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Article
Nonlinear Schrédinger Equation with a Short-Range

Compensating Field

Sergey A. Rashkovskiy

Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences, Vernadskogo Ave., 101/1,
Moscow, 119526, Russia; rash@ipmnet.ru, Tel. +7 906 0318854

Abstract: Within the self-consistent Maxwell-Pauli theory, a nonlinear Schrodinger equation with a
short-range compensating field is derived. Stationary and non-stationary solutions of the obtained
nonlinear Schrédinger equation for the hydrogen atom are investigated. It is shown that spontaneous
emission and the associated rearrangement of the internal structure of the atom, which is traditionally
called a spontaneous transition, have a simple and natural description within the classical field theory
without any quantization and additional hypotheses. The solution of the nonlinear Schrodinger
equation showed that, depending on the frequency of spontaneous emission, the compensating field
behaves differently. At relatively low frequencies of spontaneous emission, there is no radiation
(waves) of the short-range compensating field and this field does not carry away energy. In this case,
the damping rate of the spontaneous emission coincides with that obtained in quantum
electrodynamics (QED). At relatively high frequencies of spontaneous emission, radiation (waves) of
the compensating field arises, which, along with electromagnetic radiation, carry away some of the
energy. In this case, the damping rate of the spontaneous emission is greater (up 1.5 times) than that
predicted by QED.

Keywords: classical field theory; self-consistent Maxwell-Pauli theory; nonlinear Pauli equation;
nonlinear Schrédinger equation; spontaneous emission

1. .Introduction

At present, it is generally accepted that a complete description of processes in the microworld is
given by quantum electrodynamics (QED), in which both the atom (electron) and the electromagnetic
field are quantized. Along with this, the so-called semi-classical theories [1-25] are successfully used
to describe various quantum processes, in which the atom is considered quantum mechanically, i.e.
based on wave equations (Schrodinger, Pauli, Klein-Gordon or Dirac), while the electromagnetic field
is considered classically based on Maxwell equations. Semi-classical theories allows describing many
basic quantum effects, such as the Compton effect [1-4,18], the photoelectric effect [5,21], thermal
radiation [22,25], spontaneous emission and spontaneous transitions [6-12, 15-17, 19, 24], light-atom
interactions [7,20], induced emission [6,7,20,22], the Lamb shift [6,7,9], the Lamb-Retherford
experiments [23], etc. Thus, in fact, the myth is dispelled that the so-called quantum processes cannot
be described within the framework of classical physics, and this necessarily requires quantization of
both the matter itself (atoms and electrons) and the electromagnetic fields interacting with it.

At the same time, most semi-classical theories are characterized by inconsistency: having
rejected the quantization of the electromagnetic field, they retain (sometimes implicitly) quantum
concepts in relation to non-relativistic matter (electrons).

In [18-23] it is shown that it is possible to construct a completely classical theory that consistently
and unambiguously describes and explains all basic quantum effects within the framework of
classical field theory without any quantization or other additional hypotheses. This theory is based
on the original Schrédinger’s idea [26,27] that the wave functions 1, described by wave equations,
allows constructing real parameters that can be interpreted as the density of electric charge and the
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density of electric current, continuously distributed in space. Taking this into account, at least from a
formal mathematical point of view, one can speak of some real electrically charged material (for
example, electron) field 1, continuously distributed in space, which is described by a wave equation
similar to how the classical electromagnetic field is described by Maxwell equations [18,19]. Further,
such a field ¥ will be conventionally called an electron field or an electron wave. According to
classical electrodynamics, charges and currents continuously distributed in space create an
electromagnetic field, which, in turn, must act on them, changing the field i, and, therefore, its
charge density and current density. Thus, the potentials of the electromagnetic field included in the
wave equations of quantum mechanics must be a superposition of the potentials of the external
electromagnetic field (created by external sources) and the potentials of the own electromagnetic field
created by the electrically charged material field .

However, the linear wave equations (Schrédinger, Pauli, Klein-Gordon, Dirac), which are the
basis of modern quantum mechanics, contain only the external electromagnetic field, but do not
include the own electromagnetic field created by the electrically charged electron wave of the atom.
At the same time, if we consider the interaction of an atom with another atom, then the wave equation
for the atom under consideration will contains the electromagnetic field created by the electron wave
of the other atom. A paradox arises: the electron wave of the atom feels the electrostatic field created
by the electron wave of another atom, but does not feel its own electrostatic field [18-23].

In the initial formulation of the theory [18-23], the own electrostatic field of the electron wave in
the atom was simply not taken into account, but the external electromagnetic field was taken into
account, i.e. the field created by external sources, including the electron waves of other atoms, as well
as the own non-stationary (radiative) electromagnetic field created by the electron wave under
consideration. The latter, as shown in [19-23], is responsible for the so-called spontaneous transitions.

As shown in [18-23], this point of view allows naturally describing many quantum effects
without quantization and without involving such hypothetical entities as the quantum-
electrodynamic vacuum, its fluctuations, Zitterbewegung, etc.

To explain why the electron wave in an atom does not feel its own electrostatic field, the
assumption was made in [28] that there is an unknown short-range field that compensates for the
electron wave’s own electrostatic field, but does not compensate for its non-stationary (radiative)
field, as well as the electromagnetic fields created by electron waves of other atoms.

The Maxwell-Pauli theory is constructed in [28], based on a system of equations that has the
necessary properties:

., 0¥ 1 (h 2 h
lﬁg = [Zme (?V + %AZ) —epy —eoGy + —ziec O'HZ] b4 (1)
2

S22 — Gy + %Gy = 4me(¥" oY) )
Hy =H+H, Es =E+E, Gy = G+G, 3)
Pz =P+ Pe, Az = A+ A, (4)

_ 10Ex , 4m,
rotHy = prval o (5)
divEs = 4mp (6)

where

10A

Hy =rotAs, Ez = —ga_tz = Vos 7)

p=—e¥'¥ (8)
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2
j= (VW)Y — W VY] — —— AW — %rot(‘P*o“P) )

the index “X” refers to the total fields; the index “e” refers to the own fields created by the
/21
Y,

external fields created by external (with respect to the field W) charges, currents and spins; m, is the
electron mass; » is a constant satisfying the condition [28]

nagp K1 (10)

electron wave which is described by the spinor W = ( ) ; parameters without an index refer to

2
where ag = # is theBohr radius. The constant #, satisfying condition (10), makes the G field
e

short-range, exponentially decaying at distances of the order of az from the source. This explains
why the G field has not been experimentally detected to date, and also why the electron field of an
atom does not “feel” its own electrostatic field, but “feels” electrostatic fields created by other atoms
and ions.

The system of equations (1)-(9) is closed and self-consistent. It differs from a simple formal
unification of the Maxwell and Pauli equations in that the Pauli equation (1) includes an additional
term -eoGy, which plays an important role. In this paper, we will show that this fundamentally
changes the solutions of the unified system of Maxwell-Pauli equations, and allows correctly
describing quantum effects without any additional hypotheses and postulates.

The system of equations (1)-(9) has gauge invariance:

Az > Az +Vf, gz o —2%, W wexp(—i2f) (1)
where f is an arbitrary function; in this case, the electric and magnetic field strengths, the field
Gy, the electric charge density, the current density and other physical characteristics of the electron
field do not change.
From equation (1), which describes the charged field ¥, follows the law of conservation of the
electric charge of the electron wave

ap ..
E+le]—0 (12)

which is known to be consistent with Maxwell’s equations.

As shown in [28], equations (1)-(9) yield the theory [18-23], and, therefore, the Maxwell-Pauli
theory allows naturally describing many quantum effects without quantization and without
involving such hypothetical entities as the quantum-electrodynamic vacuum, its fluctuations,
Zitterbewegung, etc.

Obviously, the Maxwell-Pauli theory (1)-(9) is not relativistically invariant. A relativistically
invariant theory (the Maxwell-Dirac theory) is constructed in [29]. As shown in [29], the Maxwell-
Pauli theory (1)-(9) is a non-relativistic limit of the Maxwell-Dirac theory.

In [30], solutions of the system of equations (1)-(9) were investigated for » = 0, i.e. for a long-
range field G.

In this paper, we consider the general case » # 0, when the compensating field G is short-range
and decays at distances of the order of » ag.

First of all, we will be interested in the spontaneous emission of an atom. We will show that it is
a natural consequence of theory (1)-(9) without any additional hypotheses and postulates. This
analysis is based on the well-known results of classical electrodynamics, in particular, the theory of
dipole radiation of charged matter. As is known [31], the intensity of electric dipole radiation

2 ..
IEH = @dz (13)

where

d=[rpdv (14)
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is the dipole moment of the electron field.
According to [28], the non-stationary field G can also transfer energy, i.e. it has an energy flux,
the density of which is

1 0Gsy

Je = T an ot VGyy (15)

Accordingly, the radiation intensity of the G field

where the integral is taken over a spherical surface of infinite radius with its center at the nucleus
of the atom.

Then the total intensity of spontaneous emission (electromagnetic and G-field) of the atom (the
rate at which the atom loses energy in the process of spontaneous emission) is equal to

I = IEH + IG (17)

2. Nonlinear Pauli equation

In [30], the nonlinear Pauli equation is derived for the case » = 0. In this work we consider the
general case »x # 0.

The scalar and vector potentials of the own electromagnetic field of an electron wave are
determined by the known solutions of Maxwell equations [31]

. = [PV’ (18)
_1 jt-r/c /
A, = [*=avy (19)

where R=r—-r’.

In this case, the Lorentz calibration takes place [31]

10¢, .
“ ot + leAe =0 (20)
Let us expand the integrands in (18) and (19) in a series in powers of the parameter R/c [31]:
Pe :(po———f dV’+2 ZE)thR —;ﬁfRzpdV, (21)
10 (.
A, :AO_C_ZE ]dV +FEJ‘R av' — (22)

where p and j are taken at time ¢;

1l gy
o=:[Lav (23)
Qo= [EaV’ (24)
Let’s take into account that
q = [ pdv (25)

is the total electric charge of the electron field. The change in the total electric charge of a
localized (for example, in an atom) electron field can occur as a result of the ionization of the atom,
i.e. either as a result of the emission of an electron wave by the atom, or as a result of the capture of
an electron wave by the atom from the outside. These processes are not considered in this paper, i.e.
it is assumed that the total electric charge of the electron field does not change:

aq _
T-0 (26)
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In this case it can only be redistributed between excited modes and polarizations of the atom

[19-23, 28].
From the continuity equation (12) it follows that for a localized electron field
[jav=d (27)
Taking into account (26) and (27), one writes relations (21) and (22) in the form
Qe = Qo + 2526t2fR V’—BmfRzpdV + - (28)
Ae:AO__d+FﬁfR dV’ (29)

Let’s calculate

3
fRZ av' = atgf(r —r')?pdV’ == f(r —2rr’' +r'’?)pdV' =r?— [ pdV' —

at3

2r—f r'pdV’ + - f r'2pdv’
Taking into account (14), (25) and (26), one obtains
2 [R2pdV’ = ~2rd + 2 [ r'2pav’ (30)
Let us perform the gauge transformation (11) with the function
. a / "
f==rd 6;mzfrz dv (31)
where the last term does not depend on r.
As a result, taking into account (30), the scalar and vector potentials of the electromagnetic field
(28) and (29) take the form
Qe = Qo — —rd + ——f RpdV' + (32)

2¢2 9t2

A, = Ay + =2 [ RjdV' — (33)

2¢ 3at2

Let us estimate the different terms in (32) and (33) for the electron wave inside the atom, taking
into account that the characteristic spatial scale of change of the functions p and j is the Bohr radius

n? C . . . _ a e? . .
ap =——, and the characteristic time of their change is w 1= a—i, where a = oo is the fine structure
e

constant. Taking into account (9), one obtains the estimate j~ # p = acp. Then, taking into account,
e4B

2 3
agw . e 1 92 , e f{agw 5 € 2 = e fapw 3 e

that = = a, one obtains ~—, —— [RpdV'~—(*—) =a*—, —=rd~—(—) =a’—

c 4 %o ag’ 2c? atZI p ag ’ ’

c ag’ 3c3 ag \ ¢ ap
2
e apw\“ _ 3 e ips . .
A0~ag , 263 atsz]dV’ ( ” ) =a - etc. In addition, in equation (1) the term
he AV~ Ag~a?=— The remaining non-stationary components of the field (33) lead in equation
MmecC mecap

(1) to terms of order a* and higher compared to the main term ¢y~ E and can be discarded.

Restricting ourselves in equation (1) to terms of order aia"’, one writes (32) and (33) in the form
B
2 ,
Pe =0 —5zrd+— atszpdV (34)

A, =A, (35)

Neglecting diamagnetic effects, we leave in equation (1) only the terms linear in Ajy. Then, taking
into account (34) and (35), one writes equation (1) in the form
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0w w2 2e o
lh; = _Z_rneA —ep+ Erd e(po
o V-5 atz 2 [ RpdV +—0'H0] g (36)
where
HO = I‘OtAO (37)

We will assume that the external magnetic field changes insignificantly over distances of the
order of ag. Then we can write

A= Hxr (38)

In this case, taking into account (20), one writes equation (36) in the form

7 A Ry 28 rd - - _en _eh GH — —" 9%
ih P [ A e + rd e(py + 0G,) — eaG + ro— H(r x V) + p— oH Zm.c? ot
imec ( 0 V) - 202 at2 f RpdV" + ] ¥ (39)
Taking into account the estimate
e? . e? 1 5. _ e? et | .
e AW~ —tagjapt = o = o) = @ (40)

with the accuracy considered, the current density of the electron wave can be written in the form
i =j. — <X rot(¥*o¥) (41)
V=) = o,

where

je = g (V99 = #'7Y] “2)

is the convective component of the current density [28]. Note that in the current density (41) not
only the term containing the intrinsic field A, is discarded, but also the term containing the external
field A (38). This is due to the fact that its contribution (through A, and H,) to equation (39) is of
the order of a? compared to the corresponding terms of equation (39) already containing H, which
is beyond the scope of the approximation under consideration.

Taking into account (41), equation (23) takes the form

_ __eh rot(Y*o¥) ,
Ao = A, — o [T AV (43)
where

1 rjc
=-frav (44)

For a localized electron field one writes (43) in the form
4 (45)

Taking into account (37) and (44), one obtains
_ eh . (P*o¥) , eh (P*o¥) ,

Ho—rotAC—MV(dlvadV)+MAf =2 dv (46)
Taking into account, that A% = —4n5(r —r'), where 6(r —r') is the delta function, one obtains

h . (P*oW) ’ h %
H, = rotA, — anjv(dlva“dV ) —4m o (Vo) (47)
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Equation (39), taking into account (14), (24), (44), (45), (47) and the solution of equation (2), is the

nonlinear Pauli equation.

It differs from the nonlinear Pauli equation obtained in [30] by the factor 2/3 in the term ;Tird

As will be shown below, this is a consequence of the condition » # 0 and fundamentally changes
the solutions of equation (39).

3. Particular solutions of equation (2)

Before considering the solution of equation (39), let us consider non-stationary

solutions of the inhomogeneous Klein-Gordon equation

L% Ayt = an(fy + f1 exp(Fiwt)) (48)

c? ot?
where f, and f; are the functions of only spatial coordinates; w > 0 is the constant.
The solution of equation (48) can be represented as
u = uy + u, exp(Fiwt) (49)

where u, and u,; are the functions of only spatial coordinates that satisfy the equations

—Auy + n%uy = 4nf, (50)
By + (52 = ) uy = 4nf, (51)

Equation (50) has a solution
u = [ fo 2Ry (52)

The solution of equation (51) depends on the sign of the constant (}{2 - —)

At w < xc one obtains

w=[f de’ (53)
Here we consider only solutions (52) and (53), decreasing at infinity.
Solution (53) corresponds to oscillatory non-wave fields (all points of the field oscillate in the same
phase).

At w > xc one obtains

2
exp(ii %—KZR)

w = f f————av’ (54)

The sign in solution (54) is opposite to the sign in front of w in (49), since we consider only
solutions corresponding to retarded wave fields. This means that in the limit » — 0, equation (48)
transforms into the d’Alembert wave equation, the retarded solution of which contains the phase
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w(t — R/c). It is precisely into this solution that solution (54) must pass in the limit » — 0. These

fields propagate with the group velocity v = a;» \/ 1-%<
9 “’__uz w?
If the field u isreal and its source has a discrete frequency spectrum w,, # 0, then equation (48)
takes the form
1 92
S — Mut Pu = 4n(fy + Yo, fo exp(—iwnt) + L, f exp(iont)) (55)

where f, and f, —and f; are the functions of only spatial coordinates; f, is the real function.

Taking into account (52)-(54), one writes the solution of equation (55) in the form

exp(=xR) exp(— xz——zR)
u= [ 22y 1S exp(—iwnt) [ fr—me LAV +
exp(— nz——%R> exp(i w—fl—qu
R

Lon<nc exp(iont) [ fif AV’ + Lopsuc exp(—iwgt) [ f >dV' +

exp(—L C—?—;ﬂR)

R

R

Lonsncexpliont) [ fif av’ (56)

4. Nonlinear Schrodinger equation for the hydrogen atom

Consider a hydrogen atom in empty space (¢ = ;, A =0 and G = 0). In this case, equation (39)
takes the form

eh 6(po

(A,

Lh— [— A=+ Zrd - e((p0+0'Ge)———prdV’

2me r  3c3 2c2 9t2

|w

i2mec? ot Lm c

(57)

According to the estimates made above, the third, fifth, sixth, seventh and eighth terms on the
right-hand side of equation (57) are small corrections of the order of a® and higher compared to the
first two terms on the right-hand side of equation (57).

We neglect the last three terms in equation (57), associated with the intrinsic magnetic field. Then

equation (57) takes the form

A=+ Zrd—e(p, + 6G,) —

inZ = [—me 2 2 deV’]‘P (58)

22 atZ
The vector W*6¥ can always be represented in the form [28]
Yol = vy (59)

where v is the unit vector (v? = 1), which in general can depend on time and spatial coordinates.

Equation (58) allows a solution of the form [28]
_ (%
w=(g)¥ (60)
where a; and a, are the constants satisfying the condition

a?+ai=1 (61)
while the function ¥ (t,r) satisfies the normalization condition

[lpl2av =1 (62)
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which has a simple deterministic physical meaning [18-23], not related to probability: for a
neutral hydrogen atom, the total electric charge of the electron wave is -e.

In this case, equation (59) takes the form
Yol = v|y|? (63)
where
v =(aja, + a;a3,i(a10; — ajay), las |* —|a,|?) (64)
is a constant unit vector, and the solution of equation (2) has the form
G, =vu (65)
where the function u(t, r) satisfies the inhomogeneous Klein-Gordon equation

2
228 Au+ xPu = dmelp? (66)

c2 9t2
The energy flux density of the G-field (15) for case (65) takes the form

Jo=——2vu (67)

4m Ot

Taking into account (60), (64) and (65) it is easy to verify directly that

oG, ¥ = (az) wp (68)
Note that equation (57) allows a solution of the form (60) even in a more general case, if only the
last term can be neglected.

In the approximation under consideration, equation (58) takes the form
. OU n2 e? I e 092 ,
lh;=[—EA—T+Trd—e(p0—eu—ﬁﬁprdV]lp (69)

for any values of constants a; and a,.

Let us consider a hydrogen atom in a mixed state, in which several eigenmodes of the electron
wave are excited simultaneously [19-23].

In this case, the function 1(t,r) can be represented as

Y(r, t) = Yy cnhn(r) exp(—iwpt) (70)

where the subscript n denotes a set of quantum numbers (n,I,m); c, are constants
characterizing the excitation amplitude of the eigenmode n; w, are the eigenfrequencies of the
nonlinear equation (69), which will be defined below, 1,(r) and w$ are the eigenfunctions and

eigenvalues (eigenfrequencies) of the stationary linear Schrodinger equation

hZ 2
hofpn = = (5-8+5) ¥ 71)
The functions 1, (r) form an orthonormal basis:
flpr*ﬂ/)kdv = bk (72)

Expansion (70) has a simple physical meaning: the hydrogen atom has a discrete set of
eigenmodes, which have eigenfrequencies w,, and are described in space by eigenfunctions 1, (r).
This means that, at least formally, the hydrogen atom can be considered as a classical volume
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resonator, which holds an electron wave and has a discrete set of eigenmodes and their
corresponding eigenfrequencies [19-23].

Then, taking into account (62) and (72), one obtains

Ynleal? =1 (73)

The parameters c, describe the distribution of the electric charge of the electron wave over the
eigenmodes of the hydrogen atom. In particular, the value —e|c,|* is equal to the electric charge of
the electron wave contained in mode n [19-23].

Using expansion (70), one obtains
[¥1? = Zin Crcni (D) (r) exp(—iwnit) (74)
where
Wpg = Wy — Wi (73)
Function (74) can be represented as

11?2 = Znleal® [ (0O + an:?k Wi (P (1) + Yoo, CieCntPic (1P (1) exp(—iwpyt) +

Zwn>ay nCePn (0P (1) exp(iwpt) (76)

The first two sums in the approximation under consideration are independent of time. The
second sum corresponds to degenerate modes.

Taking into account (76), one writes (24) and (14) in the form

90 = = [ (Zalenl Wl + Son=o Gieabiobn + Sinyoa, icabiohn exp (o) +
n#

B Chiibic exp(itonit) ) 3 V" 77)
d(t) = Xy Xn CiCnlnk eXp(—iwpyt) (78)
where
dyye = din = —e [ TP (DY, (r)dV 79)
Taking into account (78), one obtains
d(t) = — Tk Zn @5k CiCnlnsc eXp(—iwnyt) (80)
d(t) = i Tk Ty 0k CiCprye eXp(—iwpt) (81)

Using (76) and solution (56) of equation (55), one writes the solution of equation (66) in the form

* * — R
u= e f [SalenlPhfl? + Zon-o cicabiahn| 2RV +
n#

2
exp<—\/n2—%R>
€ 3wz, Citn exp(~iwnit) [ Yihy — L V" +

Wn<uc

w2
exp(—\/xz—cisz>
e Yon>oy CuCy exp(ivnet) [ Yap —————=dV' +

wni<uc
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exp(l\/ 1k H2R>
R

—exp< j : H2R> av’ (82)

R

e Z Wn>wi CZCn exp(_iwnk t) f lp;lpn av' +

Wng>HC

e Y wn>or CrCx exp(iwpit) [ Pripy

Wnr>H

Taking into account (76), (77) and (82), one writes

Zord - ey —eu— 50z [ RpdV' = Zord +e? [ (Zalenl? Wal? + Zon=on cieniahn ) 220y +
n#*k

1—exp<—\/ﬂ2 —LkR

>dV’+

2¢ 26t2

e? Lan>ay CiCn exp(—iwpkt) [ iy

Wnr<H R
1- exp( —R2R>
e’ Z Wn>wWg CI:Cn exp(_iwnkt) f lp;wn R V' +
Wnk>H
2
1-ex (—\/uz—wgkR>
C
e? Ywn>wr Crcx exp(iwnt) [ Pny = av' +
Wn<uc
1- exp<— \/ —u2R>
e? Y on>wr Cncx exp(iont) [ Ppp—————>dV' -

Wn>HC

2
Zmn>wk @7 CieCn XP(—iwnict) [ RYYnAV =~ Ty >, OicCrcic exp(ionet) [ RV’ (83)

Zcz
Equation (69) together with relations (81) and (83) represents a nonlinear Schrédinger equation with

a short-range compensating field.

5. Stationary states of the atom

The stationary state of an atom is a state in which it does not lose energy due to emission, i.e.
Ien=1g=0 (84)

From a mathematical point of view, this means that all physical parameters of the electron wave
in the atom (charge density, current density, density of proper angular momentum, field G, etc.) are
independent of time, and, accordingly, the terms on the right-hand side of the equation (69)
containing time derivatives are equal to zero. The stationary state of the atom can be realized only in
three cases: (i) when the atom is in a pure state, i.e. it is in a state with one excited eigenmode n (¢, =
1,¢c, = 0 for all k # n); (ii) when the atom is in a mixed state with several simultaneously excited
eigenmodes, and all excited modes have the same proper frequency w,,, i.e. are degenerate; (iii) when
the atom is in a mixed state with several simultaneously excited non-degenerate modes, and for any
pair of excited modes n and k the condition [19-23]

dnk = 0
is satisfied (in quantum mechanics, following a tradition dating back to Bohr naive theory, such
pairs are called “forbidden transitions”).

If the atom is in a pure state n, then (83) takes the form
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—ego — eu = o [y, P =R AV (85)

Under condition (10), expanding the exponential under the integral in (85) in a series in powers
of xR, taking into account (72), one approximately obtains

—e@, — eu = ne? —%}tzeszh/JanV’ +%J{3€2fR2|llJn|2dV’ (86)

Expanding the last integral in (86), and taking into account (79), one obtains
—e@y —eu = ne? — %Hzeszh/)nPdV' + §H3erdnn + %)ﬁezrz + %)ﬁez [y, |2dV" (87)
Substituting (87) into the Schrédinger equation (69) for the non-degenerate stationary state ¥ =

Y, exp(—iw,t) of the hydrogen atom, and using perturbation theory [32], taking into account

equation (71), one obtains

h(w, — 3) = xe? = ~x2e? [ [ (02 |r = 'l[ih, (X)2AV'AV + 363 (e? [ x2 [, [2aV — dZ,)  (88)

As follows from (88), for » # 0, the eigenfrequencies of various atomic modes differ from the
eigenfrequencies of the linear Schrodinger equation (71), however, under condition (10) this
difference is small: w, — w3 < wJ. Note that the eigenfrequencies w,, cannot be measured directly,
since the spectrum of spontaneous emission, i.e. the frequency differences w,;, (75) corresponding
to the excited modes of the atom, are measured in the spectroscopic experiments. The first term on
the right-hand side of equation (88), proportional to #, is the same for all eigenmodes of the atom, so
it does not contribute to the spectrum w,; of spontaneous emission of the atom and, consequently,
cannot be determined as a result of spectroscopic measurements. The second and third terms on the
right-hand side of equation (88) are different for different eigenmodes, so they lead to a shift of the
frequency w,, and, theoretically, can be measured. If, taking into account (10), one assumes that
nag~a, then the second term on the right-hand side of equation (88) will be of the order of a*m,c?
and the associated shifts of the frequency w,;, will be commensurate with the Lamb shift. The third
term, proportional to 3, can be neglected in this case, since its value is beyond the experimental
possibilities.

Let us now consider an atom in a mixed state, when both excited eigenmodes are degenerate
(have the same eigenfrequency wj).

In this case, the function 1 can be written as

Y = exp(—iwpt) (Cmnlpmn + Cknll}kn) (89)
where i, and ¥, are the eigenfunctions of equation (71), corresponding to the same eigenvalue

w? (degenerate eigenmodes of the atom); ¢, and ¢, are constants.
n n

In this case, instead of equation (87), one obtains
—e@q(r) — eu(r) = xe? —%J{ZeszhHZdV’ +§H3€I‘d +%J{3821‘2 +%%3e2fr’2|1p|2dV’ (90)
Using perturbation theory [32], one obtains a system of equations
(h(wn — @) + Viymy ) Cmy, + CiepVinie, = 0 (91)
CmyViegmy + (M@ — @) + Vi i, )k, = 0 (92)

where


https://doi.org/10.20944/preprints202502.0939.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 February 2025 d0i:10.20944/preprints202502.0939.v1

13 of 23

Vis = Vo = [(e@o + ew)yyipsdV (93)
The system of equations (91) and (92) has nonzero solutions if its determinant is equal to zero. Thus,
one has the equation
|2

(h(wn - wg) + anmn)(h(wn - wg) + ankn) - |ankn =0 (%94)

Equation (94) has a solution

R = 02) = =+ Viewien + Vingm) \/i Viwen = Vinn) + Vingiea| (95

Thus, due to the non-zero field (90), the degeneracy of the eigenmodes ¥, and ¥y, is
removed, between which a small frequency shift occurs

hAw, = \/ Vewtn = Vi) + 4 Vit (96)

Taking into account (90), (72) and (78), one obtains
Vg = 5e?8,5 — 2x2e? [ [P O%s @I — I[P [2dV' dV + 253 (e [ x2piip,dV + 6,62 [ r2[p[2dV —
2dd,,) (97)

As indicated above, the terms containing »3 can be neglected, therefore, taking into account (97),

one writes the frequency shift (96) in the form

hAw, = §u2e2,/a2 + 4|b|? (98)

where
a=J [ (e, @ = o, @) Ir = ) 2av’ av (99)

b= [ [ Ym, @, ®Ir —r'[[Y@)?dV’ av (100)

It has already been noted above that the frequency shift (98) is commensurate with the Lamb
shift. This issue will be discussed in detail in the following paper of this series.

6. Non-stationary states of the atom

Let us consider an atom in a mixed state [19-23] with two simultaneously excited non-degenerate
modes n and k (two-level atom):

Y1, 1) = cuPn(r) exp(—iwyt) + iy (r) exp(—iwyt) (101)
For definiteness, let us assume that w, > wy, i.e.

Wi > 0 (102)

As we will see later, the result depends on the sign of the constant (}12 — %)


https://doi.org/10.20944/preprints202502.0939.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 February 2025 d0i:10.20944/preprints202502.0939.v1

14 of 23

6.1. The case when Wy, < xc

WnkdB __

The solution of the linear Schrodinger equation (71) for the hydrogen atom yields [32]:

1

Z(L_ = ) where n > k; i.e. the condition w,, < xc holds for xaz > = (kz

- —) This condition is
2 \k2 n2
satisfied, for example, for »ap = a.

In this case, equation (83) takes the form

2 e L-expR) )
—srd—epy —eu— fR av' = —rd + e? [(lenl?1Pnl® + i[9y [ ———dV’ +

2¢ 26t2

1—exp<—ju2—wT$£"R> 1—exp<—\/u2—wc72;k )
e2cCp exp(—iwpt) [ Pt —————=dV' + e?cic expliwnt) [ Ypihy ——————>dV' -
2
. wnkckcn exp( lwnkt) f RlpklpndV’ wnkcnck exp(lwnkt) f Rl/)nl/)de’ (103)

Taking into account condition (10), one considers expression (103) at points satisfying the condition
#R < 1. We expand the exponents in (103) in a series in powers of R, limiting ourselves to terms of

order of R3. As a result, taking into account (72), (73) and (79), one obtains

2 .es ’ .es 1 ’
%rd —ep, — eu — fR dv’' = —e3rd + ne? —Eﬂzesz(|Cn|2|l/Jn|2 + lcr P[P |HAV' —

2c 26t2

—}tzezc,’;cn exp(—iwnt) [ RYpndV’ — —J{Zezc,’chk exp(iwnkt) [ R dV’ + ;%3e2r2 +

1 1 , 1
Ler(leal dun + lclPdu) + 22 [12(1cu Pl + o2l av’ + 2 (2 -

2 \3/2 2 \3/2
w . 1 w. . 1
Csz) erd iy exp(—iwyt) + 3 (%2 - L‘sz) erd cncy exp(iwnt) + = (%2 -

3/2

Wik 2 : 1200 % P12 ohk 3
CLZ) e?cpcy exp(—iwnit) [ r?yYip,dv +g(}t —CLZ)

2
eZc; e exp(iwnt) [ v, dv’

(104)
For a two-level atom, equations (80) and (81) take the form
d(t) = —whyCiiCnlpy exp(—iwnit) — WhyCrCiry exp(iwyt) (105)
d(t) = iwpk[cicndpy exp(—iwpt) = ci i eXpiwyyt)] (106)
Using (105), one rewrites (104) in the form
26 - . 2e 222 3/2 s 1 5.9 b 12
saTd—epo —eu—— 26t2fR dv' = —rd - wnk (?— 1) rd +xe® —~x%e? [ R(lcnl[Yhn]® +

lei 1 |dV’ — -%Zezcicn exp(—iwnt) [ RpippdV’ — —}fzezcﬁck exp(iwnit) [ RpnipidV’ +

1 1 , 1
3e2r? + 2a0er(|cy Py + lcilPdie) +23%€? [ X2 (a2 [Pnl? + Ll lhe AV’ +2 (3% -
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w2\ 1 w2, 32
CLZ"‘) e*cpcn exp(—iwpit) [T PipdV’ + Z(J{Z - CLZ"‘) e?cncp exp(iopt) [ T2y dV’

(107)

Note that in [6], devoted to the semi-classical theory of radiation, based on intuitive arguments,
the existence of a non-stationary component of the self-electric field of an atom is postulated in a form
similar to the second term on the right-hand side of equation (107). In the present work, this term is
a natural consequence of the self-consistent Maxwell-Pauli theory [28].

Considering the amplitudes ¢, and c; to be slow functions of time, one substitutes (101), (104), and
(106) into equation (69). Taking into account (71) and (72), and discarding the rapidly oscillating

terms, one obtains
. .2 1 ,
i, = (—l;wzkldnkmcklz — h(w, = w) +xe? — 2 u%e? [[Pu (O Ir — ' (lea ()1 +
, 1 1
lei 21 (DIDAV'AV + —xe? [ r2 i, |2dV — S5 (Iep? [dpn | + |ex*dnpdia) +

Lie? [ 12 (e PPl + I 21l )AV = 2o?e2lel? [ )i (0)Ir = i (¢ b, (1) dV ' dV —

c2

L 2 \3/2
S(? =) dlPlel? ) e (108)
. . .2 1 I r
ihey, = (lgwikmnklzlcnlz — h(wy — wp) +xe? = 2xe? [l O |r = r'[(len 19 (X% +
’ 1 1 1
e |? 1 (x)2)dV'dV + g”sezfr2|¢k|2dv _5%3(|Cn|2dnndkk + lel?[die|?) +

232 [ r2(lea P Ipal? + e 21| )aV — 22 cul? [ (O (0] = 1 [ (¢ by (' )V "V —

1 121 3/2
G |dnk|2|cn|2>ck (109)

Separating the real and imaginary terms in equations (108) and (109), one obtains

h(w, — wp) = xe® — %Hzez S @I = x| (a2 (DI + leg [* [ ()12 dV'dV +

1 1 1
L2 [ 127V — 25 (el dnl? + 2 dundie) + 2 5%€% [ 12 (e 2l + |l i)V —

w2 3/2
2xe? e l? [ PP @Ir — (P )av'dy — > (2 = 22)  (dy el (110)

h(wy — wp) = xe? — %}fzez S @I = 1| Uen 9 )P + lei [ [ (XD 12)dV'dV +

1 1 1
Lue? [ r2 PV — 25 (cal*dundi + el ld?) + % [ 12 (lcal2lnl? + eV —

2  3/2
se?leal? W@ OIr = 1 [ (1)dV'dy =3 (2 = 22) iy
(111)

. 2
b = — 03 e Plecl e (112)
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G = 307 Wi i len P (113)
Equations (110) and (111) describe the shifts of the eigenfrequencies of the excited modes n and
k compared to those given by the linear Schrédinger equation (71). As can be seen, the shifts of the
same eigenfrequencies in the mixed and pure states are different: the shifts of the eigenfrequencies
(110) and (111) in the mixed state depend on the amplitudes of the excited modes. For pure states
(Iexl? =1 and |ci|* =0 or |c,|> =0 and |c,|? = 1), equations (110) and (111) become equation
(88). Equations (112) and (113) describe the change in the amplitudes of the excited modes, i.e. the
spontaneous rearrangement of the structure of the electron wave in the atom, which is traditionally
called a quantum transition. As follows from equations (112) and (113), the amplitude of the
eigenmode corresponding to a higher frequency decreases, while the amplitude of the eigenmode
with a lower frequency increases. We can say that the electron wave (and its electric charge) flows
from the mode with a higher frequency to the mode with a lower frequency [19-23]. Thus,
degeneration of the mixed state of the atom occurs, in which the atom passes into a pure state
corresponding to the excited mode with a lower frequency [19-23]. If in the mixed state of the atom
the eigenmode n is weakly excited (which usually occurs in spontaneous emission), i.e. |¢,]|* < 1
and |[c,|* = 1, then equation (112) takes the simple form

Cn = —YnkCn (114)

where

2
Ynk = ﬁwgkldnklz (115)

is the damping rate of the spontaneous emission. This result coincides with the result of the
theory [19-23], which does not take into account the G-field. Note that quantum electrodynamics [33]
gives the same value (115) for the damping rate of the spontaneous emission, but in the theory under
consideration this result is a natural consequence of classical field theory, without any quantization.

Spontaneous rearrangement of the structure of an atom (degeneracy of a mixed state) is
associated with the loss of energy as a result of spontaneous emission, the intensity of which is equal
to (17).

The intensity of electric dipole radiation is determined by relation (13), while the intensity of G-
field radiation is determined by equations (15) and (16).

In the case under consideration, relation (82) for a two-level atom takes the form

exp(—\/nz—wc—%kR>
— ZdV'+

R

(_ R) ! * . *
u = e [(eal?[WYnl? + le [Pl ]?) === dV" + eciocn exp(—iwnt) [ Yihn

w2
k
exp(—\/xz _,_.LZR

ecncy exp(iont) [ Ynpy ———F—=dV’ (116)

Using (67) and (116), it is easy to show that in the case under consideration the G-field radiation
flux density decreases exponentially with distance from the atom, therefore the G-field radiation
intensity (16)

Ig=0 (117)

Thus, at wy, < #c, the dipole radiation of the G-field is absent. This explains why the nonlinear
Schrédinger equation (69), (107) includes the term :Tira’, which corresponds only to the electric
dipole radiation [19-23], while the term responsible for the energy dissipation associated with the G-
field is absent. That is, in the case under consideration, the rearrangement (degeneration) of the
internal structure of an atom in a mixed state is associated only with the electric dipole radiation: / =

IEH'
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6.2. The case when wyy, > xc

For the hydrogen atom this case corresponds to the condition »ap < %(L -

1
2 n_Z)’ where n > k

In this case, equation (83) takes the form

2e e , L—exp(enR) ,
Zord—epy - eu— 52 [ RpdV' = Zoxd+ e [(leal2lnl? + o2l =20 ay +

1- exp(t\/ik—sz> 1- exp<—l\/ik—u2R>
dv' + e — £ dV' -

€2cicn exp(—iwnt) [ Wihy—— 26501 exp(iwnct) [ Vit -

e2
kaCn exp( lwnkt) f kalpndvl kCan eXp(lwnkt) f Rll)nll)de, (118)

Taking into account (10), one considers expression (118) at points satisfying the condition #R «
1. One expands the exponents in (118) in a series in powers of R, limiting ourselves to terms of order
of R3.

As a result, taking into account (72), (73) and (79), one obtains
2 92 , 2 1 ,
%rd —epy—eu —%ﬁprdV = érd +ue? —2u?e? [R(lca*[nl? + lox 2 1i| AV’ —
—}tzezc;cn exp(—iwpt) [ RYppdV' — xzezc,*lck exp(iwyt) [ RnpdV’ + %%3e2r2 +

Liter(leal dun + |2 i) + 2572 [2(1cq 2 nl? + o2y + i 2 (Lo —

3 3
= 2 > 2
nk Dnk

2\2 * . 1w 22 " « . .1
) erd,,; cyC, exp(—iwy,t) — l;(c—z —x ) erd},, cic exp(iwnt) + N

"

3 3/2
%2)2 eZcpcn exp(—iwpt) [ T2 PhdV’ —i= (w"" }{2) eZc e exp(iont) [ v dV’  (119)

Using (106), one rewrites (119) in the form

3
HZCZ)Z
2
Dnk

lei 1 |dV’ — -%zezcicn exp(—iwnt) [ RpippdV’ — -%Zezcﬁck exp(iwnit) [ RppipidV’ +

2e s , 1
%l‘d—apo—eu—z_zﬁfRPdV 3 2+<1— rd+%e2_Ekzesz(|Cn|2|lpn|2+

1 w?
—u’e e’r? + srer(lcnldyy, + leel2di) + =i%e? [r2(lcn P 1Ynl® + e [i|)av’ + iz ( -

3 3/2
MZ)Z e?cicn exp(—iwpt) [ T2 PepdV’ —i= (w"" MZ) ! e?cycr exp(iwnet) [ v dV’  (120)

It can be seen that in the case under consideration, equation (120) differs fundamentally from
equation (107), which relates to the case w,, < xc. First of all, this relates to the first term on the right-
hand side, which is responsible for the spontaneous rearrangement of the structure of the atom in a
mixed state [19-23].

As before, considering the amplitudes ¢, and ¢, to be slow functions of time, one substitutes
(101), (120), and (106) into equation (69). Taking into account (71) and (72), and discarding the rapidly
oscillating terms, one obtains

3

2
ih¢, = (—1— 2+ (1 ——)
Wnk

! ! ! ’ 1 1
(a2 (XD + lex? [ (FD) DAV’ AV + Z3c%e? [ 12, |2dV — 23 (Iep|?[dnn|® + lei | drndia) +

1
ek = A(wn — wp) + xe? = xe? [, (1) [?|r —
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=xe? [ 2 (ley PPl + e 21hic YAV = > 362e2|ci|? [ i (0)hy () I — r'|¢;z(r')¢n(r')dV'dV> tn

(121)

3

uzcz)z
2

Dnk

! ! ! 1 1 1
(a2 [Pn (0D + [ci P (kD DAV'AV + g”sezfr2|¢k|2dv _5%3(|Cn|2dnndkk + le?[die |?) +

- w3 1
ihé, = (1% 2+ (1 - |dpil?lcnl? — B(wy — wd) + xe? —Exzez [ @|?|r -

=33e? [ 12(|cn |2 [Wnl? + 2 |2)AV =S 32e2|cyl? [ (0 () — r'|w;;(r')wn(r')dV'dV> i

(122)

Separating the real and imaginary terms in equations (121) and (122), one obtains

h(wy — wf) = xe? —2x2e? [ I (1)12Ir = 1| (a2 [Pn (X1 + e 1 (X )dV ' dV +

233e2 [ 12, 2dV = 2363 (e P | ? + |cil2dpndie) +£263€? [ 12 len 2|2 + lce 2 DAV’ —
~2e2|cy|? [ PO (O)Ir — 1[5 () (x) AV dV (123)

h(wy — 0f) = xe? = 2x2e? [P (OPIr = 1| (leal2thn ()12 + e Y (K)I2AV'dV +
=3%e? [ 12y PdV — 233 (Ien Pdpn i + 6|2l die|?) + 2363 €? [ 12 (12 |2 + i 2DV’ —

~x2e|cal? [ i (@) () — 1 Iy (P, ()AV'dV - (124)

3
. : 202\z
b= —Lak g 4 (1 —’;3;) ] Id | [kl (125)
3
. 3 2,.2\2
o = Lo 2+<1—’;£k) ]Idnklzlcnlzck (126)

Equations (123) and (124) describe the shifts of the eigenfrequencies of the excited modes n and
k compared to those given by the linear Schrodinger equation (71). They differ from the shifts of the
corresponding eigenfrequencies (88) for the pure state, as well as from the shifts of eigenfrequencies
(110) and (111) for the case w,; < xc.

Equations (125) and (126) describe the change in the amplitudes of the excited modes, i.e., the
spontaneous rearrangement of the electron wave structure in an atom in a mixed state. Equations
(125) and (126) differ from the corresponding equations (112) and (113) by the damping rate of the
spontaneous emission, which in the case under consideration is equal to

3
2,.2\32
Yo = 22 2+ (1 -2 ] | (127)
In the limiting case » = 0 one obtains [30]
@hk 2
Yok = 22 || (128)

which is 1.5 times greater than the damping rate of the spontaneous emission (115) (see also [19-
23]). The value (127) corresponds to the long-range field G [30].

Let us consider the physical reason for the difference between (127) and (115).

In the case under consideration, equation (82) for a two-level atom takes the form
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exp(t\/ik—qu>
u = e [(IealPlhul? + e Pl ) ZEZR AV’ + eciecy exp(—iwpct) [ Yiopn ————dV' +
exp<—l\/ K2R>
ecnCy exp(iwnit) [ Ypth ———F—=dV’ (129)
At large distances r from the atom one writes
R=|r—r|=r—-rn (130)

r . . . . .
where n = s the unit vector in the r direction; r > r'.

Using (130), one writes equation (129) at large distances from the atom, neglecting exponentially
small terms:

u= %ec,’;cn exp(—iwpit) exp ( - x r) [ Yrp, exp (—l —n?r' n> dv' +

—ecnc,c exp(iwyit) exp (—l\/ - X r) [Py exp ( —n?r' n) dav' (131)

Considering — x#?r'n < 1, one expands the exponentials under the integral in a series in powers
of \/ — #2r'n, limiting ourselves to first-order terms. As a result, taking into account (72) and (79),

one writes (131) in the form
= |9k _ 21 —iwot L [@nK _ 2 d., —
u=i|—5—x Tckcnexp( iwpt) exp | i &~ nPr | ndpy
w? 1 w?
L\/CLZ"‘ —n2 = CnCy exp(iwnit) exp (—i\/CLZk - u2r> nd},, (132)
Using (132), one calculates in the approximation under consideration
nk\/——}tz—ckcn exp(—iwnt) exp( \[ —x r) nd,,; +
wnk\[ —x? —cnck exp(iwpit) exp (—l\[ — xzr) nd;,, (133)
c2

2
Vu =—n (% P ) Chcp exp(—iwpt) exp ( \/ - u2r> nd,;, — n (m -

P ) i exp(iwpyt) exp (—l """ %2r> nd;, (134)
Substituting (133) and (134) into (67), one obtains an expression for the energy flux density of the G-

field

3/2 2
1 . i .
Jo = n_— Wn (CLZ" —x ) (ckcn exp(—iwn,t) exp (1\[% - %2r> nd,; +
2

2
;e exp(iwpyt) exp (—i\[% - %2r> nd;k> (135)

Expanding the brackets and averaging over time, one obtains
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3
1 Wik 2)? 2(. |2 *
Jo = @ (22 = 52) ea e (ndyye) (el ) (136)
Substituting (136) into (16), one obtains
3
1 w3k 2\? 2| |2 *
o = o0 (22— 3 )7 [cal2 Ik |2 $(nd) (ndy )AL (137)
where Q is the solid angle.
To calculate the integral in (137), one writes
dnk =a+ lb
where a and b are the real vectors.
Then
ldn]? = lal® + |b|? (138)
(nd,)(ndy,) = (na)? + (nb)? (139)
$(nd,) (nd;)dQ = §[(na)? + (nb)*]dQ (140)

To calculate the integral $(na)?dQ, a spherical coordinate system is used, in which the z-axis is
directed along the vector a.In this case (na) = [a|cos@ and d = 2w sin 6 df. Then

f(na)zdﬂ = analzf

T 4r
cos?@sin6 do = —|a|?
o 3

In a similar way one obtains
f(nb)zdﬂ = 4?” |b|?
Then, taking into account (138), one writes the integral (140) in the form
$(nd,)(nd;)dQ = $[(na)? + (nb)?]dQ = = |dyy | (141)

Substituting (141) into (137), one obtains

3
2 2 F
o = 20 (25 = 22)" leallcpl?|di 2 (142)

3 c?

For a two-level atom, using (105) and neglecting the rapidly oscillating terms (which disappear upon
averaging), one obtains

d2 = 208 [ca[2lcy |2l dye 2 (143)

Taking into account (143), one writes (142) in the form

3
2,2\2 ..
I = L<1 _xke )2 2 (144)
For the case » = 0, this expression was first obtained in [30].
In the case under consideration, taking into account (13) and (144), the total intensity of spontaneous

emission (17) is equal to
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1_1

3
2.2\2| ..
_E2+(1—’;f)]d2 (145)

nk

This is the energy that an atom, being in a mixed state, loses per unit time as a result of
spontaneous emission. Thus, along with the spontaneous emission of electromagnetic waves, in the
case under consideration there should be spontaneous emission of G-waves, which also carry away
part of the energy at a rate (144). As a result of this energy loss, a spontaneous rearrangement of the
internal structure of the atom, which is traditionally called a quantum transition, occurs. In the
nonlinear Schrédinger equation (69), (120), the rearrangement of the structure of the atom as a result
of spontaneous emission of electromagnetic waves and G-waves is described by the damping rate of
the spontaneous emission (127), which has the same structure as (145).

10. Concluding remarks

Thus, we have shown that spontaneous emission and so-called spontaneous transitions, in
contrast to linear orthodox quantum mechanics and quantum electrodynamics, in the self-consistent
Maxwell-Pauli theory [28, 29] are a direct and natural consequence of the theory, and their
explanation and description do not require additional hypotheses, such as, for example, the existence
of a quantum-mechanical vacuum and its fluctuations or Zitterbewegung.

Indeed, if the atom is in a mixed state, then, as follows from Eqgs. (112) and (113), as well as from
Egs. (125) and (126), the amplitude of the eigenmode corresponding to a higher frequency decreases,
while the amplitude of the eigenmode with a lower frequency increases. In this case, in full
accordance with classical electrodynamics, emission of electromagnetic energy occurs. Thus, a mixed
state of an atom in which several eigenmodes are excited simultaneously is unstable: the electron
wave (and its electric charge) spontaneously flows from the excited mode with a higher
eigenfrequency to the excited mode with a lower eigenfrequency. The exceptions are mixed states
with @y, = 0 (i.e. with degenerate excited modes) and mixed states with |d,;|*> = 0 (the so-called
“selection rule”). Note that the eigenfrequencies (eigenvalues) of the linear Schrédinger equation (71)
are negative. Therefore, the eigenfrequency of the ground mode of the hydrogen atom is lower than
the frequency of any other eigenmode of the hydrogen atom. Thus, if a hydrogen atom is in a mixed
state in which one of the excited eigenmodes is the ground mode, then such a mixed state of the atom
is unstable and the atom will spontaneously transit to the ground state. This means that the ground
state of the atom is absolutely stable.

An analysis of the complete system of equations (1)-(9) showed that the compensating short-
range field G plays a significant role in this process, and the constant » included in the
inhomogeneous Klein-Gordon equation (2) determines the dynamics of spontaneous transitions.
Thus, if the frequency spectrum of spontaneous radiation wy,, is limited from above: w,x < Wy
and, in addition, w,q, < xc, then the field G of such an atom will not only quickly (exponentially)
decay at distances greater than ap, but will also not create radiation that could be detected at
macroscopic distances from the atom. In this case, macroscopic devices are not capable of directly
detecting the field G and its existence can only be judged by indirect data.

In the case when w,; > xc, despite the fact that the stationary compensating G-field is short-
range and decreases exponentially already at distances of the order of ap from the center of the atom,
G-waves can exist that carry away energy and angular momentum [28]. Unlike the previous case,
this means that in this case, although the stationary G-field still cannot be recorded by instruments
at macroscopic distances from the source, the G-waves emitted by the atom can be detected at
macroscopic distances from their source.

If the frequency spectrum of spontaneous emission wy; is limited from above: w,, < Wpax
and, in addition, w4, > #c, then the atom can emit G-waves at frequencies wy; lying in the range
[#c, wnayx], but cannot emit G-waves at frequencies wy;, < xc.

Thus, although we cannot detect the stationary G-field with macroscopic instruments due to its
short-range, the results obtained give us hope that under certain conditions we will be able to detect
the wave G-field (G-waves) with macroscopic instruments.
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To do this, it is necessary to study the emission of G-waves and their interaction with matter
(atoms), which can be done by searching for the corresponding solutions of equations (1)-(9) or their
relativistic analogue [29].

This issue will be discussed in subsequent articles.
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