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Abstract

In this study, we explore the properties of tri-periodic Fibonacci and tri-periodic Leonardo number
sequences. Then we derive generating function of these sequences and give Binet’s formula for the tri-
periodic Fibonacci sequence. Furthermore, we present Cassani’s identity associated with tri-periodic
Fibonacci sequnce.
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1. Introduction

The number sequences have a crucial place in the literature. Because these sequences have
wide-ranging applications, i.e, cryptology, computer science,art, architecture, finance and algorithm
analysis to natural phenomena [1-10]. As a special cases of number sequences, named Fibonacci and
Leonardo sequences have attracted the authors in the literature and have celebrated their recurrence
relations. Also, they have connections to different mathematical problems.

Over the years, interest has grown in generalized forms of these sequences, particularly those
governed by periodic recurrence relations. In this study, we focus on tri-periodic variants of the
Fibonacci and Leonardo sequences, where the recurrence relation alternates cyclically every three
terms. First, we remember some essential properties of Fibonacci and Leonardo numbers.

Fibonacci sequence is defined as reccursevily by

Fo=F, 1+F 2 k=0 F=1
respectively. The first few Fibonacci sequence numbers are given below
0,1,1,2,3,5,8,13,21,34,55,89,144, ...
Then the characteristic equation of these sequences is given by
2 —x—-1=0

that the roots are
1++5 1++5

= d =
o 5 an B 5
Hence, the Binet’s formula of Fibonacci sequence is
alt — 'Bn
[,=—
n o — ﬁ
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and generating function of Fibonacci sequence is

[ee]

y4
¥ Ee = i
n=0 —z—z

There are many study in literature related to the Fibonacci sequence and so there are many
properties found in the literature [10-16].
Now, we give the recurrance relation of Leonardo sequence as

Ly=Ly1+Ly2+1 Lo=1 L1 =1
The first few Leonardo numbers are given below
1,1,3,5,9,15,25,41,67,109,177,287,465,753,1219,1973,3193, 5167, 8361, ...
The Leonardo numbers are related to the Fibonacci numbers given by
L, =2F,1 — 1
Hence, Binet’s formula of Leonardo numbers can be given by

alt — gt
L, = P _ 1.
«—p
Also there are many study in literature corresponding to the Leonardo sequence. So there are many
relation between Leonardo numbers and Fibonacci numbers [17? -23].

The extensions of number sequences studied in literature are named bi-periodic number se-
quences, where the terms of bi-periodic sequences are generated based on odd and even indices.
Unlike classical definition of number sequences, the structure of bi-periodic sequences makes them
suitable for modeling systems with changing conditions for odd and even indices. Also many authors
studied bi periodic sequences related to the special numbers and its properties, i.e , the generat-
ing function, Binet’s formula, Catalan’s and D’ocgane’s identities. Now we present some examples
from the literature raleted to the study of bi-periodic sequences. Next, we present some study that
found in literature.

e  Edson Yayenie whose first studied bi-periodic sequences based on Fibonacci numbers [24], defined
bi-periodic Fibonacci sequences indicated by {4y },~, which is defined as

o — agy—1 + qgn—2, if niseven forn > 2 )
bgn_1+qn—2, ifnisodd

with the initial conditions g9 = 0 and g; = 1, where a and b are nonzero real numbers.
*  Catarino and Spreafico [25] defined bi-periodic Leonardo sequences denoted by { GLey },,~o which
is defined as

GLe, — aGLe, 1+ GLe,_»+a, ifniseven forn > 2
bGLe, 1+ GLe,_»+ b, ifnisodd

with the initial conditions GLey = 2a — 1 and GLe; = 2ab — 1, where a and b are nonzero
real numbers.
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e Costa et al. [26] defined bi-periodic Eduard and Eduard-Lucas sequences denoted by { E@P) } -
n=

and { K } , respecitively, which are defined as
n>0

6a E(a’b) (u’b), if n is even

ESY = Ena forn > 2 ()
! 6b E(“ b) E"Y), if nis odd
with the initial conditions E (ab) _ Oand E (ab) _ 1, and
(a,b) ab) . .
b 6aK "/ + K5, ifniseven
Kb = forn > 2 3)
6bK,” | +K,”,, ifnisodd

with the initial conditions K(()”’b) =3 and Kiu b) = 7 where 4 and b are nonzero real numbers.

In this study we present the different expension of Fibonacci and Leonardo sequences named
tri-periodic Fibonacci and tri-periodic Leonardo sequences where the terms of these sequences based
on mod3 indices. Then we investigate generating function of tri-periodic Fibonacci and tri-periodic
Leonardo sequences, Binet’s formula of tri-periodic Fibonacci and tri-periodic Leonardo sequences
and also Cassani’s identity of tri-periodic Fibonacci numbers.

2. Tri-Fibonacci Numbers

In this section, we define generalization of Fibonacci numbers denoted F; (abe)

(a,b,c)

bonacci numbers and generalization of Leonardo numbers denoted L;; ™

called tri-periodic Fi-

called tri-periodic Leonardo
numbers.

Definition 1. For any real nonzero numbers a, b and c the tri-periodic Fibonacci sequence is defined as
reccursevily by,

a4 Fbe) 0 (mod 3)
Flabe) pE) L FDO) = 1 (mod 3) n >3, )
n( li)+F(ﬂbC) n = 2 (mod 3)

with the initial condition Fé”’b'c)

=0, Fl(”’b’c) = 1,and PZ(”’b’C) =c.
Definition 2. For any real nonzero numbers a, b and c the tri-periodic Leonardo sequence is defined as
recurrsively by,
al(u’bl’c) + l(u’b’c) +a n=0(mod3)
fo0e) — | pylae) o 1’2@ +b n=1(mod3) n>3, 5)

1
b,c) +l’(1t11726) n =2 (mod 3)

(a
n—
(
n—1

cl

with the initial condition l(” be) — 1, l(“ be) _ 1,and l(” be) _ =2c+1.

Note that, if 2 = b = 1, (4) gives Fibonacci numbers and if a4 = b = 1, (4) gives k-Fibonacci
numbers. Similarly, if a = b = 1, (5) gives Leonardo numbers and if a = b = 1, (5) gives k-Leonardo
numbers. To write (4) and (5) in simple form, for all integer 1, we define moduler Kronecker delta
function that we denote & (1) as

1 ifn =k (mod 3)

5 -
k() 0 otherwise
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where k = 0,1, 2. Thus the recurrence relation (4) and (5) can be written as
F{00) . qhln) (1) ealo) p00) 4 plabe) 1y > 5 ®)
jlabe) u‘SO(")b‘sl(”)c‘sZ(”)l,(f_’hl’c) + lr(l“j’sz) + g% mpdi(n)da(n) >3 7)

The (4) and (5) gives the following nonlinear quadratic equation for the tri-periodic Fibonacci sequence.
x? —abcx —abc =0
with roots ¢ and i defined by

abc + /abc(abc + 4 abc — \/abc(abc + 4
p= Tt Vabclabetd) clabexd). ®)

Note that, the following equalities are true,

¢+¢ = abc, pp = —abc

2 2
ey = —abc, p+ ¢ = abc,

(p+D(p+1) = 1.(¢+1)yp=—9 (p+1)¢=—y.
In the Table 1, some terms of the tri-periodic Fibonacci sequence is given.

Table 1. A few values of the the tri-periodic Fibonacci sequence.

n F}Eu,b,c)

0 0

1 1

2 c

3 ac+1

4 b+ c+abc

5 abc® +c* +ac+bc+1
6 (ac+1)(a+b+c+abc) =

ba®c? + a’c 4+ ac® +2bac+a+c+b

In the Table 2, some terms of the tri-periodic Leonardo sequence is given.

Table 2. A few values of the the tri-periodic Leonardo sequence.

n lr(la,b,c)

0 1

1 1

2 2c+1

3 2ac+2a+1

4 2abc +2ab+2b+2c+1

5 2abc? + 2abc + 2a + 2¢ 4 2ac + 2bc + 22 + 1
6 2a%bc? + 2a%be + 4abc + 2a + 2b + 2c + 2a’c +

2ab + 2ac + 2ac? + 24%2 + 1

Theorem 1. The tri-periodic Fibonacci sequence F,(l”’b’c)

equality.

and tri-periodic Leonardo sequence are hold the following

@ F%) = (w — 6y (n)a — do(n)b — 8y (m)e) E"5) + (al=00(mpl=ei(ncl=ar(n) 4 1)Flbe),
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®) 1% = (w—5y(n)a—So(n)b— 51(n)c)z,5 b) 4 (al=0ompl=di(m) c1=ba(m) 1 1)1 | oy _ 5, (n)a —
5o(n)b—51(n)c+a1—50(”)b1 o1(n) o1 5z(ﬂ)
where w = (abc +a+b+c).

Proof. (a) Let n = 0 (mod 3) then using (4), we obtain

Frga,b,c) _ F(abc) +F(abc)
Fygt_zﬁ,c) _ bF(abc) +F(abc)
Frgzil;,c) _ ’gil;c) +F(ubc)

and summing side by side and reorganizing these equalities we have

b, ,b, ,b, ,b, ,b,
F%59 = (c = 1)F) 4+ bF™) 4 (a + 1)E*0e) 4 Flobe),

Hence, we obtain

BT = (- )(bF"’”+,5 )+ BE) 1 (a+ 1)E@ES) 4 Fob0
= cb(aF") + E*)) 4 (c+ a)EY) 4 L0
+ (be+ 1)EL,

n

= (abc—i—a—f—c)l—“(”bC

Let n =1 (mod 3) then using (4), we obtain

F,Sa'b'c) _ bF(a b,c) + F(a b c)
(abe) (a,b,c) (a, b ,C)
Fn+1 - + Fn 1 7
(abe) (a,b,c) (abc)

Fn+2 - Fn-i—l + F

and summing side by side and reorganizing these equalities we have

F — (a = 1)F) 4 e 4 (b + 1)F0e) 4 Flobo),

Hence, we obtain

F’giil;,c) _ (a_l)(d:ubc +F(ubc))+CP(ubc) (b-l—l) (ubc)_l_F(ubc)

ﬂC(bF b )+P(abc)+(a+b) (ab,c)+F(abc)

n 1
b ,b,
F) 1 (ac +1)F"59).

n

(abc+a+Db)F,

Similarly, Let # = 2 (mod 3) then using (4), we obtain

F,Su'b'c) _ F(a b,c) + Fr(,u l;c),
F;Si_li ,C) — 4F éa,b,c) + F’ga ZiC)/
(abe) (a,b,c) (a,b,c)
Fn+2 - bFn+1 + F” ’

and summing side by side and reorganizing these equalities we have

F5) — (b= 1)F"29) 4 ap{™) 4 (c 4+ 1)E0e) 4 Flobe),
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Hence, we obtain

EW) = (b= 1)(@B™ + EM) 4 ab ™) + (c+ DEM) + E0Y
= ab(aF"h) 4 FPOy 4 (b4 o) Eh) 4 Flebe)
= (abe+b+c)F") 4 (ab 4+ 1)F"2)
(b) Let n = 0 (mod 3) then using (4), we obtain
19— @b b g
kel pifeh = +105) 4 p,
e [ N L

and summing side by side and reorganizing these equalities we have

180 — (0 — 1)1H) 4 p1e) 4 (a4 1)1 411080 gy tc,

Hence, we obtain

11950 — (e = 1)@ +129) 4 by 401l 4 (a4 1)1 41 4k b+
be(al' ™) +1%9) 1 a) 4+ (@ + )% 195 L e 4 atc

= (abc+a+ o)) 4 (be + 1)1 1 abe + be +a + c.

Let n =1 (mod 3) then using (4), we obtain

l}(f,b,c) _ bl(ubc) +l’(1ﬂ hzc) +b,
llgbz,rbl,c) _ Cl,(f'b'c) + lr(la blc) Yo
(0 = a0 v,

and summing side by side and reorganizing these equalities we have

15 — (@ — D15 4 @) o+ 1)1 1) e bt
Hence, we obtain

150 = (o= 1) (el 1% 1)+ el o+ IS 1) fa b

= ac(bl'™ £ 1% L by 4+ (a4 b)) 100 L aca4b

= (abc+a+ b)) 4 (ac + 1)1I'"%) + abc + ac +a + b,

Similarly, Let n = 2 (mod 3) then using (4), we obtain

lr(la,b,c) _ 1(1 l71)+l£labzc)_|_c
el gg{ehe) b | g,
lr(lbf’zzc) = 7(11171C)+l(ahc)+b,

and summing side by side and reorganizing these equalities we have

lr(zl::l;’C) _ (b—l)l(ubc)—i— l(ubc)+(c+l)l£zu, ,c)+l(ubc)+a+b+c

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Hence, we obtain

l(a,h,c)

W = o=@ + 15+ a) +al™ - e+ D)) 415 bt b
ab(el ) 118 oy 1 (b )1 15 L ab b e

= (abe+ b+ )" 4 (ab+1)1"%) 4 abe + ab+ b+ .0

n—

Theorem 2. The tri-periodic Fibonacci sequence P,S”'h'c) and tri-periodic Leonardo sequence hold the following

equality.
F]Sa,b,c) _ wP}SLEI;,C) +F1512%C)’ 9)
l’gﬂ,b,c) _ wlflu_’béC) + lfla_,béc) _|_w, (10)

where w = (abc+a+ b+ c).

Proof. (a) For the case n = 0 (mod 3), using (4), we have

(abe) (a,b) (a,b,c)
F3n - aPanl + F3n—2
_ (ab,c) (ab,c) (a,b,c)
= acky "y +aky 3 + F
= acbF{"") + acF{") 4 ar{vhe) 4 i)
- (a,b,c) (a,b,c) (a,b,c) (a,b) (a,b,c)
= acbFy, 73" + ek, 5 — By s 4 aky T + By

b, b, b, b,
= (abc+a+b+c)Ers) — (FP) — Yy 4 B

= (abc+a+b+c)Fs) + ),

For the case n = 1 (mod 3), using (4), we have

(abe) (a,b,c) (a,b,c)
F3n+1 - bFSn + F3n71
= abF"0) 4 bEPs) 4 b
= abeE{™"9) 4 abE*9) 1 pE(#PE) 4 El0b0)

- (a,b) (a,b) (a,b,c) (a,b,c) (a,b)
= abcks, 75" +aks, 7y —aFy 7y + bETS 4 BT

b, b, b, b,
= (abe+at bRy — (Rl — Fnls) + By

= (abc+a+Db+ )8 + ),

For the case n = 2 (mod 3), using (4), we have

FO) . cph) 4 pebo
= cbEy ) er ) 4 R
= abcPéZ’f’lc)+Cbp3(szzc)+cp3(zf,i:)+F3(;zl,b,c)
—aber{y) + BEE) < b 4 cE) 4 Elt
= (abea+ b+ R - (R - I+ B

= (abc+a+b+ C)FS(Z’E’f) + FéZ’f’;)D

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(b) For the case n = 0 (mod 3), using (10), we have
b, b, b,
) = a5 a
= acléi’ﬁ’g) + alé‘;’ﬁ’g) + léﬁ'ﬁé) +ac+a
= acbléi’i’g) + acléi’ﬁ’z) + aléi’i’g) + léﬁ’;) +abc+ac+a
L L L R L
= (abe+a+b+ o)l — a{ebe) _glebe) oy 1000 4 abe a4 b
— (abeta+b+o)l) 1% L abetat+ b+
For the case n = 1 (mod 3), using (10), we have
iy = b it o
= abl{™) 4 b0 1P | a4
= abel{™) 4 abl{™9) bl L 1O 4 abe 1 ab+b
= bt alleh) —atlet) bt 100 ¢ abe b
= (abc+a+b+ c)léff’;) - aléi’ﬁ’f}) + léﬁ’ﬁ’g) +abc+b+c
— (abcta+b+o)l") 1% Labcta+btc.
For the case n = 2 (mod 3), using (10), we have
b, b, b,
l§i+§) = CléZJr;) + lgfa Ut
= bl 4 1) (00 | e 4
= abcléi’ﬁ’i) + cbléi’ﬁ’g) + cléi’ﬁ’i) + léﬁ’b’c) +abc + bc+c¢
= abel{™") 4 1) pIO) g ) o be) | gpe
= (abc+a+b+ c)lé‘:{ﬁ'i) - (léf;i’? - léﬁ’g) —b)+ lé’:{ﬁ’;) +abc+a+c
= (abc+a+b+ )l 4 1) yabe+a+ b+ cO
The recurrence (9) and (10) hold the following characteristic equation:
x6—wx3—1:<x3—oc)<x3—[3>:0 (11)
w+Vw?+4 w—Vw?+4
where a = — and B = — s

Theorem 3. Suppose that F(z) = ). F,Ea’b’c)z" is the ordinary generating function of the tri-periodic Fibonacci
n=0
sequence. Then F(z) is given by

Py = B Rz B2 (B - wR M) b () - R () - oB )2
- 1—wz3 —z° .

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. Consider the generating function as
F(z) = ZP,Su’b’C)z”
n=0
o
o (abe)_3 (a,b,c) _3n+1 (a,b,c) _3n42
= Z‘apsn nJFZF3n+1Z”Jr +Z‘6F3n+2z"+
n=
= G(z)+H(z )—l—T( ). (12)
(o]
Hence, if we multiply G(z) = ¥ 1-"3EZ’I"C)Z3’1 with (1 — wz? — z%) and using (9), we obtain
(1 —wz® — zé) G(z) = (1 —wz® — zé) Z:l—"é;i’b’c)z&1
n=0
- (abe)_3 o (a,b,c a,b,c)
= YR 0y B - 21-"3n e
n=0 n=1
_ Fo(a,b,c) + (Féa,b,c) . Féabc))zg
o0
b, b, b,
Y (B — wR ) — )
=2
" equal to zero
That means () () @)
ab,c ab,c abc)y 3
Glz) = E, +(F —wFy"")z
(1 —wz3—2°)
oo
Next, if we multiply H(z) = Z (2, b C 22 with (1 — wz® — z%) and using (9), we obtain
(1—wz -z )H(z) = (1—wz -z )Z Bﬁf 2o+l
_ (abie) 3nt1 (3b0) 3041 _ y plabie) Bn1
- ZF311+1 " —wZFanfz =) By 5 T
n=0 n=1 n=2
b, ,b, b,
_ F(” C) (F(“ c) _ wl:‘l(’l C))Z4
ubc (abc) (a,b,e)N\ _3n+1
"‘2 3n+1 — why 7y = 75 )z
equal to zero
That means (05) (05) (50)
ab,c a,n,c ab,c 4
H(z) E""z+ (Fy —wE"")z
(1 — wz3 — z%)
Eventually, if we multiply T(z) = Z 2212 with (1 — wz® — 2z°) and using (9), we obtain
(1 —wz® — zé> T(z) = (1 - w?® ) E éﬁfzc)zg’”ﬂ

_ abe) 3n+2 a, bc 3n+2 (a,bc) _3n+2
- ZF311+ZZ ZP 2F3n74z
=2

_ PZ(a,b,c)Zz + (FS(u,b,c) . wPZ(a'b'C))Z5
[ee]

abc (a,b,) (a,b,0)\_3n+2
E 3n+2 _WP:;n L B

equal to zero

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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That means
Fz(a,b,c)zz + (F5(a,h,c) . wFZ(a,b,c))Z5

(1 — wz? —z0)

T(z) =

So, if we substitute the expressions G(z), H(z) and T(z) into (12) we get the result.C]

Theorem 4. Suppose that 1(z) = Y l,(f’b’c)z” is the ordinary generating function of the tri-periodic Leonardo
n=0

sequence. Then 1(z) is given by

1
lz) = (1—2)(1 — wz3—z°)

—l—(léa’b’c) — wléﬂ’b’c))zg’(l —z)+ (lia’b’c) — wl%ﬂ’b’c))z‘l(l —z)
—i—(léa’b’c) — wléa’b'c))ZS(l —-z)+ wz6).D

(5 (1 = 2) + 121 = 2) + 17922 (1~ 2)

Proof. Consider the generating function as

a,b,c) oy

hgk
o=

I(z) =

2
Il
S

a b c) ab,c ab,c
2+ Zl3n+1 2 4 Zl3n+2 22

= K()+M()+N( )- (13)

[
Mg

3
i

Hence, if we multiply K(z) = Z I3 (a b€) 231 with (1 — wz® — z°) and using (9), we obtain

n=0

(1—wz —Z)Zl(ubc 2"
Zlm M leibé o leibé o

(1 A 26>K(z)

l(ga,b,c) + (Zéu,b,c) . abc) Z + Z abc) ?Ezbgc) . Féz,f,g))zg,n
equal to w
l(ga,b,c) + (Z?()u,b,c) . wl(()u,b,c))zﬁ + w(l — 1_ 23)
B l((,a'b’c)(l -2+ (léu’b’c) - wléa’b'c))zg’(l —2%) + wzb

1—28
That means

l(g”’b’c)(l -3+ (léa’b’c) - wl(()”’b’c))z3(1 —23) + wzb

K(z) = (1—wz3—20)(1—23)
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Next, if we multiply M(z) = E H b C 281 with (1 — wz® — z%) and using (9), we obtain

(1 —wz® — z(’) M(z) = (1 —wz®—z ) Zl;ﬂi 23+l
_ Zléﬁi B+l le abc Bn+l Zléﬁg)zsnﬂ
_ l(abc +(labc o abc 321; . 3Zb§)_l§flb;)) 3n41
- equal to w
— @be) (abc) (abe)y 4 3
= Lz (7 —wl7)z +wz(1_23—1—z)
12921 = 23) + (1) — I*P)A (1 — 23) 4 w2

1-23

That means
lg”’b’c)z(l —-23) + (li”’b’c) — wl%”’b’c))z‘*(l —23) + w2’

M(z) = (1-23)(1 — wz® —2%)

Eventually, if we multiply N(z) = E Fégﬁ’zc)zg’”*z with (1 — wz? — z%) and using (9), we obtain
0

(1 —wz® — 26) N(z) = (1 —wz®—z ) 213‘;16) Sn+2

_ Zlaﬁé 3+ ‘Uzle.ihi n+2 Zl abc Z3n+2

= L2 4 () — ) 4 Y (5 — wllh) — 1))z
=
" equal to w

1
= {92 4 1) o125 4 w2 T3 - 2%)
léu’b’c)zz(l -2%) + (lé“’b’c) - wléu’b’c))z5(1 —2%) + w2t

1-—28

That means
lé”’b'c)zz(l -2+ (léa’b’c) — wléa’b’c))z5(1 —2%) 4 wzB
(1-23)(1 — wz® —z2%)

So, if we substitute the expressions K(z), M(z) and N(z) into (12), we obtain

T(z) =

I(z) = (1_z)(1_1w23_z6)(l(abC)(1_ )+l(ubc) (1 Z)+lubc) 22(1 - z)

+(l§a,h,c) - wl(()u,b,c))zg(l . Z) + (lia,h,c) . wl%a,b,a))zzl(l . Z)
(18P0 — 1PN B (1 - 2) + wz).0

Note that the following equality is true by using Maclaurin series expansion

1 o
=R (14)
n=0
Z (e}
— — ZanSH—H, (15)
n=0
z? N n3n42 3
n=0
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Theorem 5. The Binet’s formula of the tri-periodic Fibonacci sequence is given by
E) = Fodo(n) + Fréy (n) + Fada (). (17)
where
~ (14 ac) (a5 — B3)
FO = 7
a—p
Fo_ @EHopT —a@’T - p)
1 - o — ﬁ 7
R Ay o B (S
F =
a—p
Proof. Using Theorem 3, (14)-(16) and (11), we obtain
F(Z) _ Féa,b,C)+P1(u,b,C)Z+F2(a,b,C)ZZ+(Fg(a,b,C)_wl_-ét;,l:c:});?,j_z(él_:l(a,bp)_wFl(u,h,C))z4+(F5(u,h,c) _wl_-z(u,b,C))ZS (18)
. 1’122 +rz+r3 1”422 + 152+ 16
T A-ad) 1-p2)
[e9) [e9) (e ) [e) o [e9)
— Zrlan23n+2 4 ZrZanZSn+l 4 27’306”23" =+ Zm nz3n+2 + ZFS‘BnZBnJrl + 27’6 nZSn.
n=0 n=0 n=0 n=0 n=0 n=0
Hence, we obtain
Féa,b,c) + Fl(a,h,c)z + Fz(a,b,c)zz + (F:)‘(a,b,c) . wFéa,b,c))Zg; + (F4(a,b,c) . wFl(a,b,c))Z4 + (Féu,b,c) . wa‘(a,b,c))Z5 _
(r3 +16)+ z(ro +15)+ 22(r1 +1rq) — 22(Brs +arg) — z*(Bro + ars) — 2°(Bri + ary).
From this, we have the following equalities:
ratre = FEM (19)
ro+1rs = Pl(”’b’c)
rit+ry = F2(a,b,c)
—Br3 —arg = Fa(a’h’c) — wFé”’b’C)
—Bro —ars = Fia’b’c) — wFl(”’b’C)
—Br1—ary = Féa’b’c) — sz(a’h'c)
Hence, we have
(a,b,c)
o 0 1 0 o0 1 r kg .
0O 1 0 0 1 0 s Flobe)
1 0 0 1 0 0 | Fbe)
0 0 - 0 0 -—a ra || B - wE™)
0 - 0 0 —a O 5 1:4(11/17/6) _ wFl(”’b’C)
-8 0 0 —a O 0 76 F5(u,b,c) . wF3(a,b,c)
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and
rn = o i B (Fz(u be) a+ F(u be) _ sz(a’b'C)>,
o= g (e P )
o= - 1 ; (R a4+ B9 — wr"™)),
o= Ty i B (Fz(a'b’c)ﬁ + Féu be) wF(a b C)),
5= - i ; ( E(b€)g 4 plabe) w[—_.l(a,b,c)),
reo= —— ! ; (R B+ B9 — wrg™)).
Thus, (18) can be written as
Flz) = :le ! ; (L) 4 FJo) — o0 g0 n‘”;) ﬁ (R0 4 F) — () gz
+ i‘a - i 7 ( plabe), o F(” be) _ Fl(a,b,c)) a3t g ﬁ ( Pl(a,b,c) B+ Ff’b’c) _ wpl(a,b,c)) przon+l
n g - i ; ( Elobe) g 4 plabe) _ Fz(a,b,c)> (B2 g . i ; ( plebO)g 4 plabe) sz(a,b,c)) gr3n+2,

So, using (9), we have

F(Z) _ 1 (Féu,b,C) (0("+1 . 'Bn—l—l) + (P3(a,b,c) . wpé”/b/c))(lxn . ,3”))23"
nzO“ ﬁ
+ Z 1 (Fl(a’b’c) (Dcn+1 _ ﬁn-i-l) + (El('l/brc) _ a)Fl(u'b’C))(ﬂcn _ ,5"))23n+1
nan IB
> 1
4 Z — (Fz(a'h'c)(oc"Jrl o ‘BnJrl) + (Féa'b’c) _ sz(a'b'C))(txn o ﬁn)>23n+2‘
n=01x ‘B
This implies that
B — ) + (B — R ok — )
S n = 3k
a,b, a,b, a,b, -
F’ga,b,c) _ F1( C)(“k+1—ﬁk+1)+(134( ’BC)_ ( C))( ,Bk) n=3k+1,keZ
‘X J—
2 abe n=3k+2
F{) (@1 — o) 1 (L) — wB(™)) (ak — )
v—p

Using (9), the above equality can be written as

Ry (@81 — B84 + PP (o — )

x—p _
(abe), nzliq  nlig (abe), nzl  nl n =0 (mod 3)
O B S Ol S >;F2 @W? =F7) i =1(mod3) n>3,
a —

=2 d 3
E0) (35241 _ 5Pty 4 plabo) 15t grsty " (mod 3)

=P
= 1?0(50<1’l) + ﬁ151(71) + ?2(52(1’1). O
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Theorem 6 (Cassani’s identity). For n > 0 we have following equalities.

(@) Forn =0 (mod 3)

2
F ;E?ﬁ'C)F (abe) _ (Frga'b'c)> L ———(AgVa2" + By{/ B2 + Co(—1)")

n+1 w2+4
where
A +aEM N @+ EG) o2
Ao = « _(F3 )
C @HBETNBES D) hon2
Bo = B _(F3 )
Co = w?+2w— 2(P“’C)

(b) Forn =1 (mod 3)

plobe plabe) _ (P,E“""C))z (A1 Va21=2 4 By {/pan=2 4 Cy(-1)")

n—1 “n+l w2 +4
where
A = Féu,b,c)(l + F(abc) ) . (0( - Fz(a,b,c))z
B = B+ R"p) —(p-E)
2
C, = .F3(a,h,c) (_Fz(u,b,c)w . 2) + 2P£u2,h,c) . 2<F£a2,b,c)) ‘

(¢c) Forn =2 (mod 3)

b, b, b,0)\ 2 p— 0 n
Fr(la_lc)l:rsilc)_ (Pr(la C)) w2+4(A2,/0‘2 44 By i/t 4 Cy(—1)
where
A, = FB(a,b,c) (lX + F(u b,c) ) (Fz(u,b,c) + “)2
B, = Féu,b,c (,32 + Ffz'b'c)ﬁ) . (Fz(a,b,c) + ‘3)2
Cl _ Féu,b,c) (2 + PEuz,b,c)w) . 2F2(u,b,c) (F(a ,b,c) + w) _9

Proof. (a) For the case, n = 3k, k € Z and using Theorem (5)

(a,bc) p(ab,c) (a,b,) 2 (a,b,c) p(ab,c) (a,b,c) 2
F o By _(Fn ) = By 1 By _<F3k ) :

Hence, we have

F(u,b,c)F(a,b,c) N C(txk — ,Bk) + (Oékfl — ,kal) (ockH — ,BkJrl) — a(ock — 'Bk)
3k—1 13k+1 T “—p Py

_ ﬁ(ﬂ-lu ) (a—a) + B 11+ cB)(a — B)

+(=1)"(w? + 2w).
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and

2
() = ()
= (14ac)®a® + (1 +ac)p? —2(—1)F(1 + ac)?.

Therefore, we obtain

b,6) p(ab, b)) 2 1
EIRY = (B™) = = (AoVa® 1 B/ g2 + o)

(b)For the case, n = 3k + 1, k € Z and using Theorem (5)

(a,be) p(ab,c) (a,b) 2 _ p(abe) p(abe) (a,b,c) 2
I e _(Pn ) = F3"Eya _<F3k+1 ) :

Hence, we have

plabe) plabe) (L ac)(a — ) c(@k " — pEH) 4 (o — BY)
3k 3k+2 x—B x—B

= D @At ac) 1+ ew) + B+ ac)(1 + cB)

(—B)?
+(—1)k((1 +ac)(—cw —2)))

and

pase? _ (@ =) — e — g9\’
(3k+1) - uc—,B
1

= Wl (@ (a —a)> + (B — )* — (—=1)* (2 + 20w + 24%))

Therefore, we obtain

(a,b,c) p(ab,c) (a,b,c) 2 _ 1 3 — 3 —
L <F3k+l ) = WZ—H(AWDCZ” 24 B/ B2+ Ci(-1)")

(c)For the case, n = 3k + 2, k € Z and using Theorem (5)

(a,bc) p(ab,c) (a,b,c) 2 _ plabe) p(abe) (a,b,c) 2
F, o By — (Fn ) = By} Fakhs” — <F3k+2 ) :

Hence, we have

F(u,b,C)P(a,b,C) - (“kﬂ _ ﬁkﬂ) _ a(ock _ ﬁk) (1 + ac)(akﬂ _ ﬁkﬂ)
3k+1 “3k+3 o — '3 N — ’3

= L (@14 a0) (0 — aa) + FP((1 + ac) (B — ap)

(—B)?
+(—1)"((1 +ac)(2 —aw))

and

(Fé;f’;))z = (06—1/3)2 (a®(c+a)? + p*(c + p)?

+(=1)F (2% — 2cw — 2))
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Hence, we have

b,e) p(ab, be)\? 1 5 —
F?EZ+1C)F§Z+;) - <F3(I’:+2C)) T 2 _’_4*(143 Va2n—4 + B3y/ B4+ C3(—1)".

References

1. Liu, Z., (2023), Analysis of the application of Fibonacci sequence in different fields. College of Engineering,
The Pennsylvania State University. Journal of Undergraduate Research in Engineering, 14(1), 45-58.

2. Devlin, K. (2011), The man of numbers: Fibonacci’s arithmetic revolution. Walker & Company. Mathematics
History Series, 3, 1-275.

3. Koshy, T. (2001), Fibonacci and Lucas numbers with applications. Wiley-Interscience. Mathematics in
Engineering, 6, 1-676.

4. Stakhov, A. (2009), The mathematics of harmony: From Euclid to contemporary mathematics and computer
science. World Scientific. Applied Mathematical Sciences, 22, 1-570.

5. Bergum, G. E., (1996), Applications of Fibonacci numbers: Volume 6. Springer. Proceedings of the Sixth
International Conference, 6, 1-432.

6.  Grigas, A. (2013). The Fibonacci sequence: Its history, significance, and manifestations in nature.

7. Chastkofsky, L. (2001). The subtractive Euclidean algorithm and Fibonacci numbers. The Fibonacci Quarterly,
39(4), 320-323.

8.  Iliopoulos, C. S., Moore, D., & Smyth, W. E. (1997). A characterization of the squares in a Fibonacci string.
Theoretical Computer Science, 172(1-2), 281-291.

9. Khattak, B. H. A,, Shafi, I, Rashid, C. H., Safran, M., Alfarhood, S., & Ashraf, I. (2024). Profitability trend
prediction in crypto financial markets using Fibonacci technical indicator and hybrid CNN model. Journal
of Big Data, 11(1), 58. https://doi.org/10.1186/s40537-024-00858-9.

10. Négadi, T. (2015). A mathematical model for the genetic code(s) based on Fibonacci numbers and their
g-analogues. arXiv preprint arXiv:1510.01278. https://arxiv.org/abs/1510.01278.

11. Hoggatt, V. E. Jr. (1969). Fibonacci and Lucas numbers. The Fibonacci Quarterly, 7(5), 482-500.

12. Horadam, A. F. (1965), Basic properties of a certain generalized sequence. The Fibonacci Quarterly, 3(3),
161-176.

13. Miles, E. P. Jr. (1960). Generalized Fibonacci numbers and associated matrices. The American Mathematical
Monthly, 67(8), 745-752.

14. Lucas, E. (1877). Théorie des Fonctions Numériques Simplement Périodiques. American Journal of Mathe-
matics, 1(4), 289-321.

15.  Panwar, Y. K,, Singh, B., & Gupta, V. K. (2014), Generalized Fibonacci Sequences and Its Properties. Palestine
Journal of Mathematics, 3(2), 283-289.

16. Gosai, I. (2019), Fibonacci Sequence and Its Applications. International Journal of Research and Analytical
Reviews, 6(2), 843-847.

17.  Catarino, P, (2021), On Leonardo numbers, Acta Math. Univ. Comenianae, Vol. LXXXIX, 1, pp. 75-86.

18. Catarino, P, & Borges, A., (2020), On Leonardo numbers. Acta Mathematica Universitatis Comenianae, 89(2),
135-141.

19. Shannon, A. G., (2019), A note on generalized Leonardo numbers. Notes on Number Theory and Discrete
Mathematics, 25(3), 97-101.

20. ]J.Bravo, C. A. Gomez, ]. L. Herrera, (2019) On The Intersection of k-Fibonacci and Pell Numbers, Bulletin
ofthe Korean Mathematical Society, 56(2), 535-547.

21. Vieira, M. Mangueria, F. Alves, P. Catarino, (2020), A forma matricial dos numeros de Leonardo, Universi-
dadeFederal de Santa Maria, 42, 1-12.

22. T. Yaying, B. Hazarika, et al., (2022) On New Banach Sequence Spaces Involving Leonardo Numbers and
theAssociated Mapping Ideal, Hindawi Journal of Function Spaces, doi.org/10.1155/2022/8269000.

23. Gokbas, H., k-Leonardo numbers, (2024), Palestine Journal of Mathematics, Vol 13(4), 1427-1435.

24. Edson, M., Yayenie, O. M., A New Generalization of Fibonacci Sequence & Extended Binet’s Formula,
Integers, 9(6):639-654, 2009.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.0739.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 July 2025 d0i:10.20944/preprints202507.0739.v1

17 of 17

25. Catarino, P. M. M., Spreafico, E. V. P.,, A Note on Bi-Periodic Leonardo Sequence, Armenian Journal of
Mathematics, 16, 1-17, 2024.

26. A.Costa, E., V. P. Spreafico, E., M. M. C. Catarino, P., On The Bi-periodic Eduard and Eduard-Lucas Numbers,
V International Conference on Mathematics and its Applications in Science and Engineering 2024, DOI:
10.13140/RG.2.2.13659.17446.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.0739.v1
http://creativecommons.org/licenses/by/4.0/

