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Abstract

We ask for non-Archimedean version of following four: (1) John Theorem, (2) Dvoretzky-Milman
Theorem, (3) Type-Cotype of Banach space, (4) Kwapien Theorem.
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1. Non-Archimedean John and Dvoretzky-Milman Problems
Let X and Y be two finite dimensional Banach spaces having same dimension. The Banach-Mazur

distance between X and Y is defined as

dBM(X ,Y) := inf{∥T∥∥T−1∥ : T : X → Y is invertible linear operator}. (1)

For n ∈ N, let (Rn, ⟨·, ·⟩) be the standard Euclidean space. Famous John’s theorem says following.

Theorem 1. [1,2] (John Theorem) If X is any n-dimensional real Banach space, then

dBM(X , (Rn, ⟨·, ·⟩)) ≤
√

n.

Following surprising result says that every finite dimensional Banach space has a subspace which
is close (in the Banach-Mazur distance) to Euclidean space [3].

Theorem 2. [2–4] (Dvoretzky-Milman Theorem) There is a universal number C > 0 satisfying the following
property: If X is any n-dimensional real Banach space and 0 < ε < 1

3 , then for every natural number

k ≤ C
ε2

| log ε| log n,

there exists a k-dimensional subspace Y of X such that

dBM(Y , (Rk, ⟨·, ·⟩)) < 1 + ε.

We refer [4–20] for more information on Dvoretzky-Milman theorem.
Let K be a field. A map | · | : K → [0, ∞) is said to be a non-Archimedean valuation if following

conditions are satisfied.

(i) If λ ∈ K is such that |λ| = 0, then λ = 0.
(ii) |λµ| = |λ||µ| for all λ, µ ∈ K.
(iii) (Ultra-triangle inequality) |λ + µ| ≤ max{|λ|, |µ|} for all λ, µ ∈ K.
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In this case, K is called as a non-Archimedean valued field [21]. If K is complete in the ultra-metric

d(λ, µ) := |λ − µ|, ∀λ, µ ∈ K,

then K is called as a complete non-Archimedean valued field. In the paper, we assume that K is
complete. Let X be a vector space over a complete non-Archimedean valued field K with valuation
| · |. A map ∥ · ∥ : X → [0, ∞) is said to be a non-Archimedean norm if following conditions holds.

(i) If x ∈ X is such that ∥x∥ = 0, then x = 0.
(ii) ∥λx∥ = |λ|∥x∥ for all λ ∈ K, for all x ∈ X .
(iii) (Ultra-norm inequality) ∥x + y∥ ≤ max{∥x∥, ∥y∥} for all x, y ∈ X .

In this case, X is called as a non-Archimedean linear space (NALS) [22]. If X is complete in the
ultra-metric

d(x, y) := ∥x − y∥, ∀x, y ∈ X ,

then X is called as a non-Archimedean Banach space. Let X and Y be finite dimensional non-
Archimedean Banach spaces having same dimension. The non-Archimedean Banach-Mazur distance
between X and Y is defined as

dBM(X ,Y) := inf{∥T∥∥T−1∥ : T : X → Y is invertible linear operator}.

Given n ∈ N and a complete non-Archimedean valued field K, the standard vector space Kn is a
non-Archimedean Banach space equipped with norm

∥(λj)
n
j=1∥ := max

1≤j≤n
|λj|, ∀(λj)

n
j=1 ∈ Kn.

Problem 1. (Non-Archimedean John Problem) Let K be the set of all complete non-Archimedean valued fields.
What is the best function Ψ : K×N → (0, ∞) satisfying the following property: If X is any n-dimensional
non-Archimedean Banach space over K, then

dBM(X , (Kn, ⟨·, ·⟩)) ≤ ϕ(K, n).

Problem 2. (Non-Archimedean Dvoretzky-Mliman Problem) Let K be the set of all complete non-
Archimedean valued fields. What is the best function Ψ : K× (0, ∞)×N → (0, ∞) satisfying the following
property: If X is any n-dimensional non-Archimedean Banach space over a complete non-Archimedean valued
field K and ε > 0, then for every natural number

k ≤ Ψ(K, ε, n),

there exists a k-dimensional complete subspace Y of X such that

dBM(Y , (Kk, ∥ · ∥)) < 1 + ε.

2. Non-Archimedean Type-Cotype and Kwapien Problems
Let H be a Hilbert space and n ∈ N. Then for h1, . . . , hn ∈ H, we have the generalized parallelo-

gram identity

1
2n ∑

ε1,...,εn∈{−1,1}

∥∥∥∥∥ n

∑
j=1

ε jhj

∥∥∥∥∥
2

=
n

∑
j=1

∥hj∥2. (2)

On the other hand, celebrated Jordan-von Neumann result says that Equality (2) characterizes the
Hilbert space [23]. Equality (2) motivated the definition of Type and Cotype for Banach spaces.
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Definition 1. [2] Let 1 ≤ p ≤ 2. A Banach space X is said to be of (Rademacher) Type p if there exists
Tp(X ) > 0 such that

 1
2n ∑

ε1,...,εn∈{−1,1}

∥∥∥∥∥ n

∑
j=1

ε jxj

∥∥∥∥∥
p
 1

p

≤ Tp(X )

(
n

∑
j=1

∥xj∥p

) 1
p

, ∀x1, . . . , xn ∈ X , ∀n ∈ N.

Definition 2. [2] Let 2 ≤ q < ∞. A Banach space X is said to be of (Rademacher) Cotype q if there exists
Cq(X ) > 0 such that

(
n

∑
j=1

∥xj∥q

) 1
q

≤ Cq(X )

 1
2n ∑

ε1,...,εn∈{−1,1}

∥∥∥∥∥ n

∑
j=1

ε jxj

∥∥∥∥∥
q
 1

q

, ∀x1, . . . , xn ∈ X , ∀n ∈ N.

There is a vast literature on Type-Cotype of Banach spaces, see [2,24–32]. In 1972, Kwapien proved
the following breakthrough result using Type-Cotype notions [33].

Theorem 3. [33,34] (Kwapien Theorem) A Banach space X has Type 2 and Cotype 2 if and only if it is
isomorphic to a Hilbert space.

We ask for non-Archimedean version of previous Type-Cotype and Kwapien theorem as follows.
Let K be a complete non-Archimedean valued field. Define

c0(N,K) := {{xn}∞
n=1 : xn ∈ K, ∀n ∈ N, lim

n→∞
|xn| = 0}.

Then c0(N,K) is a non-Archimedean Banach space w.r.t. the norm

∥{xn}∞
n=1∥ := max

n∈N
|xn|, ∀{xn}∞

n=1 ∈ c0(N,K).

The space c0(N,K) is very important (among other non-Archimedean Banach spaces) and is known as
p-adic Hilbert space, see [35–37].

Problem 3. (Non-Archimedean Type-Cotype and Non-Archimedean Kwapien Problems) Whether there
is a way to define non-Archimedean Type and non-Archimedean Cotype for non-Archimedean Banach spaces
which will characterize the standard non-Archimedean Banach spaces c0(N,K)? i.e., whether we have a
non-Archimedean Kwapien theorem?
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33. Kwapień, S. Isomorphic characterizations of inner product spaces by orthogonal series with vector valued
coefficients. Stud. Math. 1972, 44, 583–595. https://doi.org/10.4064/sm-44-6-583-595.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 17 March 2026 doi:10.20944/preprints202603.1137.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.1007/BF02756881
https://doi.org/10.1007/978-1-4613-0039-7
https://doi.org/10.1016/S0304-0208(04)80166-X
https://doi.org/10.1016/S0304-0208(04)80166-X
https://doi.org/10.1017/CBO9780511662454
https://doi.org/10.4064/sm-127-2-191-200
https://doi.org/10.4064/cm-24-2-241-252
https://doi.org/10.1007/BF02392234
https://doi.org/10.1007/BFb0090061
https://doi.org/10.1007/BFb0076302
https://doi.org/10.1007/BF02759761
https://doi.org/10.2307/1968653
https://doi.org/10.4064/sm-58-2-197-208
https://doi.org/10.4064/sm-58-2-197-208
https://doi.org/10.1017/CBO9780511526138
https://doi.org/10.1017/CBO9780511526138
https://doi.org/10.4064/sm-44-6-583-595
https://doi.org/10.20944/preprints202603.1137.v1
http://creativecommons.org/licenses/by/4.0/


5 of 5

34. Yamasaki, Y. A simple proof of Kwapien’s theorem. Publ. Res. Inst. Math. Sci. 1984, 20, 1247–1251.
https://doi.org/10.2977/prims/1195180377.

35. Kalisch, G.K. On p-adic Hilbert spaces. Ann. Math. (2) 1947, 48, 180–192. https://doi.org/10.2307/1969224.
36. Aniello, P.; Mancini, S.; Parisi, V. Quantum mechanics on a p-adic Hilbert space: foundations and prospects.

Int. J. Geom. Methods Mod. Phys. 2024, 21, 36. https://doi.org/10.1142/S0219887824400176.
37. Aniello, P.; Mancini, S.; Parisi, V. Trace class operators and states in p-adic quantum mechanics. J. Math.

Phys. 2023, 64, 45. https://doi.org/10.1063/5.0134965.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 17 March 2026 doi:10.20944/preprints202603.1137.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.2977/prims/1195180377
https://doi.org/10.2307/1969224
https://doi.org/10.1142/S0219887824400176
https://doi.org/10.1063/5.0134965
https://doi.org/10.20944/preprints202603.1137.v1
http://creativecommons.org/licenses/by/4.0/

