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Abstract: It has been a common view that electromagnetic wave equation in vacuum cannot be
obtained with Weber’s electrodynamics. With a polarizable vacuum postulate, an electric wave
equation was recently derived from Weber’s electrodynamics. However, this wave equation only
applies to longitudinal wave propagation. It does not work for transverse wave since it requires non-
zero divergence of electric field. In this paper, we try to derive a wave equation for transverse wave
propagation using the curl component of electric field with zero divergence.
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Introduction

In the past century, Maxwell equations and Lorentz force (Maxwell-Lorentz electrodynamics)
have been generally accepted as the dominant theory for studying classical electromagnetic
phenomena. On the other hand, its alternative, Weber’s electrodynamics, has been barely used or
noticed [1]. There are some similarities and differences between Maxwell-Lorentz electrodynamics
and Weber’s electrodynamics [2-4]. The difference mainly sits in cases when dealing with interaction
of individual charges. On the other hand, they give identical solutions in cases involving current
loops [5].

There have been historical critiques to Weber’s electrodynamics. Many pioneer studies have
been trying to address these critiques [6]. However, some major critiques still remain, which include:
1. The action at a distance nature of Weber’s force seems contradict with locality principle. 2. The
current form of Weber’s electrodynamics may lead to negative mass and infinite acceleration. 3.
Weber’s electrodynamics does not apply to electromagnetic wave in vacuum.

There are some recent studies addressing these remaining critiques. For example, ideas have
been proposed to reconcile the locality principle and action at a distance force [7,8]. New potential
and kinetic energy forms were introduced to avoid the infinite acceleration problem [9,10]. And
polarizable vacuum was postulated for deriving a wave equation from Weber’s electrodynamics [11].
However, this derived wave equation only works for longitudinal wave since it uses non-zero
divergence of electric field. In this paper, we try to derive a wave equation for transverse wave from
Weber’s electrodynamics, while keeping the divergence of electric field equal zero.

Weber’s Force

Weber’s force describes the interaction between two charges (Figure 1). It is an action at a
distance force. It can be given by [12]:
- Qqt
Fo 2,
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Where Q and q are two electrical charges, F is the force that charge Q exerts on charge q, r is the
distance between the two charges, # is the unit vector pointing from charge Q to charge g, v and
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a are velocity and acceleration of charge q relative to charge Q, &, is the dielectric constant and ¢
is the speed of light.

Figure 1. Sketch illustrating the force that charge Q exerts on charge q.

Vacuum Polarization

It was postulated that the vacuum is filled with positive-negative charge pairs, and stays neutral
[11]. Under external electric field, the positive charge and negative charge have a displacement
relative to each other (Figure 2). The positive charge has a displacement D,, and negative charge has
a displacement D_. The displacement is linearly proportional to the external electric field. D, =
-D_= 80]_:: /(2p). p is the density of positive charge and/or negative charge. It is assumed that the
external electric field and displacement fields are continuous both temporally and spatially.

The displacement vector field can be decomposed into a gradient component and a curl
component: D, = V¢ + V x A, where ¢ is a scalar potential field, and 4 is a vector potential field.
In this paper, we only consider the second component and let ¢ equal zero. The first component was
used in the previous paper [11] to derive the longitudinal wave equation. Then the displacement here
got a property, V- D, =0.

The time derivative of displacement field becomes velocity field, and the time derivative of
velocity field becomes acceleration field. v, = ddL: and a, = %. Here we only consider a situation

of low velocity in a laboratory rest frame. Thus the Lagrangian derivative can be approximated as a

. .. - aD N v
Eulerian derivative: v, = a—; and a, = —

at ’
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Figure 2. Sketch illustrating the polarizable vacuum in neutral state (left) and polarized state (right).

Deriving Magnetic Circuital Law (Ampere’s Circuital Law)

Let’s consider two tiny parcels dV and dV', which contain positive-negative charge pairs
(Figure 3A). The positive charge and negative charge each has a density p. The interaction between
the two parcels is the force among positive-negative charge pairs. The force d?F exerted to dV by
dV’' can be described with Weber’s force. It has four components, representing the force between
positive and positive charge, the force between negative and negative charge, the force between
positive and negative charge, and the force between negative and positive charge.

A yA B y4

Figure 3. (A) Sketch illustrating the action upon parcel dV from parcel dV’'. (B) Sketch illustrating the action

upon current element dI by volumetric current in V"
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where 7 is a unit vector pointing from dV' to dV, r is the distance between two parcels, v,, v_,
vy, v., a,, a_, a}, a_ are velocity and acceleration of positive charge and negative charge in each
parcel respectively.

The parcel dV can be seen as containing a small current element dl = pdV (v, —v_). The
current density ] = dI/dV = p(#, — _). The same applies to parcel dV'. As shown in section 4.2 of
Assis’s “Weber’s Electrodynamics” [5], the force in equation (2) can lead to Ampere’s force between
current elements (force that current element dI' = JdV' exerted to current element dI ).

a 7 -~ o -
d?F = QY Evens [2(al-al") = 3(7-dl)(7-dl")] (3)

Since we only consider the curl portion of displacement field, we have V-D, = 0 and V-] = 0.
Thus the current always form loops. If we integrate for current in a volume, it has the same property
as integration along loops. As shown in section 4.5 of Assis’s “Weber’s Electrodynamics” [5], the
integrated force of a volumetric current acting on a small current element is identical between
Ampere’s force and Grassman’s force. Thus, the force dF acting on current element dI by current
volume V' (Figure 3B) can be written as

dF = dI x B (4)

1 Jdv' x #
L
4meyCc? r?
VI

Equation (5) has the same form as the well-known Biot-Savart law. The major difference is that

Where

ol

the current here is not the current of ordinary charges (e.g., electron, positron etc.). Instead, it is the
displacement current in vacuum.
Let 7 =1 —1', where [ is the position vector of dV, and [’ is the position vector of dV' (Figure

3B). V is the gradient operator with respect to [, and V' is the gradient operator with respect to I'.
Then there exist the relations below:

FooI=T o1 o 1 ©

S E T 3= V==V ==
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With above relations, equation (5) can become

B = 4n£0c2 fff]fllzdljl

Next, applying curl to both sides of equation (8), and using relations below

7xyx 0 =V<V- {@) , J(1)

|1-1] |1-r| |l—l|

o
1= 1]

J() Al v1(l)+](z)v| (10)

|l—l| [1-1|

we can get

VXB = _4n£ = UJ](Z) Vll | —4n81062 fﬂj(i')vz (ﬁ)dv’ (11)

With relations in equatlon (7, 10) and Gauss'’s theorem, we can get

ff Jj(r)- V dV’ ﬂ @) v' IdV’
WV' l](_l)|‘”/ +W| —v'-j(I")av’
ﬂ |l](—l)| S’+fflf |z_1;,|v"f(7')dV’ (12)

Supposing that the current has a finite spatial extent and that the volumetric integration fully

cover the current extent, we can get that the surface integration in S’ equals to zero. Thus equation
(11) becomes

VxB = 4n8062 MU— v - j(1)av' - pr— m]( )VZ( |>dV’ (13)

Using V' -] (l ) = 0, and the relation below

1 I
V2 (ﬁ) = —4ns(1—1") (14)

we can get
VX B = pof (15)
Equation (15) is the well-known Ampere’s circuital law (magnetic circuital law). A detail
derivation of magnetic circuital law from Ampere’s force law can be found in section 4.7 of Assis’s
Weber’s Electrodynamics [5].

Deriving Faraday’s Induction Law
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That Faraday’s law can be derived from Weber’s Electrodynamics has been shown previously
by Maxwell, O'Rahilly, Whittaker, and Wesley for cases of current loops [5]. A detailed proof can be
found in section 5.2 and 5.3 of Assis’s book “Weber’s Electrodynamics” [5]. In this paper, we only
consider displacement current instead of currents of ordinary charges. Even so, the displacement
current acts the same as current of ordinary charges under Weber’s force (and Ampere’s force)
because the displacement current is due to the movement of positive-negative charge pairs in
vacuum.

In the case of two current loops (Figure 4A), the electromotive force in the loop c1 caused by
current I" inloop c2 equals [5]:

emf.; = f E-dl = —%(I’M) (16)

c1
Where M is the mutual inductance of the two current loops.

1 jjdi-di' .
" 4meyc? r a7

cl c2
Where dl is a differential element of loop c1 in the direction of conventional current, dl’ is a
differential element of loop c2. It was mathematically proved that this is an equivalent form of
Faraday’s law [5]. And this form of Faraday’s law can lead to its differentiation form (section 5.2 of
Assis’s Weber’s electrodynamics [5]):

—_

6
VXE=—— - (18)
Where

B=

1 fl'dz"xf

4meyc? (19)

r2

c2
In this paper, the current is volumetric instead of a thin loop (Figure 4B). We can change the loop
integration to a volumetric integration, and the above approval process shall still hold. Similarly, we

can get the electromotive force in loop c1 caused by currents in volume V':

- - d
emf, = fE-dlz—E(CD) (20)

cl

s | [ @

c1 v!
Similarly, this form of Faraday’s law can lead to its differentiation form

Where

VxE——— (22)

- Jdv' x f
B= 41eyC? ,U r2 (23)

Where
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Figure 4. (A) Sketch illustrating the induction exerted to circuit c¢1 by circuit c2. (B) Sketch illustrating the

induction exerted to circuit c1 by volumetric currentin V.

Deriving Transverse Wave Equation

Applying curl to equation (22) and using equation (15), we can get
d(VvxB)  d(uJ) _ Oy — D) 9%(D, —D_)
T o P B a2

VXVXE=— = -
ot 0 ot Hop ot2

0%E  10% 28)
= — En—= ———-
otz = "2 2
With the curl rule similar to equation (9), we can get
L, 10%
v(V-E)—V%E = ~ =3z (25
Because V- D, = 0 and displacement field is linearly proportional to electric field, we get V-
E = 0. Finally, we arrive at the wave equation

V2 = — 0°E (26)
 c2 9t? ~
Equation (26) is the well-known wave equation of electric field E, which has only transverse
component.
Discussion

This paper derives a transverse electric wave equation in a similar way as that derived from
Maxwell equations. In this derivation, we drop the gradient term of displacement field (and electric
field). The gradient term was used previously in deriving wave equation for longitudinal wave.
Moreover, in this derivation we only consider a slow velocity situation, and approximate Lagrangian
derivatives to Eulerian derivatives. Thus, we may suspect that Maxwell’s equations and its derived
wave equation represent only a special case with limitations (slow velocity, no longitudinal wave).

In modern opinion of Maxwell equations and its derived wave equation, the vacuum is seen as
empty. Electric and magnetic fields travel by themselves through the vacuum. In this paper, the wave
propagation is through perturbation of polarizable vacuum, i.e., the displacement current (or
displacement field). Since the electric field is linearly proportional to displacement field, the wave
propagation is also through the perturbation of electric field. We should point it out that Maxwell
equations also have the concept of displacement current. However, its physical meaning was not as
clear as what we give here: the relative movement of positive-negative charge pairs.

In this paper’s theory, the medium is a requirement for electric wave propagation. Historically,
Luminiferous aether has been proposed to explain electric wave propagation. However, the property
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of aether varies in different theories. One type of theory assumes a sound-wave like mechanical
analogue [13]. It requires the vacuum to be both extremely stiff and extremely non-viscous. Stiffness
is for it to propagate high frequency electric wave without energy loss. The non-viscous requirement
is for objects to freely move in vacuum. In this paper’s theory, there is no need to require stiffness of
the vacuum. The Weber’s force and the positive-negative charge pairs allow the transverse wave to
propagate. Other medium theories assume a vacuum filled with molecular vortices [14], or circuits
of inductance-capacitance [15], etc.

The historical medium theories of electric waves were largely abandoned after a number of
experiments looking for luminiferous aether. E.g., the Michelson-Morley experiment has null result
[16], which indicate the medium (aether), if exists, has to travel together with the earth. And the
Michelson—-Gale-Pearson experiment has positive result [17], which indicates that the medium
(aether) does not rotate together with the earth. The observation of stellar aberration of light may
mean that medium (aether) is not fully dragged by the earth according to Fresnel’s aether drag theory
[18]. The Lorentz theory of contraction aether can explain the above experiments [19]. However, it
falls into the Occam's Razor as an unnecessary concept after the introducing of Einstein’s special
relativity which does not need an aether at all [18].

In this paper, we did consider a wave source for keeping the paper simple and concise. To derive
a wave equation with a source term is left for future studies.

Conclusions

We successfully derived a transverse wave equation from Weber’s electrodynamics. In the
derivation, we used the Weber’s force, the polarizable vacuum postulate, and the great work done
by pioneers in deriving Ampere’s force, magnetic circuital law, and Faraday’s induction law from
Weber’s electrodynamics. This work hopefully can soften the historic critiques that Weber’s
electrodynamics does not apply to electromagnetic wave in vacuum.

Acknowledgements: Q.L. thanks Steffen Kiithn, and Andre Koch Torres Assis for their constructive suggestions
and feedback.
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