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Abstract

We quantize the exterior region of a Schwarzschild-AdS black hole using our model of quantum gravity.
The resulting hyperbolic equation is solved by products of temporal eigenfunctions w;, the eigenvalues
of which all have multiplicity one, and spatial eigendistributions v;; having the same eigenvalues but
with multiplicities 1 < m;, where the m; could in principle be arbitrarily large. Regarding only the
exterior region, there was no guidance how to determine the values of the m;. However, considering
also the quantization of the interior region, where the same question did not arise since the m; could
be chosen by maximizing the value, it seemed logical to choose the same values, too, in the exterior
case. Since the eigenvalues in the interior are the same because the temporal Hamiltonian is the same
in both cases, this choice defined a unitary equivalence between the respective Hilbert spaces and the
respective Hamiltonians. Hence, there is no information paradox on a quantum level.

Keywords: quantization of gravity; quantum gravity; Schwarzschild-AdS black hole; information
paradox; gravitational wave

1. Introduction

In [1, Chapter 7] we applied our model of quantum gravity to the interior of a Schwarzschild-AdS
black hole N of dimension n + 1, n > 3. For the quantization we worked in a fiber bundle E with
base space Sp. The fiber elements are the Riemannian metrics g;; in Sp, which could be expressed, in a
suitable coordinate system, in the form

gij(t,x) = f%%'(x) Vxe S, 1)

where 0 < t < 0. The fibers F(x) are globally hyperbolic manifolds with respect to the DeWitt metric
and t is a time function independent of x. The metrics ;;(x) belong to a subbundle M

M={t=1}CE. 2)

Picking a Cauchy hypersurface Sy with induced metric 0;; in N its quantum development would
be governed by the hyperbolic equation, cf. equation [1], [(4.2.53), p. 115], namely

n —(m+k) Oy (mtk)
T(n—1)" PTAGEY

1
— 2 Apu + Et_zARku —(n— 1)t2_%Agu (3)

- (g — 1) i Ryu+ (n — 2)PAu = 0,
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where u depends on (x, ¢, Tij, 6), withx € Sp, t € R, oij € Mand 0 € Rk, The equation is evaluated
at (x,¢, Tij, 6), where (x, t) are variables but 0jj is the fixed metric of the Cauchy hypersurface Sy after
evaluation and

°(x)=1 VxeSypand1l<a<k 4)

Let us recall that 0jj may be considered to be an element of M, in view of [1, Remark 3.2.2, p. 75].
The Laplacian A, is the Laplacian with respect to 0;; after fixing, R is the scalar curvature of the metric,
0 < tis the time coordinate defined by the derivation process of the equation and A < 0 a cosmological
constant. Finally, A may be identified with the Laplacian in the symmetric space

SL(n,R)/SO(n), ®)
in view of [1, Lemma 3.2.1, p. 74]. We proved that the hypersurface Sy is a product space
So =R x My, 6)
where M) is a compact Riemannian manifold and that ¢ is a product metric
c=06®07, @)

where 0 is the "metric" in R and & the metric in M. Indeed, in the Schwarzschild case M, will be a
space form with curvature

ke {-1,0,1}. (8)
The metric in (7) is free of any coordinate singularity. Since Sy is a Cauchy hypersurface in the
black hole region
0<r<r, ©)
i.e., a slice
Sp = {r = const}, (10)

where r( is the radius of the event horizon, & depends on r and it converges smoothly to a Riemannian
metric if  tends to rg.

In this paper we want to quantize the exterior region of a Schwarzschild-AdS black hole. The
formal quantization is the same as for the interior region. However, the Cauchy hypersurfaces Sy are
then the slices

Sp = {t = const} (11)

where t is the time coordinate in the exterior region. The Cauchy hypersurfaces for different values of
t are all isometric, with the induced metric being independent of ¢ and can be expressed as

ds* = dt* + r(T)2(Tl-]-dxidxj, (12)

where the coordinate T ranges over the interval [0, o), and T = 0 corresponds to the event horizon.
The Cauchy hypersurface Sy can then be identified with the product

80 = (0,00) X My (13)

equipped with the metric given above. The scalar curvature of the metric is equal to 2A, cf. Lemma 2.1
on page 5. Hence the solution u of (3) can then be considered to be a product of eigenfunctions or
eigendistributions of the various differential operators, i.e., we look for solutions

u = wogv (14)
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where w = w(t) is a temporal solution, & = 9(0;;) an eigenfunction of —Axs, ¢ = (6”) should be an
eigenfunction of —Ap; and v = v(7, x) an eigenfunction of —A, the Laplacian of Sy. For 9 we choose
one of the elementary gravitons which are eigenfunctions of —A ), satisfying

—Amd = (|AP* +[p]*)d (15)

and
(o(x)) =1 VxeS, (16)

where o (x) is the induced metric of the Cauchy hypersurface Sy and

ol = (n—1)n

2 17)

cf. [1, Lemma 3.2.3, p. 76 & equ. (2.2.40), p. 49]. The function ¢ is defined by ¢ = 1 such that the scalar
field produces no contribution to the solution apart from increasing the dimension.
If we consider solutions u of (3) with these choices of eigenfunctions then the equation (3) reduces
to
(Hyw)v — (Hyv)w =0, (18)

where Hj is the temporal Hamiltonian
How = -3 ( (i) 2 (g 90

~16(n — 1)t ot ot 19)

—t2(A P+ oM w — (n— 2)t2Aw)
with t ranging in 0 < t < o0, and Hj is the spatial Hamiltonian

Hyo = —(n—1)Ag0 — (g —1)Ry0 0
=—(n—-1)A;v— (n—2)Av,

since R, = 2A.

Remark 1.1. In [1] [Theorem 3.5.5], we proved, under reasonable assumptions, that Hy is self-
adjoint in an appropriate Hilbert space with a pure point spectrum and eigenfunctions w; satisfying

How; = Ajw; VieN (21)
such that
D<A <A <A<, (22)
lim A; = oo, (23)
1—00
lim|w;(t)| = oo (24)
t—0
and
Lim Jav; ()] = 0. (25)

Moreover, for any 8 > 0 the operator
e PHo (26)

is of trace class. Hence, we considered the singularity at t = 0 as a big bang on a quantum level. In [2]
we could show that the eigenfunctions #; of a unitarily equivalent operator, which are defined by

ﬁi =tz wi, (27)
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can be smoothly extended past the singularity by even or odd mirroring. This extension also applies
to the corresponding equations such that the extended eigenfunctions can be looked at as classical
solutions of these equations valid evenin t = 0.

The main part of the spatial Hamiltonian Hj is the Laplacian of the Cauchy hypersurface S.
We shall prove in the next section that its eigenfunctions or eigendistributions are products of the
eigenfunctions of the compact space forms My and of the eigenfunctions of a self-adjoint differential
operator on the interval (0, o) which we shall call Aj. The operator is bounded from below, has a
continuous spectrum and no square integrable eigenfunctions with positive eigenvalues. But it has
distributional eigenfunctions which are smooth, bounded and hence tempered distributions.

In Section 3 we define a sequence of eigenfunctions v;; of H satisfying

Hyvij = Ajvyj, 1<j<m,, (28)

where A; are the eigenvalues of Hy which all have multiplicity one, but as eigenvalues of H; they have
multiplicity m;. The m; are arbitrary predetermined natural numbers.

In Section 4 we apply quantum statistics to our configuration by choosing H; as the underlying
self-adjoint operator, since the eigenvalues of Hy have multiplicity one, i.e., the spatial Hamiltonian is
the right choice in order to define the partition function, the von Neumann entropy and the average
energy. When we quantized the interior region of a Schwarzschild-AdS black hole we had a similar
situation. However, then we solved this problem by maximizing the multiplicity m;. For eachi € N the
maximal value of m; was bounded from above by the geometric settings of the Cauchy hypersurfaces

Sp = {r = const} (29)

and the m;(r) increased when r tended to ry, the radius of the event horizon. In the exterior region
it makes no sense to maximize multiplicities since the m; can be prescribed arbitrarily; they are
unbounded from above. Thus, the only logical and physically meaningful choice is to use the same
value for each m; as in the interior region. This postulation then defines a unitary operator between the
respective Hilbert spaces and makes the interior and exterior spatial Hamiltonians unitarily equivalent,
i.e., their quantum statistics are identical. Hence, the black hole information paradox does not exist on
a quantum level.
We shall also prove:

Theorem 1.2. The spatial eigenfunctions v;j = v;j(T,x) can be looked at as being gravitational waves
emanating from the event horizon and vanishing exponentially fast at infinity satisfying

vl-]-(O, x) =0 (30)

and
}LHC}JZ)Z']‘(T, ')|mrM0 =0 Vm e N, (31)

where we use the norm in C™(My).

Similar results are also valid for the quantization of a Kerr-AdS black hole, where we already
quantized the interior black hole region in [1, Chapter 8], compare also an older paper [3]. The
arguments are similar to those we present in this paper though some of the proofs are technically more
difficult. We intend to write up this work in the next months.

2. Spacelike Slices in the Exterior Region

The metric in the exterior of the black hole can be expressed in the form

52 = —hdf® + h'dr? + rPoydxidxd, (32)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0494.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 March 2026 d0i:10.20944/preprints202603.0494.v1

50f17

where (7;;) is the metric of an (n — 1)-dimensional space form My and k(r) is defined by
h=—mr~ 7D — 2 AP 1 R, (33)

where m > 0 is the mass of the black hole (or a constant multiple of it), A < 0 a cosmological constant,
and & € {—1,0,1} is the curvature of My = M{ !, n > 3. We also stipulate that My is compact in the
cases & # 1. If & = 1 we shall assume

My =8""1 (34)

which is of course the important case. By assuming M, to be compact we can use eigenfunctions

instead of eigendistributions when we consider spatial eigenvalue problems, but we could also consider

My = R"1 or My = H"~! with the corresponding eigendistributions for the respective Laplacians.
The radial variable r ranges between

rg <r < oo, (35)

where r¢ is the radius of the unigue event horizon, and the time variable ¢ is an element of an open
interval I = (ty,tp).
The exterior region of the black hole is a globally hyperbolic (n 4 1)-dimensional spacetime and
the hypersurfaces
Sy ={t <t=const <t} (36)

are Cauchy hypersurfaces with induced metric
ds?> = h'dr* + r25ijdxidxj, (37)

i.e., the Cauchy hypersurfaces S; are all isometric and their second fundamental form h,;, vanishes.
Hence, we infer

Lemma 2.1. The scalar curvature R of the hypersurfaces S is constant
R =2A. (38)
Proof. Since the black hole satisfies the Einstein equations
Gup + AZap =0 (39)
and 1, = 0 we deduce from the Gauf equation
R = —{H?— |A*} + 2G,gv"vF = 2G,pv*vP, (40)

cf. [4], [equ. (1.1.43), p. 5], completing the proof. [

The exterior region is defined by

h>0, (41)
hence the coordinate transformation .
T= / hi 42)
Ty
is well defined such that 5
r 1
—_— = h7 4
5y = (43)

and the metric in (37) can be expressed in the coordinates (&*)=(, x) as

ds? = dt* + r(7)*oydx'dx . (44)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Let us denote the metric by (g,,) and let A be the corresponding Laplacian, A the Laplacian with
respect to (6i]'), g and ¢ the respective determinants, then

Vg =1 (45)
and for a function v = v(t, x') of class C2 we deduce
Av = rn{l % (r"10") +r Ao, (46)

where the prime indicates partial differentiation with respect to 7.
We want to solve the eigenvalue equation

Av = —uv (47)

by separation of variables. Thus, let ¢ be an eigenfunction of A

—Ap = Mg (48)
then we define v by
v=9(1)¢(x) (49)
such that v is an eigenfunction if and only if ¢ satisfies
1 0 n—1_./ =2,
o ) AR =y, (50)
or equivalently,
1 0, ,_ -
Anp = =g 5o (M) + AP = iy (51)

The operator A,_; can be looked at as a densely defined symmetric operator in a suitable Hilbert
space.

Definition 2.2. Let I be the interval I = (0, 00) and for real valued functions {1, p € C(I) define the
scalar product

(Y1, 92)n—1 = /IlPllefnfldT, (52)

where r = r(T) is the function implicitly defined in (42). Furthermore, denote the completion of this scalar
product space by L2(I,n — 1). Sometimes we shall also write L?(I,7"~1dt) to provide the explicit definition.
The operator A1 defined in (51) is a densely defined symmetric operator with corresponding bilinear form

(Y1, 92)2 = (Anapr, P2)n1 V1,92 € CO(I). (53)
The right-hand side of this equation can be written as an integral
J S e T LS VA MR e P 4
Lemma 2.3. The operator A,,_1 is bounded from below
A1 > —¢ (55)
if co = co(ro, A) is large enough.

Proof. Obvious, since
0<ry<r(7) Vtel (56)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Hence, A,_1 is essentially self-adjoint and has a unique self-adjoint extension which is known as

the Friedrichs extension, cf. [5], [Chapter V.4, p. 110].

Remark 2.4. The previous definitions and results can immediately be generalized to complex

functions by defining the scalar products appropriately.

Next, let us define a unitarily equivalent operator the eigenfunctions, or better, eigendistributions

of which can be better analyzed. First, we write the function ¢ in (50) as a product

_n-1
Yp=r 7u,

(57)

where u = u(7) is a real function of class C2. Differentiating and simplifying the resulting equation

yields
-1 -1 -1

n2 (1+nT)|r'|2+nTrr”}u+yu:

n—1 n—1 n—1
7 (1+ 5 Y+ 1

where we used (43). From the definition of /1 in (33) we deduce

u —r 2 {A—

u”—J’_Z{)\—

oh
rg}u +uu =0,

oh

oh 1 2
or 2
=h

% AP
n(n—1) d

%r m(n—2)r~ =2 —

+ gmr_(”_z) -,
hence u should satisfy the ODE

(=12 n(n=1) . (1=1)
1 h+ 1 mr - >

u —r A - Ryu=—pu,

or equivalently,

_1)2 _ _
) _._772{)\ _ (n 41) I Tl(l’l4 1)m1,7(n72) _ Qk}u = uu.

The left-hand side of this equation defines a linear differential operator Ag

_1)2
1 h+ 1 mr 5 K

Aou = _u//_'_r,z{/\_ (7’1 Tl(?l—l) —(n-2) _ (1’1—1)~}ul

which is unitarily, or orthogonally, equivalent to A,_; defined in (51).

(58)

(59)

(60)

(61)

(62)

Lemma 2.5. Let L?(I) = L2(1,d) be the usual Hilbert space of square integrable real valued functions u

defined in I, with the standard scalar product

(uy,up) = /Iuluzdf,

then the ma
' @ :L2(I,n—1) — L*(I)
(n-1)

pory

(63)

(64)

is orthogonal and the operators A, _1 and Ay, the domains of which are the test functions C (I), are orthogonally

equivalent
A, 1 =P 1oAyod.

Proof. Follows immediately from the arguments after the ansatz (57). [

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

(65)


https://doi.org/10.20944/preprints202603.0494.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 March 2026 d0i:10.20944/preprints202603.0494.v1

8of 17

Ay is densely defined, symmetric, bounded from below and hence essentially self-adjoint. We
shall prove later that the eigenvalue equation

Aou = pu (66)

has no square integrable solutions and that Ay has only a continuous spectrum such that we can only
find eigendistributions. At the moment we shall treat the eigenvalue equation simply as an ODE which
can be uniquely solved, for any # € R, by a function u € C2[0, co) with initial values

u(0)=0 A ' (0)=1. (67)

In order to analyze the solution of the ODE we observe that the zero order term of A can be expressed
in the form

T U 12 n(n-1) ey (n=1)
r{A 1 h+ s TK}
n—1 (68)
= q - 27’1 |A|/
where
lg) <cor™® Vit [0,0) (69)

with a uniform constant ¢y = ¢ (m, r, n). Therefore, we can rewrite the eigenvalue equation (66) as

—u" +qu = (y+n27_nl|A|)uEk2u (70)
assuming
k>0, (71)
or equivalently,
n—1
p>———lAl (72)

Moreover, combining (33) and (43) we deduce that there are positive constants g and r; > g such that

dlogr

ol =iz plAl=a Vrzn, (73)

where v is independent of |A| for any &, but r; only if & = 1; otherwise, r; depends on |A|. We
conclude further
ci(t—m) <logr—logry, (74)

where r; = (1), from which we infer

< rl_lecme_clf = et VT>1, (75)

and finally
rl< rale‘:me*‘:lf = cze 17 vt >0. (76)

Applying now the estimate (69) we deduce

gl <ce™™ VYT 2>0, (77)

¢,y are positive constants, i.e., the potential g vanishes exponentially fast near infinity. Hence we can
apply known results for the spectrum and eigenfunctions of the operator in (70). It is well-known that

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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the eigenvalue equation (70) has no square integrable solutions if k > 0, cf. [6], [Theorem 4.1, p. 14].
The assumptions for this result are actually much weaker for the condition

limsupt|q| =0 (78)

T—00

would be sufficient. Since we also want to prove that the solutions of equation (60) satisfying the
initial conditions (67) are bounded and, thus, tempered distributions which can be looked at as
eigendistributions of the self-adjoint operator, which requires the use of modified Priifer coordinates,
it is rather simple to add a few arguments to show that there are no square integrable solutions.

Theorem 2.6. Let u € C%([0, ) be a non-trivial solution of the equation
—u" 4+ qu = Ku (79)
with k > 0, where q satisfies the estimate (77), then
U +k2W PP <cy VT2>0, (80)
where ¢y depends on k, ¢, v and the initial values of u in T = 0. Moreover, u is not square integrable.

Proof. We use modified Priifer coordinates (R, ) as in [6], [Section 2, equs. (1.5a), (1.5b), p.3] by

defining
u' = kR(t) cos(0(t
(1) cos®(v)) o
u = R(7)sin(0(1)).
We immediately deduce
lul? + k~2|u|* = R2. (82)
Furthermore, by differentiating both equations and by applying simple algebraic manipulations we
infer
T
R = sz sin(20) (83)
and
0 =k— %sinz 6. (84)

In order to prove the estimate (80) we conclude from (83) and (77)

T
log R —log R(0) = %/ gsin(20)
0

(85)
1 T c c
< YT — (11— ")y <
—ZkC/o ¢ sy L) S 5
which implies
R(t) < R(0)eZ VT >0. (86)
Using the same reasoning we also deduce
1 T
log R —log R(0) = —/ gsin(20)
2k Jo
- (87)
- 2k Jo = 2ky’
implying
R(7) = R(0)e (88)

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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and hence

TR~ [Tl - 212 — oo
/OR—/O (Juf? + k2’ [2) = oo, (89)

On the other hand, if u would be square integrable then u” would also be square integrable, cf. [6,
Lemma 4.2, p. 14], completing the proof of the theorem. [

Remark 2.7. Let A be the operator defined by the left-hand side of the equation (79) with domain
D(A) = C2(I), (90)

where I = (0,00). Assuming g > 0, which in our case would require that the eigenvalue A in (68)
would be sufficiently large, then the quadratic form defined by

(Auu) = ["(WP+qluP)dr,  weD(a), o
0
would be non-negative and actually positive definite, since
(Au,u)y =0 (92)

implies u = const and hence u = 0 because u(0) = 0. It is well-known that the self-adjoint extension
of A, which we denote by A, is defined in

D(A) = Hy?(I) N H**(1), (93)
where the function spaces on the right-hand side are the usual Sobolev spaces. Any eigenvector u of A

satisfying
Au=0 (94)

would also belong to C2([0,00)) satisfying u(0) = 0 and the eigenvalue equation (79) with k = 0.
Hence u would vanish identically because

(Au,u) = /Ooo Auudt = 0. (95)

On the other hand, any square integrable function u € C?([0, o)) satisfying 1(0) = 0 which solves the
equation (79) with k = 0 is an element of D(A), cf. [6, Lemma 4.2, p. 14]. Thus, we conclude u = 0.

As a corollary of Theorem 2.6 we obtain
Corollary 2.8. The eigenvalue problem in (66)
Aou = pu (96)

with initial values u(0) = 0 and u'(0) = 1 and eigenvalue y satisfying (72) has no square integrable solutions.
As an ODE it has a unique solution u € C2([0, 00)) which satisfies the estimate (80), where

n

=+ "2, ©7)

in view of (70). Hence, the ODE'’s solution is a tempered distribution and can be looked at as an eigendistribution
of the unique self-adjoint extension Ay.

Combining the results of the corollary above, Lemma 2.5 and the equations (2.15)—(51), then we
conclude

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 2.9. The eigenvalue equation (47)
—Av = uv (98)
can be solved by defining
U= r*anugo, (99)

where ¢ = @(x) is an eigenfunction of equation (48) and u a tempered eigendistribution of equation (66),
provided p satisfies (72).

3. Solving the Hyperbolic Equation

Let us recall from the introduction that the final equation which has to be satisfied by a quantized
spacetime N is the hyperbolic equation

Hoii — Hyii = 0 (100)

in a quantum spacetime

Q = (0,00) x S (101)

where Sy is a Cauchy hypersurface of N with induced metric g,;,. Hy is the temporal Hamiltonian, a
temporal self-adjoint operator with countably many eigenfunctions w; and corresponding eigenvalues
A; > 0 and H; the spatial Hamiltonian, which, in our case, is also a self-adjoint operator but with a
continuous spectrum.

In order to solve the hyperbolic equation we have to solve the eigenvalue equation

Hyv; = Ajv;, (102)

for every i € N, where

16(n—1){_(n_1)Av_n—2

Hyo = Ro} (103)

and the Laplacian and the scalar curvature refer to the induced metric of the Cauchy hypersurface in
the exterior region of the black hole
Sp = {t = const}. (104)

Let us recall that the induced metric is independent of t and the scalar curvature R is constant
R =2A, (105)

cf. Lemma 2.1 on page 5. The solutions # of (100) could then be expressed as products of respective
eigenfunctions or eigendistributions

i = w;v; VieN. (106)

The multiplicities of the temporal eigenfunctions A; are all equal to one in contrast to the multiplicities of
the spatial eigenvalues as will become evident shortly. Hence we should label the spatial eigenfunctions
in the form

Uij/ 1 S ] S m;, (107)

such that
Hyv;j = Ajvyj, V1<j<m. (108)
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The eigenfunctions v in Theorem 2.9 on page 10 with eigenvalue u are, obviously, also eigenfunctions
of the operator Hj, since R is constant. Hence, we conclude

Ho =207 g - 2)|Al
n (109)
= 002D 6y g B2 Ao

in view of (103) and (105).
In order to solve equation (102) for all i € N we have to prove that there exists an admissible

# € R such that
16(n—1

n—2
Ao > ) (n—1){u+ p— |A]}, (110)
where y is admissible provided
n—1
p>———lAl (111)
cf. (72) on page 8. Thus, we must verify that
16(n —1) n—-1 n-2
——(m-1){- Al. 112
Ao > (1= D{=" =+ 222yl (112)
On the other hand, we know
= n—1
Ai = Al AL, (113)

where A; is the eigenvalue corresponding to |A[ =1, cf. [1, Lemma 9.4.8, p. 240], from which we
deduce

< 16(n—1) n—1 n-2 1

/\0>?(n—1){— P +n_1}\A| . (114)
Let Ay < 0 be defined by

- le(n—1) n—-1 n-2 1

)\O—T(”_l){_ n +n_1}|AO| , (115)

then we can prove:

Theorem 3.1. Let 1 < m; € N be a given sequence of multiplicities, then the eigenvalue problems (108)
have solutions of the form

n—1
2

v =17 Ui @i, (116)

where, for each i € N, ¢;j = ¢;j(x) are mutually orthogonal eigenfunctions or linearly independent eigendis-

tributions of equation (48) and u;; are linearly independent tempered eigendistributions of equation (66) with
initial values (67), provided the cosmological constant A satisfies

Ag < A <0, (117)

Proof. In view of the arguments preceding the theorem we have already proved that for eachi € N
the functions v;; are eigenfunctions with eigenvalues A;. It remains to prove that they are linearly
independent but this is guaranteed by the choice of the ¢;;. Indeed, differentiating v;; with respect to T
and evaluating at T = 0 yields

_na
0(0,x) =15 7 @ij(x), (118)

where the right-hand side is linearly independent.
The linear independence of the v;; with mutually different i is obvious, since the eigenvalues A; of
Hj have multiplicity one. O
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4. The von Neumann Entropy in the Exterior Region

In [1], [Chapter 9.5, p. 240] we have already defined the von Neumann entropy of the interior
region of black holes, or more generally, of quantized globally hyperbolic spacetimes with a negative
cosmological constant. Now we apply these definitions to the exterior region of a Schwarzschild-AdS
black hole. For the sake of completeness let us repeat the necessary definitions and results without
giving the proofs for which we refer to [1], [Chapter 9.5, p. 240].

We first define the partition function by using the spatial Hamiltonian H; of the quantized black
hole, which is now defined in the separable Hilbert space H generated by the eigendistributions

Uij/ VieN, 1 Sjgmi, (119)
which are sufficiently smooth functions satisfying the eigenvalue equations
Hﬂ)i]' = /\ivi]' (120)

We also stipulate at the moment that the multiplicities m; are uniformly bounded, though later we are
allowed to drop the requirement
m; <1, (121)

where 1 <[ € Nis arbitrary but fixed, cf. Remark 4.5.
In order to explain how the eigendistributions can generate a Hilbert space let us relabel the
eigenfunctions and the eigenvalues of H; by (7;, A;) such that

H9; = A%, (122)

i.e., the multiplicities of the eigenvalues are now included in the labelling and the ordering is no longer
strict
A <A <Ap<--- (123)

To define the Hilbert space H we simply declare that the eigendistributions are mutually orthogonal
unit eigenvectors, hence defining a scalar product in the complex vector space H’ spanned by these
eigenvectors by stipulating that the first entry of the scalar product should be antilinear. We define the
Hilbert space H to be its completion.

Lemma 4.1. The linear operator Hy with domain H' is essentially self-adjoint in H. Let Hy be its closure,
then the only eigenvectors of Hy are those of Hj.

Remark 4.2. In the following we shall write H; instead of Hj.

Lemma 4.3. For any B > 0 the operator

e PH (124)
is of trace class in H. Let
F =F(H) (125)
be the symmetric Fock space generated by H and let
H =dI'(H;) (126)
be the canonical extension of Hy to .#. Then
e PH (127)
is also of trace class in F
tr(e Py = J(1 — e P) " < oo, (128)
i=0
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We then define the partition function Z by
Z =tr(e M) = T[(1 — e PHi)~! (129)
i=0
and the density operator p in .# by
p=27te PH (130)
such that
trp=1. (131)
The von Neumann entropy S is then defined by
S = —tr(plogp)
=log Z + BZ ttr(He PH)
dlogZ (132)
=logZ —
°8Z =P 5
=log Z + BE,
where E is the average energy
E = tr(Hp). (133)
E can be expressed in the form
=) }“\
E= — 134
Lo (134)
Here, we also set the Boltzmann constant
Kp =1. (135)
The parameter § is supposed to be the inverse of the absolute temperature T
B=T"1 (136)

Lemma 4.4. The average energy E and the entropy S increase if the multiplicities m; of the eigenvalues
increase. If we pick a fixed index k and let the corresponding multiplicity my converge to infinity, then the energy
E and the entropy S tend to infinity

lim E=0c0 A lim S =o0. (137)
mj—r00 Mj—r00
Proof. In view of (134) we infer
E= P S 138
i;() MR 1 (138)
and
S > BE, (139)

due to equation (132) and the fact Z > 1, cf. (128), where we recall that the eigenvalues are strictly
positive. The claims of the lemma are now easily deduced. [J

We therefore are in a dilemma to define a physically reasonable average energy and entropy
because theoretically we can increase the multiplicities m; arbitrarily, as we proved in Theorem 3.1,
because for each i there are countably many mutually orthogonal eigenfunctions ¢;; satisfying equation
(48) on page 6 which can be used to define a solution u;; of the eigenvalue equation (66) on page 8
with eigenvalue y = A; without changing the value of that eigenvalue. The eigenvalues of ¢;; only
determine the coefficients of the lower order terms of the operator Ay which has a continuous spectrum
which is independent of these eigenvalues. Hence, we cannot develop a meaningful quantum statistics
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for the exterior region by looking at it as an isolated system. Instead we also have to take the interior
region of the black hole into account.
In [1], [Chapter 7.1], we quantized the interior region of a Schwarzschild-AdS black hole, where

0

x’ =71,0 <r <rp,is the time function and the Cauchy hypersurfaces are the slices

S, ={x"=r}. (140)

The multiplicities of the eigenvalues of the corresponding spatial Hamiltonian H;, which we denoted
by n(A;), could not be chosen arbitrarily large; instead they were defined by maximizing their values.
The n(A;) also depended monotonically increasingly on r, and we proved that the S,, 0 < r < 19,
equipped with the induced metric converged to a smooth compact Riemannian manifold S, if r
tended to rp, which we considered to be the horizon. If & # —1, then the results were valid for any
A < 0; only in case £ = —1 we had to assume

|A] > [Ao] >0 (141)

for some specific value |Ag| in order to find a spatial eigenfunction for the smallest eigenvalue A, cf.
[1, equ. (7.2.30), p. 179]. Furthermore, we proved that, for § > 0,

e PH1 (142)
is of trace class, cf. [1, pp. 231-236], such that quantum statistics could be applied to this configuration.

Remark 4.5. Note that the 1(A;) are not uniformly bounded. Indeed from the equations [1, equs.
(9.4.60), (9.4.72), pp. 234-235] we conclude

lim n(A;) = oo. (143)
1—00
Using this result we combine the quantization of the exterior region with the quantization of the
interior region by defining
m; = n(A;), VieN, (144)

such that the quantum statistical results are identical for both regions, though the spatial eigenfunctions
are of course different. Let us summarize this result in a theorem.

Theorem 4.6. Let N = N"t1, n > 3, be a Schwarzschild-AdS black hole with metric defined in (32) and
(33) on page 5 and assume that € # —1. The negative cosmological constant A should satisfy the estimate (117)
on page 12. Then, choosing an arbitrary Cauchy hypersurface So = Sy in the exterior region, this region can
be quantized by canonical quantum gravity such that the hyperbolic equation (100) in the quantum spacetime
(101) can be solved by a sequence of products of temporal eigenfunctions and spatial tempered eigendistributions
which generate a Hilbert space H and can be looked at as being mutually orthogonal unit vectors.

A similar result is also valid in the interior region of the black hole. By choosing the multiplicities m; of the
spatial eigenvalues A; in the exterior region to be identical to the multiplicities n(A;) of the spatial eigenvalues in
the interior region, which seems to be the only logical possibility, we conclude that the quantum statistical results
in both regions are identical, i.e., the respective partition functions, average energies and entropies are identical.

Furthermore, since the spatial eigendistributions in both regions are an orthonormal basis in their respective
Hilbert spaces, the relation (144) can be used to define a unitary map between these Hilbert spaces such that the
respective spatial Hamiltonians are unitarily equivalent because the corresponding eigenvalues are identical.
Hence, the black hole information paradox does not exist on a quantum level.

5. Schwarzschild-dS Black Holes

If the cosmological constant A is positive then the Schwarzschild-dS spacetime has a singularity
inr = 0 only if & = 1. Then the metric in the exterior region of the black hole can be expressed as
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in (32) on page 4. Since we want to quantize the black hole by similar arguments as in case A < 0,
especially with regard to the temporal eigenfunctions, we also have to assume n = 3. In this case the
quantum development of a Cauchy hypersurface Sy is governed by the equation

1 n d
T " i—(m+k) (m+k)
116(n—1)" TR

1 7 -
- Et_zAMu + gt_zARku —(n— 1)t2‘%Aou (145)

4
n

1, 1
+ 47" Rou = S AU =0,
cf. [1, equ. (4.2.57), p. 115], which is structurally identical to equation (3) on page 1 because A is positive.
Solving this equation by temporal and spatial eigenfunctions can be achieved by identical arguments
as in case A < 0 having in mind that n = 3 and & = 1.

6. Conclusion

We quantized the exterior region of a Schwarzschild-AdS black hole and solved the resulting
hyperbolic equation
=20 (1406)

in the quantum spacetime

Q = (0,00) x S (147)

by a sequence of eigenfunctions, or eigendistributions
i =wjvy;,  1<j<m, (148)

where w; are the eigenfunctions of the temporal Hamiltonian Hp and v;; are the eigendistributions
of the spatial Hamiltonian H;. The corresponding eigenvalues are A;, where the multiplicities of the
eigenvalues are one for Hy and m; for H;. For fixed i the multiplicity m; is theoretically unbounded.
There are no physical or mathematical obstructions which would enforce a bound from above. Since
the von Neumann entropy and the average energy tend to infinity if m; converges to infinity, cf.
Lemma 4.4 on page 14, the only logical and physical consequence is to define m; to be equal to the
corresponding multiplicity #(A;) which we obtained by maximizing the multiplicities in the interior
case, where we quantized the interior region of a Schwarzschild-AdS black hole, cf. [1, Chapter 7].
The v;; can be looked at as mutually orthogonal eigenvectors generating a complex Hilbert space as in
the interior case. Hence, setting m; = n(A;) implicitly defines a unitary map between the respective
Hilbert spaces and the respective Hamiltonians are unitarily equivalent, since the eigenvalues are
also identical. Thus, the partition function, the von Neumann entropy and the average energy in the
respective regions are all identical and there does not exist an information paradox, cf. the papers
[7-11].

Theorem 6.1. The spatial eigenfunctions v;; = v;;(T, x) can be looked at as being gravitational waves
emanating from the event horizon and vanishing exponentially fast at infinity satisfying

ZJ,']'(O, x) =0 (149)

and
gg{}Jvij(T’ ')|m/M0 =0 VmeN, (150)

where we use the norm in C"™(My).

Proof. Let us recall the definition of T in (42) on page 5, the estimate (75) on page 8,

1) < e, (151)
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and the definitions of v;; and u;; in Theorem 3.1 on page 12,

0(T, %) = 1~ (D) (1) i (x), (152)

where @;; are the smooth eigenfunctions of the Laplacian of the compact space form My and the
eigendistributions u;; have the initial values

Mi]‘ (0) =0 (153)
and
ui;(0) =1 (154)
and satisfy the estimate
|ui(D)| + (1) < VT E0,00), (155)

cf. Theorem 2.6 on page 9 and Corollary 2.8 on page 10. The proof of the theorem is now straightforward
because r(0) = ry, the radius of the event horizon. O
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