal dimension 1 ≤ γ ≤ 3. At this point we remember that
it holds the relation γ = 1 + 2β. Therefore the considered coefficient gets (2 − 5β). So the entropy
increment will be positive for 0 ≤ β < 0.4 and negative for 0.4 < β ≤ 1. At the critical value βcr = 0.4
the entropy increment will be equal to zero for all the inertial range.

3.2. Free Energy

Free energy, per fluid element, can be defined through the following expression:

f ≡ ε − θs ⇒ d f = −sdθ − Pd(1/n) . (11)

To obtain the explicit form of free energy we make use of equations (6) and (9). The formula for
f (θ, n) is as follows:

f (θ, n) = κθ[(3/2) ln(θ/θd)− 3/2 − sd/κ] + κθ ln(n/nd) . (12)

Using the scaling relations for macro-temperature θ(l) = θd(l/ld)2β and number density n(l) =
nd(l/ld)3−γ = nd(l/ld)2(1−β) we can obtain the free energy as a function only of the scale l. This
function reads:

f (l) = κθd(l/ld)2β[3β ln(l/ld)− 3/2 − sd/κ] + 2(1 − β)κθd(l/ld)2β ln(l/ld) =

= κθd(l/ld)2β[(2 + β) ln(l/ld)− 3/2 − sd/κ] . (13)

3.3. Gibbs Potential

Gibbs potential, per fluid element, reads as follows:

g ≡ ε − θs + P/n ⇒ dg = −sdθ + (1/n)dP . (14)

To obtain the explicit form of Gibbs potential we make use of equations (6), (9), and the equation
of state: P = nκθ. The formula for g(θ, n) is as follows:

g(θ, n) = κθ[(3/2) ln(θ/θd)− 1/2 − sd/κ] + κθ ln(n/nd) . (15)

Using the scaling relations for macro-temperature θ(l) = θd(l/ld)2β and number density n(l) =
nd(l/ld)3−γ = nd(l/ld)2(1−β) we can obtain the Gibbs energy as a function only of the scale l. This
function reads:

g(l) = κθd(l/ld)2β[3β ln(l/ld)− 1/2 − sd/κ] + 2(1 − β)κθd(l/ld)2β ln(l/ld) =

= κθd(l/ld)2β[(2 + β) ln(l/ld)− 1/2 − sd/κ] . (16)
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3.4. Stability Analysis

In this Section we intend to explore the stability of the system (our cloud) making use of the
model presented in Section 2 and the equations of thermodynamics of fluid elements obtained above
in Section 3. We regard three cases. The first one is micro-canonical ensemble which implies the cloud
is isolated and its energy, volume and number of fluid elements are fixed. The relevant potential here
is the entropy. The second one is canonical ensemble where the cloud is submerged in a very large
medium (reservoir) at fixed temperature θ0, i.e. the system has fixed volume and number of fluid
elements and is in thermal contact with a thermostat. The relevant potential is the free energy. And
the third case is grand canonical ensemble: the cloud has a fixed number of fluid elements and is in
thermal and mechanical contact with a huge reservoir with fixed temperature θ0 and pressure P0; the
relevant potential is the Gibbs potential, accordingly. The three ensembles have varying degree of
correspondence to real objects. They simply are three different boundary problems for our system.
According to many observations and numerical experiments more plausible look canonical and grand
canonical ensembles (see i.g. the reviews [14–16]). But we wish first to perform our study and then to
make conclusions about their applicability.

Also it is worth to note that in all the three ensembles the relevant equilibrium potential is a
function of two variables (i.g. temperature θ and density n), so the potential is two dimensional surface
in three dimensional space. However, in our model we consider scaling relations for these variables:
θ(l) = θd(l/ld)2β and n(l) = nd(l/ld)2(β−1). Hence the two variables are not independent, rather the
system resides on the one dimensional subspace of the regarded potential surface (this is a curve,
which lies on the potential surface), determined by the following equivalent expressions:

n(θ) = nd(θ/θd)
(β−1)/β ⇔ θ(n) = θd(n/nd)

β/(β−1) . (17)

This restriction probably will imposes an additional physical condition on system’s parameters.
About the following considerations we refer the reader to the books by Callen [28], Chapter 8

(concerning the stability of the ensembles according to their equilibrium potentials), and by Reif [29],
Chapter 8 (concerning the critical points of the off-equilibrium potentials in Section 3.4.2 and 3.4.3).

3.4.1. Micro-Canonical Ensemble

In this case the cloud is regarded as an isolated self-gravitating macro-gas. The potential which
determines stability of the system is entropy. The conditions for the ensemble are fixed energy and
number density (volume per fluid element is v = 1/n) of the system. The energy according to equation
(6) is determined by the only one parameter - macro-temperature θ, which at its turn depends on the
scale (see equation (3)), solely. The density n ∼ l3−γ also is determined by the scale. So, the state of the
system, in micro-canonical ensemble, is defined if the scale l is fixed. In Section 3.1 we obtain for the
entropy the following scaling law:

s(l)− sd = (2 − 5β)κ ln(l/ld) ,

where for 0 ≤ β < βcr = 0.4 the entropy change is a positive increasing function of the scale l in all
the inertial range. Contrary to this, if βcr < β ≤ 1, then the entropy change is a negative decreasing
function of the scale. At the critical value β = βcr = 0.4 the entropy change is equal to zero for all the
scales. In all of the three regimes (determined by β) the entropy is a monotonic function of the scale
and does not have extrema.

If we perform the analysis using equation (9), where the entropy is a function of the two variables
(θ and n), the conclusions will not differ. It is easy to calculate the partial derivatives. They read:(

∂s
∂θ

)
n
= −3

2
κ

θ
;
(

∂s
∂n

)
θ

= − κ

n
,
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and they both are negative, hence the entropy s(θ, n) is a monotonically decreasing function of the
temperature θ and the density n. Therefore s(θ, n) do not have extrema. There are no any equilibrium
states of the system in the case of micro-canonical ensemble.

Further on to apply the method described by Callen [28] we need second derivatives of s. They
are as follows: (

∂2s
∂θ2

)
n
=

3
2

κ

θ2 > 0 ,

and (
∂2s
∂n2

)
θ

=
κ

n2 > 0 .

They both are positive and hence the shape of the surface s(θ, n) is convex, therefore the states
describing by entropy are unstable. 3

3.4.2. Canonical Ensemble

In the case of canonical ensemble the system is submerged in a huge reservoir at fixed macro-
temperature θ0. The free energy, written in the off-equilibrium form4 reads:

f0(θ, n) = ε(θ)− θ0s(θ, n) = −(3/2)κθ + θ0[(3/2)κ ln(θ/θd) + κ ln(n/nd)]− θ0sd ,

and it will be varied as a function of θ at fixed n (note, that fixed n is equivalent to a fixed v), which
play a role of parameter determining the state of the system (our cloud). As a first step we take the first
derivative of f0(θ, n) in regard to θ (see equations 7 and 8) and seeking for extrema. This is as follows:(

∂ f0

∂θ

)
n
=

(
∂ε

∂θ

)
n
− θ0

(
∂s
∂θ

)
n
= −3

2
κ +

3
2

κ
θ0

θ
= 0 ,

therefore the free energy might have an extremum for macro-temperature θ = θ0. We need the second
derivative of f0(θ, n) in regard to θ to say what kind of extremum this may be. It is easy to see that the
second derivative at temperature θ = θ0 is negative:(

∂2 f0

∂θ2

)
n
= −3

2
κ

θ0
< 0 .

This corresponds to a maximum of the off-equilibrium free energy. Hence, at θ = θ0 the system is in
unstable equilibrium state under the conditions of canonical ensemble (i.e. the system is in contact
with a very large thermal reservoir at fixed macro-temperature θ0) 5.

3 We can easily obtain that in canonical variables ε and v the conclusion for the stability will be the same. If one accounts for
the differential relations dθ/dε = −2/3κ and dn/dv = −n2 = −1/v2, defining the change of variables in s, obtains:(

∂2s
∂ε2

)
v
=

3
2

κ

ε2 > 0 ,

and (
∂2s
∂v2

)
ε

= − κ

v2 < 0 .

The conditions for stability of the system according to Callen [28] are violated, due to the derivative regarding ε, the derivative
in regard to v is right. Hence, the instability is caused by the energy (temperature).

4 The detailed derivation of the off-equilibrium form for the Gibbs potential is performed in App.B of the previous paper [26].
The derivation for the free energy is not made, because the calculations in the case of canonical ensemble are (a subcase and)
simpler than that for the grand canonical ensemble.

5 We must note here that similar consideration of the canonical ensemble, without varying density n, had to be done in Section
4.4.1 of our previous work [26], too. The right application of the method of off-equilibrium potentials, presented in Reif
[29], implies that in the case of the canonical ensemble the off-equilibrium free energy must be varied only in regard to the
temperature, although the equilibrium potential is a function of two variables. Therefore, by the consideration in Section
4.4.1 of [26] we must conclude that the system is in a stable equilibrium state at temperature θ = θ0, due to the minimum of
the free energy.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 14 October 2025 doi:10.20944/preprints202510.1133.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.1133.v1
http://creativecommons.org/licenses/by/4.0/


8 of 18

According to Callen [28] we must analyze the equilibrium form of the free energy (12). The second
partial derivatives of f in canonical variables θ and v (see the footnote above, where the change of
variables is set) read: (

∂2 f
∂θ2

)
n
=

3
2

κ

θ
> 0 ,

and (
∂2 f
∂v2

)
θ

=
κθ

v2 > 0 .

The second condition is satisfied, but the first is broken and hence the system described by f do not
have stable states. Instability is due to the temperature θ.

3.4.3. Grand Canonical Ensemble

In the third case the cloud is studied as a macro-gas immersing in a large surrounding medium
at fixed macro-temperature θ0 and fixed pressure P0. Here we start with analysis of the equilibrium
Gibbs potential defined by equation (15). Making use of the relations P = nκθ and Pd = ndκθd one
easily obtains the Gibbs potential as a function of the canonical variables θ and P. The formula for
g(θ, P) reads:

g(θ, P) = κθ[(3/2) ln(θ/θd)− 1/2 − sd/κ] + κθ[ln(P/Pd)− ln(θ/θd)] . (18)

Now we can calculate the second derivatives regarding to θ and P. They are as follows:(
∂2g
∂θ2

)
P
=

1
2

κ

θ
> 0 ,

and (
∂2g
∂P2

)
θ

= − κθ

P2 < 0 .

The second condition is satisfied, but the first is broken again and hence the system described by g do
not have stable states.

Let us in turn to study the Gibbs potential, written in an off-equilibrium form6, which is as
follows:

g0(θ, n) = ε(θ, n)− θ0s(θ, n) + P0(1/n) =

= −(3/2)κθ + θ0[(3/2)κ ln(θ/θd) + κ ln(n/nd)] + P0(1/n)− θ0sd ,

and it will be investigated as a function of θ and n, which are the variables determining the state of the
cloud (we follow Reif [29], Chapter 8).

Starting we take the first derivative of g0(θ, n) in regard to θ (see equations 7 and 8) and seeking
for extrema. This is as follows:(

∂g0

∂θ

)
n
=

(
∂ε

∂θ

)
n
− θ0

(
∂s
∂θ

)
n
= −3

2
κ +

3
2

κ
θ0

θ
= 0 .

Therefore the Gibbs potential might have an extremum for macro-temperature θ = θ0. We need of the
second derivative of g0(θ, n) in regard to θ to say what kind of extremum this is. We easy obtain that
the second derivative at temperature θ = θ0 is negative:

6 See the App.B in [26].

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 14 October 2025 doi:10.20944/preprints202510.1133.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.1133.v1
http://creativecommons.org/licenses/by/4.0/


9 of 18

(
∂2g0

∂θ2

)
n
= −3

2
κ

θ0
< 0 .

This indicates that if the cloud resides at macro-temperature θ = θ0, then it might be in a unstable
dynamical equilibrium, because the Gibbs potential may have a maximum.

Let the macro-temperature of cloud is considered fixed at θ = θ0. Then the variation of Gibbs
potential is only due to n. The first derivative in regard to n, respectively reads:(

∂g0

∂n

)
θ

=

(
∂ε

∂n

)
θ

− θ0

(
∂s
∂n

)
θ

− P0

n2 =
κθ0

n
− P0

n2 = 0 .

But the pressure of macro-gas in the cloud, at considered conditions, is P = nκθ0. Therefore the
condition for an extremum, in regard to variable n, is: P = P0. The second partial derivative of g0(θ, n)
in regard to n, under the conditions: θ = θ0 and P = P0, is as follows:(

∂2g0

∂n2

)
θ

= −κθ0

n2 + 2
P0

n3 =
P0

n3 > 0 .

The mixed second derivatives of Gibbs potential are obviously zero and therefore the functional
determinant built up from the second partial derivatives of g0(θ, n), calculated at θ = θ0 and P = P0,
will be:

D =

(
∂2g0

∂θ2

)
n

(
∂2g0

∂n2

)
θ

−
(

∂2g0

∂θ∂n

)(
∂2g0

∂n∂θ

)
= −3

2
κ

θ0

P0

n3 < 0 .

Hence, if the parameters of our system are set at: θ = θ0 and P = P0, then it resides in a local unstable
critical point, which is a saddle point. The latter may be an indication for phase transition.

To complete our study of the grand canonical ensemble we perform the analysis for critical points
of the off-equilibrium Gibbs potential in canonical variables θ and P, and show that the above obtained
result will be confirmed. First we need to write down the Gibbs potential in terms of θ and P, using the
relations n = P/κθ and nd = Pd/κθd, where Pd is the pressure of the macro-gas at dissipation scale ld.
The formula for g0(θ, P) reads:

g0(θ, P) = −(3/2)κθ + θ0[(3/2)κ ln(θ/θd) + κ ln(P/Pd)− κ ln(θ/θd)] + κθ
P0

P
− θ0sd .

The respective first derivatives of g0(θ, P) in regard to θ and P are as follows:(
∂g0

∂θ

)
P
= −3

2
κ +

1
2

κ
θ0

θ
+ κ

P0

P

and (
∂g0

∂P

)
θ

= κ
θ0

P
− κ

P0θ

P2

Equating them to zero one obtains a system of two equations for unknowns θ and P. Solving this
system we get the roots: θ = θ0 and P = P0. To finish this consideration we need of the second partial
derivatives calculated at the obtained critical values θ0 and P0. After some algebra we arrive at:(

∂2g0

∂θ2

)
P
= −1

2
κ

θ0
< 0 ,

(
∂2g0

∂P2

)
θ

=
κθ0

P2
0

> 0 ,

and the second mixed derivatives
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(
∂2g0

∂P∂θ

)
=

(
∂2g0

∂θ∂P

)
= − κ

P0
.

The calculations show that regarding to θ the off-equilibrium Gibbs potential has a maximum at θ = θ0,
while regarding to P, g0(θ, P) has a minimum at P = P0. It is clear that the corresponding functional
determinant D = −(3/2)(κ2/P2

0 ) < 0 is negative and therefore at the critical point θ = θ0 and P = P0

one has an unstable saddle point. The latter simply confirms the result obtained above using the
variables θ and n.

To illustrate our results for the grand canonical ensemble we present at Figures 1 and 2 the extrema
of the increment of off-equilibrium Gibbs potential ∆g0(θ, n) for different boundary conditions and
the increment of equilibrium Gibbs potential ∆g(θ, n), which crosses ∆g0(θ, n) through its maxima
or minima, accordingly. Both increments are calculated in regard to the addends −θ0sd or −θsd,
respectively, which can not be numerically assessed due to the value of sd and both relate to the
dissipation scale. At Figure 1 the increment of Gibbs potential is plotted as a function of the macro-
temperature θ. The increment of equilibrium Gibbs potential ∆g(θ) is represented by a thick line. The
increment of off-equilibrium Gibbs potential ∆g0(θ) is represented by dotted, dashed and dot-dashed
lines for three different values of the ratio θ0/θd = 2, 3, 4, accordingly, which correspond to scales
l > ld. The density ratios are chosen to be n/nd = n0/nd = 0.4 (note that if the temperature is varied,
then the density must be equal to its equilibrium value, chosen here arbitrary, but corresponding to a
scale larger than dissipation one). The pressure of the thermal reservoir (the surrounding medium) is
P0 = nκθ0, respectively. At Figure 2, in turn, the increment of the Gibbs potential is plotted as a function
of the density n. The increment of equilibrium Gibbs potential ∆g(n) is represented again by a thick
line. The increment of off-equilibrium Gibbs potential ∆g0(n) is represented by dotted, dashed and
dot-dashed lines for three different values of the ratio n0/nd = 0.1, 0.25, 0.4, accordingly, which again
correspond to scales l > ld. The macro-temperature ratios are chosen to be θ/θd = θ0/θd = 2 (the
temperature is fixed at its arbitrary chosen equilibrium value). The pressure of the thermal reservoir
(the surrounding medium) is P0 = n0κθ, respectively. One can conclude that the behaviour of the
Gibbs potential (both equilibrium and off-equilibrium) is expected for ideal gas.

Finally we must say that the condition P = P0 for the pressure contradicts with the assumption
for virialization of the cloud 2Eturb + Egrav = 0, because the latter presumes that the outer (confining)
pressure P0 at the clouds boundary is negligible compared with the turbulent pressure P. This issue
will be commented in Section 4.1.
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Figure 1. The increment of the normalized Gibbs potential ∆g/κθd as a function of the macro-temperature
θ. The increment of equilibrium Gibbs potential ∆g(θ)/κθd is represented by a thick line. The increment of
off-equilibrium Gibbs potential ∆g0(θ)/κθd is represented by dotted, dashed and dot-dashed lines for three
different values of the ratio θ0/θd = 2, 3, 4, accordingly. The density ratios are chosen to be n/nd = n0/nd = 0.4.
The pressure of the thermal reservoir (the surrounding medium) is P0 = nκθ0, respectively.
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Figure 2. The increment of the normalized Gibbs potential ∆g/κθd as a function of the density n. The increment
of equilibrium Gibbs potential ∆g(n)/κθd is represented by a thick line. The increment of off-equilibrium Gibbs
potential ∆g0(n)/κθd is represented by dotted, dashed and dot-dashed lines for three different values of the
ratio n0/nd = 0.1, 0.25, 0.4, accordingly. The macro-temperature ratios are chosen to be θ/θd = θ0/θd = 2. The
pressure of the thermal reservoir (the surrounding medium) is P0 = n0κθ, respectively.

3.5. The Origin of the Entropy Change

Here we attempt to clarify, at least principle, the origin of the entropy change in time (during the
cloud’s evolution), as a possible reason for negative entropy increment for β > 0.4. In non-equilibrium
thermodynamics the rate of the entropy change per unit volume is given by the equation of the first
principle divided by the infinitesimal time increment dt, which reads:

nθ
ds
dt

= n
dε

dt
+ nP

dv
dt

. (19)

If the system does not change its volume, then only the first term on the right hand side matters, and it
can be expressed by the energy flow Iε through the scales of the cloud:
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n
ds
dt

= −1
θ

div(Iε) . (20)

The absolute value of the energy flow is defined standard: |Iε| = dE/dSdt, where dE is the energy that
flows through an infinitesimal surface dS for the infinitesimal time dt. The energy can be presented
by the energy per fluid element: dE = mnεdV, where dV = dldS is a physically small volume.
Accounting that dl/dt = σ, we arrive at:

|Iε| = (1/2)ρσ3 − m2Gσnδ+1 , (21)

where ρ = mn is the mass density of the fluid elements, and the gravity term mφ = mφs + mφm is
accounted in respect to the previous work [26], where mφs = Bnδ ≈ −mGnδ and also the term mφm

caused by the external matter is neglected, because it does not change in the cloud’s volume. The
exponent δ = β/(β − 1) can be expressed trough the turbulent scaling exponent.

To calculate divIε we assume a spherical symmetry for the cloud. Then Iε = −|Iε|l̂, because the
energy flow is directed from larger to smaller scales, end hence divIε = −(1/l2)∂(l2|Iε|)/∂l. Making
use of the scaling laws θ(l) = θd(l/ld)2β, σ(l) = σd(l/ld)β (where σd = u0(ld/1pc)β is the turbulent
velocity dispersion at the dissipation scale) and n(l) = nd(l/ld)γ−3 and after some calculations we
obtain the following formula for the rate of change of the entropy per unit volume:

n
ds
dt

= 5β
mσdnd

θdld

[
1
2

σ2
d − mGnβ/(β−1)

d

](
l
ld

)3β−3

= 5β
σdnd
θdld

εd

(
l
ld

)3β−3

, (22)

where εd = (1/2)mσ2
d − m2Gnβ/(β−1)

d = (3/2)κθd + mBnδ
d is the energy per fluid element at the

dissipation scale. It is not difficult to see that εd = (3/2)κθd[1+(2/3)mBnδ
d/κθd] ≈ (3/2)κθd[1− j(β)],

where the dimensionless function j(β) = m|B|nδ(β)
d /κθd is determined in the previous work [26] (see

Section 4.1 there) and accounts for the validity that the entropy is a function of the state. If j(β) < 1,
then the entropy is a full differential (the kinetic energy dominates over the gravity), but if j(β) > 1,
the entropy can not be a function of the state due to the dominance of the gravity. The critical value for
β that we obtained is ≈ 0.43, but it depended on the values of nd, ld and u0 that we adopted, and also
on the assessment of the mass m of the fluid elements, which is a bit speculative. Nevertheless, the
rough equality between βcr = 0.4 obtained in this work theoretically, and the value 0.43 obtained in
[26], shows the link between the early stages of cloud evolution considered in [26] and the latest stages
studied in this work. We can conclude that if the kinetic energy dominates at the early stages, then
the rate of change of the entropy per unit volume will be positive and at the latest stages cloud will
have positive entropy increment per fluid element. On the contrary, if at the early stages the gravity
dominates the energy balance, then the rate of change of the entropy per unit volume will be negative
and hence at the latest stages the entropy increment will be negative.

4. Discussion
4.1. Basic Assumptions and Main Results

In the present paper we set ourselves the aim to describe the hydrodynamics of one turbulent
virialized self-gravitating system by using thermodynamic tools. The model of molecular cloud was
built similarly to our previous work [26]. We substituted again the turbulent kinetic energy per fluid
element by macro-temperature leading the idea of Keto et al. [13]. Then we explicitly wrote down the
internal and total energy per fluid element at scale l. We accounted for the gravity (the self-gravity
and the gravity caused by the external medium). Here there was a new point. We presumed that the
cloud is virialised ([14–16,25]), hence the relation 2Eturb + Egrav = 0 must be hold for the whole cloud
at scale l. This in turn led to a negative total energy (for the whole cloud and per fluid element). Also,
the thermodynamic approach we led must account, at least, for the turbulent kinetic energy flow from
larger to smaller scales in the inertial range, which makes the system to be in a dynamical equilibrium.
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But the existence of the energy flow assumes that the tools of equilibrium thermodynamics (i.g. the
thermodynamic potentials) can not be applied for the whole system, rather they are valid locally, for
small volumes of the cloud, do not affected by the global flows, but which are still thermodynamic
systems. The same approach we followed in the previous works ([26,30]), although we did not account
for this issue (the turbulent energy flow), but rather we aimed to work with additive potentials
describing one self-gravitating system.

After that we formulated the first principle for the system, using energies per fluid element, and
then obtained the explicit expression for the entropy. It turned out that it depends on the logarithms of
macro-temperature and number density and its increment could be positive or negative. The parameter
which controls the sign of the entropy increment is the turbulent scaling exponent β. If 0 ≤ β < 0.4,
then the entropy change is positive in the inertial range. On the contrary, if 0.4 < β ≤ 1, then the
entropy change is negative in the inertial range. For βcr = 0.4 the entropy change is zero for all the
scales l. The entropy increment we interpret standard, as a logarithm of the probability of the macro-
state. According to equation (10) it is easy to see that ∆s ∼ ln(σ3) + ln(V/N) ∼ ln(σ3V/N) ∼ ln(ω),
where ω is the phase-space volume per fluid element. How to interpret the negative and zero entropy
change? It seems difficult and in a contradiction to the classical sense of this notion, because if the
system grows in size (scale l) we expect that the entropy increases, hence its change is positive. At least
we can make a simple observation. Let us look at the equation (9) for the entropy, which is obtained
from the integration of the first principle. We can note that the first term −(3/2)κ ln(θ/θd) is always
negative for scales l > ld, due to the nature of the turbulence velocity scaling (θ ∼ σ2 ∼ l2β), while
the second term −κ ln(n/nd) must be positive for scales l > ld, because the number density of the
fluid elements (which is linearly proportional to the number density of the molecules) decreases with
the scale (n ∼ lγ−3). So the sign of the entropy will be determined by the predominance of one of
these terms. If the temperature (the turbulent velocity dispersion) dominates the phase space volume
ω, then the entropy change will be negative. On the contrary, if the number density (the volume per
fluid element) dominates the phase space volume, then the entropy change will be positive. And if the
two contributions are equal to each other, then the entropy change will be zero. Due to the scaling
relations for θ(l) and n(l), and also due to the assumptions for fractal nature of the system and its
virialization, the above consideration is presented by the conditions on the turbulent scaling index β. It
is worth to note, also, that the first (negative) term in equation (9) comes from the total energy, which is
negative due to the assumption for virialization, meaning that the cloud is a strongly self-gravitating
object. The latter, may be, is in the root of the problem with negative entropy change, according
to the review by Aschwanden et al. [31]. They considered several examples of self-organization in
astrophysics. One of them is star-formation in MCs, and the driving mechanism of self-organization
is gravity. All the self-organizing systems are open and dissipative, and they are characterized by
a negative local entropy change in time. To study the latter in Section 3.5 we calculated the rate of
change of the entropy per unit volume for our model, as the calculations are valid for both works: this
paper and the previous one [26]. The result shows that the sign of nds/dt depends on the sign of the
expression 1 − j(β), where j(β) is a dimensionless function introduced in [26] (see Section 4.1 there),
which controls the validity that the entropy is a full differential (i.e. it is a function of the state). There
existed a critical value for β, which depended on the choice of parameters nd, ld and u0, and also on
the value m of the fluid elements’ mass (the latter is calculated, but under several assumptions). The
obtained critical value for β (under a plausible choice of the parameters) is 0.43 and it is roughly equal
to βcr = 0.4, which we obtained theoretically in this work. In [26] we got that if β < 0.43, then the
turbulent kinetic energy dominates over the gravity and the entropy is a function of the state. At these
values of β we have j(β) < 1 and the sign of nds/dt > 0 will be positive. But if β > 0.43, then the
gravity dominates the energy balance and the entropy is not a full differential, also j(β) > 1 and the
sign of nds/dt < 0 will be negative. This consideration shows the link between the early stages of
cloud evolution studied in [26] and the latest stages investigated in this work. We can conclude that if
the kinetic energy dominates at the early stages, then the rate of change of the entropy per unit volume
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will be positive and at the latest stages cloud will have positive entropy increment per fluid element.
On the contrary, if at the early stages the gravity dominates the energy balance, then the rate of change
of the entropy per unit volume will be negative and hence at the latest stages the entropy increment
will be negative. This consideration might be related, also, to Shannon’s entropy (negentropy) in the
information theory (see e.g. [32]). In this field the negative entropy change is explained as the system
evolves from the state with maximal disorder characterized by the normal distribution to a state with
higher self-organization, described by another distribution. In the terms of the probability density
function of mass (or number) density of MCs, at early stages of their evolution, they are described by
the so called log-normal distribution (Gaussian of log-density), while, at later stages of their life, they
demonstrates density distributions substantially different from the Gaussian (at the high density end
of the log-normal arise(s) the so called "power-law tail(s)"), and this process is driven by the gravity
[14–16,21,23,33].

The gravity is, also, in the base of the fact that the thermal capacity per fluid element c, defined
through the expression δq = cdθ (where δq is the infinitesimal heat per fluid element, which the system
exchanges with the surrounding medium), turns to be negative. This can be seen as follows. We have
δq = θds for an equilibrium process, hence c = θds/dθ. Then make use of equation (9), we arrive at:

c = θκ[−(3/2)(1/θ)− (1/n)(dn/dθ)] = −(3/2)κ − κ(1 − β)/β = −κ
2 + β

2β
. (23)

The obtained negative thermal capacity is not surprising for strongly self-gravitating systems ([1,3,6,
13,34].)

Going through the results of this paper we can say that the micro-canonical ensemble does
not have equilibrium states (it does not have even critical points), while the canonical and grand
canonical ensembles demonstrate critical points. For the canonical ensemble this point is maximum,
if the macro-temperature θ is set to be equal to the temperature of the surrounding medium θ0. This
state is an unstable equilibrium and we consider it as realistic model, reflecting the conservation of
the momentum of fluid elements through the cloud’s boundary ([14–16,33]). The grand canonical
ensemble critical point is a saddle point of the Gibbs energy. The latter ensemble is, also, appropriate
for describing molecular clouds, which are submerged in the surrounding diffuse gas at the conditions
of equal gas pressure (for the molecular gas) at and the conserving of the momentum of fluid elements
through their boundaries ([14–16,33]). So, it is not surprising that for this critical point we obtain the
equality of both: the macro-temperatures and the pressures of macro-gas at the cloud’s boundary.
Also, this critical point is unstable. Unfortunately, the condition for equality of the pressures P = P0 at
clouds boundary contradicts with the assumption for cloud’s virialization 2Eturb + Egrav = 0, as far
as the latter equation presumes that the turbulent pressure in the cloud is much larger than the outer
turbulent pressure P ≫ P0. Therefore the grand canonical ensemble can not have critical points for our
model. The study of the equilibrium potentials s, f and g, using the method presented by Callen [28] is
in agreement with the method presented by Rief [29]. This analysis give us that the system is unstable
under the conditions in all the three ensembles. This leads us to the hypothesis that the virialized
clouds are unstable and can not be observed. Instead, Keto [25] established that clouds with virial
parameter 2Eturb/Egrav ≈ 2.2, which presumes a substantial role of the outer pressure P0 in the energy
balance, are in a stable equilibrium and can be widely observed. Probably, the evolution of the clouds
from states characterized by a clear dominance of the turbulent kinetic energy over the gravity and a
key role of the outer pressure to stabilize them (see our previous paper [26]) to states with a grater part
of the gravity, in the virial energy balance, conducts them to virialization 2Eturb + Egrav = 0, which is
unstable state and finishes with cloud’s contraction and subsequent fragmentation or collapse.

To shed more light on the key assumptions for virialization, in this work, and for energy equipar-
tition, in our previous work [26], and to deepen the above comments, we will discuss in short the virial
theorem written, for the whole cloud, in the following form:

3P0V = 2Ekin + Egrav , (24)
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where P0 is the external pressure caused by the external turbulence, V is the cloud’s volume, Ekin is the
gas kinetic energy, which we presume to be only due to turbulence, and Egrav < 0 is the gravitational
energy of the cloud (the self-gravity plus the gravity caused by the external medium). The magnetic
fields are neglected in the model by assumption, and the terms, due to the chaotic molecule motion, in
the external pressure and in the kinetic energy are neglected, as well, which is justified at scales larger
than the sizes of pre- or proto-stellar cores ([14–16]) 7. Then dividing the equation by 3V we obtain the
virial theorem in terms of pressures:

P0 = Pkin − Pgrav , (25)

where P0 = (1/3)ρ0σ2
0 is the external pressure directed inward (ρ0 = mn0 is the mass density of the

fluid elements outside the cloud), Pkin = (1/3)ρσ2 is the turbulent kinetic pressure in the cloud directed
outward (ρ = mn ≳ ρ0 is the mass density of the fluid elements in the cloud), and Pgrav = |Egrav|/3V
is the gravitational pressure directed inward. It is clear that σ0 ≈ σ due to the momentum conservation
through the cloud’s boundary ([14–16]). Then we can rewrite the above equation in the form:

Pgrav = (1/3)(ρ − ρ0)σ
2 ⇔ |Egrav| = f Ekin , f ≡ 2

ρ − ρ0

ρ
. (26)

The obtained equipartition |Egrav| = f Ekin we assume (for all the scales of the inertial range) in both:
our previous paper [26] and this paper. But there is a difference. In the former case we presume that
f ≪ 1 and hence the gravitational energy is negligible compared to the turbulent kinetic energy 8.
This physically corresponds to the diffuse molecular clouds, where ρ ≈ ρ0 and therefore the external
pressure is crucial for equilibrium. In the latter case (the present work) we use that f = 2 and the cloud
is a strongly self-gravitating (virialized) object. Physically this is the case of dense molecular clouds
(ρ ≫ ρ0, hence the external pressure is negligible). The two considered regimes are situated at the
opposite ends of the set of the virialized molecular clouds (the MCs for which the virial theorem can
be written) [15,25]. They can be regarded, also, in evolutionary sense: the young clouds are diffuse and
do not contain high dense structures, while the mature clouds are dense and strongly self-gravitating.

4.2. Caveats

As any model of the real physical systems, the one presented in this work has its own shortcomings.
In this Section we list and discuss three issues, which look relevant to our work.

The first one is the non-equilibrium nature of the turbulence regarding the existence of turbulent
energy flow from larger to smaller scales in the inertial range. This phenomenon constrains us to use
approach based on quantities (energies) calculated per fluid element, and hence to deal with notions as
averaged gravitational field and local thermodynamic equilibrium. This is a classic in non-equilibrium
thermodynamics but put in debate the relevance of our conclusions for the entire system. That is why
we need to consider our medium at scale l as to be an averaged one in regard to density (homogeneous
system), put in its own averaged gravitational and velocity field. This approach contradicts to the
presence of shocks and intermittent nature of the turbulence (especially supersonic) and rises the
second issue. Moreover, the virialized clouds are strongly self-gravitating objects and hence the gravity
causes strong density contrasts, as well. But the assumption of homogeneity is a needed condition
for one thermodynamic system to be simple. For that reason we adopt it as a rough, but unavoidable,
at this first step, approximation. The third issue concerns the possibility, in our model, of negative
entropy change for 0.4 < β ≤ 1. The latter range for turbulent scaling exponent is possible and
observable (see e.g. [14–16,21,23,24]), therefore we need to interpret the negative entropy change for

7 See, also, the assessment for the macro-temperature θ made in our previous paper [26], Section 4.4.2 there.
8 Here we must note that in [26], Section 4.1, there is a mistake. We consider virialization in the form |Egrav| = 2Ekin, which

means a strong self-gravitating cloud, like in the present work. The right hypothesis is an equipartition (at all the scales of
the inertial range) with a strong domination of the turbulent kinetic energy (i.e. f ≪ 1). The considerations in Section 4.1,
there, are in accordance with the latter presumption.
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these values of β. The latter is a tough problem, leaping across the classical sense. The only what
we can see, for now, is, that the problem arises from the negative total energy per fluid element (see
equation (9)), which at turn stems from the virialization of the cloud. Also, the statistical point of
view says, that the system has a negative entropy change if the turbulent velocity degrees of freedom
dominate over the spacial degrees, in the phase space of the system (see equation (10)). One possible
explanation is that gravity of the system drives it to be more and more self-organized, and hence leads
to a negative entropy change during the cloud’s evolution.

Finally, we might conclude that the presented in this paper novel approach to study possible
equilibrium states of hydrodynamical turbulent isothermal self-gravitating virialized systems has its
reason, although there are valid concerns that one can raise.

5. Conclusions
In this paper we present our second work dedicated on the thermodynamics of fluid elements

in turbulent isothermal self-gravitating molecular clouds. This way we assumed that the cloud is
virialized, i.e. the energy relation 2Ekin + Egrav = 0, for the entire cloud, holds. About the other aspects
the model of our system is the same like in [26]: we substituted the turbulent kinetic energy per fluid
element for the macro-temperature (leading the idea by Keto et al. [13]) and considered the cloud
to have a fractal nature. In general, we led the approach of the non-equilibrium thermodynamics
to work with quantities calculated per fluid element. Then we explicitly obtained the internal and
the total energy per fluid element and writing down the first principle we arrived at the expression
for the entropy change per fluid element. The latter equation exhibited a complicated nature. It is
positive in the range 0 ≤ β < 0.4, negative in 0.4 < β ≤ 1, and equal to zero for βcr = 0.4. The
negative and zero entropy change were hard to be explained, although we presented some arguments
for their origin (see, also, the considerations in Section 3.5). After that we considered our cloud
under three different boundary conditions sets. They were micro-canonical, canonical and grand
canonical ensembles, accordingly. The first system did not have critical points for the relevant potential
(the entropy, respectively). The second system demonstrated a maximum of the free energy if the
macro-temperature θ were set to be equal to the macro-temperature θ0 at the cloud’s boundary. At this
condition the system resides in an unstable equilibrium state. The third system, in its turn, had a critical
point if the macro-temperature and the pressure of the macro-gas, in the cloud, were equal to the
relevant quantities of the surrounding medium. But due to the contradiction between the assumption
for energy relation 2Ekin + Egrav = 0 and the condition for pressures’ equality at the cloud’s boundary,
the grand canonical ensemble can not have critical points. Analysis of the equilibrium potentials shows,
also, that the system resides in unstable states under the conditions of all the three ensembles. To
explain these result we arose a hypothesis that the clouds evolve from early stable stages, characterized
by the turbulent dominance over the gravity, to final unstable virialized state, finishing eventually
with contraction and subsequent fragmentation or collapse.

Finally, although there exist several valid caveats against the model, we may conclude that using
our new approach succeed to model two classes of molecular clouds, residing in equilibrium described
by the virial theorem. In the first paper [26] we built the model of the diffuse MCs, corresponding
to the early state of the cloud’s evolution, demonstrating equipartition between gravitational and
turbulent kinetic energy with clear dominance of the latter. And, in this paper, we built the model of
the dense MCs, where virial balance between gravity and turbulence was presented. These clouds are
at the latest stages of their evolution, when possible contraction may lead the clouds to fragment or
collapse.
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