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Abstract: This paper constituted an extension of two previous studies concerning the mathematical
development of the grain boundary grooving in polycrystalline thins films in the cases of the
evaporation/condensation and diffusion taken separately. The thermal grooving processes are
deeply controlled by the various mass transfer mechanisms of evaporation—condensation, surface
diffusion, lattice diffusion, and grain boundary diffusion. This study proposed a new original
analytical solution to the mathematical problem governing the grain groove profile in the case of
simultaneous effects of evaporation-condensation and diffusion in polycrystalline thin films

submitted to thermal and mechanical stress, and fatigue effects; by resolving the corresponding
o _ Py poty
at ~ ~ ox? ax*
y'? « 1. The comparison of the new solution to that of diffusion alone proved an important effect
of the coupling of evaporation and diffusion on the geometric characteristics of the groove profile.
A second analytical solution based on the series development was also proposed. It was proved that
change of the boundary conditions of the grain grooving profile largely affected the different

geometric characteristics of the groove profile.

fourth-order partial differential equation obtained from the approximation

Keywords: mathematical solution; evaporation-condensation; diffusion; groove formation;
degradation; thermal fatigue; electronic devices

1. Introduction

Power semiconductor devices and modules are critical components in various applications,
including electric vehicles, renewable energy systems, and industrial automation. These devices often
employ thin film technologies to achieve high performance and compact designs [1-3]. However,
their reliability can be compromised over time due to fatigue phenomena, particularly in
environments characterized by high temperatures and cyclic loading. Understanding fatigue
mechanisms in thin films within the context of power semiconductor devices is essential for ensuring
their long-term stability and efficiency [4-6].

In power semiconductor devices and modules, such as insulated gate bipolar transistors (IGBTs)
and metal-oxide-semiconductor field-effect transistors (MOSFETSs), thermal stress arises from the
operation and dissipation of heat during switching events and continuous operation [7-12]. The
cyclic nature of these temperature fluctuations subjects thin films within the devices to mechanical
strain, leading to fatigue-related phenomena [13]. Groove formation, a characteristic manifestation of
thermal stress, can occur on the surfaces of critical components such as substrates, interconnects, and
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passivation layers [14-16]. These grooves typically emerge along regions subjected to maximum
thermal stress, such as the interfaces between different material layers or near localized heat sources.
Over time, the repetitive stress cycles deepen and widen these grooves, potentially compromising
the electrical and thermal performance of the semiconductor device. Additionally, the presence of
grooves can increase the risk of electrical breakdown and thermal hotspots, further exacerbating
reliability issues [17,18].

IGBT power modules are intricately structured with multiple material layers, subject to diverse
sources of stress that can induce gradual degradation through intrinsic (chip-related) and extrinsic
(package-related) failure mechanisms. Figure 1 provides illustrations of several of these mechanisms.
However, the predominant causes of degradation primarily stem from thermomechanical factors,
owing to temperature fluctuations experienced during the module's operational lifespan. These
fluctuations lead to progressive deterioration between successive layers, particularly pronounced in
layers exhibiting significant mismatches in coefficient of thermal expansion (CTE). Additionally, the
degradation of metallization and the interface between metallization and bond wires represent
prominent contributors to power module failures, further underscoring the multifaceted nature of
degradation processes in these modules.

Bond-wire
heel crack

Al metallization layer Al bonding wire

IGBT chip
Chip solder layer|

g Upper Cu layer :

AO; ceramic

DCB solder layer

Melted chip
due to latch-up

Figure 1. Failure mechanisms in IGBT modules.

In the context of power semiconductor devices, groove formation due to thermal stress is
intricately linked to evaporation and diffusion phenomena. Elevated temperatures within the device
can accelerate the evaporation of volatile species from thin film materials or encapsulants, altering
their composition and mechanical properties [19,20]. This loss of material may exacerbate stress
concentrations and promote the initiation of grooves along vulnerable regions of the device [21-23].
Furthermore, diffusion processes play a crucial role in redistributing material within the thin films of
power semiconductor devices. Diffusion-induced phenomena, such as interdiffusion at material
interfaces or dopant migration within semiconductor layers, can influence the mechanical and
electrical properties of the device [25,26]. The interplay between diffusion and thermal stress
contributes to the evolution of grooves and the overall degradation of device performance over time
[27,28].

Fatigue in thin films within power semiconductor devices and modules poses significant
challenges to their reliability and performance under demanding operating conditions [30,31]. The
formation of grooves due to thermal stress, coupled with evaporation and diffusion phenomena,
represents complex interdependencies that must be addressed to enhance device durability [31-35].
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The problem of grain boundary grooving in polycrystalline thin films was studied by many
researchers [14-16,36—49]. The works of Mullins [14-16] were devoted to solve the problem governing
the profile of grain boundary grooving. The mathematical formulation of this problem was
developed by several scientists by focusing on the evaporation-condensation and surface diffusion
by adopting several non-linear methods [37-48] due to the non-linear partial differential equation
previously formulated by Mullins [14-16,50].

By advancing our understanding of these mechanisms and developing robust materials,
designs, and manufacturing processes, it is possible to mitigate the effects of fatigue and improve the
reliability of power semiconductor devices. Through interdisciplinary research and innovation, we
can ensure the continued advancement and widespread adoption of power electronics technology in
critical applications.

We proposed in previous works [51-53] analytical solutions to the mathematical problem in the
case of the evaporation-condensation in polycrystalline thin films by resolving the corresponding
second non-linear partial differential equation [51,52] without any approximation, when materials
are submitted to thermal and mechanical stress, and fatigue effects. One proved the non-validity of
Mullins approximation that neglected the first derivative in the mathematical equation associated to
the evaporation case. Whereas, in a recent study, we studied the problem of diffusion in thin
polycrystalline films, resolved the fourth-order partial differential equation of diffusion and giving an
analytical solution to the equation Z—Z +B Z% = 0, obtained by admitting the approximation y'? « 1.

In this paper, we studied the effect of the simultaneous combination of the evaporation-
condensation and diffusion on the grain groove profile by resolving the fourth-order partial
differential equation associated to these two combined effects. An analytical solution was proposed
and detailed in this present work and compared to the solution obtained separately in the diffusion
and evaporation-condensation cases.

2. Mathematical Equation of the Grain Boundary Grooving

The differential equation describing the grain boundary grooving when evaporation and
diffusion simultaneously act in polycrystalline thin films, is given by Eq lor2:

ay 32_32/ a _1/2 2
—=C ax: —-B = [1 ax 1
at [1+(%)2] axl 6x ox l r/z @
or
9y _ _po 12\-1/2 0
at C(1+y’2) B [(1 Y [(1+y’2)3/2]] 2)
where y' = 9 and y" % and the boundary conditions are given by Eq 3:
v(x,0) =0
| ¥'(0,t) =tan8 =m
4 limy'(x,t) =0 3)
L limy '(x,t) =0
X—00
y (0t)=0

Where x and y(x,t) represent the coordinates of a point at the surface along the axis normal
to the initial flat surface at a time t. Whereas, C and B are two constants relative respectively to the
evaporation and diffusion phenomena. C and B are given by Eqs 4 and 5:

Po(T) ¥(T) w?
C(N) =t @)
B(T) = 21t 5)

where y is the isotropic surface energy or tension of the metal/vapor interface, P,(T) the vapor
pressure at temperature T in equilibrium with the plane surface of the metal, w the atomic volume,
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m the molecular mass of the metal, k the Boltzmann constant, Ds is the surface diffusivity, and Ng
the number of diffusing atoms per unit area.
Equation 2 can be written as follows:

dy _ y _B y (1+y?) -y 3+10y'y 'y )(a+y?) + 18y 2y 3
at (1+y2) (1+y'2)4

By taking the following variable changes (Eq 7):

X
Ju(x, t) = W
y(x,t) =m (Bt)/* g [ﬁ] )
y(u,t) = m (Bt)"* g(u)
The different derivatives of y(x, t)and u(x,t) are given by Eq 8:

(6)
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One deduced the following general equation of the grain groove profile:
2 9 9(1 +m(39) ) -m? (62—9>3+1oa—932—963—9 <1+m(ag) >+18m (39) <62g>3
1 29\ _ (L 12 =5 P 2 oul U 902 93 u au) 5302
; (g —u3l)=c(F) o o
1+m(5) (1+m(a ) >
The above partial differential equation cannot analytically be resolved without approximation

in the case of both evaporation and diffusion processes. In the following sections, we resumed the
essential results obtained in previous studies [51-53].

3. Case of Evaporation/Condensation [51,52]

The evaporation—condensation problem is governed by the following mathematical equation:

lory )
Equation 9 can be transformed with the same notations to the following equation:
y'(u) + 2u ;Ey’(u)‘? +2uy’'(u) =0 (10)
or
Y = —2uy’ () |14y @) (11)

To resolve the non-linear differential equation 11, Mullins did the approximation of small slope
by supposing |y’| « 1. He wrote:
y () = = 2uy’(w) (12)
The integration of Eq 12 gave:
y' () = Ae™
With A a constant of the problem determined by the condition boundary y'(0,t) = m:

A =2mVJCt

d0i:10.20944/preprints202404.0118.v1
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The solution of the differential equation (12) obtained by the approximated Mullins problem is
given by Eq 13:

y(x,t) = — mymCt [1 - j—ﬁf;‘/_ae_“z du] (13)

In previous study {51,52], we corrected the solution given by Mullins by considering the general
equation 10 without any approximation and obtained the following equation:
J«x /2\/Ct sin 6

eV2/2C) _sin2p

And the final solution is given by Eq 15:
x - @2n)! 2 xV3n
erfc (zx/ﬁ) + Z ) (nI)ZZZ"F sin°@ (erfc ( 2@))] (15)

y(x, t) = dv (14)

y(x,t) = —VnCt sin

Where 6 is the groove angle.

4. Diffusion Case [53]

The diffusion case previously studied [53] was relative to the mathematical solution of the
formation of grain boundary grooving in polycrystalline thin films by taking the approximation
y'? « 1. The following fourth differential equation (Eq. 16) was obtained:

by the resolution of the fourth differential equation formulated by Mullins that supposed y'? « 1

9" —Jug' +79=0 (16)

Satisfying the previous boundary conditions.

The analytical solution of the fourth order differential equation (Eq 16) was given as follows.
25/2

9:(wW) forus<_z
g(w) = o (17)
g-(w) foru=—= 7

With the explicit expressions of the solution:

e X

gi(w) =e \/:u (Aucos ( /8\/_ +A21sm ( s\/le )
_ |2 5

g(u) =e ‘/ju<A12005( \/27"' +Azzsln / 2)12 = )

It was proved that the solution given by Hamieh et al. [53] revealed a damped sinusoidal groove
profile in the case of electronic power devices. The expressions of zeros, minima, and maxima of the
profile as a function of the order number, as well as detailed information about the groove profile
y(x) and its derivatives were given. The comparison of this new solution with Mullins’ results showed
an overestimation by Mullins of the geometric characteristics of the groove, exceeding the actual

(18)

values by more than 2.5 times. Additionally, valuable insights into the diffusion behavior of various
metals gained through this study. The new expressions relative to the diffusion were used to study
several metals such as Cu, Al, Sr, Li, Cs, Ti, Co, Ga and Tl and giving the geometric parameters such
as the depth hy,, and the width wy,, of the grain groove.

5. Study of the Combination of Evaporation/Condensation and Diffusion Cases

The evaporation/condensation and diffusion phenomena in polycrystalline thin films were
studied separately in literature. We did not find a complete and rigorous development of the
simultaneous combination of the evaporation/condensation and diffusion. In this section we
developed a new mathematical solution of this case by supposing that y'? « 1.

In this case, equation 6 can be written as

2=cy -By"" (19)

By using the reduced function g(u), equation 19 became as:

9" - B g —ug' +59=10 (20)



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 April 2024 d0i:10.20944/preprints202404.0118.v1

The ratio % is given by:

C_#P |RT (21)
B DsNgs A 2nM

Where M is the molar mass of the metal and R the perfect gas constant.

Mathematical Resolution of the Combined Cases

Equation (21) can be resolved by using the characteristic equation:

r4—ar2—iur+i=0 (22)
The thermo-diffusion coefficient a is given by Eq. 23:
12
a=c(3) 23)

Let us consider the following equation valid for all values of +
Bu+ta)ri+ur+4p?-1

(24)
4
Our method consisted in transforming the expression E into a perfect square by finding the

r4—ar2—§ur+§= r?+p? -

double root of this second-degree equation. E is given by equation 25:
E= Su+4a)r’ +ur+4u>—1 (24)
This led to study the discriminant A of equation 24 by distinguishing two cases relative to the
positive and negative signs of (u —./a; +a;) or (u—u;) where, uy, a;,and a, are givenby Eq.

25:
Uy = 4/ Aq + a,
2% (a’-9a)
@ =—5— (25)

2 3/2
kazzs—s(a +3)

The analytical solution g(u) was obtained by applying the boundary conditions to the studied
cases, thus allowing to study the profile variation of the grain groove (All mathematical details are
given in Appendix A).

The final analytical solution of the grooving profile in the case of the combined cases of
evaporation and diffusion is given as follows:

_ (g2(w) forusu

Where the functions g, (u) and are given respectively by Eqgs. 26 and 27:

g,(w) = Exp [(_pl/z con (g)) u] [Aucos [(m _ sin (g)) u| + Aysin [(m _
sin (g)) u]] (26)

1, i 1
g,(w) = e 7V 4 Exp| =% [(a—20) - —u
2 24/ (a+2w)
1
+ApExp|l —=%x [(a—2y) —————=1u
2 24/ (a+2u)

1
+ eV @nta)u <A32Exp (% X \/(a —2U) + —— u) + ApExp (—% X \/(a —2u) + —— u>> (27)

2/(a+2p) 2y (a+2p)

The various expressions of the variables p(u), 6(u), p(u), and of the problem constants
(A11,A21,A12, Az, A3y, Ayy) are provided in Appendix A.

The mathematical solution given by equations 25-27 led to draw the variations of the profile
y(x,t) onFigure 2 as a function of the distance x by taking the symmetric axis of the groove as the y-
axis.
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Figure 2. Groove profile giving y(x,t) as a function of the distance x in the case of simultaneous
effects of evaporation/condensation and diffusion.

The evolution of y(x,t) in Figure 2 showed similar variations with the curve obtained with the
diffusion case alone. A damped sinusoidal profile of the groove with an infinity of maxima, minima,
and zeros of the solutions was revealed (Figure 3) with smaller oscillations. Figure 3 clearly showed

the first minimum and the second maximum of the profile with a rapid decreasing amplitude with
the distance x.

0.008
0.004 4
NS
=
S /—\
E 0 T T T T
£ 4 6 8 10 12 m
=
i;.\ Distance x in (Bt)/4
-0.004 -
-0.008 -
-0.012

Figure 3. A part of damped sinusoidal profile of the groove profile giving y(x,t) as a function of the
distance x showing the first minimum and the second maximum of the profile.

The curves relative to the comparison between the case of the diffusion alone and the combined
evaporation and diffusion as a function of the distance, were plotted on Figure 4. The maximum hy,
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of the grain profile in the combination evaporation and diffusion effects showed a decrease in its
value with respect to the case of the diffusion alone. The same decrease was observed for the different
maxima hy,, and minima hp,;, of the function y(x,t). However, the separation distance between
two consecutive maxima dy,, or minima d,,; increased relative to the diffusion case.

o
- -4

Evaporation/Diffusion

0.4 - ——— Diffusion case

NS
=
=)
E T
£ -10 -8
=
X -0 Distance x in (Bt)/4
=~
-0.
-0.6
-6

Figure 4. Comparison between the case of the alone diffusion and the combined evaporation and
diffusion as a function of the distance from the symmetric axis of the groove.

The resulting variations of the different geometric characteristics of the grain profile in the
diffusion alone and in the simultaneous case of evaporation/condensation and diffusion is certainly
due to the thermal effect of the evaporation/condensation phenomenon. A decrease of the surface
area of the groove profile was observed in the combined cases proving the important competition
between the evaporation and diffusion.

The effect of the slope m at origin on the shape of the groove profile was studied and shown in
Figure 5. It was shown that the groove depth increases when the contact angle of the groove 6

increases, while, the other characteristics such as dy,, and the width wy,, of the groove remain
the same.
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Figure 5. Evolution of the groove profile y(x,t) as a function of the distance x in the case of
simultaneous effects of evaporation/condensation and diffusion for different values of m
corresponding to a contact angle of the groove from 6 =5.7° to 45°.

The analytical rigorous solution was obtained for y'* « 1. The variations of y’z(x) versus the
distance x were plotted in Figure 6. Two conclusions can be deduced from the curves of Figure 6. The
first one was for the validity of the above approximation, it was concluded that the solution remains
still valid even for all values of y'? with the condition of contact angle of the groove less than 27.6°.
Knowing that the contact angle was defined as the angle formed between the y-axis and the tangent
at the origin of the groove, it can be deduced that the total contact angle of the groove can reach 54.2°
without any loss on the analytical solution. The second conclusion was that the analytical solution
remains valid for distances x > 6 um evenif y'? is not neglected behind 1.
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Evaporation/Diffusion in cobalt metal
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Figure 6. Variation of y ’(x)? as a function of the distance x in the case of simultaneous effects of
evaporation/condensation and diffusion for different values contact angle of the groove from 6 =5.7°
to 45° (Case of cobalt metal).

7. Analytical Solution by Using the Series Development

Equation 20 can be also written as follows:

I DR
g —ag —;ug +,;9=0 (28)
By considering the development of g(u) in whole series as a function u, one writes:
gW) = Xizpa; u' (29)

The different derivatives of the above whole series are given by Eq. 30:

ug’'(u) = Z ia; ut

i=0

oo

g W= ili—-Dau=2=) (+D>{+2)a;,u

i=2

9" W) = Z il = 1D = 2)(i — 3)agui~ = Z(i 1)+ 2)( +3)(i + Dag g
i=4 i=0
Equation 28 can be then transformed into the following equation for all values of u by replacing
all derivatives by their developments:

§ 1 1 .
[(i +DE+2)E+3)((+Dajy—ai+ DI +2ag,, — Ziai + Zai] ut=0,vyu eR

i=0

And one obtains a recurrent relation between the different terms a; of the series representing
the function g(u):

(+DE+2)E+3)A+Dajs —ali+ DI+ 2agy, +§(1 —i)a; =0,Vi €N (30)

The complete determination of coefficients a; can be obtained by knowing the first four terms
of the series ay, a,, a,, and as. The other terms a;, Vi = 4 can be deduced by recurrent relations.
The boundary conditions of the grain grooving profile are used to determine the different terms of
the series. Two types of boundary conditions can be applied: the first one was proposed by Mullins
[14,15] and the second one by Amram et al. [54].
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The use of the boundary conditions obtained by Mullins led to the following relations:

1
ap =

T VI xTG/4)
a =1 @31)
a=——r
2 8V2 xr(%)
a3 = 0

Using relation a, = % and Eq. 31, one obtained the expression of a, as a function of the
evaporation/diffusion coefficient a:

(a—1) ay (a—1)
a4 = = —
x4 gxayi xr(3)
The calculations proved that the odd terms of the series are zero and one writes:
Aonsy1 = OvneN (33)

The even terms are given by the following recurrent relation:
_ 4a(@2n-3)(2n-2)arpn——(2n-5)arn_4 __
- sn(2n-1)(2n-2)(2n-3) =0,vn €N (54)

Therefore, the analytical solution g(u) = X2 q; ul was fully determined and obviously
convergent towards zero.

By using the boundary conditions proposed by Amram et al. [54], one writes Egs. 35

2n

V2
(0=~ rG/4)
a; =1 (35)
a, = 0
_ 1
a3 = —ﬁ
This allowed to give the value of a, = — z—g and the recurrent formula giving all values a,:

_ 4a(n+)(n+2)apr+(n-Dayn _
ntd = T i D) (e D (D) 0,vneN (36)

It was found that the boundary conditions proposed by Mullins [12,13] and Amram et al. [54]
gave very large difference between the two solutions. Figure 7 showed that the maximum of the
groove with the boundary conditions of Amram et al. was four times smaller than that obtained by
using the boundary conditions of Mullins, whereas the grain groove deep was twice deeper than that
of Mullins’s conditions. All geometric characteristics of the grain groove profile are affected by the
change of the boundary conditions. It seems that the classical Mullins-type groove growing
by surface diffusion alone cannot be satisfied by the presence of evaporation/condensation process.
The correction made by this present work represents a key microstructural element of thin metal

polycrystalline films and in many cases participates to the determination of their physical, mechanical
and functional properties




Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 April 2024 d0i:10.20944/preprints202404.0118.v1

12

0.8 A

Mullins's boundary conditions
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Figure 7. Dependence of the grain groove profile and its geometric characteristics on the boundary
conditions in the case of evaporation/condensation and diffusion acting on polycrystalline thin films.

7. Conclusion

A new analytical solution of the partial differential equation 3—3: = Cy" — By""" was proposed in

the combined cases of evaporation/condensation and diffusion in polycrystalline thin films. A
detailed mathematical method was given. The found solution showed a damped sinusoidal groove
profile in the case of electronic power devices, less attenuated than the case of the diffusion alone.
The determination of the groove profile y(x,t) and its derivatives allowed to conclude that the
validity of the new mathematical solution can be extended to the domain located out of that relative
to the approximation y'? « 1. Indeed, the obtained solution is valid even if the contact angle of the
groove is greater than 30° for distance x greater than 6 mm. The values of the maxima and minima
obtained in the combination cases of evaporation and diffusion were found less than those obtained
with diffusion alone proving the capital role of the evaporation/condensation phenomenon. The
analytical expressions of the groove profile and its derivatives led to the determination of all
geometric characteristics of the grain groove profile and can be therefore used to study the effect of
the combined effects of evaporation and diffusion on metals. Another analytical solution based on
series development was found. All terms of the series representing the function g(u) and then
y(x,t) were determined by using the Mullins and Amram et al. boundary conditions. The obtained
results showed the important role of these conditions on the geometric characteristics of the groove
profile.
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Appendix A

To resolve equation (6), we used the same method developed in previous study [53] by
transforming equation (6) into difference between two perfect squares and then to transform the
expression (8u + 4a)r? + ur + 4u® — 1 into perfect square, it has to have double solution and then
his discriminant has to be cancelled.

Now, considering the following equation:

Bu+4a)r* +ur+4u>—-1=0 (A1)
And cancelling the discriminant A this second-degree equation function in r, one obtains:
A= u? — 16 Qu+ a)(4u? — 1) (A2)
Putting A= 0 one has:
3,a > 1 _u2+16a_
a,u toH Tk 128 =0 (A3)
By choosing =17 —~—, one obtains:
3 a*+3 32a(a®-9)-27u?> _
n 12 128%27 =0 (A4)
Equation (A4) can be written as general form:
7 4pn+q=0 (A5)
2 3_ — 2
With p = -2*% and q= +732(‘1 9a)-27u
12 128+27 ,
Putting n = a + B and taking af = —g or a3p3 = —% one obtains:
@’ +p>=—q
And a® et B* will be the solutions of the following second-degree equation A6:
3
X' +qX-2=0 (A6)
With the following discriminant:
_ 27¢%+4p® _ [32(a®-9a)-27u? 2 _ 4 [d’+3 3
A= =% = [ 27%3° ] 27 [22*3] (A7)
or
P+t [32(P-9a)-27 2] —21(a?+3)’
Ar’: q27 P _ [32 (a’-9a) 2141:3]6 (a%+3) (AS)
_ 22
Ay= (erv) 1;14) =
5 ¢ 3_
a =247 (@3~ 9a) > 0 (A9)
) 210
a =7 (a? +3)3
Therefore:
Ca—
1= 128
_a’+3
P=""n
Two cases have to be considered:
Ay>0u>Ja;+a
(A10)
A<Osu<ja+a
The limit value of u is given by:
Uy = 4/ Qg + a, (A].l)
1. First case A,;> 0 foru> u,
In this case, one obtains:
ad = “HZW and ,83 — ‘q—Z«/E
One writes:
o = —(a;-w?)+ (al—uz)z—a§
(A12)

28
2
5 ~(a;-u?)-(a;- u2) -a3
g = L

This leads to the solution of equation (A5):



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 April 2024 d0i:10.20944/preprints202404.0118.v1

14
n=a+p (A13)
And the solution of equation (104):
p=a+p —% (A14)
This value of u will cancel the discriminant of equation (A1). The solution r is then given by:
u
r=- 8 Qu+a) (A15)

Therefore:

2
Bu+4a)r? +ur +4uy’> — 1= 4Qu+ a) (r +5 (2:+a)) (A16)

Knowing that (2u + a) < 0, one obtains:

1 1 2
Er)=r*—ar? —qur+;= > +uw? - Qu+a (r +8(ZZ+a)) (A17)

And in complex development:

E(r) = (rz +u—i(=2u—a) (r +2 (21:1+a))> (rz +u+i(=2u—a) (r + S(ZuW)) (A18)

One deduced that in this case, the four solutions will be complex. The solutions of equation (A18)
are equivalent to the solutions of the two following equations:

. u/(=2p—a)
r’—iJ(2u—a)r +u—1ﬁ=0 (A19)
24i(—2u— W (2uma)
re+iJ(2u—a)r +u+i Rt ) =0 (A20)
The discriminants of equations (A19) and (A20) are given by the respective following
expressions:
_ .Uy (—2u—a)
AI_ (a - 2[1) + 12(2#—_“1) (A21)
_ _ _ .Uy (—2pu—a)
A= (a—2u) T (A22)
The two discriminants can be given as:
— , oif
A=pe” (A23)
A=pe

The cases studied here are obtained for u > u,. The four complex solutions are then given by:

(o))

o 8]

| 1y BT (2
RO R

2
Now, the solution in this case for u > u, , is given by:

0.0) = Exp <_p% con (3)) [ scos ((m ~sin(3)) u) + Apgsin <<m ~sin(3)) u)]
+85p (o con (9) ) [ascos (V2= + 510 (9)) ) + asn (V=@ + s (D) )| (425)

The following boundary conditions

1 limguw) =0

U0
2) limg () =0 (A26)
3)limg '(u) =0
U—o
Allowed to deduce the following parameters:
Az = A4 =0

And the final solution is therefore given by:

g:(w) = Exp [(—/)1/2 cos (g)) u] [Aucos [(m — sin (g)) u] + Ayysin [(m -
sin (g)) u]] (A27)

Where:
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u?

p=Jla—202 - 2
p/? con (g) = /pmz—_zﬂ (A28)
[n ()= 22

Equation A27 can be written in general form as:
g1(W) = 71 (Agycos q;(w) + Ay1sin q;(w)) (A29)

pi(u) = [y
1 ? (A30)

0w = [V = o - [Fe]u

Where a3, a®, B3 and p are respectively given by Eqs. A9, A12 and Al4.

The three first derivatives of the function g,(u) are given by the following equations:

91 W) = —p; (A11 cos g + Ay singq)e P+ q;” (Ay; cos q; — Agpsingy)e Pt
g1 (W)= (Pl 7 - q: 7 - le)(Au cos q; + Ay;sinq;)e Pl + (Ch” =2 P1,CI1 ) (Ay1 cosqq — Aqpsingy)e™P1
g1 W)= (3P1,P” ~ 3¢/ v i +3p1 4y /2) (A1 cosq; + Ay singg)e™ P!
+ (3191 “q, — Ch's —-3pi ¢ + a1 —3p1a ) (A1 cos q; — Aqysingq)e™P1

2.  Second case A,< 0 for u <u,

In this case, one obtains:

With :

a3 =p ei(u
o= e @3
Where p? = |a®|> = |B3|* = @ _ (a*+3) and p = (a2+3)*"
p 216 26x36 7 P 23x33

J(a?+3)

6

(3 =L s (2) =2 pc0s (2

and finally, p/3 =
With:

a3 A3
pCeoSw=——5—; p= "33 ( )
2 (02
pSinw = 7“2)

And the solution of equation (Al):
w=n-3 (A33)
This value of u will cancel the discriminant of equation (A1). The solution r is given by:
u

T T 8uta
The expression E(r) can be given by:
E(r) = (rz + JQu+a)r +u +2 (zl;+a)) (r2 - JQu+a)r+u _Nﬁ) (A34)
And therefore:

2 u _
(r + JQu+a)r +#+8J(2ﬁt—+¢1)>_0

(rz - JQu+a)r+u-— . '—(ZI:Ha)) =0

The discriminants of equations (A35) are given by the respective following expressions:

u
A= (a—2p) — N CES) (A36)

u

(A35)

A= (a—2p) +

2\/(a+2u)

B a (@ +3) w\ a
p=n-g="—g—cs(3) =3

In this case, one has:
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a

w
= 1/3 )=
u=2p’cos (3) G
Two cases can be studied:
First case: r2 + \/Qu+a)r +ut (2 i =0
Where A]_: (a - 2[1) - m

o TR R R (a3
w=l~vErTa- -] (A38)

Second case: (TZ - J@uta)r+p-— 8 (21:t+a)) =0
u
Where A,= (a—2p) + NG

The two other solutions are then given by

[w/(2y+a +\/(a 2u) + 5 (a+2u] (A39)
[\/(2u+a - J(a 2u) + (aw] (A40)

1
Now, the final solution for u<wu, , is given by: g,(u) =e_5xv(2”+a)u<A12Exp (ix

\/(a—Zu) _ZW >+A22Exp<——><\/(a—2u) —zm u))

X‘/(Z"—“’)”(A Exp< J(a 21 + >+A42Exp<——xJ(a 240 + 5= )) (A41)

Putting:
) =5J@Qu +a);  p) = 1w)u

ql(u) =z X \/(a — 2,[.[) — or (h(u) — %\/(a _ 2#) _ u(l(z))_l

is positive for u < uq

is positive for u < u,

2 (a+2 )u

1 — e u(tw)"!
w0 =% [@-20+ s or 000 = J(a—20 + 4127

One obtains for u < u, the following solution g,(u)
g(w) = e‘p(“)(Ane‘U(u) + Azze_QI(u)) + ep(“)(Agzqu(”) + A42e‘q2(“))
In conclusion, for u > u,

010 = B9 =97 con (5)) | o (=D -5 5))
+ Ay sin ((Jm — sin (g)) u)l

9:1(w) = e™P1 (A;cos g, () + Ayzsin q;(w))

p1(w) = (_p1/2 con (g)) u; q;(w) = (\/(—2;1 —a) —sin G)) u

With

Lw = [-2p@) —al"% ; p=n-5 n=a+p

, —(a;—u) + f(a1 - )’ — a3

a” = 28

—(a; — u2) - [(a; = u?)? — aﬁ

B =

28
And for u < ug
92(1) = e PO (A,e T 4 A,,e=T1W) 4 P (4;,e2W) 4 4,,6-0200)

) =@ +a);  pw) =Iwu
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_1 oy u()!
5 (a+2u)u or ql(u)—zx\/(a 2u) —, U

q, () ——xJ(a 2u) -

1 -1
@) = _X\/(a 20 +3 (+z)u or QZ(U)=\/(a—2#)+—u((Z»

1) = 3/Qu@w) + @); p@w) =3/Cu+ @ u=ul@w); p=n-2

The three first derivatives of g,(u) are given below:
9, =eP[(=p +q') Ae” = (p'+q') ) Ane ] +e?[(p" + q',)Ane® + (p'—q',) Asre™ %]
g’,=e7" [[(p' —q' ) —p + q”l] Appet + [(p' +q,) -p - q”l]Azze““]
+ eP [[(p + q'z)2 +p + q"z] Ased + [(p - q’z)2 +p - q"z] A42e“12]
g, =e? [[(—p' +q,) +3p'p ~3p'a’ =30 +30 4"~ P+ a7 ] Ape
+ [(—p' —q')) +3p7 +3p'q" +3p"q, +3q 4~ "~ q’”l] Azze““]
+eP [[(p + q’2)3 +3pp +3p'q ,+3p"q,+3q,9 ,+ 0" +4q" ] Aze®
+ [(p' —q,) +3pp" =3p'q , - 3p"q,+3q,4 ", + " - q”’z]Aye““]

And the function g and its different derivatives are given by the following boundary conditions

at point 0:
1
90 == 6/
g (0) =
N 1 g(0)
g 0)=- =
M2 xr@ 4
g =0

The expressions of the function g, and derivatives in 0 are given below as a function of the

different parameters Aij
1

CVITG/4)

9,0 =(-p +q)An—(p +q9)An+ (P +4q,)45+ (P,_qlz)t‘hz =1
g ,0) = [(p' —q ) -p + q”l] Ap + [(p' +q ) -p' - q"l]Azz
+ [(p' +q,) +p + q”z] Az + [(p' —q ) +p - q”z] Agp #

97,0 =[(-»"+ q) +3pp =3p'q" =30 a,+3¢ 4"~ "+ q"] A
+[(-p - ') +3p +3p'q" +3p"q, +3¢' 0"~ P~ e
+[( + q,) +3p P +3p'q ,+3p"q,+3¢,0 ,+ P+ q",] As
+[( - q,) +3pp ~3p'q",~3p"q,+3¢ 4, + P~ q",] An
=0

9G0) =Ap+Ap+As5+An=9g)=

Taking;:
p(w) = %,/ Quw)+a)u; l(w) = %,/ Qu(uw) + a) and p(u) = l(u) u ; one obtains the different

derivatives of I(u) and p(u):

w2l - , -
=‘ﬁ' =50 Cu+ @7 = u + a)]

[u"'(2u+a) 7-3up Qu+a) 2+3u'3(2u+a)‘5/2]
p'=l+lu;p’'=2'4+1"u;p""=31"+1""u
Putting:
1 1 1w)~! 1
q(u) = 5\/(61—2#) —2(% u or q(u)= E\/(a —2u) —% u; q;(u) =E,/m1(u)u;

@) = (@ =240 = s = (@ = 20 =¥

2(+2
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One obtains the derivatives of m,(u) and g, (u):
.1
my =7 [T+ ul'l™?] —2u’
|
my = 2017+ T - 207173 — 2u”
|
my = [l = U1 = 61717 4 617+ 3L - 2
N I »
q =§[§ mymy 2u+my ]
B A A L N .1
qq =§[Em1 my ZU—Zml my 2u+m1m1 2]
Lo 171 b1 3 ;o3 3 32 3 . 13 2 3
q1 =§[§ m; my ZU—Z m;m; my 2u+§ m; my 2u+§ m; my 2 —Zml my 2]
The same procedure was used with m,(u) and g,(u):
-1 - u _1 - CICC) -1 .
q,(u) = 2\/(a 2u) +3 = U OF q,(u) = 2\'/(a 2u) + LU q,(w) —Zw/mz(u)u,
-1
my(a —2u) +%
, 1
my = -7 [T+ ul1?]—2u
” 1
my" = o 2017+ 11 — 217173 - 2"
1
m =~ [ 7172 — 6111730 — 6177173 + 6171 *u + 317172 — 2u""
1
q:(w) = E\/ my(u)u
N I >
92 =§[§ m, my 2u+m, ]
Lo 11 P 1 2 3 "
q =§[§ m, my 2u—Z m, m, 2u+m,m, 2]
3 2 3

oo Iy, 13 ., o 3 3 3 5 3 ., 1 2 3
q> =§[§ my, m Zu—Z m, my; my 2u+§ m, m 2u+§ m, my 2 7 my; my 2
Values in 0 for q;(w) and all derivatives

1(0) = %v Qu@ +a) ; p(0)=0; q0) =0 ; m(0) = (a—2u(0))
w0 a
220
NOEX

10) = 3 2u0) +a)
1'(0) =0
. 1
L@ = Eu"(O)Qu(O) +a)™/?

I'(0) =0
p(0)=0;p'(0)=10);p"(0)=0;p"'(0)=31l"(0)
m;(0) = (a —2u(0))

m;'(0) = = [1(0)~"]
(ﬂ> (0) well-verified

sin w

m; (0) = —2u"(0) = =%

26p3
m;"(w) =3 1"(0)1(0)2
q:(0) =0
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, 1
q; (0) = Eml(O)l/z
. 1 .
4 O = 3m, Om, ()7

13 ., a3 3
@@ =3[5Om0 = m 0)m0)
Values of different parameters at point 0 and derivatives
1(0) =3/ @u@ +a) ; p(0) =0 ; q(0) = 0 ; m(0) = (a — 2u(0))

u(0) =2 pfcos (“’20)) —%

w0 =0
. w
1 [sin(=
w0 = 2—§<T( f,)>
p
K0 =0
10) =5V + @
U'o=o0
y 1
U'(0) = 31 OQRO) + @717

I(0) =0
p(0) =0
p'(0)=100); p”(0)=0; p"'(0) =31"(0)

mo(0) = (@ = 24(0)
my (0) = 5 [LO)]

: o =2 (sin(3)
{m, (0) =—2u (0) = % o @)
3
m, (u) = 7 1 (0)1(0) 2
, 1
q, (0) = 57"12(0)1/2
. 1 .
0.(0) = 0] 00 = 3m, Om ()2

13 . a3 L3
2" =35 m" @m0 =3 m, ©my(0)
Comparison between parameters in 0

my(0) = m;(0) q2(0) = q;(0)

my (0) = —m;’(0) q; (0) = q; (0)

m, (0) =m;"'(0) 4 (0)=—q; (0)

m, W=-m;"(0) \g (0)=4q; (0)
Calculation of the different derivatives of u

2_(,2 2z
Z@vt) hd sinw = (i)

. 5 , one obtains:
2°p 2°p

Knowing that 7 =2 p'/3cos (g) ; cosw =
-7
n'(w) = Z—" =4 do do _ 5 51350 (%), 29 = — 24 and then the first derivative n’(w):

u  do du’ du du psinw

1 sin (%) )

26p2/3 sinw

pw=nw=

W) = 1_sin(3) u ;let's put v(w) = <%) ; therefore, u''(u) = ;(v +u %)

26p2/3 sinw 26p2/3

. [0}
” 1 dv dv _ dv dw d Sm(;) 277
wW=—=(v+tu=);, ==—==Z2=[= X u
w @ 20p2/3 ( + du) " du  do du [d(u(sinw psinw
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pr , one obtains:

Knowing that: < (ﬁ

o1 sinw cos(%)—Scoswsin(%)
dw\ sinw | 3
. w . w
sin w cos (=) — 3cos w sin (= —277
v _ (3) (3) y ( )u

du sin? w p sinw
5 1 sin (%) sin w cos (%) —3cos w sin (%) —2~7
p W == . +371 — X . u?
2 p2/3 Sin w sin® w psinw
y 1 sin (%) u?2 Ssinw cos (%) — 3co0s w sin (%)
) = 250263 [\ sinw | 3x27p sind

sin(a+b)+sin(a-b)

> , one obtains:

By using sin a cosb =

sin w cos (%) —3sin (%) cos 0 2sin (ZTw) — sin (4?(1))
sind w - sind w
and therefore:
. 1 sin (9) u2  2sin (Z_w) — sin (4_w)
ww = 20p2/3 sinf} T 3x 27p Bsin3 W :
dv u 2sin (Z_w) — sin (4_w)
: (u):26p—2/3 E+3><26p 3sin%u :
w2 d |2sin (Z_w) — sin (4_w) 2~7
+3X27p% 35in3w | _psinwu)
Using % =- 3><u227p 25in(2?:21—3 zn(‘%ﬁ’) , one obtains:
) = - 12/3 ~ u27 2sin (270)) —3 sin (4760) N u : 2sin (27(‘)) —3 sin (470))
p 3x2p sin° w 3x2% sin’ w
us d |2sin (ZT(U) — sin (4?(‘))
3x 2Mp2sin wdw sind w
With
d |2sin (ZT(U) — sin (%U) 1 35 sin (%) — 14 sin (ST(U) + 5sin (7?(‘))
dw sind w ~6 % sinf w
One writes:
1 u 2sin (%U) — sin (%U) w2  2sin (ZT(U) — sin (4?(‘))
W= 20023 |3 x 2°p sind w 3% 27p sind w
ud 35 sin (%) — 14 sin (5760) + 55sin (77(”)
N 212 8 sin® w

Values of the successive derivatives of u in u=0



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 April 2024 d0i:10.20944/preprints202404.0118.v1

21
p@w=0
w
. 1 Sin(g)
o (w) —E Sinw @)
pw=0
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