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Abstract: The difference-from-control (DFC) test is one of the sensory discrimination methods, which 

is applicable to sensory evaluation in some areas including process optimization and quality 

assessment for foods. Thurstonian models are important and needed for any one of the sensory 

discrimination methods including the DFC, because it provides a useful sensory measure, 

Thurstonian discriminal distance, 𝛿 or 𝑑′, which is theoretically independent of methods or scales 

used for its estimation. This paper originally derives the Thurstonian model and the maximum 

likelihood estimations of the model parameters for the DFC test based on a folded normal 

distribution. R codes for estimations and tests of 𝛿 or 𝑑′ are developed and used in the paper. 

Keywords: sensory discrimination method; difference-from-control test; folded normal distribution; 

Thurstonian discriminal distance 𝛿 or 𝑑′ 

 

1. Introduction 

The difference-from-control (DFC) test is one of sensory discrimination methods. It can be used 

to determine degree of difference (if any) between one or more test samples and a control sample. 

The method is applicable to sensory evaluation in some areas including process optimization and 

quality assessment for foods. The ISO standard (ISO [1]) describes the application of sensory analysis 

in quality control (QC) using the DFC test. For more about the DFC method, see, e.g., Muñoz et al. 

[2]; Costell [3]; Meilgaard et al. [4]; Kemp et al. [5]; Lawless and Heymann [6], and Whelan [7]. 

In the DFC test, assessors are provided with an identified control sample, followed by one or 

more test samples. Blind controls are also included within this test. The assessors evaluate the 

identified control sample and the test sample(s) including blind controls, then scale how different 

they perceive the test sample(s) including blind controls to be from the identified control sample. 

There are different types of scales used for difference-from-control ratings. The rating can be done on 

a line or category scale. The scale may be a 9+1-point numerical scale, or a 5+1-point verbal scale, or 

a line scale with anchors, e.g., 0 and 100. The scales will range from 0 = “No Difference” to 9 = (or 5 =, 

or 100 =) “Extreme Difference”. An important characteristic of the DFC test data is that all the data 

are positive numbers or zero, which represent sensory intensity or distance between the test 

sample(s) including the blind controls and the identified control sample, regardless of the direction 

of the difference. 

Although the DFC test has been used in various laboratory studies, to the best knowledge of the 

authors, there are few, if any, discussions about a Thurstonian model for the DFC test in the sensory 

literature. Thurstonian models are important and needed for any one of sensory discrimination 

methods including the DFC, because it provides a useful sensory measure, i.e., a Thurstonian 

discriminal distance 𝛿 or 𝑑′, which is theoretically independent of methods or scales used for its 

estimation (ASTM [8]).  

Bradley [9] discussed Thurstonian models for some discrimination methods including the 

triangle, the duo-trio, and the DFC in a memorandum prepared for the General Foods Corporation. 
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The results were published in the statistical literature (Bradley [10]). Two indices including 

Thurstonian 𝛿  and the scaled DFC measure 𝛿𝑓  were proposed for the DFC method. However, 

Bradley [10] did not indicate that the Thurstonian model is based on the folded normal distribution 

and how to estimate and test the indices of the model from the DFC test data. Bradley [10] mentioned 

that the methods of analysis for the DFC test data have not been entirely satisfactory. In the past more 

than 60 years since this paper was published, although there are more discussions and applications 

for the DFC method, the Thurstonian model for the DFC has not been discussed adequately and used 

widely in the sensory literature. 

It should be indicated that the DFC test is also a method to determine degree of difference of 

two samples. Hence the DFC test can be regarded as another variant of the degree of difference (DOD) 

method. The conventional DOD includes three variants: the ratings of the A-Not A, the ratings of the 

A-Not A with reminder (A-Not AR), and the ratings of the Same-Different methods, which are 

commonly used and called in e.g., Aust et al. [11]; Bi [12]; Bi et al. [13]; Ennis and Rousseau [14]; Ennis 

and Christenson [15]; Ennis [16] (Section 8.4.1); Christensen, et al. [17]. There are three types of 

Thurstonian models for the three variants of the conventional DOD method. They are the 

Thurstonian models for the ratings of the A-Not A, the ratings of the A-Not AR, and the ratings of 

the Same-Different methods, which were discussed in Bi et al. [13], and Bi [18] (sections 3.3-3.5). The 

Thurstonian model for the DOD in Ennis and Rousseau [14]; Ennis and Christenson [15]; Christensen, 

et al. [17] is in fact only for the variant of the DOD, i.e., the ratings of the Same-Different method.  

The main objective of this paper is to derive a Thurstonian model for the DFC method based on 

the folded normal distribution. The maximum likelihood estimations and statistical tests for the 

parameters of the model for the DFC method are also discussed and conducted. Corresponding R 

codes are developed and used in the paper.   

2. Materials and Methods 

2.1. Folded Normal Distribution for Perception of Difference Between Two Samples in the DFC Test 

Let 𝑋0 represent perception for a test sample, where 𝑋0 follows a normal distribution with 

mean 𝜇𝑥0 and variance 𝜎2, i.e., 𝑋0~𝑁(𝜇𝑥0 , 𝜎2). Let 𝑌0 represent perception for a control sample, 

where 𝑌0 follows a normal distribution with mean 𝜇𝑦0 and variance 𝜎2, i.e., 𝑌0~𝑁(𝜇𝑦0 , 𝜎2). Then 

𝑍 = 𝑋0 − 𝑌0 follows a normal distribution with parameters µ and 𝜎𝑧
2, i.e., 𝑍~𝑁(µ, 𝜎𝑧

2), where µ =

𝜇𝑥0 − 𝜇𝑦0 , 𝜎𝑧
2 = 2𝜎2. 

According to the basic statistical theory (see, e.g., Read [19]), if a random variable has a normal 

distribution, then the absolute value of that random variable has a folded normal distribution with 

the same parameters. Let 𝑋 = |𝑍| , then 𝑋  follows a folded normal distribution with the same 

parameters µ and 𝜎𝑧
2, i.e., 𝑋~ 𝐹𝑁(𝜇, 𝜎𝑧

2). In the DFC test, the assessor’s perception of the difference 

between the test sample and the identified control sample is just as the value of the random variable 

X, which follows a folded normal distribution. If the test sample is a blind control sample, then 

𝑋~ 𝐹𝑁(0, 𝜎𝑧
2). 

In the statistical literature, Leone et al. [20] first studied the properties of the folded normal 

distribution and provided the probability density function (pdf) 𝑓(. ) with mean 𝜇𝑓 and variance 

𝜎𝑓
2 of a folded normal distribution of 𝑋 = |𝑍| as Eqs. (1)-(3). For the folded normal distribution, see 

also, e.g., Elandt [21], Johnson [22], Read [19], Tsagris et al. [23], and Chatterjee and Chakraborty [24]. 

𝑓(𝑥;  𝜇, 𝜎𝑧) =
1

𝜎𝑧
√

2

𝜋
𝑐𝑜𝑠ℎ (

𝑥𝜇

𝜎𝑧
2) 𝑒𝑥𝑝 {−

𝑥2+𝜇2

2𝜎𝑧
2 },     (1) 

𝜇𝑓 = 𝜎𝑧√
2

𝜋
𝑒𝑥𝑝 (−

𝜇2

2𝜎𝑧
2) − 𝜇 (1 − 2Φ (

𝜇

𝜎𝑧
)),     (2) 

𝜎𝑓
2 = 𝜇2 + 𝜎𝑧

2 − 𝜇𝑓
2,         (3) 
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where Φ(. ) is the cumulative distribution function of the univariate standard normal distribution. 

The subscript f is used here to distinguish the mean and variance of a folded normal distribution from 

that of a normal distribution. Equation (1) can also be expressed as Equation (4). See, e.g., Elandt [21]. 

𝑓(𝑥) =
1

𝜎𝑧√2𝜋
(𝑒𝑥𝑝 (−

(𝑥−𝜇)2

2𝜎𝑧
2 ) + 𝑒𝑥𝑝 (−

(𝑥+𝜇)2

2𝜎𝑧
2 )).    (4) 

It is noted from Equation (4) that 𝑓(𝑥;  𝜇, 𝜎𝑧) = 𝑓(𝑥; −𝜇, 𝜎𝑧), hence we can regard 𝜇 as a distance 

between 𝜇𝑥0 and 𝜇𝑦0 , i.e., 𝜇 = |𝜇𝑥0 − 𝜇𝑦0|.  

It is convenient to re-parameterize 𝜇  and 𝜎𝑧
2  to 𝛿  and σ, where 𝛿 =

𝜇

𝜎
 and 𝜎 =

𝜎𝑧

√2
. The 

probability density function (pdf) of the folded normal distribution in Equation (1) can be expressed 

as Equation (5). 

𝑓(𝑥; 𝛿, 𝜎) =
1

𝜎√𝜋
𝑐𝑜𝑠ℎ (

𝑥

2𝜎
𝛿) 𝑒𝑥𝑝 (−

𝑥2

4𝜎2 −
𝛿2

4
)     (5) 

Equation (5) becomes Equation (6) when 𝛿 = 0. 

𝑓(𝑥; 𝛿, 𝜎) =
1

𝜎√𝜋
𝑒𝑥𝑝 (−

𝑥2

4𝜎2)        (6) 

The cumulative distribution function (cdf) of X can be obtained as Equation (7) (see, e.g., 

Chatterjee & Chakraborty [24]).  

Φ (F N) (x) = P(X < x) = Φ(
𝑥−𝜇

√2𝜎
)+ Φ(

𝑥+𝜇

√2𝜎
)-1,   for x ≥ 0    (7) 

where, Φ(F N) (.) denotes the cdf of the folded normal distribution. The cdf of the folded normal 

distribution with 𝛿 = 0 is as Equation (8). 

Φ (F N) (x) = P(X < x) = 2Φ(𝑥/√2𝜎 )-1, for x ≥ 0     (8) 

The Hit (H) and False-alarm (FA) probabilities for the DFC can be expressed as Equations (9) 

and (10) based on Equations (7) and (8). 

H=P(“S”/S) = P(X < 𝑐𝑖) =2Φ(𝑐𝑖/√2 )-1, for 𝑐𝑖=
𝑥𝑖

𝜎
 ≥ 0,    (9) 

FA=P(“S”/D) = P(X < 𝑐𝑖) = Φ((𝑐𝑖 − 𝛿)/√2 )- Φ((−𝑐𝑖 − 𝛿)/√2 ),  (10) 

where i=1, …, k-1, and k is the number of the k-point numerical scale in the DFC test.  

Figure 1 shows the folded normal distributions of X=|Z|=|X0-Y0| with parameters 𝛿 = 0 and 

1, respectively, and 𝜎𝑧
2 = 2𝜎2= 2. The folded normal distribution X with parameter 𝛿 = 0 describes 

the assessor’s perception of the difference between the blind control sample and the identified control 

sample. The folded normal distribution X with parameter 𝛿 = 1 describes the assessor’s perception 

of the difference between the test sample and the identified control sample in the DFC test. The areas 

under the lines from 0 to a criterion c denote the Hit (H) and False-alarm (FA) probabilities for the 

DFC test. 
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Figure 1. The cdf of the folded normal distributions of X=|Z|=|X0-Y0| with 𝛿 = 0 and 1, respectively, and 𝜎𝑧
2 =

2𝜎2 = 2. 

2.2. Two Indices 𝛿 and 𝛿𝑓 Related to DFC Method  

There are two indices 𝛿 and 𝛿𝑓, which are related to the DFC method. The index 𝛿 (𝛿 =
𝜇

𝜎
) or 

𝑑′, is a Thurstonian discriminal distance, where 𝜇 = |𝐸(𝑋0) − 𝐸(𝑌0)|, i.e., the absolute value of the 

difference between the expectation of 𝑋0 and the expectation of 𝑌0,  while the index 𝛿𝑓 (𝛿𝑓 =
𝜇𝑓

𝜎
) is 

a scaled DFC measure for DFC test data, where 𝜇𝑓 = 𝐸(|𝑋0 − 𝑌0|), i.e., the expectation of the absolute 

value of the difference between 𝑋0 and 𝑌0.    

It is easy to demonstrate that Equation (2) can be expressed as Equation (11), which is in fact the 

same as the equation provided in Bradley [10]. 

𝛿𝑓 =
𝜇𝑓

𝜎
= −𝛿 +

2

√𝜋
𝑒−

𝛿2

4 + 2𝛿Φ(
𝛿

√2
),      (11) 

where 𝜎𝑧
2 = 2𝜎2 and 𝛿 =

𝜇

𝜎
 in Equation (2). 

It should be noted that although Bradley [10] did not mention the folded normal distribution for 

the DFC test data, the DFC index 𝛿𝑓 in Equation (11) can be derived from Equation (2) based on the 

folded normal distribution for the DFC test data.  

Figure 2 presents the DFC index 𝛿𝑓 (𝛿𝑓 =
𝜇𝑓

𝜎
), as a function of 𝛿 (𝛿 =

𝜇

𝜎
) or d´ for the DFC test.  

Note that 𝛿𝑓 > 𝛿 for smaller 𝛿, while 𝛿𝑓 → 𝛿 when 𝛿 is larger. 
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Figure 2. Scaled DFC index 𝛿𝑓 as a function of Thurstonian discriminal distance 𝛿. 

The R code ‘DFCf(d)’ can be used for calculation of the DFC index 𝛿𝑓 value(s) for a given 𝛿 

value(s) based on Equation (5). For example, for 𝛿 = 0, 0.5, 1, 1.5, 2, 2.5, and 3, the corresponding 𝛿𝑓 

= 1.1284, 1.1982, 1.3993, 1.7097, 2.1005, 2.5438, and 3.0172, respectively as below. 

> DFCf(d=seq(0,3,0.5)) 

[1] 1.1284 1.1982 1.3993 1.7097 2.1005 2.5438 3.0172 

Note that 𝛿𝑓 = 1.1284 when 𝛿 = 0. It suggests that the distribution of the DFC test data is skewed 

and usual tests of significance are inappropriate as warned by Bradley [10]: “Sometimes difference-

from-control tests have been misinterpreted”. 

The R code ‘DFCd(dfc)’ can be used for calculation of the 𝛿  value(s) for a given index 𝛿𝑓 

value(s).  For example, for 𝛿𝑓 = 1.1284, 1.1982, 1.3993, 1.7097, 2.1005, 2.5438, and 3.0172, the 𝛿 = 0.0, 

0.5, 1.0, 1.5, 2.0, 2.5, and 3.0, respectively as below. 

> DFCd(DFCf(d=seq(0,3,0.5))) 

[1] 0.0 0.5 1.0 1.5 2.0 2.5 3.0 

2.3. The Maximum Likelihood Estimations (MLE) of 𝛿 and 𝛿𝑓 from Ratings of the DFC  

Equation (12) is the log-likelihood function for estimation of parameter 𝛿 based on the Hit (H) 

and False-alarm (FA) probabilities for the DFC. There are total of k parameters in the log-likelihood 

function in Equation (12). They are 𝛿 and k-1 criteria 𝑐𝑖=
𝑥𝑖

𝜎
, where i=1,..k-1, and k is the number of the 

k-point numerical scale in the DFC test. For the maximum likelihood estimation of parameters, a local 

maximum L using the R program ‘nlminb’ (R Core Team [25]) on -L is required. The R program 

‘hessian’ in the R package ‘numDeriv’ (Gilbert and Varadhan [26]) can be used to estimate the co-

variance matrix of the estimators of parameters δ and k-1 criteria 𝑐𝑖 for the DFC test.  

𝐿 = ∑ [𝑥ℎ,𝑖log (𝑝ℎ,𝑖)𝑘−1
𝑖=1 + (𝑛ℎ − 𝑥ℎ,𝑖) log(1 − 𝑝ℎ,𝑖) + 𝑥𝑓,𝑖log (𝑝𝑓,𝑖) + (𝑛𝑓 − 𝑥𝑓,𝑖) log(1 − 𝑝𝑓,𝑖)], (12) 

where 𝑥ℎ,𝑖  and 𝑥𝑓,𝑖  are the frequencies of ratings lower than the i-criterion for the blind control 

sample and test sample, respectively; 𝑛ℎ and 𝑛𝑓 are the sample sizes of blind control sample and 
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test sample, respectively; 𝑝ℎ,𝑖  and 𝑝𝑓,𝑖  are the probabilities of Hit (H) and False-alarm (FA) 

probabilities for the DFC in Equations (9) and (10), respectively.  

As soon as we obtain the maximum likelihood estimation of parameter 𝛿 , the maximum 

likelihood estimation of 𝛿𝑓 can be obtained from Equation (11). The variance of 𝛿𝑓̂, i.e., the variance 

of the estimator 𝛿𝑓 can be estimated using the delta method (see, e.g., Bi [18] (p51) as in Equation 

(13). 

𝑣𝑎𝑟(𝛿𝑓̂) = 𝑓′2
(𝛿)𝑣𝑎𝑟(𝛿̂),       (13) 

where 𝑓′(𝛿) in Equation (14) denotes the first derivative of Equation (11). 

𝑓′(𝛿) = −1 −
𝛿

√𝜋
𝑒−

𝛿2

4 + √2𝛿𝜙 (
𝛿

√2
) + 2Φ(

𝛿

√2
).    (14) 

2.4. Ratings Data of the DFC Test  

The ratings data collected from the DFC test should be summarized into a data matrix with k 

rows and p+1 columns, where p is the number of test samples. The first column of the data matrix 

contains the frequences for the blind control sample versus the identified control sample, while the 

other p columns contain the frequences for each of the test samples vs the identified control sample. 

The DFC ratings data used in the paper are listed in Table 1. There are three test samples and 

one control sample. The frequencies of 5+1-point scale are presented for the blind control vs identified 

control and each of the 3 test samples vs control. The categories of 5+1-point scale are 0= “No 

difference”, 1= “Very slight difference”, 2= “Slight difference”, 3= “Moderate difference”, 4= “Large 

difference”, 5= “Extreme difference”. 

Table 1. Frequencies of ratings with 5+1-point scale in the DFC (data ‘dfc6’). 

Categories* Blind Control  

vs  

Identified Control 

Test sample 1  

vs  

Identified Control 

Test sample 2  

vs  

Identified Control 

Test sample 3  

vs  

Identified Control 

5 2 10 12 15 

4 5 18 9 5 

3 15 34 43 46 

2 17 30 18 19 

1 20 2 8 10 

0 41 6 10 5 

*Note: Degree-of-difference-from-control: 0= “No difference”, 1= “Very slight difference”, 2= “Slight difference”, 

3= “Moderate difference”, 4= “Large difference”, 5= “Extreme difference”. 

3. Results 

3.1. Maximum Likelihood Estimations (MLE) of 𝛿 and 𝛿𝑓 

The R code ‘DFCdp(x)’ can be used to estimate the parameter 𝛿 and variance of 𝛿̂. The R code 

‘DFCdpdfdf(x)’ can be used to estimate both the parameters 𝛿  and 𝛿𝑓  and the variances of the 

estimators 𝛿̂ and 𝛿𝑓̂. The data file (x) for each test sample is a data matrix with k rows and two 

columns. The first column is the frequencies for the blind control sample versus identified control 

sample while the second column is the frequencies for the test sample versus identified control 

sample. 

The data file ‘dfc6’ in Table 1 contains frequencies of 100 assessors’ responses for a blind control 

sample and 3 test samples versus a control sample.  

The maximum likelihood estimations of the parameters 𝛿̂ and 𝛿𝑓̂ for the test sample 1 versus 

the identified control sample are 2.4168 and 2.4674, respectively. The variances of the estimators are 

0.0203 and 0.0169, respectively, as below.   
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> DFCdp(x=dfc6[,c(1,2)]) 

d-prime and its variance for DFC test  

[1] 2.41684014 0.02029619 

> DFCdpdf(x=dfc6[,c(1,2)]) 

     value   variance 

d' 2.41684 0.02029619 

df 2.46740 0.01690000 

> dfc6[,c(1:2)] 

  Blind Control vs Identified Control Test 1 vs Identified Control 

5                                   2                           10 

4                                   5                           18 

3                                  15                           34 

2                                  17                           30 

1                                  20                            2 

0                                  41                            6 

The maximum likelihood estimations of the parameters 𝛿̂ and 𝛿𝑓̂ for the test sample 2 versus 

the identified control sample are 0.8847 and 1.3422, respectively. The variances of the estimators are 

0.0390 and 0.0085, respectively.  

> DFCdp(x=dfc6[,c(1,3)]) 

d-prime and its variance for DFC test  

[1] 0.88466792 0.03896449 

> DFCdpdf(x=dfc6[,c(1,3)]) 

       value   variance 

d' 0.8846679 0.03896449 

df 1.3422000 0.00850000 

> dfc6[,c(1,3)] 

  Blind Control vs Identified Control Test 2 vs Identified Control 

5                                   2                            2 

4                                   5                            6 

3                                  15                           23 

2                                  17                           22 

1                                  20                           18 

0                                  41                           29 

The maximum likelihood estimations of the parameters 𝛿̂ and 𝛿𝑓̂ for the test sample 3 versus 

the identified control sample are 2.3322 and 2.3907, respectively. The variances of the estimators are 

0.0199 and 0.0161, respectively.  

> DFCdp(x=dfc6[,c(1,4)]) 

d-prime and its variance for DFC test  

[1] 2.33223946 0.01985412 

> DFCdpdf(x=dfc6[,c(1,4)]) 

      value   variance 

d' 2.332239 0.01985412 

df 2.390700 0.01610000 

> dfc6[,c(1,4)] 

  Blind Control vs Identified Control Test 3 vs Identified Control 

5                                   2                           15 

4                                   5                            5 

3                                  15                           46 

2                                  17                           19 

1                                  20                           10 

0                                  41                            5 
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3.2. Statistical Tests for 𝛿 or 𝛿𝑓 

Bi and Kuesten [27] discussed statistical testing for the Thurstonian discriminal distance 𝛿 or d′ 

based on the estimator d′ and its variance. The statistical tests include difference testing and 

equivalence/similarity testing for individual 𝛿 for a test sample and a control sample in the DFC test; 

difference testing, equivalence/similarity testing, and multiple comparisons for multiple 𝛿  for 

multiple test samples in the DFC test. The corresponding R codes for the statistical tests are also 

provided in Bi and Kuesten [27]. The statistical tests are conducted in this section using the results of 

the estimators 𝛅̂ and their variances obtained in section 3.1 and contained in the data file ‘alldp’. 

> alldp                        d'  v(d') 

Test 1 vs Identified Control 2.4168 0.0203 

Test 2 vs Identified Control 0.8847 0.0390 

Test 3 vs Identified Control 2.3322 0.0199 

3.1.1. Difference Test Based on Individual d′ and Its Variance 

The R code ‘dpdtest(d,v)’ can be used for the difference test with the null hypothesis 𝐻0: 𝛿 = 0 

and the alternative hypothesis 𝐻𝑎: 𝛿 > 0  based on an individual d′ value and its variance. For 

example, the result of the difference test is as below for the data in the second row in the data file 

‘alldp’: d′= 0.8847, variance of d′, i.e., var(d’) = 0.0390. A significant difference was found between the 

test sample 2 and the control sample in the DFC test with a p-value < 0.0001.  

> dpdtest(d = alldp [2,1],v = alldp [2,2]) 

          d' var(d')        z         p-v 

[1,] 0.8847   0.039 4.479853 3.73473e-06 

3.1.2. One-Sided Equivalence/Similarity Test Based on Individual d′, Its Variance, and a Specified 

Similarity Limit 

The R code ‘dpstest(d,v, slim)’ can be used for the one-sided equivalence/similarity test with the 

null hypothesis 𝐻0: 𝛿 ≥ ∆0  and the alternative hypothesis 𝐻𝑎: 𝛿 < ∆0  based on an individual d′ 

value, its variance, and a specified similarity limit ∆0 . For example, the result of the 

equivalence/similarity test is as below for the data in the second row in the data file ‘alldp’: d′= 0.8847, 

var(d’) = 0.0390, and a specified similarity limit ∆𝟎 = 1.5. Because the p-value < 0.01, significant 

equivalence/similarity between the test sample 2 and control sample can be claimed in terms of the 

equivalence/similarity limit ∆𝟎= 1.5 at a significance level 𝛼 = 0.01. It means that the perceptual 

difference between the test sample 2 and the control sample is smaller than the specified perceptual 

difference in terms of Thurstonian discriminal distance d′= 1.5.    

> dpstest(d = alldp [2,1],v = alldp [2,2],slim=1.5) 

         d' var(d') lim         z          p-v 

[1,] 0.8847   0.039 1.5 -3.115693 0.0009175671 

3.1.3. Difference Test Based on Multiple d′ Values and Their Variances 

The R code ‘dstest (d, v)’ can be used to conduct a difference test with the null hypothesis 

𝐻0: 𝛿1 = 𝛿2 = ⋯ = 𝛿𝑘 and the the alternative hypothesis 𝐻𝑎: 𝛿𝑖 ≠ 𝛿𝑗, 𝑖. 𝑗 = 1,2, … 𝑘, i.e., if significant, 

at least two parameters are different for multiple d′ values and their variances. For example, for the 

three d′ values and their variances in ‘alldp’ for the 3 test samples vs control sample, the test results 

are as below. A significant difference was found among the 3 test samples in the DFC test with a p-

value < 0.01.  

> dstest(d=alldp[,1],v=alldp[,2]) 

p-value: 0  

 Weighted mean: 2.0689  

 Variance of Wm: 0.008  

[1] 0.0000 2.0689 0.0080 
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3.2.4. Multiple Comparisons for Multiple d′ Values and Their Variances 

The S-Plus program ‘multicomp’ in S-PLUS 6 (Insightful [28]) can be used for the multiple 

comparisons based on a vector of multiple d-prime (‘dp1’) and a co-variance matrix (‘dv1’) with a 

selected alpha level, e.g., alpha = 0.2. The vector and the co-variance matrix are produced as below. 

>dp1<-c(T1 = alldp [1,1],T2 = alldp [2,1],T3 = alldp [3,1]) 

>dv1<-matrix(0,3,3)  

>diag(dv1)<-alldp[,2] 

> dp1 

     T1     T2     T3  

 2.4168 0.8847 2.3322 

> dv1 

       [,1]  [,2]   [,3]  

[1,] 0.0203 0.000 0.0000 

[2,] 0.0000 0.039 0.0000 

[3,] 0.0000 0.000 0.0199 

Significant differences were found between test sample 1 (T1) and test sample 2 (T2) and 

between test sample 2 (T2) and test sample 3 (T3) as below.  

> multicomp(dp1,dv1,alpha = 0.2) 

80 % simultaneous confidence intervals for specified  

linear combinations, by the Tukey method  

critical point: 1.7151  

response variable:  

intervals excluding 0 are flagged by '****'  

      Estimate Std.Error Lower Bound Upper Bound       

T1-T2   1.5300     0.244       1.110       1.950 **** 

T1-T3   0.0846     0.200      -0.259       0.428      

T2-T3  -1.4500     0.243      -1.860      -1.030 **** 

3.2.5. Equivalence/Similarity Test Based on Two d′ Values, Their Variances, and a Specified 

Similarity Limit 

The R code ‘s2dptest(d,v,d0)’ can be used for the two one-sided tests (TOST) with the two sets 

of one-sided hypotheses 𝐻01: −∆0 ≥ 𝛿1 − 𝛿2  versus 𝐻𝑎1: −∆0< 𝛿1 − 𝛿2  and 𝐻02: 𝛿1 − 𝛿2 ≥ ∆0 

versus 𝐻𝑎2: 𝛿1 − 𝛿2 < ∆0  for two test samples based on two estimators, e.g., 𝑑′1  and 𝑑′3  for test 

samples T1 and T3 and their variances. The input of the code is the two 𝑑′ estimators and their 

variances, as well as an equivalence/similarity limit Δ0. The output of the code are the test statistics 

Z1 and Z2 and the p-values.  

For example, for the data d = c(2.4168,2.3322), v = c(0.0203,0.0199), and an equivalence/similarity 

limit d0 = 0.5, the output is as below. Significant equivalence/similarity of T1 and T3 can be concluded 

with an equivalence/similarity limit of d0= 0.5 at a significance level of 𝜶 = 0.05.   

> s2dptest(d = alldp[c(1,3),1],v =alldp[c(1,3),2],d0 = 0.5)  

Z1,Z2,pv1,pv2:  

Test1 vs Control Test1 vs Control Test1 vs Control Test1 vs Control  

          2.9157          -2.0718           0.0018           0.0191  

> alldp[c(1,3),] 

                                 d'  v(d') 

Test 1 vs Identified Control 2.4168 0.0203 

Test 3 vs Identified Control 2.3322 0.0199 
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4. Discussion 

4.1. Thurstonian Model for the DFC and the Ratings of the Same-Different 

It is noted interestingly that the Hit and False-alarm probabilities for the DFC test in Eqs. (9)-(10) 

are the same as the Hit and False-alarm probabilities for the Same-Different method for the k-point 

scale when k= 2 as discussed in Kaplan et al. [29] and Bi [30]. The Hit and False-alarm probabilities 

for the DFC test in Eqs. (9)-(10) are the same as the Hit and False-alarm probabilities for the ratings 

of the Same-Different method for the k-point scale when k> 2 as discussed in e.g., Bi et al. [13]. Hence 

the Thurstonian model for the DFC is the same as that for the Same-Different and the ratings of the 

Same-Different though the DFC is different from the Same-Different and the ratings of the Same-

Different in designs. 

In the DFC test, assessors are provided with an identified control sample, followed by one or 

more test samples including blind controls. The assessor’s task is to scale how different they perceive 

the test sample(s) including blind controls to be from the identified control sample. In the DFC test, 

the possible same sample pair is only C/C1 and the different sample pair is only T/C, where T denotes 

test sample, C denotes control sample, and C1 denotes blind control sample.  

In the Same-Different test, two products of interest (A and B) are selected. It is not necessary for 

the two products to be a test sample and a control sample. Assessors are presented with one of the 

four possible sample pairs: A/A, B/B, A/B, and B/A. The assessor’s task is to categorize the given pair 

of samples as same or different (ASTM [31]). For the ratings of the Same-Different, the assessor’s task 

is to give ratings for sureness of difference for given sample pair.   

Note that the Thurstonian model in the R program ‘dod’ in the R package ‘sensR’ (Christensen, 

et al. [17]) is just the variant of the DOD for the ratings of the Same-Different method. Using the R 

program ‘dod’ in the R package ‘sensR’ and the data ‘dfc6’, the estimated d-prime is 2.391 with Std. 

Error 0.22211 (i.e., variance 0.2211^2 = 0.0489), which are consistent with the results (d-prime = 2.4168 

with variance 0.0203) obtained by using the R code ‘DFCdp(x)’ in section 3.1 of this paper.   

> library(sensR) 

> dod(same=rev(dfc6[,1]),diff=rev(dfc6[,2])) 

Results for the Thurstonian model for the Degree-of-Difference method  

Confidence level for 2-sided profile likelihood interval: 95% 

       Estimates Std. Error Lower Upper 

d.prime     2.391     0.2211 1.946 2.818 

… 

> 0.2211^2 

[1] 0.04888521 

4.2. Scales Used in the DFC Test 

There are different types of scales used for DFC ratings. For the larger number of k in the k-point 

rating scales, the frequencies for some categories may be smaller or zero. It is suggested to coalesce 

the frequencies for larger number of k-point scale into the frequnces in a smaller number of categories. 

For example, transfer the 100-point scale data or 9+1-point scale data into 6-point scale or 3-point, or 

2-point scale data. In theory, the parameter 𝛿 is independent of criteria. Hence, for a specified control 

sample and a specified test sample, the parameter 𝛿 should be unchanged by using different types 

of scales in theory. Note that the R codes ‘DFCdp (x)’ and ‘DFCdpdf (x)’ can be used for k-point scale 

data where k is larger than or equal to 2.       

It is noted that the data ‘dfc3’ with 3-point ratings scale in Table 2 and the data ‘dfc2’ with 2-

point ratings scale in Table 3 were summarized from the data ‘dfc6’ with 5+1-poin ratings scale in 

Table 1. The estimation results of the parameter 𝜹 for the data files ‘dfc3’ and ‘dfc2’ are as below. We 

can find that the estimated 𝜹̂ values for the three data files are similar and consistent.       

> DFCdp(x=dfc3[,c(1,2)]) 

d-prime and its variance for DFC test  
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[1] 2.56502920 0.04819395 

> dfc3[,c(1,2)] 

  Blind Control vs Identified Control Test 1 vs Identified Control 

3                                   7                           28 

2                                  32                           64 

1                                  61                            8 

> DFCdp(x=dfc3[,c(1,3)]) 

d-prime and its variance for DFC test  

[1] 0.84958291 0.09057446 

> dfc3[,c(1,3)] 

  Blind Control vs Identified Control Test 2 vs Identified Control 

3                                   7                            8 

2                                  32                           45 

1                                  61                           47 

> DFCdp(x=dfc3[,c(1,4)]) 

d-prime and its variance for DFC test  

[1] 2.15764936 0.04666924 

> dfc3[,c(1,4)] 

  Blind Control vs Identified Control Test 3 vs Identified Control 

3                                   7                           20 

2                                  32                           65 

1                                  61                           15 

> DFCdp(x=dfc2[,c(1:2)]) 

d-prime and its variance for DFC test  

[1] 2.1555582 0.0606332 

> dfc2[,c(1,2)] 

  Blind Control vs Identified Control Test 1 vs Identified Control 

1                                  22                           62 

0                                  78                           38 

> DFCdp(x=dfc2[,c(1,3)]) 

d-prime and its variance for DFC test  

[1] 0.9064568 0.1166631 

> dfc2[,c(1,3)] 

  Blind Control vs Identified Control Test 2 vs Identified Control 

1                                  22                           31 

0                                  78                           69 

> DFCdp(x=dfc2[,c(1,4)]) 

d-prime and its variance for DFC test  

[1] 2.30971096 0.06061473 

> dfc2[,c(1,4)] 

  Blind Control vs Identified Control Test 3 vs Identified Control 

1                                  22                           66 

0                                  78                           34 

Table 2. Frequencies of ratings with 3-point scale in the DFC (data ‘dfc3’). 

Categories* Blind Control  

vs  

Identified Control 

Test sample 1  

vs  

Identified Control 

Test sample 2  

vs  

Identified Control 

Test sample 3  

vs  

Identified Control 

3 7 28 8 20 

2 32 64 45 65 

1 61 8 47 15 
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*Note: Degree-of-difference-from-control: 1= “Looks the same”, 2= “Not sure”, 3= “Looks the different”. 

Table 3. Frequencies of ratings with 2-point scale in the DFC (data ‘dfc2’). 

Categories* Blind Control  

vs  

Identified Control 

Test sample 1  

vs  

Identified Control 

Test sample 2  

vs  

Identified Control 

Test sample 3  

vs  

Identified Control 

1 22 62 31 66 

0 78 38 69 34 

*Note: Degree-of-difference-from-control: 0= “Same”, 1= “Different”. 

4.3. Qualifier and Limitation of the DFC Test 

As one of the sensory discrimination methods, the difference-from-control (DFC) test is 

applicable to sensory evaluation in process optimization and quality assessment for foods. The DFC 

test is applied for specific situations where a reference control is available and the goal is to determine 

if a noticeable difference exists. The DFC test may be used for reformulation testing, process changes, 

ingredient substitutions, quality control and batch consistency.   

The DFC test is not appropriate when no control sample is available, understanding specific 

differences in depth is required, determining consumer acceptance or preference, optimizing sensory 

attributes, comparing multiple product variations at once (i.e., ranking test), or exploratory testing 

with untrained panelists.  The DFC test can be more variable since panelists rate the degree of 

difference rather than simply identifying if a difference exists as is done for other discrimination tests 

(i.e., triangle, duo-trio, tetrad test).  The DFC test may require a larger sample size to detect small 

differences reliably.  It does not provide detailed profiling of sensory attributes. 

5. Concluding Remarks 

A Thurstonian model for the DFC test provides a useful index 𝛿 or 𝑑′ to measure perceptual 

difference between test sample(s) and the identified control sample. This paper originally derives the 

Thurstonian model based on a folded normal distribution. It is demonstrated that the DFC, as a 

variant of the degree of difference (DOD) method, shares a common Thurstonian model with another 

variant of the DOD, i.e., the ratings of the Same-Different method, though the DFC and the ratings of 

the Same-Different are quite different sensory discrimination methods. Maximum likelihood 

estimates of the parameters of the model are provided. Statistical tests including different tests and 

equivalence/similarity tests for individual or multiple d’ values obtained from the DFC test are also 

conducted in this paper. 
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