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Article 

Nonlinear Schrödinger Equation with a Short-Range 
Compensating Field 
Sergey A. Rashkovskiy 

Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences, Vernadskogo Ave., 101/1, 
Moscow, 119526, Russia; rash@ipmnet.ru, Tel. +7 906 0318854 

Abstract: Within the self-consistent Maxwell-Pauli theory, a nonlinear Schrödinger equation with a 
short-range compensating field is derived. Stationary and non-stationary solutions of the obtained 
nonlinear Schrödinger equation for the hydrogen atom are investigated. It is shown that spontaneous 
emission and the associated rearrangement of the internal structure of the atom, which is traditionally 
called a spontaneous transition, have a simple and natural description within the classical field theory 
without any quantization and additional hypotheses. The solution of the nonlinear Schrödinger 
equation showed that, depending on the frequency of spontaneous emission, the compensating field 
behaves differently. At relatively low frequencies of spontaneous emission, there is no radiation 
(waves) of the short-range compensating field and this field does not carry away energy. In this case, 
the damping rate of the spontaneous emission coincides with that obtained in quantum 
electrodynamics (QED). At relatively high frequencies of spontaneous emission, radiation (waves) of 
the compensating field arises, which, along with electromagnetic radiation, carry away some of the 
energy. In this case, the damping rate of the spontaneous emission is greater (up 1.5 times) than that 
predicted by QED. 

Keywords: classical field theory; self-consistent Maxwell-Pauli theory; nonlinear Pauli equation; 
nonlinear Schrödinger equation; spontaneous emission 
 

1. . Introduction 

At present, it is generally accepted that a complete description of processes in the microworld is 
given by quantum electrodynamics (QED), in which both the atom (electron) and the electromagnetic 
field are quantized. Along with this, the so-called semi-classical theories [1-25] are successfully used 
to describe various quantum processes, in which the atom is considered quantum mechanically, i.e. 
based on wave equations (Schrödinger, Pauli, Klein-Gordon or Dirac), while the electromagnetic field 
is considered classically based on Maxwell equations. Semi-classical theories allows describing many 
basic quantum effects, such as the Compton effect [1-4,18], the photoelectric effect [5,21], thermal 
radiation [22,25], spontaneous emission and spontaneous transitions [6-12, 15-17, 19, 24], light-atom 
interactions [7,20], induced emission [6,7,20,22], the Lamb shift [6,7,9], the Lamb-Retherford 
experiments [23], etc. Thus, in fact, the myth is dispelled that the so-called quantum processes cannot 
be described within the framework of classical physics, and this necessarily requires quantization of 
both the matter itself (atoms and electrons) and the electromagnetic fields interacting with it. 

At the same time, most semi-classical theories are characterized by inconsistency: having 
rejected the quantization of the electromagnetic field, they retain (sometimes implicitly) quantum 
concepts in relation to non-relativistic matter (electrons).  

In [18-23] it is shown that it is possible to construct a completely classical theory that consistently 
and unambiguously describes and explains all basic quantum effects within the framework of 
classical field theory without any quantization or other additional hypotheses. This theory is based 
on the original Schrödinger’s idea [26,27] that the wave functions ψ, described by wave equations, 
allows constructing real parameters that can be interpreted as the density of electric charge and the 
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density of electric current, continuously distributed in space. Taking this into account, at least from a 
formal mathematical point of view, one can speak of some real electrically charged material (for 
example, electron) field 𝜓, continuously distributed in space, which is described by a wave equation 
similar to how the classical electromagnetic field is described by Maxwell equations [18,19]. Further, 
such a field 𝜓  will be conventionally called an electron field or an electron wave. According to 
classical electrodynamics, charges and currents continuously distributed in space create an 
electromagnetic field, which, in turn, must act on them, changing the field 𝜓, and, therefore, its 
charge density and current density. Thus, the potentials of the electromagnetic field included in the 
wave equations of quantum mechanics must be a superposition of the potentials of the external 
electromagnetic field (created by external sources) and the potentials of the own electromagnetic field 
created by the electrically charged material field 𝜓. 

However, the linear wave equations (Schrödinger, Pauli, Klein-Gordon, Dirac), which are the 
basis of modern quantum mechanics, contain only the external electromagnetic field, but do not 
include the own electromagnetic field created by the electrically charged electron wave of the atom. 
At the same time, if we consider the interaction of an atom with another atom, then the wave equation 
for the atom under consideration will contains the electromagnetic field created by the electron wave 
of the other atom. A paradox arises: the electron wave of the atom feels the electrostatic field created 
by the electron wave of another atom, but does not feel its own electrostatic field [18-23]. 

In the initial formulation of the theory [18-23], the own electrostatic field of the electron wave in 
the atom was simply not taken into account, but the external electromagnetic field was taken into 
account, i.e. the field created by external sources, including the electron waves of other atoms, as well 
as the own non-stationary (radiative) electromagnetic field created by the electron wave under 
consideration. The latter, as shown in [19-23], is responsible for the so-called spontaneous transitions. 

As shown in [18-23], this point of view allows naturally describing many quantum effects 
without quantization and without involving such hypothetical entities as the quantum-
electrodynamic vacuum, its fluctuations, Zitterbewegung, etc. 

To explain why the electron wave in an atom does not feel its own electrostatic field, the 
assumption was made in [28] that there is an unknown short-range field that compensates for the 
electron wave’s own electrostatic field, but does not compensate for its non-stationary (radiative) 
field, as well as the electromagnetic fields created by electron waves of other atoms. 

The Maxwell-Pauli theory is constructed in [28], based on a system of equations that has the 
necessary properties: 

𝑖ℏ
డஏ

డ௧
= ൤

ଵ

ଶ௠೐
ቀ

ℏ

௜
∇ +

௘

௖
𝐀ஊቁ

ଶ

− 𝑒𝜑ஊ − 𝑒𝛔𝐆ஊ +
௘ℏ

ଶ௠೐௖
𝛔𝐇ஊ൨ Ψ  (1) 

ଵ

௖మ

డమ𝐆ಂ

డ௧మ − Δ𝐆ஊ + 𝜘ଶ𝐆ஊ = 4𝜋𝑒(Ψ∗𝛔Ψ)    (2) 

𝐇ஊ = 𝐇 + 𝐇௘ , 𝐄ஊ = 𝐄 + 𝐄௘ , 𝐆ஊ = 𝐆 + 𝐆௘    (3) 

𝜑ஊ = 𝜑 + 𝜑௘ , 𝐀ஊ = 𝐀 + 𝐀௘     (4) 

rot𝐇ஊ =
ଵ

௖

డ𝐄ಂ

డ௧
+

ସగ

௖
𝐣      (5) 

div𝐄ஊ = 4𝜋𝜌       (6) 

where 

𝐇ஊ = rot𝐀ஊ, 𝐄ஊ = −
ଵ

௖

డ𝐀ಂ

డ௧
− ∇𝜑ஊ    (7) 

𝜌 = −𝑒Ψ∗Ψ      (8) 
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𝐣 =
௘ℏ

ଶ௠೐௜
 [(∇Ψ∗)Ψ − Ψ∗∇Ψ] −

௘మ

௠೐௖
𝐀ஊΨ∗Ψ −

௘ℏ

ଶ௠೐
rot(Ψ∗𝛔Ψ)  (9) 

the index “Σ” refers to the total fields; the index “𝑒” refers to the own fields created by the 

electron wave which is described by the spinor Ψ = ൬
𝜓ଵ

𝜓ଶ
൰; parameters without an index refer to 

external fields created by external (with respect to the field Ψ) charges, currents and spins; 𝑚௘ is the 
electron mass; 𝜘 is a constant satisfying the condition [28] 

𝜘𝑎஻ ≪ 1      (10) 

where 𝑎஻ =
ℏమ

௠೐௘మ is theBohr radius. The constant 𝜘, satisfying condition (10), makes the 𝐆 field 

short-range, exponentially decaying at distances of the order of 𝑎஻ from the source. This explains 
why the 𝐆 field has not been experimentally detected to date, and also why the electron field of an 
atom does not “feel” its own electrostatic field, but “feels” electrostatic fields created by other atoms 
and ions. 

The system of equations (1)-(9) is closed and self-consistent. It differs from a simple formal 
unification of the Maxwell and Pauli equations in that the Pauli equation (1) includes an additional 
term – 𝑒𝛔𝐆ஊ, which plays an important role. In this paper, we will show that this fundamentally 
changes the solutions of the unified system of Maxwell-Pauli equations, and allows correctly 
describing quantum effects without any additional hypotheses and postulates.  

The system of equations (1)-(9) has gauge invariance: 

𝐀ஊ → 𝐀ஊ + ∇𝑓, 𝜑ஊ → 𝜑ஊ −
ଵ

௖

డ௙

డ௧
 , Ψ → Ψ exp ቀ−

௜௘

ℏ௖
𝑓ቁ   (11) 

where 𝑓 is an arbitrary function; in this case, the electric and magnetic field strengths, the field 
𝐆ஊ, the electric charge density, the current density and other physical characteristics of the electron 
field do not change. 

From equation (1), which describes the charged field Ψ, follows the law of conservation of the 
electric charge of the electron wave  

డఘ

డ௧
+ div 𝐣 = 0      (12) 

which is known to be consistent with Maxwell’s equations. 
As shown in [28], equations (1)-(9) yield the theory [18-23], and, therefore, the Maxwell-Pauli 

theory allows naturally describing many quantum effects without quantization and without 
involving such hypothetical entities as the quantum-electrodynamic vacuum, its fluctuations, 
Zitterbewegung, etc. 

Obviously, the Maxwell-Pauli theory (1)-(9) is not relativistically invariant. A relativistically 
invariant theory (the Maxwell-Dirac theory) is constructed in [29]. As shown in [29], the Maxwell-
Pauli theory (1)-(9) is a non-relativistic limit of the Maxwell-Dirac theory. 

In [30], solutions of the system of equations (1)-(9) were investigated for 𝜘 = 0, i.e. for a long-
range field 𝐆. 

In this paper, we consider the general case 𝜘 ≠ 0, when the compensating field 𝐆 is short-range 
and decays at distances of the order of 𝜘ିଵ𝑎஻. 

First of all, we will be interested in the spontaneous emission of an atom. We will show that it is 
a natural consequence of theory (1)-(9) without any additional hypotheses and postulates. This 
analysis is based on the well-known results of classical electrodynamics, in particular, the theory of 
dipole radiation of charged matter. As is known [31], the intensity of electric dipole radiation 

𝐼𝐄𝐇 =
ଶ

ଷ௖య 𝐝̈ଶ      (13) 

where 

𝐝 = ∫ 𝐫𝜌 𝑑𝑉      (14) 
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is the dipole moment of the electron field. 
According to [28], the non-stationary field 𝐆 can also transfer energy, i.e. it has an energy flux, 

the density of which is 

𝐉𝐆 = −
ଵ

ସగ

డீಂೖ

డ௧
∇𝐺ஊ௞     (15) 

Accordingly, the radiation intensity of the 𝐆 field 

𝐼𝐆 = ∮ 𝐉𝐆𝑑𝐒      (16) 
where the integral is taken over a spherical surface of infinite radius with its center at the nucleus 

of the atom. 
Then the total intensity of spontaneous emission (electromagnetic and G-field) of the atom (the 

rate at which the atom loses energy in the process of spontaneous emission) is equal to 

𝐼 = 𝐼𝐄𝐇 + 𝐼𝐆      (17) 

2. Nonlinear Pauli equation 

In [30], the nonlinear Pauli equation is derived for the case 𝜘 = 0. In this work we consider the 
general case 𝜘 ≠ 0. 

The scalar and vector potentials of the own electromagnetic field of an electron wave are 
determined by the known solutions of Maxwell equations [31] 

𝜑௘ = ∫
ఘ೟షೃ ೎⁄

ோ
𝑑𝑉′      (18) 

𝐀௘ =
ଵ

௖
∫

𝐣೟షೃ ೎⁄

ோ
𝑑𝑉′      (19) 

where 𝐑 = 𝐫 − 𝐫ᇱ. 
In this case, the Lorentz calibration takes place [31] 

ଵ

௖

డఝ೐

డ௧
+ div𝐀௘ = 0     (20) 

Let us expand the integrands in (18) and (19) in a series in powers of the parameter 𝑅 𝑐⁄  [31]: 

𝜑௘ = 𝜑଴ −
ଵ

௖

డ

డ௧
∫ 𝜌𝑑𝑉′ +

ଵ

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉′ −
ଵ

଺௖య

డయ

డ௧య ∫ 𝑅ଶ𝜌𝑑𝑉′ + ⋯  (21) 

𝐀௘ = 𝐀଴ −
ଵ

௖మ

డ

డ௧
∫ 𝐣𝑑𝑉′ +

ଵ

ଶ௖య

డమ

డ௧మ ∫ 𝑅𝐣𝑑𝑉′ − ⋯   (22) 

where 𝜌 and 𝐣 are taken at time 𝑡; 

𝐀଴ =
ଵ

௖
∫

𝐣

ோ
𝑑𝑉′     (23) 

𝜑଴ = ∫
ఘ

ோ
𝑑𝑉′      (24) 

Let’s take into account that 

𝑞 = ∫ 𝜌𝑑𝑉      (25) 
is the total electric charge of the electron field. The change in the total electric charge of a 

localized (for example, in an atom) electron field can occur as a result of the ionization of the atom, 
i.e. either as a result of the emission of an electron wave by the atom, or as a result of the capture of 
an electron wave by the atom from the outside. These processes are not considered in this paper, i.e. 
it is assumed that the total electric charge of the electron field does not change: 

డ௤

డ௧
= 0       (26) 
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In this case it can only be redistributed between excited modes and polarizations of the atom 
[19-23, 28]. 

From the continuity equation (12) it follows that for a localized electron field 

∫  𝐣𝑑𝑉 = 𝐝̇      (27) 
Taking into account (26) and (27), one writes relations (21) and (22) in the form 

𝜑௘ = 𝜑଴ +
ଵ

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉′ −
ଵ

଺௖య

డయ

డ௧య ∫ 𝑅ଶ𝜌𝑑𝑉ᇱ + ⋯  (28) 

𝐀௘ = 𝐀଴ −
ଵ

௖మ
𝐝̈ +

ଵ

ଶ௖య

డమ

డ௧మ ∫ 𝑅𝐣𝑑𝑉′ − ⋯   (29) 

Let’s calculate 

డయ

డ௧య ∫ 𝑅ଶ𝜌𝑑𝑉′ =
డయ

డ௧య ∫(𝐫 − 𝐫′)ଶ𝜌𝑑𝑉′ =
డయ

డ௧య ∫(𝐫ଶ − 2𝐫𝐫ᇱ + 𝐫ᇱଶ)𝜌𝑑𝑉′ = 𝐫ଶ డయ

డ௧య ∫ 𝜌𝑑𝑉′ −

2𝐫
డయ

డ௧య ∫ 𝐫ᇱ𝜌𝑑𝑉′ +
డయ

డ௧య ∫ 𝐫ᇱଶ𝜌𝑑𝑉′  

Taking into account (14), (25) and (26), one obtains 

డయ

డ௧య ∫ 𝑅ଶ𝜌𝑑𝑉′ = −2𝐫𝐝ሸ+
డయ

డ௧య ∫ 𝐫ᇱଶ𝜌𝑑𝑉′    (30) 

Let us perform the gauge transformation (11) with the function 

𝑓 =
ଵ

௖మ 𝐫𝐝̈ −
ଵ

଺௖మ

డమ

డ௧మ ∫ 𝐫ᇱଶ𝜌𝑑𝑉′    (31) 

where the last term does not depend on 𝐫. 
As a result, taking into account (30), the scalar and vector potentials of the electromagnetic field 

(28) and (29) take the form 

𝜑௘ = 𝜑଴ −
ଶ

ଷ௖య 𝐫𝐝ሸ+
ଵ

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ + ⋯   (32) 

𝐀௘ = 𝐀଴ +
ଵ

ଶ௖య

డమ

డ௧మ ∫ 𝑅𝐣𝑑𝑉′ − ⋯    (33) 

Let us estimate the different terms in (32) and (33) for the electron wave inside the atom, taking 
into account that the characteristic spatial scale of change of the functions 𝜌 and 𝐣 is the Bohr radius 
𝑎஻ =

ℏమ

௠೐௘మ, and the characteristic time of their change is 𝜔ିଵ =
௔ಳ

ఈ௖
, where 𝛼 =

௘మ

ℏ௖
 is the fine structure 

constant. Taking into account (9), one obtains the estimate 𝐣~
ℏ

௠೐௔ಳ
𝜌 = 𝛼𝑐𝜌. Then, taking into account, 

that ௔ಳఠ

௖
= 𝛼 , one obtains 𝜑଴~

௘

௔ಳ
, ଵ

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ ~
௘

௔ಳ
ቀ

௔ಳఠ

௖
ቁ

ଶ

= 𝛼ଶ ௘

௔ಳ
, ଶ

ଷ௖య 𝐫𝐝ሸ~
௘

௔ಳ
ቀ

௔ಳఠ

௖
ቁ

ଷ

= 𝛼ଷ ௘

௔ಳ
, 

𝐀଴~𝛼
௘

௔ಳ
, ଵ

ଶ௖య

డమ

డ௧మ ∫ 𝑅𝐣𝑑𝑉′ ~
௘

௔ಳ
𝛼 ቀ

௔ಳఠ

௖
ቁ

ଶ

= 𝛼ଷ ௘

௔ಳ
 etc. In addition, in equation (1) the term 

ℏ௘

௠೐௖
𝐀௘∇~

ℏ௘

௠೐௖௔ಳ
𝐀଴~𝛼ଶ ௘మ

௔ಳ
. The remaining non-stationary components of the field (33) lead in equation 

(1) to terms of order 𝛼ସ and higher compared to the main term 𝜑଴~
௘మ

௔ಳ
 and can be discarded. 

Restricting ourselves in equation (1) to terms of order ௘

௔ಳ
𝛼ଷ, one writes (32) and (33) in the form 

𝜑௘ = 𝜑଴ −
ଶ

ଷ௖య 𝐫𝐝ሸ+
ଵ

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ    (34) 

𝐀௘ = 𝐀଴      (35) 

Neglecting diamagnetic effects, we leave in equation (1) only the terms linear in 𝐀ஊ. Then, taking 
into account (34) and (35), one writes equation (1) in the form 
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𝑖ℏ
డஏ

డ௧
= ቂ−

ℏమ

ଶ௠೐
∆ − 𝑒𝜑 +

ଶ௘

ଷ௖య 𝐫𝐝ሸ− 𝑒(𝜑଴ + 𝛔𝐆௘) − 𝑒𝛔𝐆 +
௘ℏ

௜ଶ௠೐௖
(∇𝐀) +

௘ℏ

௜௠೐௖
(𝐀∇) +

௘ℏ

ଶ௠೐௖
𝛔𝐇 +

௘ℏ

௜ଶ௠೐௖
(∇𝐀଴) +

௘ℏ

௜௠೐௖
(𝐀଴∇) −

௘

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ +
௘ℏ

ଶ௠೐௖
𝛔𝐇଴ቃ Ψ  (36) 

where 

𝐇଴ = rot𝐀଴     (37) 

We will assume that the external magnetic field changes insignificantly over distances of the 
order of 𝑎஻. Then we can write  

𝐀 =
ଵ

ଶ
𝐇 × 𝐫     (38) 

In this case, taking into account (20), one writes equation (36) in the form 

𝑖ℏ
డஏ

డ௧
= ቂ−

ℏమ

ଶ௠೐
∆ − 𝑒𝜑 +

ଶ௘

ଷ௖య 𝐫𝐝ሸ− 𝑒(𝜑଴ + 𝛔𝐆௘) − 𝑒𝛔𝐆 +
௘ℏ

௜ଶ௠೐௖
𝐇(𝐫 × ∇) +

௘ℏ

ଶ௠೐௖
𝛔𝐇 −

௘ℏ

௜ଶ௠೐௖మ

డఝబ

డ௧
+

௘ℏ

௜௠೐௖
(𝐀଴∇) −

௘

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ +
௘ℏ

ଶ௠೐௖
𝛔𝐇଴ቃ Ψ (39) 

Taking into account the estimate 

௘మ

௠೐௖
𝐀௘Ψ∗Ψ~

௘మ

௠೐௖

𝟏

𝒄
𝑎஻

ଶ 𝐣𝑎஻
ିଷ =

௘మ

௠೐௖మ௔ಳ
𝐣 =

௘ర

௖మℏమ 𝐣 = 𝛼ଶ𝐣  (40) 

with the accuracy considered, the current density of the electron wave can be written in the form 

𝐣 = 𝐣௖ −
௘ℏ

ଶ௠೐
rot(Ψ∗𝛔Ψ)    (41) 

where  

𝐣௖ =
௘ℏ

ଶ௠೐௜
 [(∇Ψ∗)Ψ − Ψ∗∇Ψ]   (42) 

is the convective component of the current density [28]. Note that in the current density (41) not 
only the term containing the intrinsic field 𝐀଴ is discarded, but also the term containing the external 
field 𝐀 (38). This is due to the fact that its contribution (through 𝐀଴ and 𝐇଴) to equation (39) is of 
the order of 𝛼ଶ compared to the corresponding terms of equation (39) already containing 𝐇, which 
is beyond the scope of the approximation under consideration. 

Taking into account (41), equation (23) takes the form  

𝐀଴ = 𝐀௖ −
௘ℏ

ଶ௠೐௖
∫

୰୭୲(ஏ∗𝛔ஏ)

ோ
𝑑𝑉ᇱ    (43) 

where 

𝐀௖ =
ଵ

௖
∫

𝐣೎

ோ
𝑑𝑉      (44) 

For a localized electron field one writes (43) in the form 

𝐀଴ = 𝐀௖ −
௘ℏ

ଶ௠೐௖
∇ × ∫

(ஏ∗𝛔ஏ)

ோ
𝑑𝑉ᇱ    (45) 

Taking into account (37) and (44), one obtains 

𝐇଴ = rot𝐀௖ −
௘ℏ

ଶ௠೐௖
∇ ቀdiv ∫

(ஏ∗𝛔ஏ)

ோ
𝑑𝑉ᇱቁ +

௘ℏ

ଶ௠೐௖
∆ ∫

(ஏ∗𝛔ஏ)

ோ
𝑑𝑉ᇱ  (46) 

Taking into account, that ∆
ଵ

ோ
= −4𝜋𝛿(𝐫 − 𝐫′), where 𝛿(𝐫 − 𝐫′) is the delta function, one obtains 

𝐇଴ = rot𝐀௖ −
௘ℏ

ଶ௠೐௖
∇ ቀdiv ∫

(ஏ∗𝛔ஏ)

ோ
𝑑𝑉ᇱቁ − 4𝜋

௘ℏ

ଶ௠೐௖
(Ψ∗𝛔Ψ)  (47) 
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Equation (39), taking into account (14), (24), (44), (45), (47) and the solution of equation (2), is the 

nonlinear Pauli equation. 

It differs from the nonlinear Pauli equation obtained in [30] by the factor 2/3 in the term ଶ௘

ଷ௖య 𝐫𝐝ሸ. 
As will be shown below, this is a consequence of the condition 𝜘 ≠ 0 and fundamentally changes 
the solutions of equation (39). 

3. Particular solutions of equation (2) 

Before considering the solution of equation (39), let us consider non-stationary 

solutions of the inhomogeneous Klein-Gordon equation 

ଵ

௖మ

డమ௨

డ௧మ − Δ𝑢 + 𝜘ଶ𝑢 = 4𝜋(𝑓଴ + 𝑓ଵ exp(∓𝑖𝜔𝑡))   (48) 

where 𝑓଴ and 𝑓ଵ are the functions of only spatial coordinates; 𝜔 > 0 is the constant. 

The solution of equation (48) can be represented as 

𝑢 = 𝑢଴ + 𝑢ଵ exp(∓𝑖𝜔𝑡)    (49) 

where 𝑢଴ and 𝑢ଵ are the functions of only spatial coordinates that satisfy the equations 

−Δ𝑢଴ + 𝜘ଶ𝑢଴ = 4𝜋𝑓଴    (50) 

−Δ𝑢ଵ + ቀ𝜘ଶ −
ఠమ

௖మ ቁ 𝑢ଵ = 4𝜋𝑓ଵ    (51) 

Equation (50) has a solution 

𝑢଴ = ∫ 𝑓଴
ୣ୶୮(ିతோ)

ோ
𝑑𝑉′    (52) 

The solution of equation (51) depends on the sign of the constant ቀ𝜘ଶ −
ఠమ

௖మ ቁ. 

At 𝜔 < 𝜘𝑐 one obtains 

𝑢ଵ = ∫ 𝑓ଵ

ୣ୶୮ቆିටతమି
ഘమ

೎మ ோቇ

ோ
𝑑𝑉′     (53) 

Here we consider only solutions (52) and (53), decreasing at infinity. 

Solution (53) corresponds to oscillatory non-wave fields (all points of the field oscillate in the same 

phase). 

At 𝜔 > 𝜘𝑐 one obtains 

𝑢ଵ = ∫ 𝑓ଵ

ୣ୶୮ቆ±௜ටഘమ

೎మ ିతమோቇ

ோ
𝑑𝑉′     (54) 

The sign in solution (54) is opposite to the sign in front of 𝜔 in (49), since we consider only 
solutions corresponding to retarded wave fields. This means that in the limit 𝜘 → 0, equation (48) 
transforms into the d’Alembert wave equation, the retarded solution of which contains the phase 
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𝜔(𝑡 − 𝑅/𝑐). It is precisely into this solution that solution (54) must pass in the limit 𝜘 → 0. These 

fields propagate with the group velocity 𝑣 =
డఠ

డට
ഘమ

೎మ ିతమ
= 𝑐ට1 −

తమ௖మ

ఠమ . 

If the field 𝑢 is real and its source has a discrete frequency spectrum 𝜔௡ ≠ 0, then equation (48) 
takes the form 

ଵ

௖మ

డమ௨

డ௧మ − Δ𝑢 + 𝜘ଶ𝑢 = 4𝜋൫𝑓଴ + ∑ 𝑓௡ exp(−𝑖𝜔௡𝑡)ఠ೙
+ ∑ 𝑓௡

∗ exp(𝑖𝜔௡𝑡)ఠ೙
൯  (55) 

where 𝑓଴ and 𝑓௡ – and 𝑓ଵ are the functions of only spatial coordinates; 𝑓଴ is the real function. 

Taking into account (52)-(54), one writes the solution of equation (55) in the form 

𝑢 = ∫ 𝑓଴
ୣ୶୮(ିతோ)

ோ
𝑑𝑉′ + ∑ exp(−𝑖𝜔௡𝑡) ∫ 𝑓௡

ୣ୶୮ቆିටతమି
ഘ೙

మ

೎మ ோቇ

ோ
𝑑𝑉′ఠ೙ழత௖ +

∑ exp(𝑖𝜔௡𝑡) ∫ 𝑓௡
∗

ୣ୶୮ቆିටతమି
ഘ೙

మ

೎మ ோቇ

ோ
𝑑𝑉′ఠ೙ழత௖ + ∑ exp(−𝑖𝜔௡𝑡) ∫ 𝑓௡

ୣ୶୮ቆ௜ටഘ೙
మ

೎మ ିతమோቇ

ோ
𝑑𝑉′ఠ೙வత௖ +

∑ exp(𝑖𝜔௡𝑡) ∫ 𝑓௡
∗

ୣ୶୮ቆି௜ටഘ೙
మ

೎మ ିతమோቇ

ோ
𝑑𝑉′ఠ೙வత௖    (56) 

 

4. Nonlinear Schrödinger equation for the hydrogen atom 

Consider a hydrogen atom in empty space (𝜑 =
௘

௥
, 𝐀 = 0 and 𝐆 = 0). In this case, equation (39) 

takes the form 

𝑖ℏ
డஏ

డ௧
= ቂ−

ℏమ

ଶ௠೐
∆ −

௘మ

௥
+

ଶ௘

ଷ௖య 𝐫𝐝ሸ − 𝑒(𝜑଴ + 𝛔𝐆௘) −
௘

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ −
௘ℏ

௜ଶ௠೐௖మ

డఝబ

డ௧
+

௘ℏ

௜௠೐௖
(𝐀଴∇) +

௘ℏ

ଶ௠೐௖
𝛔𝐇଴ቃ Ψ

 (57) 

According to the estimates made above, the third, fifth, sixth, seventh and eighth terms on the 
right-hand side of equation (57) are small corrections of the order of 𝛼ଶ and higher compared to the 
first two terms on the right-hand side of equation (57). 

We neglect the last three terms in equation (57), associated with the intrinsic magnetic field. Then 

equation (57) takes the form 

𝑖ℏ
డஏ

డ௧
= ቂ−

ℏమ

ଶ௠೐
∆ −

௘మ

௥
+

ଶ௘

ଷ௖య 𝐫𝐝ሸ− 𝑒(𝜑଴ + 𝛔𝐆௘) −
௘

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱቃ Ψ  (58) 

The vector Ψ∗𝛔Ψ can always be represented in the form [28] 

Ψ∗𝛔Ψ = 𝛎Ψ∗Ψ     (59) 

where 𝛎 is the unit vector (𝛎ଶ = 1) , which in general can depend on time and spatial coordinates. 

Equation (58) allows a solution of the form [28] 

Ψ = ቀ
𝑎ଵ

𝑎ଶ
ቁ 𝜓      (60) 

where 𝑎ଵ and 𝑎ଶ are the constants satisfying the condition 

𝑎ଵ
ଶ + 𝑎ଶ

ଶ = 1      (61) 

while the function 𝜓(𝑡, 𝐫) satisfies the normalization condition  

∫|𝜓|ଶ𝑑𝑉 = 1      (62) 
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which has a simple deterministic physical meaning [18-23], not related to probability: for a 
neutral hydrogen atom, the total electric charge of the electron wave is – 𝑒. 

In this case, equation (59) takes the form 

Ψ∗𝛔Ψ = 𝛎|𝜓|ଶ     (63) 

where 

𝛎 = (𝑎ଵ
∗𝑎ଶ + 𝑎ଵ𝑎ଶ

∗ , 𝑖(𝑎ଵ𝑎ଶ
∗ − 𝑎ଵ

∗𝑎ଶ), |𝑎ଵ|ଶ − |𝑎ଶ|ଶ)   (64) 

is a constant unit vector, and the solution of equation (2) has the form 

𝐆௘ = 𝛎𝑢      (65) 

where the function 𝑢(𝑡, 𝐫) satisfies the inhomogeneous Klein-Gordon equation  

ଵ

௖మ

డమ௨

డ௧మ − Δ𝑢 + 𝜘ଶ𝑢 = 4𝜋𝑒|𝜓|ଶ    (66) 

The energy flux density of the G-field (15) for case (65) takes the form 

𝐉𝐆 = −
ଵ

ସగ

డ௨

డ௧
∇𝑢     (67) 

Taking into account (60), (64) and (65) it is easy to verify directly that 

𝛔𝐆௘Ψ = ቀ
𝑎ଵ

𝑎ଶ
ቁ 𝑢𝜓     (68) 

Note that equation (57) allows a solution of the form (60) even in a more general case, if only the 
last term can be neglected. 

In the approximation under consideration, equation (58) takes the form 

𝑖ℏ
డట

డ௧
= ቂ−

ℏమ

ଶ௠೐
∆ −

௘మ

௥
+

ଶ௘

ଷ௖య 𝐫𝐝ሸ− 𝑒𝜑଴ − 𝑒𝑢 −
௘

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱቃ 𝜓  (69) 

for any values of constants 𝑎ଵ and 𝑎ଶ. 

Let us consider a hydrogen atom in a mixed state, in which several eigenmodes of the electron 
wave are excited simultaneously [19-23]. 

In this case, the function 𝜓(𝑡, 𝐫) can be represented as  

𝜓(𝐫, 𝑡) = ∑ 𝑐௡𝜓௡(𝐫) exp(−𝑖𝜔௡𝑡)௡     (70) 

where the subscript 𝑛  denotes a set of quantum numbers (𝑛, 𝑙, 𝑚) ; 𝑐௡  are constants 
characterizing the excitation amplitude of the eigenmode 𝑛; 𝜔௡  are the eigenfrequencies of the 
nonlinear equation (69), which will be defined below, 𝜓௡(𝐫) and 𝜔௡

଴  are the eigenfunctions and 
eigenvalues (eigenfrequencies) of the stationary linear Schrödinger equation 

ℏ𝜔௡
଴𝜓௡ = − ቀ

ℏమ

ଶ௠೐
∆ +

௘మ

௥
ቁ 𝜓௡     (71) 

The functions 𝜓௡(𝐫) form an orthonormal basis: 

∫ 𝜓௡
∗𝜓௞𝑑𝑉 = 𝛿௡௞     (72) 

Expansion (70) has a simple physical meaning: the hydrogen atom has a discrete set of 
eigenmodes, which have eigenfrequencies 𝜔௡, and are described in space by eigenfunctions 𝜓௡(𝐫). 
This means that, at least formally, the hydrogen atom can be considered as a classical volume 
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resonator, which holds an electron wave and has a discrete set of eigenmodes and their 
corresponding eigenfrequencies [19-23]. 

Then, taking into account (62) and (72), one obtains 

∑ |𝑐௡|ଶ
௡ = 1      (73) 

The parameters 𝑐௡ describe the distribution of the electric charge of the electron wave over the 
eigenmodes of the hydrogen atom. In particular, the value −𝑒|𝑐௡|ଶ is equal to the electric charge of 
the electron wave contained in mode 𝑛 [19-23]. 

Using expansion (70), one obtains 

|𝜓|ଶ = ∑ 𝑐௞
∗𝑐௡𝜓௞

∗ (𝐫)𝜓௡(𝐫) exp(−𝑖𝜔௡௞𝑡)௞,௡     (74) 

where 

𝜔௡௞ = 𝜔௡  − 𝜔௞     (75) 

Function (74) can be represented as 

|𝜓|ଶ = ∑ |𝑐௡|ଶ|𝜓௡(𝐫)|ଶ
௡ + ∑ 𝑐௞

∗𝑐௡𝜓௞
∗ (𝐫)𝜓௡(𝐫)ఠ೙ୀఠೖ

௡ஷ௞
+ ∑ 𝑐௞

∗𝑐௡𝜓௞
∗ (𝐫)𝜓௡(𝐫) exp(−𝑖𝜔௡௞𝑡)ఠ೙வఠೖ

+

∑ 𝑐௡
∗ 𝑐௞𝜓௡

∗ (𝐫)𝜓௞(𝐫) exp(𝑖𝜔௡௞𝑡)ఠ೙வఠೖ
  (76) 

The first two sums in the approximation under consideration are independent of time. The 
second sum corresponds to degenerate modes. 

Taking into account (76), one writes (24) and (14) in the form 

𝜑଴ = −𝑒 ∫ ൬∑ |𝑐௡|ଶ|𝜓௡|ଶ
௡ + ∑ 𝑐௞

∗𝑐௡𝜓௞
∗ 𝜓௡ఠ೙ୀఠೖ

௡ஷ௞
+ ∑ 𝑐௞

∗𝑐௡𝜓௞
∗ 𝜓௡ exp(−𝑖𝜔௡௞𝑡)ఠ೙வఠೖ

+

∑ 𝑐௡
∗ 𝑐௞𝜓௡

∗ 𝜓௞ exp(𝑖𝜔௡௞𝑡)ఠ೙வఠೖ
൰

ଵ

ோ
𝑑𝑉′  (77) 

𝐝(𝑡) = ∑ ∑ 𝑐௞
∗𝑐௡𝐝௡௞ exp(−𝑖𝜔௡௞𝑡)௡௞    (78) 

where 

𝐝௡௞ = 𝐝௞௡
∗ = −𝑒 ∫ 𝐫𝜓௞

∗ (𝐫)𝜓௡(𝐫)𝑑𝑉    (79) 

Taking into account (78), one obtains 

𝐝̈(𝑡) = − ∑ ∑ 𝜔௡௞
ଶ 𝑐௞

∗𝑐௡𝐝௡௞ exp(−𝑖𝜔௡௞𝑡)௡௞    (80) 

𝐝ሸ(𝑡) = 𝑖 ∑ ∑ 𝜔௡௞
ଷ 𝑐௞

∗𝑐௡𝐝௡௞ exp(−𝑖𝜔௡௞𝑡)௡௞    (81) 

Using (76) and solution (56) of equation (55), one writes the solution of equation (66) in the form 

𝑢 = 𝑒 ∫ ൤∑ |𝑐௡|ଶ|𝜓௡|ଶ
௡ + ∑ 𝑐௞

∗𝑐௡𝜓௞
∗ 𝜓௡ఠ೙ୀఠೖ

௡ஷ௞
൨

ୣ୶୮(ିతோ)

ோ
𝑑𝑉′ +

𝑒 ∑ 𝑐௞
∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝜓௞

∗ 𝜓௡

ୣ୶୮ቌିඨతమି
ഘ೙ೖ

మ

೎మ ோቍ

ோ
𝑑𝑉′ఠ೙வఠೖ

ఠ೙ೖழత௖
+

𝑒 ∑ 𝑐௡
∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝜓௡

∗𝜓௞

ୣ୶୮ቌିඨతమି
ഘ೙ೖ

మ

೎మ ோቍ

ோ
𝑑𝑉′ఠ೙வఠೖ

ఠ೙೗ழత௖
+
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𝑒 ∑ 𝑐௞
∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝜓௞

∗ 𝜓௡

ୣ୶୮ቌ௜ඨ
ഘ೙ೖ

మ

೎మ ିతమோቍ

ோ
𝑑𝑉′ఠ೙வఠೖ

ఠ೙ೖவత௖
+

𝑒 ∑ 𝑐௡
∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝜓௡

∗𝜓௞

ୣ୶୮ቌି௜ඨ
ഘ೙ೖ

మ

೎మ ିతమோቍ

ோ
𝑑𝑉′ఠ೙வఠೖ

ఠ೙ೖவత
   (82) 

Taking into account (76), (77) and (82), one writes 

ଶ௘

ଷ௖య 𝐫𝐝ሸ − 𝑒𝜑଴ − 𝑒𝑢 −
௘

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ =
ଶ௘

ଷ௖య 𝐫𝐝ሸ+ 𝑒ଶ ∫ ൬∑ |𝑐௡|ଶ|𝜓௡|ଶ
௡ + ∑ 𝑐௞

∗𝑐௡𝜓௞
∗ 𝜓௡ఠ೙ୀఠೖ

௡ஷ௞
൰

ଵିୣ୶୮(ିతோ)

ோ
𝑑𝑉ᇱ +

𝑒ଶ ∑ 𝑐௞
∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝜓௞

∗ 𝜓௡

ଵିୣ୶୮ቌିඨతమି
ഘ೙ೖ

మ

೎మ ோቍ

ோ
𝑑𝑉ᇱ

ఠ೙வఠೖ
ఠ೙ೖழత

+

𝑒ଶ ∑ 𝑐௞
∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝜓௞

∗ 𝜓௡

ଵିୣ୶୮ቌ௜ඨ
ഘ೙ೖ

మ

೎మ ିతమோቍ

ோ
𝑑𝑉ᇱ

ఠ೙வఠೖ
ఠ೙ೖவత

+

𝑒ଶ ∑ 𝑐௡
∗𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝜓௡

∗ 𝜓௞

ଵିୣ୶ ቌିඨతమି
ഘ೙ೖ

మ

೎మ ோቍ

ோ
𝑑𝑉ᇱ

ఠ೙வఠೖ
ఠ೙೗ழత௖

+

𝑒ଶ ∑ 𝑐௡
∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝜓௡

∗ 𝜓௞

ଵିୣ୶୮ቌି௜ඨ
ഘ೙ೖ

మ

೎మ ିతమோቍ

ோ
𝑑𝑉ᇱ

ఠ೙வఠೖ
ఠ೙ೖவత௖

−

௘మ

ଶ௖మ
∑ 𝜔௡௞

ଶ 𝑐௞
∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௞

∗ 𝜓௡𝑑𝑉ᇱ
ఠ೙வఠೖ

−
௘మ

ଶ௖మ
∑ 𝜔௡௞

ଶ 𝑐௡
∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௡

∗𝜓௞𝑑𝑉ᇱ
ఠ೙வఠೖ

   (83) 

Equation (69) together with relations (81) and (83) represents a nonlinear Schrödinger equation with 

a short-range compensating field. 

5. Stationary states of the atom  

The stationary state of an atom is a state in which it does not lose energy due to emission, i.e. 

𝐼𝐄𝐇 = 𝐼𝐆 = 0      (84) 

From a mathematical point of view, this means that all physical parameters of the electron wave 
in the atom (charge density, current density, density of proper angular momentum, field 𝐆, etc.) are 
independent of time, and, accordingly, the terms on the right-hand side of the equation (69) 
containing time derivatives are equal to zero. The stationary state of the atom can be realized only in 
three cases: (i) when the atom is in a pure state, i.e. it is in a state with one excited eigenmode 𝑛 (𝑐௡ =

1, 𝑐௞ = 0 for all 𝑘 ≠ 𝑛); (ii) when the atom is in a mixed state with several simultaneously excited 
eigenmodes, and all excited modes have the same proper frequency 𝜔௡, i.e. are degenerate; (iii) when 
the atom is in a mixed state with several simultaneously excited non-degenerate modes, and for any 
pair of excited modes 𝑛 and 𝑘 the condition [19-23] 

𝐝௡௞ = 0 

is satisfied  (in quantum mechanics, following a tradition dating back to Bohr naive theory, such 

pairs are called “forbidden transitions”). 

If the atom is in a pure state 𝑛, then (83) takes the form 
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−𝑒𝜑଴ − 𝑒𝑢 = 𝑒ଶ ∫|𝜓௡|ଶ ଵିୣ୶୮(ିతோ)

ோ
𝑑𝑉ᇱ      (85) 

Under condition (10), expanding the exponential under the integral in (85) in a series in powers 
of 𝜘𝑅, taking into account (72), one approximately obtains 

−𝑒𝜑଴ − 𝑒𝑢 = 𝜘𝑒ଶ −
ଵ

ଶ
𝜘ଶ𝑒ଶ ∫ 𝑅|𝜓௡|ଶ𝑑𝑉ᇱ +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝑅ଶ|𝜓௡|ଶ𝑑𝑉ᇱ   (86) 

Expanding the last integral in (86), and taking into account (79), one obtains 

−𝑒𝜑଴ − 𝑒𝑢 = 𝜘𝑒ଶ −
ଵ

ଶ
𝜘ଶ𝑒ଶ ∫ 𝑅|𝜓௡|ଶ𝑑𝑉ᇱ +

ଵ

ଷ
𝜘ଷ𝑒𝐫𝐝௡௡  +

ଵ

଺
𝜘ଷ𝑒ଶ𝐫ଶ +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ᇱଶ|𝜓௡|ଶ𝑑𝑉ᇱ (87) 

Substituting (87) into the Schrödinger equation (69) for the non-degenerate stationary state 𝜓 =

𝜓௡ exp(−𝑖𝜔௡𝑡)  of the hydrogen atom, and using perturbation theory [32], taking into account 

equation (71), one obtains 

ℏ(𝜔௡ − 𝜔௡
଴) = 𝜘𝑒ଶ −

ଵ

ଶ
𝜘ଶ𝑒ଶ ∫ ∫|𝜓௡(𝐫)|ଶ|𝐫 − 𝐫ᇱ||𝜓௡(𝐫ᇱ)|ଶ𝑑𝑉ᇱ𝑑𝑉 +

ଵ

ଷ
𝜘ଷ(𝑒ଶ ∫ 𝐫ଶ|𝜓௡|ଶ𝑑𝑉 − 𝐝௡௡

ଶ )      (88) 

As follows from (88), for 𝜘 ≠ 0, the eigenfrequencies of various atomic modes differ from the 
eigenfrequencies of the linear Schrödinger equation (71), however, under condition (10) this 
difference is small: 𝜔௡ − 𝜔௡

଴ ≪ 𝜔௡
଴. Note that the eigenfrequencies 𝜔௡ cannot be measured directly, 

since the spectrum of spontaneous emission, i.e. the frequency differences 𝜔௡௞ (75) corresponding 
to the excited modes of the atom, are measured in the spectroscopic experiments. The first term on 
the right-hand side of equation (88), proportional to 𝜘, is the same for all eigenmodes of the atom, so 
it does not contribute to the spectrum 𝜔௡௞ of spontaneous emission of the atom and, consequently, 
cannot be determined as a result of spectroscopic measurements. The second and third terms on the 
right-hand side of equation (88) are different for different eigenmodes, so they lead to a shift of the 
frequency 𝜔௡௞  and, theoretically, can be measured. If, taking into account (10), one assumes that 
𝜘𝑎஻~𝛼, then the second term on the right-hand side of equation (88) will be of the order of 𝛼ସ𝑚௘𝑐ଶ 
and the associated shifts of the frequency 𝜔௡௞  will be commensurate with the Lamb shift. The third 
term, proportional to 𝜘ଷ, can be neglected in this case, since its value is beyond the experimental 
possibilities. 

Let us now consider an atom in a mixed state, when both excited eigenmodes are degenerate 
(have the same eigenfrequency 𝜔௡

଴). 
In this case, the function 𝜓 can be written as 

𝜓 = exp(−𝑖𝜔௡𝑡) ൫𝑐௠೙
𝜓௠೙

+ 𝑐௞೙
𝜓௞೙

൯    (89) 

where 𝜓௠೙
 and 𝜓௞೙

 are the eigenfunctions of equation (71), corresponding to the same eigenvalue 

𝜔௡
଴ (degenerate eigenmodes of the atom); 𝑐௞೙

 and 𝑐௠೙
 are constants. 

In this case, instead of equation (87), one obtains 

−𝑒𝜑଴(𝐫) − 𝑒𝑢(𝐫) = 𝜘𝑒ଶ −
ଵ

ଶ
𝜘ଶ𝑒ଶ ∫ 𝑅|𝜓|ଶ𝑑𝑉ᇱ +

ଵ

ଷ
𝜘ଷ𝑒𝐫𝐝 +

ଵ

଺
𝜘ଷ𝑒ଶ𝐫ଶ +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ᇱଶ|𝜓|ଶ𝑑𝑉ᇱ (90) 

Using perturbation theory [32], one obtains a system of equations 

൫ℏ(𝜔௡ − 𝜔௡
଴) + 𝑉௠೙௠೙

൯𝑐௠೙
+ 𝑐௞೙

𝑉௠೙௞೙
= 0   (91) 

𝑐௠೙
𝑉௞೙௠೙

+ ൫ℏ(𝜔௡ − 𝜔௡
଴) + 𝑉௞೙௞೙

൯𝑐௞೙
= 0   (92) 

where 
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𝑉௥௦ = 𝑉௦௥
∗ = ∫(𝑒𝜑଴ + 𝑒𝑢)𝜓௥

∗𝜓௦𝑑𝑉     (93) 

The system of equations (91) and (92) has nonzero solutions if its determinant is equal to zero. Thus, 

one has the equation 

൫ℏ(𝜔௡ − 𝜔௡
଴) + 𝑉௠೙௠೙

൯൫ℏ(𝜔௡ − 𝜔௡
଴) + 𝑉௞೙௞೙

൯ − ห𝑉௠೙௞೙
ห

ଶ
= 0  (94) 

Equation (94) has a solution 

ℏ(𝜔௡ − 𝜔௡
଴) = −

ଵ

ଶ
൫𝑉௞೙௞೙

+ 𝑉௠೙௠೙
൯ ± ට

ଵ

ସ
൫𝑉௞೙௞೙

− 𝑉௠೙௠೙
൯

ଶ
+ ห𝑉௠೙௞೙

ห
ଶ
 (95) 

Thus, due to the non-zero field (90), the degeneracy of the eigenmodes 𝜓௠೙
 and 𝜓௞೙

 is 
removed, between which a small frequency shift occurs 

ℏ∆𝜔௡ = ට൫𝑉௞೙௞೙
− 𝑉௠೙௠೙

൯
ଶ

+ 4ห𝑉௠೙௞೙
ห

ଶ    (96) 

Taking into account (90), (72) and (78), one obtains 

𝑉௥௦ = 𝜘𝑒ଶ𝛿௥௦ −
ଵ

ଶ
𝜘ଶ𝑒ଶ ∫ ∫ 𝜓௥

∗(𝐫)𝜓௦(𝐫)|𝐫 − 𝐫ᇱ||𝜓(𝐫ᇱ)|ଶ𝑑𝑉ᇱ 𝑑𝑉 +
ଵ

଺
𝜘ଷ(𝑒ଶ ∫ 𝐫ଶ𝜓௥

∗𝜓௦𝑑𝑉 + 𝛿௥௦𝑒ଶ ∫ 𝐫ଶ|𝜓|ଶ𝑑𝑉 −

2𝐝𝐝௦௥)    (97) 

As indicated above, the terms containing 𝜘ଷ can be neglected, therefore, taking into account (97), 

one writes the frequency shift (96) in the form  

ℏ∆𝜔௡ =
ଵ

ଶ
𝜘ଶ𝑒ଶඥ𝑎ଶ + 4|𝑏|ଶ     (98) 

where  

𝑎 = ∫ ∫ ቀห𝜓௞೙
(𝐫)ห

ଶ
− ห𝜓௠೙

(𝐫)ห
ଶ

ቁ |𝐫 − 𝐫ᇱ||𝜓(𝐫ᇱ)|ଶ𝑑𝑉ᇱ 𝑑𝑉   (99) 

𝑏 = ∫ ∫ 𝜓௠೙
∗ (𝐫)𝜓௞೙

(𝐫)|𝐫 − 𝐫ᇱ||𝜓(𝐫ᇱ)|ଶ𝑑𝑉ᇱ 𝑑𝑉   (100) 

It has already been noted above that the frequency shift (98) is commensurate with the Lamb 
shift. This issue will be discussed in detail in the following paper of this series. 

6. Non-stationary states of the atom 

Let us consider an atom in a mixed state [19-23] with two simultaneously excited non-degenerate 
modes 𝑛 and 𝑘 (two-level atom): 

𝜓(𝐫, 𝑡) = 𝑐௡𝜓௡(𝐫) exp(−𝑖𝜔௡𝑡) + 𝑐௞𝜓௞(𝐫) exp(−𝑖𝜔௞𝑡)  (101) 

For definiteness, let us assume that 𝜔௡ > 𝜔௞ , i.e. 

𝜔௡௞ > 0     (102) 

As we will see later, the result depends on the sign of the constant ቀ𝜘ଶ −
ఠ೙ೖ

మ

௖మ ቁ. 

  

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 13 February 2025 doi:10.20944/preprints202502.0939.v1

https://doi.org/10.20944/preprints202502.0939.v1


 14 of 23 

 

6.1. The case when 𝜔௡௞ < 𝜘𝑐 

 

The solution of the linear Schrödinger equation (71) for the hydrogen atom yields [32]: ఠ೙ೖ௔ಳ

௖
=

ఈ

ଶ
ቀ

ଵ

௞మ −
ଵ

௡మቁ, where 𝑛 > 𝑘; i.e. the condition 𝜔௡௞ < 𝜘𝑐 holds for 𝜘𝑎஻ >
ఈ

ଶ
ቀ

ଵ

௞మ −
ଵ

௡మቁ. This condition is 

satisfied, for example, for 𝜘𝑎஻ = 𝛼. 

In this case, equation (83) takes the form 

ଶ௘

ଷ௖య 𝐫𝐝ሸ − 𝑒𝜑଴ − 𝑒𝑢 −
௘

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ =
ଶ௘

ଷ௖య 𝐫𝐝ሸ+ 𝑒ଶ ∫(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)
ଵିୣ୶୮(ିతோ)

ோ
𝑑𝑉ᇱ +

𝑒ଶ𝑐௞
∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝜓௞

∗ 𝜓௡

ଵିୣ୶୮ቌିඨతమି
ഘ೙ೖ

మ

೎మ ோቍ

ோ
𝑑𝑉ᇱ + 𝑒ଶ𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝜓௡
∗ 𝜓௞

ଵିୣ୶୮ቌିඨతమି
ഘ೙ೖ

మ

೎మ ோቍ

ோ
𝑑𝑉ᇱ −

௘మ

ଶ௖మ 𝜔௡௞
ଶ 𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௞
∗ 𝜓௡𝑑𝑉ᇱ −

௘మ

ଶ௖మ 𝜔௡௞
ଶ 𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௡
∗𝜓௞𝑑𝑉ᇱ  (103) 

Taking into account condition (10), one considers expression (103) at points satisfying the condition 

𝜘𝑅 ≪ 1. We expand the exponents in (103) in a series in powers of 𝑅, limiting ourselves to terms of 

order of 𝑅ଷ. As a result, taking into account (72), (73) and (79), one obtains 

ଶ௘

ଷ௖య 𝐫𝐝ሸ − 𝑒𝜑଴ − 𝑒𝑢 −
௘

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ =
ଶ௘

ଷ௖య 𝐫𝐝ሸ+ 𝜘𝑒ଶ −
ଵ

ଶ
𝜘ଶ𝑒ଶ ∫ 𝑅(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉ᇱ −

ଵ

ଶ
𝜘ଶ𝑒ଶ𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௞
∗ 𝜓௡𝑑𝑉ᇱ −

ଵ

ଶ
𝜘ଶ𝑒ଶ𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௡
∗𝜓௞𝑑𝑉ᇱ +

ଵ

଺
𝜘ଷ𝑒ଶ𝐫ଶ +

ଵ

ଷ
𝜘ଷ𝑒𝐫(|𝑐௡|ଶ𝐝௡௡ + |𝑐௞|ଶ𝐝௞௞) +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ᇱଶ(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉ᇱ +

ଵ

ଷ
ቀ𝜘ଶ −

ఠ೙ೖ
మ

௖మ ቁ
ଷ/ଶ

𝑒𝐫𝐝௡௞𝑐௞
∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) +

ଵ

ଷ
ቀ𝜘ଶ −

ఠ೙ೖ
మ

௖మ ቁ
ଷ/ଶ

𝑒𝐫𝐝௡௞
∗ 𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) +
ଵ

଺
ቀ𝜘ଶ −

ఠ೙ೖ
మ

௖మ ቁ
ଷ/ଶ

𝑒ଶ𝑐௞
∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝐫ᇱଶ𝜓௞

∗ 𝜓௡𝑑𝑉ᇱ +
ଵ

଺
ቀ𝜘ଶ −

ఠ೙ೖ
మ

௖మ ቁ
ଷ/ଶ

𝑒ଶ𝑐௡
∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝐫ᇱଶ𝜓௡

∗ 𝜓௞𝑑𝑉ᇱ 

 (104) 

For a two-level atom, equations (80) and (81) take the form 

𝐝̈(𝑡) = −𝜔௡௞
ଶ 𝑐௞

∗𝑐௡𝐝௡௞ exp(−𝑖𝜔௡௞𝑡) − 𝜔௡௞
ଶ 𝑐௡

∗ 𝑐௞𝐝௡௞
∗ exp(𝑖𝜔௡௞𝑡)  (105) 

𝐝ሸ(𝑡) = 𝑖𝜔௡௞
ଷ [𝑐௞

∗𝑐௡𝐝௡௞ exp(−𝑖𝜔௡௞𝑡) − 𝑐௡
∗ 𝑐௞𝐝௡௞

∗ exp(𝑖𝜔௡௞𝑡)]  (106) 

Using (105), one rewrites (104) in the form 

ଶ௘

ଷ௖య 𝐫𝐝ሸ− 𝑒𝜑଴ − 𝑒𝑢 −
௘

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ =
ଶ௘

ଷ௖య 𝐫𝐝ሸ−
௘

ଷ௖య 𝜔௡௞ ൬
తమ௖మ

ఠ೙ೖ
మ − 1൰

ଷ/ଶ

𝐫𝐝̈ + 𝜘𝑒ଶ −
ଵ

ଶ
𝜘ଶ𝑒ଶ ∫ 𝑅(|𝑐௡|ଶ|𝜓௡|ଶ +

|𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉ᇱ −
ଵ

ଶ
𝜘ଶ𝑒ଶ𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௞
∗ 𝜓௡𝑑𝑉ᇱ −

ଵ

ଶ
𝜘ଶ𝑒ଶ𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௡
∗𝜓௞𝑑𝑉ᇱ +

ଵ

଺
𝜘ଷ𝑒ଶ𝐫ଶ +

ଵ

ଷ
𝜘ଷ𝑒𝐫(|𝑐௡|ଶ𝐝௡௡ + |𝑐௞|ଶ𝐝௞௞) +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ᇱଶ(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉ᇱ +

ଵ

଺
ቀ𝜘ଶ −
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ఠ೙ೖ
మ

௖మ ቁ
ଷ/ଶ

𝑒ଶ𝑐௞
∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝐫ᇱଶ𝜓௞

∗ 𝜓௡𝑑𝑉ᇱ +
ଵ

଺
ቀ𝜘ଶ −

ఠ೙ೖ
మ

௖మ ቁ
ଷ/ଶ

𝑒ଶ𝑐௡
∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝐫ᇱଶ𝜓௡

∗ 𝜓௞𝑑𝑉ᇱ 

 (107) 

Note that in [6], devoted to the semi-classical theory of radiation, based on intuitive arguments, 
the existence of a non-stationary component of the self-electric field of an atom is postulated in a form 
similar to the second term on the right-hand side of equation (107). In the present work, this term is 
a natural consequence of the self-consistent Maxwell-Pauli theory [28]. 

Considering the amplitudes 𝑐௡ and 𝑐௞  to be slow functions of time, one substitutes (101), (104), and 

(106) into equation (69). Taking into account (71) and (72), and discarding the rapidly oscillating 

terms, one obtains 

𝑖ℏ𝑐௡̇ = ቆ−𝑖
ଶ

ଷ௖య 𝜔௡௞
ଷ |𝐝௡௞|ଶ|𝑐௞|ଶ − ℏ(𝜔௡ − 𝜔௡

଴) + 𝜘𝑒ଶ −
ଵ

ଶ
𝜘ଶ𝑒ଶ ∫|𝜓௡(𝐫)|ଶ|𝐫 − 𝐫ᇱ|(|𝑐௡|ଶ|𝜓௡(𝐫ᇱ)|ଶ +

|𝑐௞|ଶ|𝜓௞(𝐫ᇱ)|ଶ)𝑑𝑉ᇱ𝑑𝑉 +
ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ|𝜓௡|ଶ𝑑𝑉 −

ଵ

ଷ
𝜘ଷ(|𝑐௡|ଶ|𝐝௡௡|ଶ + |𝑐௞|ଶ𝐝௡௡𝐝௞௞) +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉 −

ଵ

ଶ
𝜘ଶ𝑒ଶ|𝑐௞|ଶ ∫ 𝜓௡

∗(𝐫)𝜓௞(𝐫)|𝐫 − 𝐫ᇱ|𝜓௞
∗ (𝐫ᇱ)𝜓௡(𝐫ᇱ)𝑑𝑉ᇱ𝑑𝑉 −

ଵ

ଷ
ቀ𝜘ଶ −

ఠ೙ೖ
మ

௖మ ቁ
ଷ/ଶ

|𝐝௡௞|ଶ|𝑐௞|ଶቇ 𝑐௡    (108) 

𝑖ℏ𝑐௞̇ = ቆ𝑖
ଶ

ଷ௖య 𝜔௡௞
ଷ |𝐝௡௞|ଶ|𝑐௡|ଶ − ℏ(𝜔௞ − 𝜔௞

଴) + 𝜘𝑒ଶ −
ଵ

ଶ
𝜘ଶ𝑒ଶ ∫|𝜓௞(𝐫)|ଶ|𝐫 − 𝐫ᇱ|(|𝑐௡|ଶ|𝜓௡(𝐫ᇱ)|ଶ +

|𝑐௞|ଶ|𝜓௞(𝐫ᇱ)|ଶ)𝑑𝑉ᇱ𝑑𝑉 +
ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ|𝜓௞|ଶ𝑑𝑉 −

ଵ

ଷ
𝜘ଷ(|𝑐௡|ଶ𝐝௡௡𝐝௞௞ + |𝑐௞|ଶ|𝐝௞௞|ଶ) +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉 −

ଵ

ଶ
𝜘ଶ𝑒ଶ|𝑐௡|ଶ ∫ 𝜓௡

∗(𝐫)𝜓௞(𝐫)|𝐫 − 𝐫ᇱ|𝜓௞
∗ (𝐫ᇱ)𝜓௡(𝐫ᇱ)𝑑𝑉ᇱ𝑑𝑉 −

ଵ

ଷ
ቀ𝜘ଶ −

ఠ೙ೖ
మ

௖మ ቁ
ଷ/ଶ

|𝐝௡௞|ଶ|𝑐௡|ଶቇ 𝑐௞   (109) 

Separating the real and imaginary terms in equations (108) and (109), one obtains 

ℏ(𝜔௡ − 𝜔௡
଴) = 𝜘𝑒ଶ −

ଵ

ଶ
𝜘ଶ𝑒ଶ ∫|𝜓௡(𝐫)|ଶ|𝐫 − 𝐫ᇱ|(|𝑐௡|ଶ|𝜓௡(𝐫ᇱ)|ଶ + |𝑐௞|ଶ|𝜓௞(𝐫ᇱ)|ଶ)𝑑𝑉ᇱ𝑑𝑉 +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ|𝜓௡|ଶ𝑑𝑉 −

ଵ

ଷ
𝜘ଷ(|𝑐௡|ଶ|𝐝௡௡|ଶ + |𝑐௞|ଶ𝐝௡௡𝐝௞௞) +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉 −

ଵ

ଶ
𝜘ଶ𝑒ଶ|𝑐௞|ଶ ∫ 𝜓௡

∗(𝐫)𝜓௞(𝐫)|𝐫 − 𝐫ᇱ|𝜓௞
∗ (𝐫ᇱ)𝜓௡(𝐫ᇱ)𝑑𝑉ᇱ𝑑𝑉 −

ଵ

ଷ
ቀ𝜘ଶ −

ఠ೙ೖ
మ

௖మ ቁ
ଷ/ଶ

|𝐝௡௞|ଶ|𝑐௞|ଶ   (110) 

ℏ(𝜔௞ − 𝜔௞
଴) = 𝜘𝑒ଶ −

ଵ

ଶ
𝜘ଶ𝑒ଶ ∫|𝜓௞(𝐫)|ଶ|𝐫 − 𝐫ᇱ|(|𝑐௡|ଶ|𝜓௡(𝐫ᇱ)|ଶ + |𝑐௞|ଶ|𝜓௞(𝐫ᇱ)|ଶ)𝑑𝑉ᇱ𝑑𝑉 +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ|𝜓௞|ଶ𝑑𝑉 −

ଵ

ଷ
𝜘ଷ(|𝑐௡|ଶ𝐝௡௡𝐝௞௞ + |𝑐௞|ଶ|𝐝௞௞|ଶ) +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉 −

ଵ

ଶ
𝜘ଶ𝑒ଶ|𝑐௡|ଶ ∫ 𝜓௡

∗(𝐫)𝜓௞(𝐫)|𝐫 − 𝐫ᇱ|𝜓௞
∗ (𝐫ᇱ)𝜓௡(𝐫ᇱ)𝑑𝑉ᇱ𝑑𝑉 −

ଵ

ଷ
ቀ𝜘ଶ −

ఠ೙ೖ
మ

௖మ ቁ
ଷ/ଶ

|𝐝௡௞|ଶ|𝑐௡|ଶ   

 (111) 

𝑐௡̇ = −
ଶ

ଷℏ௖య 𝜔௡௞
ଷ |𝐝௡௞|ଶ|𝑐௞|ଶ𝑐௡       (112) 
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𝑐௞̇ =
ଶ

ଷℏ௖య 𝜔௡௞
ଷ |𝐝௡௞|ଶ|𝑐௡|ଶ𝑐௞       (113) 

Equations (110) and (111) describe the shifts of the eigenfrequencies of the excited modes 𝑛 and 
𝑘 compared to those given by the linear Schrödinger equation (71). As can be seen, the shifts of the 
same eigenfrequencies in the mixed and pure states are different: the shifts of the eigenfrequencies 
(110) and (111) in the mixed state depend on the amplitudes of the excited modes. For pure states 
(|𝑐௡|ଶ = 1 and |𝑐௞|ଶ = 0 or |𝑐௡|ଶ = 0 and |𝑐௞|ଶ = 1), equations (110) and (111) become equation 
(88). Equations (112) and (113) describe the change in the amplitudes of the excited modes, i.e. the 
spontaneous rearrangement of the structure of the electron wave in the atom, which is traditionally 
called a quantum transition. As follows from equations (112) and (113), the amplitude of the 
eigenmode corresponding to a higher frequency decreases, while the amplitude of the eigenmode 
with a lower frequency increases. We can say that the electron wave (and its electric charge) flows 
from the mode with a higher frequency to the mode with a lower frequency [19-23]. Thus, 
degeneration of the mixed state of the atom occurs, in which the atom passes into a pure state 
corresponding to the excited mode with a lower frequency [19-23]. If in the mixed state of the atom 
the eigenmode 𝑛 is weakly excited (which usually occurs in spontaneous emission), i.e. |𝑐௡|ଶ ≪ 1 
and |𝑐௞|ଶ ≈ 1, then equation (112) takes the simple form 

𝑐௡̇ = −𝛾௡௞𝑐௡         (114) 

where   

𝛾௡௞ =
ଶ

ଷℏ௖య 𝜔௡௞
ଷ |𝐝௡௞|ଶ     (115) 

is the damping rate of the spontaneous emission. This result coincides with the result of the 
theory [19-23], which does not take into account the G-field. Note that quantum electrodynamics [33] 
gives the same value (115) for the damping rate of the spontaneous emission, but in the theory under 
consideration this result is a natural consequence of classical field theory, without any quantization. 

Spontaneous rearrangement of the structure of an atom (degeneracy of a mixed state) is 
associated with the loss of energy as a result of spontaneous emission, the intensity of which is equal 
to (17). 

The intensity of electric dipole radiation is determined by relation (13), while the intensity of G-
field radiation is determined by equations (15) and (16). 

In the case under consideration, relation (82) for a two-level atom takes the form 

𝑢 = 𝑒 ∫(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)
ୣ୶୮(ିతோ)

ோ
𝑑𝑉′ + 𝑒𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝜓௞
∗ 𝜓௡

ୣ୶୮ቌିඨతమି
ഘ೙ೖ

మ

೎మ ோቍ

ோ
𝑑𝑉′ +

𝑒𝑐௡
∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝜓௡

∗ 𝜓௞

ୣ୶୮ቌିඨతమି
ഘ೙ೖ

మ

೎మ ோቍ

ோ
𝑑𝑉′  (116) 

Using (67) and (116), it is easy to show that in the case under consideration the G-field radiation 
flux density decreases exponentially with distance from the atom, therefore the G-field radiation 
intensity (16) 

𝐼𝐆 = 0      (117) 

Thus, at 𝜔௡௞ < 𝜘𝑐, the dipole radiation of the G-field is absent. This explains why the nonlinear 
Schrödinger equation (69), (107) includes the term ଶ௘

ଷ௖య 𝐫𝐝ሸ, which corresponds only to the electric 
dipole radiation [19-23], while the term responsible for the energy dissipation associated with the G-
field is absent. That is, in the case under consideration, the rearrangement (degeneration) of the 
internal structure of an atom in a mixed state is associated only with the electric dipole radiation: 𝐼 =

𝐼𝐄𝐇. 
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6.2. The case when 𝜔௡௞ > 𝜘𝑐 

For the hydrogen atom this case corresponds to the condition 𝜘𝑎஻ <
ఈ

ଶ
ቀ

ଵ

௞మ −
ଵ

௡మቁ, where 𝑛 > 𝑘 

In this case, equation (83) takes the form 

ଶ௘

ଷ௖య 𝐫𝐝ሸ − 𝑒𝜑଴ − 𝑒𝑢 −
௘

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ =
ଶ௘

ଷ௖య 𝐫𝐝ሸ+ 𝑒ଶ ∫(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)
ଵିୣ୶୮(ିతோ)

ோ
𝑑𝑉ᇱ +

𝑒ଶ𝑐௞
∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝜓௞

∗ 𝜓௡

ଵିୣ୶୮ቌ௜ඨ
ഘ೙ೖ

మ

೎మ ିతమோቍ

ோ
𝑑𝑉ᇱ + 𝑒ଶ𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝜓௡
∗ 𝜓௞

ଵିୣ୶୮ቌି௜ඨ
ഘ೙ೖ

మ

೎మ ିతమோቍ

ோ
𝑑𝑉ᇱ −

௘మ

ଶ௖మ 𝜔௡௞
ଶ 𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௞
∗ 𝜓௡𝑑𝑉ᇱ −

௘మ

ଶ௖మ 𝜔௡௞
ଶ 𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௡
∗ 𝜓௞𝑑𝑉ᇱ   (118) 

Taking into account (10), one considers expression (118) at points satisfying the condition 𝜘𝑅 ≪

1. One expands the exponents in (118) in a series in powers of 𝑅, limiting ourselves to terms of order 
of 𝑅ଷ. 

As a result, taking into account (72), (73) and (79), one obtains 

ଶ௘

ଷ௖య 𝐫𝐝ሸ − 𝑒𝜑଴ − 𝑒𝑢 −
௘

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ =
ଶ௘

ଷ௖య 𝐫𝐝ሸ+ 𝜘𝑒ଶ −
ଵ

ଶ
𝜘ଶ𝑒ଶ ∫ 𝑅(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉ᇱ −

ଵ

ଶ
𝜘ଶ𝑒ଶ𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௞
∗ 𝜓௡𝑑𝑉ᇱ −

ଵ

ଶ
𝜘ଶ𝑒ଶ𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௡
∗𝜓௞𝑑𝑉ᇱ +

ଵ

଺
𝜘ଷ𝑒ଶ𝐫ଶ +

ଵ

ଷ
𝜘ଷ𝑒𝐫(|𝑐௡|ଶ𝐝௡௡ + |𝑐௞|ଶ𝐝௞௞) +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ᇱଶ(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉ᇱ + 𝑖

ଵ

ଷ
ቀ

ఠ೙ೖ
మ

௖మ −

𝜘ଶቁ

య

మ
𝑒𝐫𝐝௡௞𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) − 𝑖
ଵ

ଷ
ቀ

ఠ೙ೖ
మ

௖మ − 𝜘ଶቁ

య

మ
𝑒𝐫𝐝௡௞

∗ 𝑐௡
∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) + 𝑖

ଵ

଺
ቀ

ఠ೙ೖ
మ

௖మ −

𝜘ଶቁ

య

మ
𝑒ଶ𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝐫ᇱଶ𝜓௞
∗ 𝜓௡𝑑𝑉ᇱ − 𝑖

ଵ

଺
ቀ

ఠ೙ೖ
మ

௖మ − 𝜘ଶቁ
ଷ/ଶ

𝑒ଶ𝑐௡
∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝐫ᇱଶ𝜓௡

∗ 𝜓௞𝑑𝑉ᇱ   (119) 

Using (106), one rewrites (119) in the form 

ଶ௘

ଷ௖య 𝐫𝐝ሸ − 𝑒𝜑଴ − 𝑒𝑢 −
௘

ଶ௖మ

డమ

డ௧మ ∫ 𝑅𝜌𝑑𝑉ᇱ =
௘

ଷ௖య ൥2 + ൬1 −
తమ௖మ

ఠ೙ೖ
మ ൰

య

మ
൩ 𝐫𝐝ሸ + 𝜘𝑒ଶ −

ଵ

ଶ
𝜘ଶ𝑒ଶ ∫ 𝑅(|𝑐௡|ଶ|𝜓௡|ଶ +

|𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉ᇱ −
ଵ

ଶ
𝜘ଶ𝑒ଶ𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௞
∗ 𝜓௡𝑑𝑉ᇱ −

ଵ

ଶ
𝜘ଶ𝑒ଶ𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝑅𝜓௡
∗𝜓௞𝑑𝑉ᇱ +

ଵ

଺
𝜘ଷ𝑒ଶ𝐫ଶ +

ଵ

ଷ
𝜘ଷ𝑒𝐫(|𝑐௡|ଶ𝐝௡௡ + |𝑐௞|ଶ𝐝௞௞) +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ᇱଶ(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉ᇱ + 𝑖

ଵ

଺
ቀ

ఠ೙ೖ
మ

௖మ −

𝜘ଶቁ

య

మ
𝑒ଶ𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝐫ᇱଶ𝜓௞
∗ 𝜓௡𝑑𝑉ᇱ − 𝑖

ଵ

଺
ቀ

ఠ೙ೖ
మ

௖మ − 𝜘ଶቁ
ଷ/ଶ

𝑒ଶ𝑐௡
∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝐫ᇱଶ𝜓௡

∗ 𝜓௞𝑑𝑉ᇱ   (120) 

It can be seen that in the case under consideration, equation (120) differs fundamentally from 
equation (107), which relates to the case 𝜔௡௞ < 𝜘𝑐. First of all, this relates to the first term on the right-
hand side, which is responsible for the spontaneous rearrangement of the structure of the atom in a 
mixed state [19-23]. 

As before, considering the amplitudes 𝑐௡ and 𝑐௞ to be slow functions of time, one substitutes 
(101), (120), and (106) into equation (69). Taking into account (71) and (72), and discarding the rapidly 
oscillating terms, one obtains 

𝑖ℏ𝑐௡̇ = ൭−𝑖
ఠ೙ೖ

య

ଷ௖య ൥2 + ൬1 −
తమ௖మ

ఠ೙ೖ
మ ൰

య

మ
൩ |𝐝௡௞|ଶ|𝑐௞|ଶ − ℏ(𝜔௡ − 𝜔௡

଴) + 𝜘𝑒ଶ −
ଵ

ଶ
𝜘ଶ𝑒ଶ ∫|𝜓௡(𝐫)|ଶ|𝐫 −

𝐫ᇱ|(|𝑐௡|ଶ|𝜓௡(𝐫ᇱ)|ଶ + |𝑐௞|ଶ|𝜓௞(𝐫ᇱ)|ଶ)𝑑𝑉ᇱ𝑑𝑉 +
ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ|𝜓௡|ଶ𝑑𝑉 −

ଵ

ଷ
𝜘ଷ(|𝑐௡|ଶ|𝐝௡௡|ଶ + |𝑐௞|ଶ𝐝௡௡𝐝௞௞) +
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ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉 −

ଵ

ଶ
𝜘ଶ𝑒ଶ|𝑐௞|ଶ ∫ 𝜓௡

∗(𝐫)𝜓௞(𝐫)|𝐫 − 𝐫ᇱ|𝜓௞
∗ (𝐫ᇱ)𝜓௡(𝐫ᇱ)𝑑𝑉ᇱ𝑑𝑉൱ 𝑐௡ 

 (121) 

𝑖ℏ𝑐̇௞ = ൭𝑖
ఠ೙ೖ

య

ଷ௖య ൥2 + ൬1 −
తమ௖మ

ఠ೙ೖ
మ ൰

య

మ
൩ |𝐝௡௞|ଶ|𝑐௡|ଶ − ℏ(𝜔௞ − 𝜔௞

଴) + 𝜘𝑒ଶ −
ଵ

ଶ
𝜘ଶ𝑒ଶ ∫|𝜓௞(𝐫)|ଶ|𝐫 −

𝐫ᇱ|(|𝑐௡|ଶ|𝜓௡(𝐫ᇱ)|ଶ + |𝑐௞|ଶ|𝜓௞(𝐫ᇱ)|ଶ)𝑑𝑉ᇱ𝑑𝑉 +
ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ|𝜓௞|ଶ𝑑𝑉 −

ଵ

ଷ
𝜘ଷ(|𝑐௡|ଶ𝐝௡௡𝐝௞௞ + |𝑐௞|ଶ|𝐝௞௞|ଶ) +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉 −

ଵ

ଶ
𝜘ଶ𝑒ଶ|𝑐௡|ଶ ∫ 𝜓௡

∗(𝐫)𝜓௞(𝐫)|𝐫 − 𝐫ᇱ|𝜓௞
∗ (𝐫ᇱ)𝜓௡(𝐫ᇱ)𝑑𝑉ᇱ𝑑𝑉൱ 𝑐௞  

 (122) 

Separating the real and imaginary terms in equations (121) and (122), one obtains 

ℏ(𝜔௡ − 𝜔௡
଴) = 𝜘𝑒ଶ −

ଵ

ଶ
𝜘ଶ𝑒ଶ ∫|𝜓௡(𝐫)|ଶ|𝐫 − 𝐫ᇱ|(|𝑐௡|ଶ|𝜓௡(𝐫ᇱ)|ଶ + |𝑐௞|ଶ|𝜓௞(𝐫ᇱ)|ଶ)𝑑𝑉ᇱ𝑑𝑉 +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ|𝜓௡|ଶ𝑑𝑉 −

ଵ

ଷ
𝜘ଷ(|𝑐௡|ଶ|𝐝௡௡|ଶ + |𝑐௞|ଶ𝐝௡௡𝐝௞௞) +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ᇱଶ(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉ᇱ −

ଵ

ଶ
𝜘ଶ𝑒ଶ|𝑐௞|ଶ ∫ 𝜓௡

∗(𝐫)𝜓௞(𝐫)|𝐫 − 𝐫ᇱ|𝜓௞
∗ (𝐫ᇱ)𝜓௡(𝐫ᇱ)𝑑𝑉ᇱ𝑑𝑉  (123) 

ℏ(𝜔௞ − 𝜔௞
଴) = 𝜘𝑒ଶ −

ଵ

ଶ
𝜘ଶ𝑒ଶ ∫|𝜓௞(𝐫)|ଶ|𝐫 − 𝐫ᇱ|(|𝑐௡|ଶ|𝜓௡(𝐫ᇱ)|ଶ + |𝑐௞|ଶ|𝜓௞(𝐫ᇱ)|ଶ)𝑑𝑉ᇱ𝑑𝑉 +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ଶ|𝜓௞|ଶ𝑑𝑉 −

ଵ

ଷ
𝜘ଷ(|𝑐௡|ଶ𝐝௡௡𝐝௞௞ + |𝑐௞|ଶ|𝐝௞௞|ଶ) +

ଵ

଺
𝜘ଷ𝑒ଶ ∫ 𝐫ᇱଶ(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)𝑑𝑉ᇱ −

ଵ

ଶ
𝜘ଶ𝑒ଶ|𝑐௡|ଶ ∫ 𝜓௡

∗(𝐫)𝜓௞(𝐫)|𝐫 − 𝐫ᇱ|𝜓௞
∗ (𝐫ᇱ)𝜓௡(𝐫ᇱ)𝑑𝑉ᇱ𝑑𝑉 (124) 

𝑐௡̇ = −
ఠ೙ೖ

య

ଷℏ௖య ൥2 + ൬1 −
తమ௖మ

ఠ೙ೖ
మ ൰

య

మ
൩ |𝐝௡௞|ଶ|𝑐௞|ଶ𝑐௡   (125) 

𝑐௞̇ =
ఠ೙ೖ

య

ଷℏ௖య ൥2 + ൬1 −
తమ௖మ

ఠ೙ೖ
మ ൰

య

మ
൩ |𝐝௡௞|ଶ|𝑐௡|ଶ𝑐௞     (126) 

Equations (123) and (124) describe the shifts of the eigenfrequencies of the excited modes 𝑛 and 
𝑘 compared to those given by the linear Schrödinger equation (71). They differ from the shifts of the 
corresponding eigenfrequencies (88) for the pure state, as well as from the shifts of eigenfrequencies 
(110) and (111) for the case 𝜔௡௞ < 𝜘𝑐. 

Equations (125) and (126) describe the change in the amplitudes of the excited modes, i.e., the 
spontaneous rearrangement of the electron wave structure in an atom in a mixed state. Equations 
(125) and (126) differ from the corresponding equations (112) and (113) by the damping rate of the 
spontaneous emission, which in the case under consideration is equal to 

𝛾௡௞ =
ఠ೙ೖ

య

ଷℏ௖య ൥2 + ൬1 −
తమ௖మ

ఠ೙ೖ
మ ൰

య

మ
൩ |𝐝௡௞|ଶ    (127) 

In the limiting case 𝜘 = 0 one obtains [30] 

𝛾௡௞ =
ఠ೙ೖ

య

ℏ௖య
|𝐝௡௞|ଶ     (128) 

which is 1.5 times greater than the damping rate of the spontaneous emission (115) (see also [19-
23]). The value (127) corresponds to the long-range field 𝐆 [30]. 

Let us consider the physical reason for the difference between (127) and (115). 
In the case under consideration, equation (82) for a two-level atom takes the form 
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𝑢 = 𝑒 ∫(|𝑐௡|ଶ|𝜓௡|ଶ + |𝑐௞|ଶ|𝜓௞|ଶ)
ୣ୶୮(ିతோ)

ோ
𝑑𝑉′ + 𝑒𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) ∫ 𝜓௞
∗ 𝜓௡

ୣ୶୮ቌ௜ඨ
ഘ೙ೖ

మ

೎మ ିతమோቍ

ோ
𝑑𝑉′ +

𝑒𝑐௡
∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) ∫ 𝜓௡

∗ 𝜓௞

ୣ୶୮ቌି௜ඨ
ഘ೙ೖ

మ

೎మ ିతమோቍ

ோ
𝑑𝑉′   (129) 

At large distances 𝑟 from the atom one writes 

𝑅 = |𝐫 − 𝐫′| = 𝑟 − 𝐫′𝐧    (130) 

where 𝐧 =
𝐫

௥
 is the unit vector in the 𝐫 direction; 𝑟 ≫ 𝑟′. 

Using (130), one writes equation (129) at large distances from the atom, neglecting exponentially 
small terms: 

𝑢 =
ଵ

௥
𝑒𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) exp ቆ𝑖ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ𝑟ቇ ∫ 𝜓௞
∗ 𝜓௡ exp ቆ−𝑖ට

ఠ೙ೖ
మ

௖మ − 𝜘ଶ𝐫ᇱ𝐧ቇ 𝑑𝑉′ +

ଵ

௥
𝑒𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) exp ቆ−𝑖ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ𝑟ቇ ∫ 𝜓௡
∗ 𝜓௞ exp ቆ𝑖ට

ఠ೙ೖ
మ

௖మ − 𝜘ଶ𝐫ᇱ𝐧ቇ 𝑑𝑉′  (131) 

Considering ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ𝐫ᇱ𝐧 ≪ 1, one expands the exponentials under the integral in a series in powers 

of ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ𝐫ᇱ𝐧, limiting ourselves to first-order terms. As a result, taking into account (72) and (79), 

one writes (131) in the form 

𝑢 = 𝑖ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ ଵ

௥
𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) exp ቆ𝑖ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ𝑟ቇ 𝐧𝐝௡௞ −

𝑖ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ ଵ

௥
𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) exp ቆ−𝑖ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ𝑟ቇ 𝐧𝐝௡௞
∗   (132) 

Using (132), one calculates in the approximation under consideration 

డ௨

డ௧
= 𝜔௡௞ට

ఠ೙ೖ
మ

௖మ − 𝜘ଶ ଵ

௥
𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) exp ቆ𝑖ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ𝑟ቇ 𝐧𝐝௡௞ +

𝜔௡௞ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ ଵ

௥
𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) exp ቆ−𝑖ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ𝑟ቇ 𝐧𝐝௡௞
∗   (133) 

∇𝑢 = −𝐧 ቀ
ఠ೙ೖ

మ

௖మ − 𝜘ଶቁ
ଵ

௥
𝑐௞

∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) exp ቆ𝑖ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ𝑟ቇ 𝐧𝐝௡௞ − 𝐧 ቀ
ఠ೙ೖ

మ

௖మ −

𝜘ଶቁ
ଵ

௥
𝑐௡

∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) exp ቆ−𝑖ට
ఠ೙ೖ

మ

௖మ − 𝜘ଶ𝑟ቇ 𝐧𝐝௡௞
∗   (134) 

Substituting (133) and (134) into (67), one obtains an expression for the energy flux density of the G-

field 

𝐉𝐆 = 𝐧
ଵ

ସగ௥మ 𝜔௡௞ ቀ
ఠ೙ೖ

మ

௖మ − 𝜘ଶቁ
ଷ/ଶ

ቆ𝑐௞
∗𝑐௡ exp(−𝑖𝜔௡௞𝑡) exp ቆ𝑖ට

ఠ೙ೖ
మ

௖మ − 𝜘ଶ𝑟ቇ 𝐧𝐝௡௞ +

𝑐௡
∗ 𝑐௞ exp(𝑖𝜔௡௞𝑡) exp ቆ−𝑖ට

ఠ೙ೖ
మ

௖మ − 𝜘ଶ𝑟ቇ 𝐧𝐝௡௞
∗ ቇ

ଶ

     (135) 

Expanding the brackets and averaging over time, one obtains 
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𝐉𝐆 = 𝐧
ଵ

ଶగ௥మ 𝜔௡௞ ቀ
ఠ೙ೖ

మ

௖మ − 𝜘ଶቁ

య

మ
|𝑐௡|ଶ|𝑐௞|ଶ(𝐧𝐝௡௞)(𝐧𝐝௡௞

∗ )   (136) 

Substituting (136) into (16), one obtains 

𝐼𝐆 =
ଵ

ଶగ
𝜔௡௞ ቀ

ఠ೙ೖ
మ

௖మ − 𝜘ଶቁ

య

మ
|𝑐௡|ଶ|𝑐௞|ଶ ∮(𝐧𝐝௡௞)(𝐧𝐝௡௞

∗ )𝑑Ω   (137) 

where Ω is the solid angle. 

To calculate the integral in (137), one writes 

𝐝௡௞ = 𝐚 + 𝑖𝐛 

where 𝐚 and 𝐛 are the real vectors. 

Then 

|𝐝௡௞|ଶ = |𝐚|ଶ + |𝐛|ଶ     (138) 

(𝐧𝐝௡௞)(𝐧𝐝௡௞
∗ ) = (𝐧𝐚)ଶ + (𝐧𝐛)ଶ    (139) 

∮(𝐧𝐝௡௞)(𝐧𝐝௡௞
∗ )𝑑Ω = ∮[(𝐧𝐚)ଶ + (𝐧𝐛)ଶ]𝑑Ω   (140) 

To calculate the integral ∮(𝐧𝐚)ଶ𝑑Ω, a spherical coordinate system is used, in which the z-axis is 
directed along the vector 𝐚. In this case (𝐧𝐚) = |𝐚| cos 𝜃 and 𝑑Ω = 2𝜋 sin 𝜃 𝑑𝜃. Then  

ර(𝐧𝐚)ଶ𝑑Ω = 2𝜋|𝐚|𝟐 න cosଶ 𝜃 sin 𝜃 𝑑𝜃
𝝅

𝟎

=
4𝜋

3
|𝐚|𝟐 

In a similar way one obtains 

ර(𝐧𝐛)ଶ𝑑Ω =
4𝜋

3
|𝐛|𝟐 

Then, taking into account (138), one writes the integral (140) in the form 

∮(𝐧𝐝௡௞)(𝐧𝐝௡௞
∗ )𝑑Ω = ∮[(𝐧𝐚)ଶ + (𝐧𝐛)ଶ]𝑑Ω =

ସగ

ଷ
|𝐝௡௞|𝟐   (141) 

Substituting (141) into (137), one obtains 

𝐼𝐆 =
ଶ

ଷ
𝜔௡௞ ቀ

ఠ೙ೖ
మ

௖మ − 𝜘ଶቁ

య

మ
|𝑐௡|ଶ|𝑐௞|ଶ|𝐝௡௞|𝟐   (142) 

For a two-level atom, using (105) and neglecting the rapidly oscillating terms (which disappear upon 

averaging), one obtains 

𝐝̈ଶ = 2𝜔௡௞
ସ |𝑐௡|ଶ|𝑐௞|ଶ|𝐝௡௞|ଶ     (143) 

Taking into account (143), one writes (142) in the form 

𝐼𝐆 =
ଵ

ଷ௖య ൬1 −
తమ௖మ

ఠ೙ೖ
మ ൰

య

మ
𝐝̈ଶ     (144) 

For the case 𝜘 = 0, this expression was first obtained in [30]. 

In the case under consideration, taking into account (13) and (144), the total intensity of spontaneous 

emission (17) is equal to 
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𝐼 =
ଵ

ଷ௖య ൥2 + ൬1 −
తమ௖మ

ఠ೙ೖ
మ ൰

య

మ
൩ 𝐝̈ଶ     (145) 

This is the energy that an atom, being in a mixed state, loses per unit time as a result of 
spontaneous emission. Thus, along with the spontaneous emission of electromagnetic waves, in the 
case under consideration there should be spontaneous emission of G-waves, which also carry away 
part of the energy at a rate (144). As a result of this energy loss, a spontaneous rearrangement of the 
internal structure of the atom, which is traditionally called a quantum transition, occurs. In the 
nonlinear Schrödinger equation (69), (120), the rearrangement of the structure of the atom as a result 
of spontaneous emission of electromagnetic waves and G-waves is described by the damping rate of 
the spontaneous emission (127), which has the same structure as (145). 

10. Concluding remarks 

Thus, we have shown that spontaneous emission and so-called spontaneous transitions, in 
contrast to linear orthodox quantum mechanics and quantum electrodynamics, in the self-consistent 
Maxwell-Pauli theory [28, 29] are a direct and natural consequence of the theory, and their 
explanation and description do not require additional hypotheses, such as, for example, the existence 
of a quantum-mechanical vacuum and its fluctuations or Zitterbewegung. 

Indeed, if the atom is in a mixed state, then, as follows from Eqs. (112) and (113), as well as from 
Eqs. (125) and (126), the amplitude of the eigenmode corresponding to a higher frequency decreases, 
while the amplitude of the eigenmode with a lower frequency increases. In this case, in full 
accordance with classical electrodynamics, emission of electromagnetic energy occurs. Thus, a mixed 
state of an atom in which several eigenmodes are excited simultaneously is unstable: the electron 
wave (and its electric charge) spontaneously flows from the excited mode with a higher 
eigenfrequency to the excited mode with a lower eigenfrequency. The exceptions are mixed states 
with 𝜔௡௞ = 0 (i.e. with degenerate excited modes) and mixed states with |𝐝௡௞|ଶ = 0 (the so-called 
“selection rule”). Note that the eigenfrequencies (eigenvalues) of the linear Schrödinger equation (71) 
are negative. Therefore, the eigenfrequency of the ground mode of the hydrogen atom is lower than 
the frequency of any other eigenmode of the hydrogen atom. Thus, if a hydrogen atom is in a mixed 
state in which one of the excited eigenmodes is the ground mode, then such a mixed state of the atom 
is unstable and the atom will spontaneously transit to the ground state. This means that the ground 
state of the atom is absolutely stable. 

An analysis of the complete system of equations (1)-(9) showed that the compensating short-
range field 𝐆  plays a significant role in this process, and the constant 𝜘  included in the 
inhomogeneous Klein-Gordon equation (2) determines the dynamics of spontaneous transitions. 
Thus, if the frequency spectrum of spontaneous radiation 𝜔௡௞ is limited from above: 𝜔௡௞ ≤ 𝜔௠௔௫  
and, in addition, 𝜔௠௔௫ < 𝜘𝑐, then the field 𝐆 of such an atom will not only quickly (exponentially) 
decay at distances greater than 𝑎஻ , but will also not create radiation that could be detected at 
macroscopic distances from the atom. In this case, macroscopic devices are not capable of directly 
detecting the field 𝐆 and its existence can only be judged by indirect data. 

In the case when 𝜔௡௞ > 𝜘𝑐, despite the fact that the stationary compensating G-field is short-
range and decreases exponentially already at distances of the order of 𝑎஻ from the center of the atom, 
G-waves can exist that carry away energy and angular momentum [28]. Unlike the previous case, 
this means that in this case, although the stationary G-field still cannot be recorded by instruments 
at macroscopic distances from the source, the G-waves emitted by the atom can be detected at 
macroscopic distances from their source. 

If the frequency spectrum of spontaneous emission 𝜔௡௞  is limited from above: 𝜔௡௞ ≤ 𝜔௠௔௫  
and, in addition, 𝜔௠௔௫ > 𝜘𝑐, then the atom can emit G-waves at frequencies 𝜔௡௞ lying in the range 
[𝜘𝑐, 𝜔௠௔௫], but cannot emit G-waves at frequencies 𝜔௡௞ < 𝜘𝑐. 

Thus, although we cannot detect the stationary G-field with macroscopic instruments due to its 
short-range, the results obtained give us hope that under certain conditions we will be able to detect 
the wave G-field (G-waves) with macroscopic instruments. 
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To do this, it is necessary to study the emission of G-waves and their interaction with matter 
(atoms), which can be done by searching for the corresponding solutions of equations (1)-(9) or their 
relativistic analogue [29]. 

This issue will be discussed in subsequent articles. 
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the creation of this article. 
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