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Abstract

This work introduces a generalized version Srivastava triple hypergeometric function Hg () by in-
corporating the generalized Beta function ngf (P1, P,) introduced by Oraby et al. [12]. We examine
some analytical properties of the resulting generalized function, including various integral repre-
sentations involving Exton’s hypergeometric function, derivative properties, and classical integral
transforms such as the Euler-Beta, Laplace, Mellin, and Whittaker transforms. We also explore the ef-
fects of Riemann-Liouville fractional integral and differential operators on the generalized Srivastava’s
function, yielding new insights in fractional calculus. Furthermore, we derive recurrence relations
for further characterization. In addition, we present a numerical approximation table of Hgg .G
computed using Wolfram Mathematica and computer algebraic software.
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MSC: 33C60; 33C65; 33C70; 33B15; 33C05; 33E12; 26 A33

1. Introduction and Preliminaries

Srivastava and Karlsson [23, Chapter 3] introduced and examined triple hypergeometric functions,
offering a table of 205 different functions of this type. In [19,20], Srivastava presented the triple
hypergeometric functions H4, Hg, and Hc of the second order. H4 is the generalization of both F1
and F2, whereas Hp, and H¢ are known to be generalizations of Appell’s hypergeometric functions F;
and F,.

This study will concentrate on Srivastava’s triple hypergeometric function Hp, which is provided
as [23, p. 43, 1.5(11) to 1.5(13)] (see also [19] and [22, p. 68])

= )ik ()i (xa)j k) P @) @
Hg (X1, X2, X3; 01, 02, 03; P1, 2, P3) 1= 17273
B(x1 01, 02,03, 1 ) i,j,;::o (Ql)i(QZ)j(Qs)k nw

= 12223 1
A (i) ea) Bl & K g

B i (X1 + X2)2i4j+k(X3) j+k B(x1+i+k xo+i+j) P D) q>’§

In [6, p.243], the convergence region for the hypergeometric series Hp(-) is given as ®; < ry,
Dy < 1y, @3 < 13, with the condition

r1 41+ 13+ 24/riror3 = 1. (2)
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Exton’s function X is a different type of hypergeometric function defined as

e (X1)2ijek(X2)jrk P <I>£ s
X4(X1,X25 01,02, 03, P1, P2, P3) 1= — ==, 3)
( o1, 62:€ ) i,j,;:o (Ql)i<92)j<93)k it j! k!

with the convergence region for the series 2./|®1| + (1/|®2| + /|®3])? < 1.
Now, we find it suitable to introduce a new parameter b into Hg(-) as follows

b
HE; ) (X1, X2, X35 01, 02, 03; D1, Do, P3)

_ i (X1 + x2)2i4j4k(X3)j 1k B(xa+ b +itk, xo+ b+ i +j) D) ®) D

o (en)i(e2)j(es)k B(x1,x2) it gtk
which reduces to (1) when b = 0.
Where (®); is the Pochhammer symbol defined by
(@) = o = SO
I'(®) . :
P(D+1)..(P+i-1), (ieN,®eC)
Here, the classical Gamma function [13] is defined as
r(®) = / et 11 gy, (R(®) > 0), ©)
0

and the classical Beta function B(®q, ®;) is defined as [11, (5.12.1)]

/01 (21711 — )P 1d, (R(dy) > 0,R(D2) > 0)
B(®,, ;) = 7)

T(® + @)’ ((@1,®2) € C\Zy).

In 1997, Chaudhry et al. [2, Eq.(1.7)] introduced a g-extension of B(®1, P,) given by

By (1, ) = /0l 2111 — )2l exp[t(ljt)}dt, (R(g) > 0). 6)

In 2018, Shadab et al. [15] has given a further extension of the Beta function as

By (@1, P2) = /01 (P (1 - )P E, L(l_jt)]dt, (R(g) = 0), )

which reduces to (8) when 7 = 1 and E; (z) denotes the Mittag-Leffler function defined by [10],

o] Zi
E, (z) = _—, ze Cn>0).
’7() ;r(’?l+1) ( Ul )

In 2020, Oraby et al. [12] introduced a generalized Beta function in the form

1
& _ D1—1(q _ -1 -1
A (@1, 00) = [0 00 ey | (10

(R(®1) >0, R(®2) >0, R(q) >0, R(Z) > 0),
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which reduces to (9) whena = ¢ = 1.

Where E; ;(w) is the generalized Mittag-Leffler function introduced in 1905 by Wiman [24]

defined as )
Zl

Epalz Z;I“ (ni+a)’

(z,a € Cy>0,R(a) >0).

Abubakar [1] introduced a generalized Beta function in 2021, as

YBS (@, @,) = YBS (s Em )1 Dy, D,
d}’l/ n 1,]42
—/ ARG LS N Y (RN 7 (11)
2\ Ka-n)
(D1, Dy, 7,8 Cp, dy €C; Cip, d, €R, R(®1) > 0,R(P2) >0,R(t) >0,R() >0andm =1,...,u;,n =

1. 1)

u1 Y i, is the Fox-Wright function ([7],[8]) defined as

(cl,c’l),...,(c}, ,é ),’
z| =4, ¥ p VIR g
‘| H1 - p2 [ (dlldl)/ ceey (d]/‘Z’ dVZ)’

P
o L1 T(em+cnk) |
= Z m=1__ 0z (12)
ji2 kU
=0T r(dn + dak)

n=1

where z, ¢y, d, € C, ¢ > 0, L{n >0(m=1,..,u;; n=1,..,u2). By taking

H2 H1 1 B2 H2 /42
A=Y d,— ) én, (5:1—[6,;6’"1—[01%", y*:Zdn—Zcm—{—%(yl—yz),
n=1 m=1 m=1 n=1 n=1 m=1

(12) converges for (i) |z| < cowhen A > —1,
(ii) |z| < 6 when A = —1, and

(iii) |z| = ¢ if, in addition, R(y ) > 1.
Iféy=..=¢, = dy=..= d = 1eq. (12) becomes the generalized hypergeometric function
VlFﬂz [26]
ﬁ
I'(cm)

(c1,1),.., (cy ,1); 1 Cly ooy Cutyj
¥ 1 z| == F M7z, (13)

21 (dy,1), ..., (dyy, 1); 42 MU dy, e dy;

Ull“(dn)

The layout of this paper is as follows. In Section 2, we define the generalized Srivastava triple
hypergeometric function Hgi ,(+) using the generalized Beta function given in (10) and provide a
numerical approximation table. Section 3 presents several integral representations involving the
generalized Mittag-Leffler function and Exton’s function X}, along with some differential properties.
In Section 4, we examine classical integral transforms, including the Euler-Beta, Laplace, Mellin, and
Whittaker transforms. Section 5 focuses on the application of Riemann-Liouville fractional integral and
differential operators to Hgg ,(+), leading to new results in the context of fractional calculus. Finally, in
Section 6 we establishes several recurrence relations to further characterize the generalized function.
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This work is also motivated by previous studies on Srivastava’s triple hypergeometric function, as
discussed in [3,5].

2. The Generalized Srivastava Triple Hypergeometric Function Hgi ()
s

Here, we define the generalized Srivastava triple Hy 0

defined in (10)

(+) through the generalized Beta function

HZ’,i,a (X1, X2/ X35 01, 02, 03; 1, P2, P3)

_ i (X1 + X2)2i+j+k(X3)j+k Bg,’f(xl+i+k,xz+i+])g§3£3§ ”
o (eile2)j(es)k B(x1, x2) T

where, x1, X2, x3 € Cand 01, 02,03 € C\Z;, and the region of convergence is |®1| < 1y, [P2| < 12,
|CI>3| < r3, with r{+ ro+ r3+2, /111213 = 1.

In terms of the generalized Mittag-Leffler function, we now obtain 3

B.g a() using the generalized

beta function provided in (10) in (14) as follows:

© (X1 4 X2)2ir ik (X3)j 1k DL D Bk
HYS (1 X2, X35 01, 02, 03 1, o, 3) = jrk(Xa)jrk Py P; Py
B0, (X1, X2, X35 01,02, 03; P1, P2, P3) i,j%o (00 (05 Bl ) @ 7t R

1
xi+itk=171 _ p\xa+itj—1 9
></0 i (1— e EW{ té(l_t)g}dt. (15)

We use of the above eq. (15) throughout the paper.

Example 1. Table 1 provides numerical approximation values of the generalized Srivastava triple
hypergeometric function Hgg ,(+) as defined in (14), evaluated for various values of the parameters g,
a, 17, and ¢, with the indices considered up to the nth term; for example, i = j =k =7.

Table 1. Numerical approximation table for the generalised hypergeometric function Hg g, () in (14), for different values of g,
a, 1, and ¢, with fixed parameters x1 =1, x2 =2, x3 = %, o1 = %, 02 = %, 03 = %, and variables ¢y =1/2, ¢ =1, 3 =3/2.

q a 1 z HS (1)

0.005 | 0.010 | 0.015 | 0.020 4.2830 x 10°
0.010 | 0.015 | 0.020 | 0.025 6.3695 x 10°
0.015 | 0.020 | 0.025 | 0.030 8.4219 x 10°
0.020 | 0.025 | 0.030 | 0.035 | 1.0440 x 10
0.025 0.030 0.035 0.040 1.2422 x 1010
0.030 0.035 0.040 0.045 1.4368 x 1010
0.035 | 0.040 | 0.045 | 0.050 | 1.6278 x 10
0.040 | 0.045 | 0.050 | 0.055 | 1.8151 x 10%
0.045 | 0.050 | 0.055 | 0.060 | 1.9987 x 100
0.050 0.055 0.060 0.065 2.1784 x 1010

3. Certain Properties of H’;ia()

We go over a few integral representations and derivative properties in this section.
1. Integral representations
e

Bg,a
function X4 and the Mittag-Leffler function with two parameters, are obtained as follows.

The integral representations for the Hy" (-) function, which involves the product of Exton’s
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Theorem 1.. For R(q) > 0, R(x») > 0(n =1,2,3) and min{R(x1), R(x2)} > 0, the integral representation

of Hg’gﬂ (+) is as follows :
F(xi+x2) (1o _
Hnlé 7 7 ; 7 7 ;¢ /¢ /¢ - / tXl 1 1 - t Xz 1

XEya <_t'§(1q—t)€'> Xa(X1+ X2, X3701,02,03; P1(1 — t)t, Do (1 — 1), 3t) dt. (16)
Proof: By changing the order of integration and summation (with uniform convergence of the in-
tegral) in (15) and using the relation (7), after simplification, utilizing the Exton’s triple hypergeometric

function (3), we get the result (16).

Remark 1. Through appropriate changes of the integration variable, we now discuss some special
cases. To obtain the following integral representations:

(i) HZiu (X1, X2, X35 01, 02, 03; D1, P2, D3)

_ T+ xe) (2 —x3)M1(x1 —x3)%2 %2 (g — 20) X7 (op — xg)®2 !

T(x1)T(x2) (x2—xp)ntxa=l  Jy (x4 — xz)X1+%2
XEya _gig Xa(x1 + X2, X35 01,02, 03, P1 A1 A, DA, P3Ay) dixy, (17)
ATAZ
where
A= o1 — %) (xz — x4), Ay = ez = x3)(24 = 211) (x3 <x1 < x2);
(x2 —x1) (x4 — x3) (x2 —x1) (x4 — x3)
.. 2T(x1+x2) [2,. 1 1
il H¢ L X2, X35 01, 02,03, P, Py, @ :7/ sin? x)X1 72 (cos? x)X2 72
(i) B,o,a(X1, X2, X35 01,02, 03; P1, P2, P3) A ( yTz( )
XEya —% X4 (X1 + X2, X35 01,02, 03, D1 A1 Ap, Do A, D3 dx, (18)
ATA;
where,

AN = cos? x, Ay = sin? x;

(iil) WL (v x2 X301, 02, 03 @1, P, 3)

2T (x1 + x2) (14 x3)X1 /% (sin? x4 )1~ 2 (cos? xy )22
0

F(Xl)r(?(z) (1 + x3 sin? x4)X1+X2
XEy,a _4; : Xa(x1 + X2, X35 01,02, 03, P1A1Ap, Do A1, P3Ay) dxy, (19)
ATA3
where , ,
1 .
PP i S VP €O . )L R )
14 x3sin” x4 1+ x3sin” xy

and

(l'()) H%,i,u (Xl/ X2,X3,01,02,03; q)II q)ZI CDS)

2T ‘H(z)xéﬁi1 /% (sin® x4>X1_%(COSZ x4)X2_%
0

I'(x1)I(x2) (cos? xy + x3 sin? xy)X17x2

XEya (— Ag/\§> Xa(Xx1 + X2, X3; 01, 02,03, P1A1 Ag, D2 A1, D3 A2) dixy, (20)
142
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where 5 )
cos? xy X3 8in” x4
A = ’ A == X > O 7
U7 cos?xy + xzsin? g 27 Cos? x4+ xzsin? xg (x3>0)
we put
W)t = (o —x3) (x4 —x1)  dt _ (x2—x3)(x1 —x3)
(2 —x1)(xa—x3)" dxg  (x2—2x1) (x4 —x3)%
g . dt .
(i1) t = sin’y, i 2sin x cos x,
i)t = (14x3)sin®xy  dt _ 2(14x3)sinxycosxy
1+ x3sin®xy = dxg (1+x3sin®x4)2 '
(i) ;o= x3 sin® x4 ﬁ _ 2x3 Sin X4 COS X4
cos2xy + x3sinx,”  dxs  (cos? x4 + x3sin® x4)2
2. Derivative properties
Here we discuss some derivative propeties of H% g’ 20
Theorem 2.. The following derivative formula holds for HZ’,Z, .0)
d a—1yy4
d_q |:q HB Lq', a(Xl/X2/ X3,01,02,03; ®l/q)2/ q>3>:|
qu m— 1HZ 211 a—m (Xl/ X2,X3,01,02,03; q)ll CI)z, CI)3), (21)

where a, xn € C, 01,02,03 € C\Zy; m € Nand R(a —m) > 0,R(a) > 0,7 > 0,R(xn) > 0;n=1,2,3.

Proof: Using (15) and employing term-wise differentiation m times in L.H.S of (21), we obtain

d m
<d_’/7> |:q Hggﬂ a(XIIXZIX?)/ 01,02,03; ¢1/q)2/q)3):|

g

)m g1 e (X1 + x2)2ijrk(X3) ik @ @é @k
im0 (@)i(e2)j(0a)k B(x1,x2) i 1 k!

=

1 4 L Ul
xititk=1(1 _ pretiti-1p )1
></0t (1-1) W{ té(l_t){:}dt}

_ i (X1 + x2)2i+j+k(X3) j1k ﬂﬁg’é /1 partitk-1(q _ prati+i-1
=, (01)i(02)j(03)k B(x1, Xx2) it j! k!

- l'7+a< té(ll—tﬁ)l(;_q)m[ql””‘l] at

Ms

eme1 & (1 +X2)2z+;+k(?(3)]+k @i @) <I>k/ k-1

=1L Teniedj ek B 77 R

1 p)atiti-1 <_ q ) dt
(1= E tt(1—t)¢) T(lp+a—m)

a—m—1 o (Xl +X2)2z+]+k(X3)]+k CDI q) ch/ t?(1+i+k_1
o (00)i(02);(e3)k B(x1, x2) it j k!

=q
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. n
TR ",

= qa_m_ng',gql,z_m(leX2,X3; 01,02, 03; D1, P2, 3).

Theorem 3.. Let a € C, 01,02,03 € C\Z,, and 1 > 0, R(a) > 0, then H7¢

B.0,q(+) satisfies the following
differentiation formula

B i g(Xl/ X2,X3,01,02,03; q)ll q)Z/ q)’j)
d
= aH! g a1 (X1, X2, X35 01,02, 03, D1, P2, P3) + 717 q% ",i,uﬂ (X1, X2, X3; 01, 02, 03; D1, Po, P3).  (22)

Proof: Using (15) in the R.H.S of (22), yields

d
HZi a1 (X1, X2, X35 01,02, 03, @1, P2, P3) + 17 qdq ,i,m (X1, X2, X35 01,02, 03; @1, P2, P3)

© (x4 X2)ais ik (X3)j 1k D DL Dk
— aH ¢ X1, X2, X35 01,02, 03; 1, P, P3) + / 7R 17273
Bqan (X1 oGz 6 ) Lo (en)i(e)i(es)e Bl xa) it Jt K

« /1 tX1+i+k—l pyx2titi=1 Z 1 : mq dt (23)
0 te(1—t)%) I'(ly+a+1)

Now using the relation I'(a 4+ 1) = al'(a) in (23), we get

— = (Xl +X2)21+]+k(?€3)]+k (D q> q>3/ tX1+Z+k 1 t)X2+i+j_1
i,j,k=0 (Ql> (QZ) (Q3)kB(X1/X2 i! ]' k!

1

X Z( 1t)§>ll“(l17+a) at

= H%f,a (X1, X2, X3; 01,02, 03, @1, P2, P3).

4. Integral Transform of Hgga()

The focus here is on analyzing integral transforms of the function HZ’, g (), specifically the
Euler-Beta, Laplace, Mellin, and Whittaker transforms.
1. Euler-Beta Transform
The Euler-Beta transform of the function f(g) is defined as [18]
B{f(@paaz) = [ 497 (0 -9 flg)do, @

Theorem 4.. For a,aq,a2,¢,(x1 +i+k),(x2+i+j) € Gy > 0,R(a) > 0, R(ay) > 0, R(ag) >
0, R(x1 +i+k) >0, R(x2 +i+j) > 0, we have the following Euler-Beta transform ongga( )

s . . , _ & (X1 + X2)2ijk(X3) 1k
B e A N e ey

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(x1+i+k),(x2+i+j)|- (25)

X¢l q>] ¢3 IIJBC' (1/ 1)/ (0(],1)
it ekt TN (an), (e +an,1)

Proof: Using (24) in (15), we obtain

B{Hgg a(X1/X2/X3} Ql/ Q2/ Q3/ qDl/q)Z/ @3), x1, 0‘2}

1
:/o gl (1 —g) 1H%ia(xll)(z,?cs}@l,@z,Q3;<I’1,<D2,<D3)dq

_ i (X1 + Xx2)ai 1k (X3) 4k @ @ @
=, (01)i(02)j(03)k B(x1,Xx2) it j! K!

jk
1 1
xi4itk—17q9 _ \xa+itj—1 =1 (1 Nap—1 9
x(/ot (1-1) {/Oq (1-q) E,,,a< tg(l_t)§>dq}dt). 26)

By evaluating the integral as

1
/ g9 (1= ) Eya Gﬁ) o
0 1 1 1 1 pctl— .
E,( t(1—1)¢ ) F(l;y—l—a)/o g (L p) g
0 1 ! i
:I*(otz)z<—t§( ! ) ) ( C(o + DI(+1)

1-t)¢) T(lp+a)T(ag +az+ 1)1V

using the Fox-Wright function (12) in the above sum and employing in (26), we obtain,

s . . _ & (At x2)aijek(Xa) ik
B{HBM(XLXZ/m/ o 0571 B <D3),a1,a2} - z',j;o (01)i(e2)j(e3)k B(x1, x2)

@i @), ok U i (1,1), (a1, 1) 1
17231 patitk=11 _ protitj-1 g )\ P—— T
T @) /o -4 2520 (), (g +a, 1) (1 — 1)

The above integral is evaluated using the generalized Beta function given in (11) to reach the
required result (25).

2. Laplace Transform
The Laplace transform of a function f(g) is defined as [18]

LU @) = [ eI (q) da @)

Theorem 5. Forn,a,a,(x1 +i+k),(x2+i+j) € C R(y) >0, R(a) >0, R(a) >0, R(s) >0, R(x1 +
i+k)>0,R(xo+i+j)>0and|— S—§| < 1, we have the following Laplace transform ofHBgu( 3

) 1 = Xl + X2)2i4j 1k (X3)j+k
/o g le SqHZga(X1,Xz,X3/erQZrQBIq’l'%'q)3 dq = st Z ) ]
j k=0

)i(02)j(03)k B(X1, X2)

(x1+i+k),(x2+i+j)|- (28)

Xq>l @) 5 vpe | (L), (1)
itk T (a,n)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof: Employing (15) in the integral on the L.H.S. of (28), yields

/ q e H?ggu(XLXZ/XB} 01, 02,03, D1, Dy, 3) dg

_ i (X1 + x2)ai 1k (X3)j 4k @ @
o (01)ie2)j(03)k B(x1, x2) it j! k!

1 )
xi+itk—171 _ p\xa+itj—1 / —sq _a—1 _ q
X (/0 f (1—1) { A e g EW< FA-1¢ t)§> dq}dt)

. 29
. (29)
By evaluating the integral as

« —sq a—1 _ q

c E”'”( )
-£(
1 [e9)
)y

S—

1 * —sq a+1-1
d
tél—t >I"(l11-|—11)/ ¢ 1 1
Ta+ DI+ 1 l
I(ly+a)l! sté(1—1)5 )"’
using the Fox-Wright function (12) in the above sum and employing in (29), we find

;o

[e o)

(X1 + X2)2i+j+k(X3)j+k
7 7 ; 7 7 /© /¢ /¢ d =
(v X0 @1, 02,003 @1, P2 @) = 0, 705005 60 Ber, 20)

X(I)Z CDJ @3 t}(1+z+k 1 t))(2+i+j71 ¥ (1,1), <a'1). 1
i! ]' k| Sﬂl 20

;= | dt
() TSEA-1F )
The above integral is evaluated using the generalized Beta function given in (11) to obtain the required
result (28).

3. Mellin Transform

The Mellin transform of the function f(gq) is defined as [18]

f (s) =M{f(q);s} = /0oo 7' f(q)dg, R(s) >0,

(30)
and the inverse Mellin transform is given by

F@) =M F ) = o [

—s ¥
el A f*(s)ds, ccR.

(31)

Theorem 6.. For a,s € C; R(s) >a >0, R(a) > 0, 7 >0, 01, 02,03 € C\Z, we have the following Mellin
transform of H g .)

M{Hgga(XLXZ/XS} 01,02, 03; q)llq)Z/ (I)3),S}

/0 qs 1HZiﬂ(X1,X2,X3,'Q],QZ,Q3;¢1,¢2,®3) dq

I'(s)I'(1—s
i‘()a(fm))H(gs)(XLXz,Xs, 01,02, 03; P1, P2, P3),

where H](Bgs) ()i

(32)
is given in (4).
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Proof: Employing (15) in the integral on the L.H.S. of (32), we obtain

M{H%',g,a (X1, X2, X35 01,02, 03; @1, P2, P3); S}

_ i (X1 + x2)2i4j+k(X3) j 1k ggﬁgﬁ
o (@1)i(@2)j(3)k Bx1, x2) it j! K!

1 0
xi+itk—1/1 _ p\xatitj—1 / s—1 B q
x/ot (1-1) {0 q E,,,a( —té(l_t)g>dq}dt. (33)

Now, by taking A = p = 1and y = —q/t*(1 — t)¢ in the result ( [16], Th. 4.1) as follows

Ap _ 1 /T(S)T(A—PS) e
EraW) =gty b ta—gs) Y
where L is the contour of integration that begins at ¢ — ico and ends at ¢ 4 ioo, c € R,
yields,
Y R (€11 EL Y
T\ (1 -1)5)  2miJr T(a—ns) \#(1—1t)¢
_ 1 g
= E/Lf (s)g—°ds,
where F(s)F(1 )
#(s) = — 2 C TS e e’
F16) = e FO-0F] (34)
Using (30), (31), and (34), we get
® 1 . q CTETA=8) 160 e]f
/0 1 EW( tg(l—t)‘§>dq - T(a—ns) [t (1—t) ] (35)

Now, put (35) in (33), leads to

e (x1+x2)2i4j1k(X3) 1k
i o (01)i(@2)(e3)k B(x1,X2)

M{Hg,,g,g (Xl/ X2,X3,01,02,03; q>1/ ¢)21 @3); S} =

i & Pk
qil&% [(s)T(1—s) ! t)(1+i+k+t§s—1(1 _ t)X2+i+j+§s—1dt_

it jlk T(a—ns) Jo

Evaluate the integral using the classical Beta function defined in (7), yields
M{H}éf,,a (X1, X2, X35 01, 02, 03, @1, P2, P3); S}

T —s) & (X1 +x2)2itj+k(X3)j+k B(x1 +&s+i+k xo+&s+i+])) Cﬁﬂﬁqi’s‘

Tla—ns) ;2o (en)i(e2)j(ea)k B(x1, x2) it gtk
Identifying the above sum as ngs) (X1, X2, X3; 01, 02, 03; @1, 2, P3) given in (4), we get the desired
result (32).

1,6

Corollary 1: For ¢ > 4, the inverse Mellin transform formula for Hp 0

(+) is as follows:

Hgig,u(Xlr)Cz,Xz; 01,02, 03; D1, Do, P3) = M {f*(s); 9}

1 ctico T(s)T(1—s
/c s DT =) ) 3 25501, 02, 035 ®1, o, B3)ds. (36)

T 2711 Jeioo I'(a—ys)
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5. Whittaker Transform
Theorem 7.. For aq,a,(x1 +i+k),(xo+i+j) € Cny >0,R(a;) >0, R(a) >0, R(3+i+k) >

0, R(x2 +1i+j) > 0, we have the following Whittaker transform of Hgi .0)

© 1 )
/0 g7 e 1% Wy o (a2q) HES (X1, X2, X35 01, 02, 035 P1, @2, @3) dg

_ 1 i (X1 + X2)2i4j+k(X3) j+k q?ﬁ q)]z D5
' G (01)i(e2)j(ea)k B(x1, x2) it jt k!

X‘YB‘:

1,1), (2 + % +aq,1 , o
(alz)[( platntn )(X1+z+k),(7c2+l+])- (37)

(ﬂ, 77)/( 1—1 +ay, 1)

Proof: Applying (37) in (15), yields

© -1 -1
/0 g1 e 22T W, 1 (a2q) H%',g,a()(LXz,m;Ql,Qz,Q3;<P1,<P2,<I>3)dq

/o (e1)i(e2)j(0a)k B(x1 x2) 11 j! K!

1 o
Xi+itk—1(1 _ p\xa+i+j—1 -1 ,—Laog . q
X (/0 28 (1—1t)x2 {/0 g e 2% er,fz(txzq)En,a< FA—17 t)§> dq}dt). (38)

Now consider,

_ i ((Xl + X2)aitjrk(X3) ek P D) DA

I = /0 qal 1 p—z029 WT1,T2 (Dch) E’?l” <_—t§(1 — t)‘:> dﬂ]

put axg = u in the above equation, yields

[e9)

®/u a1 —u u ! 1 1
r= (&) Ao B(-ari=y) mraa

1 & 1 1 1 oo Lw
= *W du. 39
“"2‘11;)( azfg(l—tﬁ) T(ln—f—a)/o " e 2 Wey gy (u) du (39)

Now using the relation
B F(% +T2+D£1)r(% — T+ aq)

Tt W du =
/O u e T1,T2(u) u 1_'(1—1.'1—1—0(1)

, (R(Tzilxl) > _71),

where Wy, 1, (1) is the Whittaker function [25], in (39), we get

1 &7 1 T+ n+a+D)TA - +a +1)T(1+1)
azté(

- L

B = 1-t)¢ T(y+a)T(1 -7 +ar+1)1!
Using (12), we get
1 1,1), 3+ m+a,1),(3 - +ap,1) 1
I=ma? ’ 2 T 40
! ’ 2[ (a,1),(1—1 +ag,1) ap t6(1—t)8 (40)
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Applying (40) in (38), we obtain
9] 41 ,
/0 g1 e 2 W, 1, (a2q) H?gg,a (X1, X2, X35 01,02, 03, @1, P2, P3) dg

B i (X1 + X2)2itjrk(X3)j1k @) P Dk

/o (e1)i(e2)jea)k B(xw x2) i jt k!

1 . 1 1y 1
% / t)(1+l+k—l(1 o t)X2+l+]_1Tl 3\1;2 (1, 1)/ (2 T + &1, 1) ;_ﬁ dt.
0 Xy (ﬂ,ﬂ),(l—ﬁ +1x1,1) apt (1—t)

The above integral is evaluated using the generalized Beta function given in (11) to obtain the required
result (37).

6. Fractional Calculus of Hgia()

In this part, we examine various findings related to the right-sided Riemann-Liouville fractional
integral operator I¢, and derivative operator DY, , which are defined as follows, respectively [9,14]:

(-£)w) = 5557 | EDsde, (R(©)>0,0€ ) )
and N
(08 £)(w) = (45 ) (D), (n= RO +1 RE) > 0,0 < C) @)

where [w] is the greatest integer.
A generalized Riemann-Liouville fractional derivative operator Dz’fr‘ of order 0 < # < 1 and type
0 < A <1 with respect to w was introduced by Hilfer [4] as follows:

—g) d M1
(DY f) () = (IQS ")dw) (1Y) (), (m=[R(®)] +1; R(8) > 0,6 €C).  (43)
Theorem 8.. Let « € Ry, then for w > w, the function Hgiu() satisfies the following relations

(i) (I§+ [(q - a)”’lHZ’Eq,a)qﬂ (X1, X2, X35 01, 02, 03, D1, D2, <I>3)} ) (w)

a+971HZZ€(’wflx)’7,u+0 (Xl/ X2, X3; Ql/ QZ/ Q3/ q)l/ q)ZI CD3)/ (44)

= (w—u)
(i) (Dg+ [(q — @) THL 00, X5 01,02, 035 P, B, <I>3)} ) (w)

= (w— vc)”_g_lHZ’,é(rwfa)qﬂ,g(lele X35 01,02, 03; D1, D2, P3), (45)
and
(iif) (Dz'fr‘ {(q — a)“_lHZ"%q%)n,a (X1, X2, X35 01, 02, 03, D1, D2, q>3)] ) (w)
= (w— uc)”*gleg’Ew_a)q’u_g(XllX2, X35 01,02, 03; D1, P2, B3), (46)
where a,§ € C; 7 >0, R(a) >0, R(#) > 0,and 01,02,03 € C\Z;.
Proof. Use (15) in (41), and with the help of the relation [14]

(8 [0 ]) ) = gy o =),

for w > « it follows that,
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(IfﬁL |:(q — a)“_lﬂgi%qfa)m (Xl/ X2,X3,01,02,03; q>l/ (DZI CD3):| ) (ZU)

_ Ing (g —a)"~ 1 i (x1+x2 2z+]+k()(3)]+k q> <I>’ <I>k
i o (eu)i(e2)j(e3)k B(x1, x2) ik

y /0 pratiHk=1(q _ t)XZHHlEW{—ig(l_—_“;;}dt] ) (w)

_ i (X1 + X2)2i4j+k(X3) j+k 3&3’235
o (01)i(e2)j(03)k B(x1, x2) i j! k!

1 . L
/ t)(1+z+k—1(1 _ t)xz-i-z-i-]—l
0

X Z ( fi t)C)lr(liler ) (Iff+ [(q - zx)’v+ﬂ—1] dt) (w)

= (w — a) 01 i (X1 + x2)2i4j 15 (X3)j 4k ) P DK

i (e1)ie2)j(ea)k B(x1, x2) i j! K!

xi+itk—1(1 _ p\xa+i+ji—1 _(w—a)"
x/ot (1—1) Ew+6{ e

= (w— )™ 1Hwa a) 17a+9(X1/X2/X3;erQ2/Q3}¢1/®2/®3)-
Now, using (15) in (42), yields

(D§+ [(q - a)”_lﬂgl,%q—a)n,a (X1, X2, X35 01, 02, 03, D1, 2, <I>3)] ) (w)
d\" _
= (%) (Iz:_ 6 |:(q — lX)a 1HZ§Q*“)WM (Xl/ X2, X3; Ql/ QZ/ Q3/ q)ll q)ZI ¢3):| ) (w)

d m
= (%> {(w )P Hm—o- 1H77%w &) 9(X1,X2,X3,91,Q2,93,¢1,¢2,¢3)}

Using (21), reaches the result (45).

Furthermore, after using the eqs. (15) and (43), follows that
DM (g — a)—1HE O, Py D
a+ (q 0‘) B,(g—a) 17,;()(1’%2/7(3/ 01,02, 03; P1, P2, 3) ( )

s S (X1 Xx2)aijrk(X3)jrk D) D) DE

im0 (@)i(e2)j(0a)k B(x1, x2) i 1 k!

[ it it [ S8 ) Y )

_ i (X1 + X2)2i4j+k(X3) 4 311312315
= (01)i(e2)j(e3)x B(x1, x2) it jt k!

1
/ t)(1+l'+k71(1 _ t))(2+l'+]'*l
0

1 l 1 6,1 In+a—1
% Z < c(1— t)‘:) T(Iy +a) (Da—i— [(‘7 —a) ] dt) (w). (47)
Applying the result of Srivastava and Tomovski ([21], p.203, eq.(2.18))

(D2 [(7- 0] (w) = %(W et

(w>w,0<0<1,0<A<1;R(B) >0),
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in (47), (46) is established.

7. Recurrence Relations for Hg’g ()

In this section, we derive some recurrence relations for H%g 20
Theorem 9.. With respect to the numerator parameter X3, we have the following recurrences for H%ia()

Bg (X1 X2, X3 + 1501, 00,03, D1, Do, 3) = %ia (X1, X2, X3: 01,02, 03; P1, P2, P3)

)
4 P2X2¢qn (x1,x2+1,x3+ 101,02+ 1,03 P, Py, O3)

0 Ban
d
+ S;ﬁ Hﬁia(xl +1,x2,x3 +1,01,00,03 + 1, D1, Py, P3), (48)
and
76 ~1 Dy, Dy, D3) = HI ; Dy, D, D
(X11X21X3 /Q]/ Q2/ Q3/ 1, %2, 3) Bqu<X11X2/X3/ Ql/ QZ/ Q3l 1, %2, 3)
q)
;2(2 B qa(XlzXZ +1,x3 — 101,02 + 1,03 D1, Dy, P3)
D
- 22(1 H%ia(?ﬁ +1,x2,x3 — 1,01,02,03 + 1, P, Do, P3). (49)

Proof. With the help of the identity (x3 +1)j4x = (x3)j+x(1+j/x3 +k/x3) and from (14), we find

Z,ila (Xll X2, X3 + 1/ Ql/ QZ/ Q3/ (I)l/ (1)2/ (1)3)

© (X1 + X2)ai4j k(X3 + 1)k Bl (xi+itk, xa+ i +)) @i @) ok

,kzzo (1)i(e2)j(e3)k B(x1, x2) TT!F

= H%ﬁi/u (Xl/ X2, X3; Ql/ QZ/ Q3l q)ll q>2/ CD3)
(x1 + X2)2is -k (X3) ik Bhs (a+itk, xo+ i +)) <I>Z o, ok

;)]Z;I; 01)i(02)j(03)x B(x1, x2) it G—-1)! k!
i i i (Ot + X2)2ij+4(x3) ok BUE (1 +itk, xo+ i +)) @ @) @k~ 50)
X3z 0j=0k= (e1) (92) (03)k B(x1, x2) B ]l (k ,1)!‘
Let the first sum in (50) as S. Following the index shift j — j + 1, we apply the identity (¢);11 =
0(¢ +1)j, which yields
R 5 (X1 + X2)i ok (X3) jk BUs (a+ibk, xo+ i +)) 3’13723’5
X3 e (en)ie2)j(es)k B(x1, x2) itk
_(a +X2 D, i (x1+x2+ Daivjr(xs +1)j5k Bq,':()(1+1—|—k X2+1i+)) ggfgk
0 (e1)i(02 +1)j(e3)k B(x1, x2) itk

Now, using the relation
+ X2
B(x1,x2) = %BQCLXZ +1),
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we get
s 1% 2 0t X+ Dot + Dy B HGatithxatit) @ @)
Q2 jk=0 (01)i(02+1)j(03)k B(x1,x2+1) it jt oK
o
B Xzez ZH’éi Jxux2 + L xs+ 101,00+ 1,03 P1, P2, 3). D

Similarly, analyzing the second summation in (50) with the subsitution k — k 4 1, we express it as

q>3X1 17 ¢

Q3 ,q, (Xl + 1 X2, X3 + 1 Ql/ QZ/ Q3 + 1 qDl/ q)2/ q)3) (52)

Combining (51) and (52) with (50) yields the desired recurrence relation (48). Replacing x3 with x3 — 1
in (48), leads directly to the result (49).

Corollary 2: For positive integer N, the recurrence formulas for Hgia() from (48) are

Bqa(XLXZIXS + N; 01,02, 03, D1, Do, P3) = H%ia(xl,mm; 01,02, 03; P1, D2, P3)

q)
;i(z Z HZ’ia (X1, X2+ 1 x3+ 101,02+ 1,03, 1, P2, P3)
=

q)
Z;ﬁ Z HB " (x1+1Lx2,x3+1501,02,05 +1,D1, Dy, P3),
I=

and

Hzli,ﬂ (Xl/ X2, X3 — N/ Ql/ QZ/ Q3/ q)l, (I)z, @3) Hgg a (Xl/XZ/ X3, Ql/ Q2, Q3/ ch/ q)2, @3)

Doxo NI,
_Tic IZ H'Ei,a(xl,xwrl,m — 101,02+ 1,031, P2, P3)
=1

q’a)ﬁ

Q3 Z HBqKZ Xl+1/X21X3_Z;Ql/Q2/Q3+1;®lr®2/©3)'

8. Conclusions

In this paper, we presented generalized Srivastava triple hypergeometric function H’%i (+), as
introduced in (14). Several integral representations involving the generalized Mittag-Leffler function
and Exton’s function X, were established, alongside several analytical properties. We also derived
integral transforms of the generalized function, including the Euler-Beta, Laplace, Mellin, and Whit-
taker transform. The action of Riemann-Liouville fractional integral and differential operators on the
function was examined, providing new insights within the framework of fractional calculus. Finally,
recurrence relations were obtained, offering a deeper understanding of the characteristic properties of
the function. These findings provide a foundation for further analytical studies and potential applica-
tions in mathematical physics, fractional differential equations, and other areas involving generalized
special functions.
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