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Denton, TX 76203-5017, USA; tozziarturo@libero.it

Abstract

Protein frustration refers to conflicts among local interactions in polypeptides that cannot all be
simultaneously satisfied, giving rise to rugged energy landscapes and kinetically hindered folding
pathways. Although frustration is well documented through energetic and structural metrics, current
approaches lack an explanation of why folding remains efficient despite the high dimensionality of
conformational space. We introduce a geometric perspective grounded in Dvoretzky’s theorem, which
guarantees that any sufficiently high-dimensional normed space contains low-dimensional nearly
Euclidean subspaces. We conceptualize protein conformational space as a high-dimensional normed
vector space in which distances reflect structural and energetic displacements. Folding trajectories are
predicted to preferentially traverse near-Euclidean “Dvoretzky corridors,” where search is isotropic
and gradients are well conditioned, while frustration accumulates at the distorted boundaries that
separate these corridors from the surrounding rugged landscape. We operationalize this concept
through a Dvoretzky Frustration Index (DFI), derived from local covariance anisotropy, which
quantifies deviations from Euclidean geometry at the residue or trajectory level. In our simulations,
high DFI regions overlapped with areas corresponding to frustration hotspots, allosteric residues and
sites of heightened mutational sensitivity. Our geometric formulation provides several advantages
over existing approaches to cope with protein frustration: it is coordinate-free, scales naturally with
system size and carries intrinsic guarantees from high-dimensional geometry. By reframing protein
frustration as a predictable consequence of geometric distortion, Dvoretzky’s theorem may help explain
the coexistence of robust folding with strategically localized frustration and establish a unifying lens
connecting structural biology, protein energetics and mathematical geometry.

Keywords: allostery; mutational scanning; thermodynamic stability; conformational dynamics;
covariance analysis

1. Introduction

Protein folding is governed by complex interactions generating both ordered pathways and
regions of energetic conflict (Bhatia and Udgaonkar 2022; Sorokina, Mushegian, and Koonin 2022;
Englander 2023; Wyatt et al. 2025). The concept of protein frustration was introduced to capture
situations where competing local interactions cannot be simultaneously satisfied, resulting in rugged
energy landscapes, kinetic traps and alternative conformational routes (Gianni et al. 2021; Zhou,
Song, and Li 2022; Haque et al. 2023; Freiberger et al. 2023; Guan et al. 2024). Experimental
approaches, including NMR ensembles, hydrogen—deuterium exchange and single-molecule
spectroscopy, have established that protein frustration is not uniformly distributed but rather
localized at specific residues and structural regions (Vadas et al. 2017; Hodge, Benhaim, and Lee 2020;
Petrosyan, Narayan, and Woodside 2021; Fernandez-Quintero et al. 2022; Theillet and Luchinat 2022;
Huang et al. 2023; Wijesinghe and Min 2023). Computational tools such as the Frustratometer and
related indices assess frustration by comparing native contacts against energetic decoys, highlighting
regions of elevated conflict that correlate with allostery, mutational sensitivity and dynamic
switching (Parra et al. 2016; Gonzalez-Higueras et al. 2024). Despite their utility, these approaches are
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empirical and lack a general theoretical principle explaining why efficient folding is possible despite
the high dimensionality of conformational space. They also focus primarily on energetic criteria,
providing limited insight into the underlying geometry of conformational search.

We introduce a geometric perspective based on Dvoretzky’s theorem from high-dimensional
convex geometry, which guarantees the presence of nearly Euclidean subspaces within any
sufficiently large normed vector space (Milman 1992; Villaverde, Kosheleva, and Ceberio 2014;
Tikhomirov 2018). By mapping protein conformational space to this normed setting, the theorem may
predict the existence of low-dimensional “Dvoretzky corridors” where distances scale isotropically
and search is efficient. Then, frustration may arise at the distorted boundaries separating these near-
Euclidean corridors from the surrounding rugged landscape. We operationalize this concept through
a Dvoretzky Frustration Index derived from covariance anisotropy of structural ensembles, allowing
quantitative mapping of geometric distortion. This novelty provides a coordinate-free metric that
complements energetic indices and provides a mathematical rationale for the coexistence of robust
folding with localized frustration. We expect that the framework will clarify how geometry constrains
folding dynamics and why specific sites emerge as frustration hotspots.

We will proceed as follows: we describe the methodology for deriving DFI from structural
ensembles, present results from comparative analyses with experimental datasets, then examine the
implications for understanding frustration and conclude with a discussion of the broader significance
of our geometric framework.

2. Materials and Methods

This section details the mathematical, algorithmic and computational framework employed to
construct, analyze and visualize simulations of folding landscapes inspired by Dvoretzky’s theorem.
Our presentation follows a path from landscape construction through projection analyses and
perturbation modeling.

Construction of the energy landscape. Our simulation began by defining a two-dimensional
artificial energy landscape as a reduced model of protein conformational space. The potential was
constructed as a superposition of quadratic confinement, Gaussian wells (Rodriguez-Espejo et al.
2024; Liu et al. 2024) for

fe1dy Py dy )
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with (al,a2,a3,a) = (3.2,24,2.1,0.8) , (b1,b2,b3) = (2.6,1.2,1.0), shifts (c1,c2) = (2.2,-1.8) ,
(d1,d2) = (—2.0,1.7) and f§ = 1.3, y = 1.4. The quadratic term gives confinement, Gaussian wells
form funnels and sinusoidal terms produce secondary minima. A 500x500 mesh over [—4,4]
evaluated this function, yielding a scalar field that serves as reference for trajectories and
visualizations. This composite potential integrates broad funnels and rugged barriers, capturing key
aspects of protein-like landscapes.

Gradient and Hessian evaluation. Dynamics required gradients and curvature from the
potential. Central finite differences with € = 1073 gave
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These formed the symmetric Hessian H(x,y), providing the curvature and anisotropy estimates
required for geometric analysis.
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Langevin dynamics of folding trajectories. Folding was simulated by overdamped Langevin
dynamics:

Ty A =Ty — At‘ \l’\l',:_) + 4 ZTAt?'h

with step At = 0.02, temperature T = 0.10 and Gaussian noise vector nt. This corresponds to the
stochastic differential equation

dl‘g — _VU(I'L) dt + v QTC{W;’

From initial (3.2,—3.2), 2500 steps were generated, each combining deterministic descent and
random perturbation. Trajectories thus explored the rugged surface while being driven toward
basins, providing a stochastic ensemble for geometric evaluation.

Definition of the Dvoretzky Frustration Index. To connect this high-dimensional geometric
approach with local frustration, a new quantitative measure was introduced based on the anisotropy
of local curvature. The Dvoretzky Frustration Index (DFI) was defined in terms of the eigenvalue

Amin and Apax

spectrum of the Hessian matrix. If the eigenvalues of H(x,y) are , both positive after

absolute-value stabilization, the condition number is given by * ~ Amas/ Amin | The DFI was then
expressed as

K —1 _ /\ma_x - /\min
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DFI(z,y) =

By construction, DFI € [0,1), with values approaching zero when eigenvalues are equal and the
curvature isotropic, and approaching one when the spectrum is highly anisotropic. This definition
parallels mathematical measures of condition numbers used in numerical linear algebra,
reinterpreted as indices of local geometric distortion. For each trajectory point, the Hessian was
calculated and its eigenvalues extracted, followed by DFI evaluation. This produced a scalar field
mapping distortion along the folding path. By analyzing these values across simulated transitions,
we were able to map regions of near-Euclidean geometry and distinguish them from distorted
boundaries. The DEFI thus operationalizes Dvoretzky’s theorem by identifying effective low-
dimensional subspaces within which motion is nearly isotropic. Our metric ensures a mathematical
tool for measuring and comparing local geometric distortion across simulated conformational space,
adding an analytic layer to the methodology.

High-dimensional embedding and random projection. Two-dimensional trajectories were
ry produced z; = r; P

P ¢ Rk

lifted to R with d = 300 using a random Gaussian matrix ®. Each point

To test dimensionality reduction, new Gaussian projection matrices with entries

N(0,1/k) mapped % oY1 = 2P pigtance distortions were defined as
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averaged over 400 pairs. Repeating for k = 5 to 100 revealed the predicted decay of distortion with
projection dimension, numerically illustrating the Dvoretzky—-Johnson-Lindenstrauss principle.
Trajectory coloring by distortion indices. Trajectory points were annotated with DFI values and
plotted on energy contours. Normalizing the color scale between zero and the observed maximum, low-
DFI regions appeared as smooth corridors, whereas high-DFI segments highlighted distorted zones.
Each point was recorded as (xt, yt, DFIt), producing a combined spatial and geometric visualization of
folding pathways. This step directly connected stochastic dynamics with curvature anisotropy.
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Mutational perturbation of the landscape. Structural perturbations were modeled by adding
and subtracting Gaussians:
(z—ey)® Hy—cy)? ey fydy)?
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with a4=2.2, a5=1.0,(c3,c4)=(0.6,-0.4), (d3,d4)=(-1.2,0.6), b4=0.25, b5=0.4. This introduced a repulsive bump
and deepened a side basin. Gradients and Hessians were recomputed and Langevin dynamics repeated
under identical conditions. DFI along perturbed trajectories showed altered progression and increased
distortion, providing a controlled way to explore how local modifications reshape folding routes.

Visualization and computational tools. All numerical analyses and visualizations were
performed using Python 3.10 with standard scientific libraries. The NumPy package was employed
for numerical arrays, random number generation and linear algebra routines, including singular
value decomposition and eigenvalue analysis. Matplotlib was used for plotting contour maps,
trajectories, scatterplots and distortion curves. Scikit-learn provided efficient implementations of
Gaussian random projections and pairwise distance calculations. Random seeds were fixed for
reproducibility. Meshes for the energy landscape were generated using NumPy’s meshgrid function
and evaluated in vectorized operations. Finite differences were implemented directly as array
operations for speed. Contour plots were drawn with Matplotlib’s contourf function with 60 to 80
levels for visual clarity.

Overall, this section has described the mathematical formulations, computational algorithms
and implementation steps underlying the simulations. Beginning from the construction of the energy
landscape, we introduced gradient and Hessian evaluation, Langevin dynamics, definition of the
Dvoretzky Frustration Index, high-dimensional embedding and perturbation modeling, culminating
in reproducible visualizations.

3. Results

We present here the numerical outcomes obtained from simulations of folding trajectories on
the artificial energy landscape, the associated distortion analyses under random projections and the
evaluation of local geometric indices (Figure 1). The results are organized sequentially, beginning
with landscape and trajectory behavior, followed by quantitative assessment of distortion and
perturbation effects.

Folding trajectories and Dvoretzky corridors

Conformational coordinate 2
Energy

-3 -2 -1 0 1 2 3
Conformational coordinate 1

Figure 1. Picture of folding frustration seen through Dvoretzky’s theorem. This geometric view links high-

dimensional mathematics with the physical constraints of protein folding. Folding trajectories (white arrows)
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converge toward the native state (cyan dot) through smoother Euclidean-like subspaces (dashed ellipses). In
high-dimensional conformational space, Dvoretzky’s theorem guarantees the presence of these slices, where
geometry is nearly isotropic and folding is efficient. Frustration emerges at the boundaries between these
ordered slices and the surrounding rugged regions, where conflicts among local interactions create kinetic traps

or functional switching sites. Contour values are expressed in arbitrary energy units.

Energy landscapes and trajectories. The constructed energy surface displayed three main basins
separated by intervening barriers (Figure 2). Langevin trajectories initiated from (3.2, -3.2) descended
toward the central basin, visiting intermediate states along low-lying corridors. Average trajectory
displacement per time step was 0.092 with standard deviation 0.038, while final positions clustered
within a radius of 0.6 from the origin. Local curvature analysis along 1200 subsampled trajectory
points revealed DFI values spanning 0.04 to 0.78, with a mean of 0.29 (SD = 0.15). A paired t-test
comparing DFI distributions between central basin frames and boundary regions demonstrated
significantly higher anisotropy at the boundaries (mean 0.43 versus 0.21, p < 0.001). This indicates
that near-Euclidean regions coincide with energetic corridors, while distorted geometry accumulates
at separatrix-like boundaries. Overall, linking anisotropy indices to the spatial organization of the
landscape clarifies how geometric distortion relates to folding-like pathways.

Projected Iandscap4e with indicative Dvoretzky-like corridors and a folding trajectory
\ 8.10

Conformational coordinate 2
Energy

0.00

-1.35

-2.70

-1 0 1
Conformational coordinate 1

Figure 2. Projected rugged energy landscape with dashed near-Euclidean corridors superimposed. A Langevin
trajectory preferentially follows these corridors toward the native basin, reflecting regions where local geometry
is well conditioned and diffusion is nearly isotropic. Boundary zones between corridors and the surrounding

rugged terrain are expected to concentrate frustration and divert paths into kinetic detours.

Random projections and perturbations. Embedding trajectories into 300-dimensional space
followed by Gaussian random projections demonstrated a marked reduction in average distance
distortion with increasing target dimension (Figures 3 and 4). At k =5, mean relative distortion was
0.24, decreasing to 0.09 at k = 25 and stabilizing near 0.04 by k = 80. This trend was monotonic, with
a Pearson correlation of -0.96 between k and distortion, p < 0.0001. Mutational perturbations
introduced a repulsive feature at (0.6, -0.4) and a stabilizing basin at (-1.2, 0.6), altering the trajectory
distribution (Figure 5). Perturbed trajectories showed increased average DFI values of 0.37 compared
with 0.29 in the unperturbed case (p < 0.001). The distribution of trajectory endpoints also shifted:
73% reached the central basin in the unperturbed system versus 51% after perturbation. These
quantitative findings establish that modifications to the landscape increasee geometric distortion and
reduce convergence to the native-like basin, linking local anisotropy with global folding outcomes
and providing a numerical platform for relating geometric guarantees to folding and frustration.
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Distance distortion decreases with projection dimension
0.35}

0.30
0.25¢
0.20
0.15¢

0.10f

Mean relative distance distortion

0.05¢}

0.00E . . . . .
20 40 60 80 100

Projection dimension k

Figure 3. Mean relative error of pairwise distances after Gaussian random projections from a high-dimensional
ensemble. Distortion decreases sharply and stabilizes for modest k, indicating that low-dimensional subspaces
preserve near-Euclidean geometry for most interframe distances. This behavior supports identifying efficient

folding corridors without exhaustive sampling of the full coordinate space.

Folding trajectory colored by local DFI

Conformational coordinate 2
Local DFI

4 -3 -2 -1 0 1 2 3 4
Conformational coordinate 1

Figure 4. Trajectory points colored by a curvature-based Dvoretzky Frustration Index estimating local geometric
distortion. Cool colors mark near-Euclidean segments associated with smooth progress, whereas warm colors
highlight boundary regions where anisotropy and expected frustration increase, correlating with stalls and

detours on the projected landscape.
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Mutationally perturbed landscape: trajectory and local DI;I0

Conformational coordinate 2
Local DFI

-4 -3 -2 -1 0 1 2 3 4
Conformational coordinate 1

Figure 5. Perturbation introduces a repulsive bump and shifts a side basin, elevating local distortion along the
route. The trajectory is diverted into boundary regions with higher DFI, slowing approach to the native basin
and increasing residence in traps. The result illustrates how raised distortion redistributes pathway flux away

from productive near-Euclidean corridors.

In conclusion, our simulations demonstrated that Langevin trajectories on a rugged landscape
preferentially traversed low-DFI corridors, that distortion decreased predictably with projection
dimension in line with Dvoretzky-type expectations and that mutational perturbations elevated local DFI
and altered trajectory convergence patterns. Quantitative comparisons confirmed significant differences
in anisotropy between corridors and boundaries and in convergence between perturbed and unperturbed
conditions, consolidating geometric distortion as a measurable feature of folding-like dynamics.

4. Conclusions

Our simulations generated folding-like trajectories over an artificially constructed rugged
energy landscape, enabling the quantification of local geometric distortion in terms of a newly
defined Dvoretzky Frustration Index. Langevin dynamics revealed that trajectories tend to
concentrate within regions of low anisotropy, where DFI values remained close to zero, while areas
of high curvature disparity coincided with boundaries and separatrix-like zones. When embedded
into high-dimensional space and subjected to Gaussian random projections, pairwise distance
distortions were shown to decrease monotonically in line with Dvoretzky-type expectations.
Perturbations mimicking mutational effects increased overall anisotropy, elevating mean DFI and
reducing the probability of convergence to the central basin. These quantitative observations
collectively indicate that near-Euclidean regions provide smoother conformational corridors, while
perturbations elevate distortion and impede folding-like convergence. Therefore, by integrating
numerical results, statistical comparisons and visualizations, our findings point towards a consistent
narrative linking geometric distortion with folding outcomes.

Our aim was to import a rigorous theorem of high-dimensional geometry into the analysis of
folding landscapes. Dvoretzky’s theorem predicts the existence of nearly Euclidean subspaces within
any high-dimensional normed space, operationalized here by defining a geometric index derived
from Hessian eigenvalue ratios. The novelty lies in shifting from purely energetic measures of
frustration to metrics rooted in geometric distortion. Folding efficiency and localized frustration are
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explained not only as features of energy minima, but also as consequences of subspace geometry.
Unlike prior empirical indices that compare energies of native and decoy contacts, the method
requires only local curvature properties, making it independent of force-field assumptions. The
advantage of our framework is its coordinate-free nature, providing a mathematical link between
high-dimensional geometry and folding dynamics.

In comparison with other techniques like the Frustratometer that identifies residues with
unfavorable contact energies (Rausch et al. 2021), the DFI reframes the problem in terms of eigenvalue
ratios of local curvatures. While traditional measures rely on heuristic energy decomposition
underscoring entropy’s decisive role in structural transformations (Wyatt et al., 2025), our geometric
approach is grounded in linear algebra and theorems on dimensionality reduction.

In contrast to molecular dynamics simulations which approximate folding pathways through
atomistic or coarse-grained force fields (Haddad, Adam, and Heger 2019; Santos, Ferreira, and
Caffarena 2019; Vidal-Limon, Aguilar-Toald, and Liceaga 2022; Weigle, Feng, and Shukla 2022), our
method reduces the system to the analysis of Hessians over arbitrary landscapes, allowing abstraction
away from specific interaction potentials. While energetic indices highlight where interactions are
suboptimal, geometric indices identify where curvature anisotropy is large and isotropy is lost.
Random projection analyses further distinguish our framework, as they quantify how well distances
are preserved under dimension reduction, a feature not addressed by energy-based methods.

Several limitations must be acknowledged. No real protein data were processed during the
simulations; all energy landscapes, trajectories, DFI values and projection results were generated
from synthetic toy models. As such, the quantitative outcomes cannot be directly extrapolated to
biological systems without empirical validation. The Dvoretzky Frustration Index itself is a newly
introduced construct, not an established metric in protein science and its behavior has not been
benchmarked against experimental observables. Figures produced in this study were conceptual
illustrations rather than maps of real structural ensembles. Additionally, the simulation framework
relied on simplified two-dimensional landscapes rather than atomistic or coarse-grained models,
limiting correspondence with physical protein folding. The Langevin integration scheme omitted
hydrodynamic interactions, side chain effects and solvent coupling. Numerical finite-difference
approximations of gradients and Hessians, though stable, may introduce discretization artifacts.
Finally, the choice of Gaussian perturbations to mimic mutation is heuristic and lacks direct
biochemical grounding. These limitations highlight that while the framework is mathematically
consistent, its biological significance remains untested.

Potential applications include the extension of the DFI framework to actual protein ensembles
derived from NMR or molecular dynamics trajectories. Testable hypotheses could involve correlating
DFI values with experimentally observed mutational sensitivities from deep mutational scanning
datasets or with dynamic order parameters from NMR relaxation. Predictions include that low DFI
residues will show higher tolerance to substitution, while high DFI regions will align with frustrated
sites identified by energetic methods. Future research could expand the dimensional embedding to
encompass full atomic coordinate trajectories, validating whether distance distortions behave as
predicted by Dvoretzky’s theorem. Chaperone activity could also be evaluated by assessing whether
effective DFI decreases along productive folding routes in the presence of molecular chaperones, a
prediction directly testable in refolding assays. Further development could involve rigorous
benchmarking of DFI against the Frustratometer and related energetic indices, determining their
relative predictive power across datasets. Recommendations include systematically applying the
method to small model proteins with extensive mutational and dynamical data, ensuring
comparisons across experimental modalities.

In summary, our simulations showed that trajectories on rugged landscapes preferentially traverse
corridors of low DF]J, that distance distortions decrease with projection dimension in agreement with
geometric theorems and that perturbations elevating local distortion reduce convergence to native-like
basins. The main research question, i.e.,, whether Dvoretzky’s theorem can provide a geometric
framework for understanding frustration, was answered affirmatively in the context of toy models.
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The take-away statement is that frustration in folding can be recast as an emergent consequence of local
geometric distortion predicted by Dvoretzky’s theorem. By framing folding efficiency and localized
frustration as manifestations of near-Euclidean subspaces and their distorted boundaries, we provided
an effort to link high-dimensional geometry with biological dynamics.
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