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Abstract: Rail impedance directly affects the transmission performance of track circuit . Considering
the condition of earth stratification, for the difficult to calculate the rail impedance due to the semi-
infinite integration interval and the oscillation of the integrand by using the Carson formula, The
truncation method is proposed to divide the impedance formula is divided into definite integral
and tail integral. The integral is approximated by the spline function, and the tail integral is calcu-
lated by using the exponential integral and Euler formula. Based on it, the rail impedance calculation
formula of track circuit is obtained. The electromagnetic field model of track circuit with earth strat-
ification is simulated by finite element method, and the correctness of the method is verified. Based
on the formula, the influence of current frequency, soil depth and conductivity on rail impedance is
studied. The relative error between the calculated results of rail impedance and the simulation re-
sults of finite element is within 5%. It can be seen that the formula has high accuracy and correctly
reflects the law of rail impedance variation with current frequency, soil depth and resistivity. It
provides a reliable reference for the theoretical calculation of rail impedance of track circuit.

Keywords: Rail impedance; earth stratification; Carson formula; Truncation method; Finite element
method.

1. Introduction

Rail is the carrier of track circuit, which transmits the signal current and traction
current, the rail impedance directly affects the transmission performance of track circuit
[1]. In the subgrade structure, the rail is laid on the earth, and the electromagnetic char-
acteristics of the soil under different layers are difference. Therefore, it has great signifi-
cance to accurately calculate the rail impedance of track circuit for transmission perfor-
mance analysis and optimization design of track circuit [2].

when calculating the rail impedance under the subgrade structure, the rail is aprox-
imated to the overhead line conductor. Carson et al. studied the calculation of overhead
conductor impedance with earth as loop, and derived the classical Carson fomula[3,4],
which provides a theoretical basis for the calculation of rail impedance. Considering the
stratification condition of the earth, Sunde et al. gave the impedance calculation fomula
of double-layer large underground, but did not consider the influence of displacement
current[5]. Nakagawa et al. [6] proposed the impedance calculation formula for three-
layer soil structure considering the influence of relative permittivity, permeability and
displacement current of soil. Zou et al. proposed moment function method and asymp-
totic approximation (ATE) method to solve the problem of unbounded integral interval
and integrand oscillation when using Pollaczek formula to calculate overhead conductor
impedance[7]. The results show that ate method can improve the convergence speed of
Pollaczek integral and reduce calculation time to a certain extent, It is further extended
to engineering application. Lee et al. considered the problems of high frequency oscilla-
tion and upper limit of semi-infinite integral when calculating the impedance of ground
circuit of overhead conductors in horizontal multi-layer underground, divided the im-
pedance expression into two parts, calculated by moment function method and expo-
nential integral method respectively, and obtained the calculation formula of mutual
impedance of ground circuit, but ignored the calculation of external impedance, It is not
applied to the calculation of rail impedance[8].
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In order to solve the problem of infinite upper limit integral and high frequency
oscillation of integrand function when rail impedance is calculated by Carson formula,
the truncation method is proposed. At the same time, the electromagnetic field simula-
tion model of track circuit is established, and the rail impedance is calculated by finite
element method. By comparing the simulation results with the calculation results in this
paper, the correctness of the calculation formula is verified. Based on the formula, the
influence of current frequency, soil depth and resistivity on rail impedance is analyzed,
which provides a theoretical basis for theoretical calculation of rail impedance in traction
power supply system.

2. Calculation of rail impedance

Track circuit is an important basic equipment of railway signal, which realizes the
automatic control and remote control of modern railway train operation, and uses the rail
in the railway line as the carrier to transmit the train control information. By sending and
receiving the relevant information of track section, it plays the role of supervising the oc-
cupation and clearance of trains and the integrity inspection of track circuit. At the same
time, At the same time, it also serves as a channel that can transmit control information,
so that the signal, ground equipment and on-board equipment are closely linked. So as to
provide an important guarantee for the safe and efficient operation of the train[15].

The schematic diagram of single track line model is shown in Figure 1, which is
mainly composed of rail, base and earth. Rail impedance consists of rail self-impedance
and mutual impedance. Self-impedance refers to the impedance of the rail itself and
ground loop impedance formed by rail and earth, named as internal and external imped-
ance of rail. Mutual impedance refers to impedance formed by electromagnetic induction
between two rails and ground loop impedance. In the calculation of rail external imped-
ance, considering the influence of earth eddy current effect, the external impedance
should be regarded as two parts. One part refers to the longitudinal impedance of rail (rail
and earth are perfect conductors), and the other part refers to the impedance between
single rail and earth (earth is lossy medium). In the calculation of internal impedance,
because the rail is ferromagnetic material, the theoretical calculation error is large, so the
electromagnetic field finite element method is selected for direct simulation. When calcu-
lating the mutual impedance, it is necessary to consider the impedance between the two
rails and the ground loop formed by each rail with the earth. In the above calculation of
rail impedance, the calculation of rail external and mutual impedance is only related to
the distribution of rail external magnetic field, but has nothing to do with the distribution
of internal electromagnetic field and internal current. The internal impedance of rail is
related to rail material (rail is ferromagnetic material) and the distribution of rail internal
electromagnetic field. Therefore, considering the calculation of ground loop impedance,
the external and mutual impedance of rail are calculated theoretically respectively, and
the internal impedance is directly simulated and calculated by finite element method.

Raill

ail 2

Figure 1. Schematic diagram of single track model

2.1. Math Calculation of ground loop impedance

In the actual railway line, the rail is located on the earth, so it can be regarded as
overhead line conductor. Therefore, for the calculation of the external and mutual imped-
ance of the rail, the calculation formula for the conductor impedance of the overhead line
is used for calculation. At present, Carson ground loop impedance formula is generally
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used to calculate the conductor impedance of overhead lines[16]. It can be seen that the
external and mutual impedance of the rail can be expressed as:

Z,=23+Z; (1)

Z,=2p+75 (2)
Where: Z,is the external impedance of the rail, Z,, is the mutual impedance of rail,
Ziand Zj, arerespectively the impedance between a single rail and a ground loop and
the mutual impedance between two rails and the earth forming circuit when the earth is
the medium of damage, and the calculation formula is:

WUy * —2h,A
- [ F(ve™™dt (3)

Z;=j
Z5, = j%jF (t)e ™™ cos(d,,t)dt (4)
0

Where: t is integral variable, ®=27f is the angular frequency, N, is the height of the rail
from the ground; I, is the equivalent radius of rail; M, is the vacuum permeability,
w,=4nx107"H/m, d,, isthe horizontal distance between rail 1 and rail 2, d,,=1.435m .

The impedance of Carson ground loop is closely related to the eddy current effect in
the earth, and the inhomogeneity of soil structure will affect the distribution of induced
eddy current. Therefore, the calculation of rail external and mutual impedance is related
to soil structure. As we all know, eddy current effect will lead to the loss of electromag-
netic energy, and the loss will show a trend of attenuation with the increase of surface
depth. Under a certain frequency, if the soil structure changes in the range of eddy current
loss can’t be ignored, the stratification of soil structure in the earth must be considered
when the external and mutual impedance of rail is calculated. Based on the two-layer
earth structure, this paper calculates the external and mutual impedances of rails. Accord-
ing to equations (1)~(4), when the earth is divided into two layers, according to reference
[13], the integrand function can be expressed as:

F(t)=2 (4 tty) + (4= p1p ) €
(ra+ 1) (1 +0)+ (a4 ) (= g ) 7
(Jomo)’
= t2+p—2° (5)
1
. 2
P t2+(1w“20)
P2

Where: d is the depth of the first layer of soil, £, is the resistivity of the first layer of soil,
P, is the resistivity of the second layer of soil.

It can be seen from (3)~(5) that it difficult to solve complex integral kernels in the
abnormal integral term because of the existence of semi-infinite integral interval and neg-
ative exponential factor in the integrand function. Therefore, this paper proposes to use
the truncation method to cut the integrand function in the impedance expression into two
parts, which are the definite integral and the tail integral with infinite upper limit. At the
same time, the moment function and exponential integral function of spline function are
used to approximate the truncated definite integral and the tail integral with infinite up-
per limit.

Firstly, based on the truncation method, (3) and (4) can be simplified as:

2_: O (T —2h,4 * —2h,A
zll_JT°(j0 F(t)e ™ dt+ [ F(t)e dt) (6)

22 -2 ( [T F (£)e ™ cos(d, t)dt+ [ F (t)e cos(dut)dt) @)

Where: the cut-off value is taken according to reference [16], T =10xmax(|y,|,|r,|).

In [0,T], N+1 sample points are used to segment the interval, and cubic spline inter-
polation functio[17] is used to approximate between each two segment points, it can get
as:
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F (t) ~ ZN:|:Z4:Cmv (t - tm)v_lj|Q(tm ’tm+1) (8)

m=1] v=1
Qs &) =H(A = 4,1) —H(A=4;) (9)

Where: N is the number of subintervals; C,, is the fitting coefficient; Q(t,t,.;) is the
window function, t, and t,, are the end point of the interval; H(2—4,.,,) is the dis-
placement of the Hermitian function[18].

When ¢ >T, the Taylor expansion is used to calculate the t4and #,, and F(t) can
be simplified to:

F(4)=~ %[“ 4—12(712 —722)62‘“} (10)

Let t=T¢, the tail integral be integrated by substitution, and substituting (8) and

(10) into (6) and (7) respectively, it can get as:

Oy < (| o byl [-2ht
. ;Lm Lz_llcmv(t t) }e cos(dy,t)dt

= 1 1 2 2\ 4-2dT¢ | -2hT
+L E{HW(;@—;@)e ﬂe £ cos(d,,TE)dT¢E

WU, N i1 4 _ v-1 | —2ht
. ;Lm Lz_llcmv(t t) }e cos(dy,t)dt

=1 1 2 2\ q-2dT¢ |y-2hT
+ L E{H W(;@ -7 )e ﬂe £ cos(d,,TE)dT¢E
The moment function method can be used to calculate the definite integral in equa-
tions (11) and (12).
For tail integral, according to Euler formula [19] and exponential integral function, it
can be expressed as:

Z; =]
(11)

Z; =]
(12)

e "5 = cos(T&d,, ) —isin(Td,€) (13)

{Ei (nz)= L exp(—tZ)t™"dt (14
n>0,Re(Z)>0
Based on equation (13) and equation (14), the expression of the ground loop imped-
ance in the rail external and mutual impedance of double-layer large underground are
obtained as follows:
N 4
72 =j “;‘: Y[ ) e Mt + j“;—*: Re[E, (L2n,T)]

m=1v=1 A

(15)

2 2
Oy Y
+J—2n° a2 e 2 Re[ E;(3,2(d,, +h,)T)]
c2 _

23 = 283 3 C, Rel] " (1 4,) e ]

2 m=1v=1

ou iy (16)
+ Jz—no{Re[Ei (LoT)]+ yia Re| E; (3,m)]}
Where: B =2d+2h+ix,5=2h+ix.

2.2. Calculation of rail external impedance

Taking a single rail as the research object, the external impedance of the rail is calcu-
lated. The calculation model of the external impedance is shown in Figure 2.
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Figure 2. Calculation model of rail external impedance

According to Carson formula, the longitudinal impedance Zf is:
_.oug, 2h
z2h=j—2In—%
117) o r (17)
According to (1) and sorting out (15) and (17), the calculation formula of rail external
impedance under the condition of double-layer earth Zfl is obtained as follows:
. 2h, . op, L& - . .l
72=j % n e, j Doy yc t—t,)" e ™dt+ jo 2 Re[E, (1,20,T
11 J o ra J o ;\/Z:; vaw ( m) szn |: |( a ):I (18)
2 2
O Y~
+j—2L 2 Re| E (3,2(d, +h)T
J 27'[ 4T2 |: |( ( 12 a) ):|

2.3. Calculation of rail mutual impedance

The calculation of rail mutual impedance consists of two parts. One part is generated
by the mutual influence of the magnetic fields of two rails, which is expressed by Z{, and
calculated by Carson formula; The other part is the interaction between the loop formed
by the rail and the earth, which is expressed by Z;, and calculated by Carson's imped-
ance formula of the earth loop. The calculation model of rail mutual impedance is shown
in Figure 3. Z{, is the mutual impedance between rails when rail and earth are perfect
conductors, The calculation formula is as follows:

2= Qo 22
2n  d,

D, = \/dfz +(h1 +h, )2

Where: h, and h, are the height of each rail above ground respectively; D,, is the dis-

tance between the mirror conductor of rail 1 and rail 2.
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Figure 3. Calculation model of rail mutual impedance

(19)

According to (2), (16) and (19) , the calculation formula of rail mutual impedance z%
in the case of double-layer earth is obtained as follows:
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2 _—7p c2
ZlZ - ZlZ + ZlZ

.ol Dy, Lol e Fmn N
=j—2In—t+j—2 C.Re[ (A—4,) e ™dA]
2n  d, 2n ;; Lm (20)

+ j%{Re[Ei (1,5T)]+%Re[5i (M’U]}

Since the function can be calculated analytically, and the exponential function can
also be calculated by MATLAB, the calculation is simple and convenient. Based on this
method, the problem of high frequency oscillation of integral kernel function and diffi-
culty in solving can be avoided when Carson impedance formula is used to calculate rail
impedance. It can also be used to calculate rail external impedance and mutual impedance
under double-layer earth condition.

3.Finite element simulation

The self-impedance and mutual impedance of BS113A rail are simulated by the finite
element method, the results show that it has high accuracy to calculate the rail imped-
ance[9]. The finite element simulation results as a reference to verify the correctness of rail
internal impedance [20]. According to the electromagnetic field simulation model of track
circuit and the structure of ballasted track, the rail impedance is simulated by multi phys-
ical field coupling software COMSOL. Because the track line is located in infinite open
area, there are some errors in the direct simulation calculation. In order to improve the
accuracy of the calculation results, it is necessary to deal with the infinite open area. In the
simulation, the infinite open area is transformed into a finite area by using the cylindrical
coordinate transformation of the infinite element. Because the rail is a nonlinear ferromag-
netic material, it is easy to be magnetized and has hysteresis. For the accuracy of the cal-
culation results, considering the nonlinear change of permeability, the material properties
of P60 rail B-H magnetization curve in reference [21] and rail, earth and other material
parameters in reference [12] are set. The conductivity of rail is 6x10°s/m, the first layer is
0.1s/m and the second layer is 0.01s/m. Considering the skin effect of the rail, the physical
field is added as the magnetic field, and the frequency domain research is carried out. The
excitation is set to 50Hz traction return current. The influence of skin depth determined
by conductivity and current frequency on model mesh generation, rail mesh generation
and skin effect results are shown in Fiure4(a) and Fiure4(b). The mesh generation of P60
rail model is shown in Figure 5 and Figure 6. The self-impedance and mutual impedance
of rail can be obtained by volume integration of ohmic loss and magnetic energy storage.

I

(a) Grid generation of rail section (b) Skin effect of rail
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Figure 4. Mesh generation and skin effect of rail section


https://doi.org/10.20944/preprints202111.0278.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 November 2021 d0i:10.20944/preprints202111.0278.v1

VA

2
Ve

AVA
e

A
%‘

(W
£

KT
KLy
Vi
LXK
000
BRI

Ay

AVAYY o P

A" YA} VAVANPAYY Sralvay

AR KRR VAV AVAVAVAVAVAVAVAVAYAY

X \VAVAVAVAVAVAVAVAVA S T4 S AVAVAVAVAVAVAVAVATAT/Y
:Mvggwgg‘uvg%‘g qu%, agngv#v‘vms AN

7 ORA FAVATAVAYS
uavgggﬁﬂ%‘ﬁﬂagggvﬁ' L ST ST
IRAEEREES RO

SRS RSP
Figure 5. Mesh generation of Figure 6. Mesh generation of
external impedance mutual impedance

Considering the layered structure of the earth, based on the finite element method,
the external and mutual impedance electromagnetic loss diagrams are shown in Figure7
and Figure8. It can be seen from Figure 7 and Figure 8 that the electromagnetic loss of rail
and earth is the most, followed by that of concrete base. In the earth loss, the loss of the
first layer of earth structure is greater than that of the second layer, while the loss of air
and infinite element domain is the least. This is because the eddy current loss is mainly
related to the conductivity of the conductor, and the greater conductivity of the conductor,
the greater energy loss. However, the conductivity values of rail, earth, track plate and air
are decreasing, and the conductivity of the first layer of earth is greater than that of the
second layer, which leads to the electromagnetic energy loss to appear unevenly distrib-

uted.
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Figure 7. Electromagnetic loss diagram of =~ Figure8. Electromagnetic loss diagram of
layered external impedance model layered earth mutual impedance model

Because of the I-shape of rail section, the rail external impedance can’t be calclated
directly, it can be calculated as a cylindrical conductor by using the principle of perimter
equivalence. According to the relevant parameters of P60 rail [22], the equivalent radius
is 0.1066m, and the thickness of the first soil layer is 20m. In the electrified section, not
only the traction current but also the signal current flows through the rail. The frequency
of signal current of track circuit is 1700~2600Hz, while the frequency of traction current is
50Hz. Therefore, the current frequency is 0Hz~10000Hz.

Due to the complex environment of track line and the limitation of experimental con-
ditions, it is difficult to measure directly. Therefore, this paper uses the finite element
method to verify the accuracy of the theoretical formula of rail impedance. Based on the
above parameters, the rail impedance is calculated by the proposed method and the finite
element method. Because the internal impedance calculation in this paper is directly based
on the finite element method, it is only necessary to verify the theoretical calculation for-
mula of rail external and mutual impedance. Based on the results of finite element simu-
lation, the relative error is calculated. The formula of relative error is as follows:

5:|y'—yy0| x100% (21)

The rail external and mutual impedances calculated by this algorithm are expressed
in ¥ ; The external and mutual impedances of rails calculated by the finite element method
are expressed in Y, . Based on equation (18) and equation (20) and finite element method,
the external impedance and mutual impedance of rail under double-layer earth are calcu-
lated. The calculation results are shown in Figure9.
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Figure9. Error of double-layer external impedance and mutual impedance

It can be seen from figure 9 that the calculation results of this method and the finite
element simulation results have a certain error in the current frequency range of
O0Hz~10kHz, and the maximum error is within 5%. This is because in the part of theoretical
calculation, this paper uses the approximate idea of moment function method to calculate
Carson's earth circuit impedance formula, that is, expanding the integrand function at
each point into a cubic coefficient polynomial for approximate calculation, which causes
certain errors. Moreover, when the finite element method is used, its solution domain
setting and infinite element domain equivalence will have a certain impact on the
simulation results. Therefore, the calculation method in this paper can accurately calculate
the external and mutual impedance of double-layer large underground rail.

4. Analysis of influencing factors

4.1. Effect of current frequency

There are mainly two kinds of current in the rail line, which make the current
frequency present a wide frequency distribution. For example, the signal current is
usually several thousand Hertz, while the traction current is generally 50Hz. Therefore,
this method is used to study the variation of rail self impedance and mutual impedance
with current frequency from 0Hz to 10000Hz. In the calculation of rail self impedance and
mutual impedance, the calculation results include real part and imaginary part. In the
impedance formula, the real part represents resistance and the imaginary part represents
inductance. Therefore, the real part of self impedance and mutual impedance is defined
as self resistance and mutual resistance respectively, and the imaginary part of self
impedance and mutual impedance is defined as self inductance and mutual inductance
respectively. The variation curves of rail self and mutual impedance with frequency are
shown in figurel0 and figurell.
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(a)Variation of self resistance with frequency (b) Variation of self inductance with frequency

Figure10. Variation of rail self impedance with frequency
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Figurell. Variation of rail mutual impedance with frequency

It can be seen from Figure. 10 and Figure. 11 that the rail self impedance and mutual
impedance change nonlinearly with frequency. Specifically, the rail self resistance and
mutual resistance change positively with frequency, slowly at low frequency, and
significantly at high frequency. The rail mutual inductance changes negatively with the
increase of frequency, and the curve changes obviously at low frequency. With the
increase of frequency, the change rate gradually decreases and tends to be stable. This is
because the eddy current effect of the earth plays a demagnetizing role, and the larger the

frequency is, the stronger the demagnetizing effect is, and the smaller the mutual
inductance is.

4.2. Effect of soil depth

China's vast territory and complex geological distribution lead to the diversity of rail
laying environment (bridge, tunnel, subgrade). The different structure of track and earth
will affect the calculation of rail impedance of track circuit, which will change the
transmission performance of track circuit. For the subgrade section, the height of the
ground where the rail is laid and the soil environment in the area where the train passes
will be different. Therefore, not only the influence of current frequency on rail impedance,
but also the change of soil depth and soil conductivity should be considered. Double-
layer earth is taken as an example, the first layer is finite depth, and the second layer is
infinite depth. The variation of rail self impedance and mutual impedance of ballastless
track circuit with the depth of the first layer of soil is given and analyzed.

The self impedance and mutual impedance of ballastless track circuit rail are
calculated when the current frequency is 1700Hz, 2000Hz, 2300Hz and 2600Hz
respectively by taking the first layer of soil depth from 5m to 50m. Figure. 12 and Figure.
13 show the variation curves of rail self impedance and mutual impedance with the depth
of the first layer of soil respectively.
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Figure. 12 Variation of rail self impedance with soil depth
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It can be seen from Figurel2 and Figurel3 that the rail self impedance and mutual
impedance decrease with the increase of the first layer of soil depth. When the soil depth
of the first layer is small, the external resistance and inductance of the rail decrease rapidly
and change obviously. With the increase of soil depth, the change rates of external
resistance and inductance tend to be flat. This is because the electromagnetic wave will
change rapidly with the increase of the depth of the first layer of soil, and then gradually
attenuate with the increase of the depth, and finally tend to saturation. At the same soil
depth, the rail self impedance and mutual impedance vary with frequency. Among them,
the rail self resistance and mutual resistance are positively correlated with the increase of
frequency, while the rail self inductance and mutual inductance are negatively correlated
with the increase of frequency. It can be seen that the first soil depth has a greater impact
on the rail self impedance and a smaller impact on the rail mutual impedance.
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Figure 13.Variation of rail mutual impedance with soil depth

4.3. Effect of soil resistance

Taking the first layer of earth resistivity 01 and the second layer of earth resistivity
02 in the range of 00/m~100Q0/m. The variation of rail self impedance and mutual
impedance with the resistivity of two layers of soil is shown in Figurel4 and Figurel5.

From figure.14 and figure.15, it can be seen that the self impedance and mutual
impedance of rail are nonlinear with the soil resistivity of the first and second layers.
When the second layer of soil resistivity is fixed, the self impedance and mutual
impedance of rail show positive correlation with the increase of the first layer soil
resistivity, and the increasing trend of the first layer soil resistivity gradually slows down.
When the resistivity of the first layer of soil is a certain value, the self impedance and
mutual impedance of rail increase with the increase of the resistivity of the subsoil, but
the change is slow. It can be concluded that the self impedance and mutual impedance of
rail are greatly affected by the soil resistivity of the first layer.

1.2

Self resistance/mQ-m”™
o f
n

e
S -

75 75 100

50 50 5

50 4

ey 5, W 1 pya 25 5, 23
(a)Variation of self resistance (b) Vriation of self inductan
with earth resistivity with earth resistivity

Figure 14. variation of rail self impedance with earth resistivity
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Figure 15. Variation of rail mutual impedance with earth resistivity

5. Conclusions

(1) In order to solve the problems of infinite upper limit integral and high frequency
oscillation of integrand when using Carson formula, the formula is divided into two parts:
definite integral and tail integral by truncation method, and the moment function method
and exponential integral method are used to calculate respectively, and the theoretical
calculation formula of layered large underground rail impedance is obtained.

(2) The results show that the rail self-resistance and mutual resistance increase with the
increase of frequency, while the rail self-inductance and mutual inductance decrease with
the increase of frequency; The self-impedance and mutual impedance of rail decrease with
the increase of the first layer depth; The first layer of soil resistivity has great influence on
rail self-impedance and mutual impedance.

(3) This method can accurately calculate the rail impedance and provide theoretical cal-
culation formula for the analysis of transmission performance of track circuit and the
modeling of traction network system.
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