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Article

The Halo Effect and Quantum Vortices. Not so Dark
with Alena Tensor
Piotr Ogonowski

Kozminski University, Jagiellonska 57/59, 03-301 Warsaw, Poland; piotrogonowski@kozminski.edu.pl

Abstract

Alena Tensor is a recently discovered class of energy-momentum tensors that proposes a general
equivalence of the curved path and geodesic for analyzed spacetimes which allows the analysis of
physical systems in curvilinear (GR), classical and quantum descriptions. This paper demonstrates that
extending the existing dust description to a form that provides a full matter energy-momentum tensor
in GR, naturally leads to the development of a halo effect for continuum media. The resulting effective
dark sector contributes to the gravitational energy-momentum tensor while remaining decoupled
from gauge currents and visible matter. This approach predicts an inclination-dependent lensing
signal and provides a phenomenological approximation of galaxy rotation curves for 104 objects
from the SPARC catalog. Using a single galaxy-dependent parameter, the model yields weighted
RMS residuals comparable to or smaller than those obtained with MOND or standard one-parameter
halo models in about 80% of the analysed galaxies, while allowing further refinements related to
anisotropy and energy flux. The same tensor structure admits a consistent flat spacetime formulation,
allowing rotational effects to be incorporated into a quantum description, model quantum vortices
and reproduce Mashhoon effect. This is illustrated by an effective quantum Lagrangian enabling the
interpretation of mass generation as an emergent property of the phase-spin equilibrium and leading
to a structural analogy and a set of stability conditions of quantum vortices consistent with Yukawa
and Higgs-like mechanisms.

Keywords: unification; alena tensor; dark energy; dark matter; spin-vorticity coupling

1. Introduction
Research on the dark sector has been ongoing for many years [1] and there is still no theoretical

consensus [2] or convincing experimental evidence regarding its nature [3]. We have not found
dark matter signals for the WIMP models [4], axions/ALPs [5], SIDM [6], despite new experimental
approaches [7], experiments in underground detectors, LZ experiments, XENON-nT [8] or SuperCDMS
[9], and the latest observational data (e.g., "Hubble tension", ”Sigma-8 tension”) make the issue of
the dark sector even more puzzling [10]. The dominant theoretical model is still ΛCDM with dark
matter haloes [11], although alternative theories such as MOND/relativistic generalizations [12,13],
dark photons [14], TeVeS/related constructions, f(R) [15], black holes [16], or the recently popular
”emergent/entropic gravity” [17] have achieved some success at selected scales. However, all these
approaches experience ups and downs depending on the subsequent observational data [18].

There is also considered the possibility of hybrid models (e.g. a superfluid DM combining features
of MOND and DM) [19], or even incorrect/weakened estimates of baryon masses and systematic
errors in the M/L estimate [20], and the interaction of dark matter and energy [21] but so far this
entire massive effort by the scientific community has not yielded a definitive conclusion. We have
more certainty about dark energy because the universe is definitely expanding, and there are ample,
multiple, independent confirmations, eg. from SN Ia, BAO, and CMB [11,22]. It is still uncertain
whether the cosmological constant is indeed constant, although recent DESI (BAO) analyses indicate
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the possibility of w(z) dynamics [23], and the Euclid mission is rapidly delivering high-quality weak
lensing maps and surveys that will be crucial for measuring the dark energy equation of state [24]

The Alena Tensor is a relatively young field of research and has not had much relevance to the dark
sector until now. Previous work has focused on developing a dual description for physical systems
with matter and fields in which the metric tensor is not a feature of spacetime but only a method of
describing it. Its aim was to provide a smooth transition between curvilinear description consistent
with GR [25] and a flat (classical and quantum [26]) description for simple cases with dust [27], which
was analyzed mainly for physical systems with electromagnetic fields [28]. This paper will demonstrate
that extending the Alena Tensor to the general case yields results that provide possible representation
of the spherical dark matter halo and provide an interpretation for the cosmological constant. This
work, however, does not modify Einstein equations but modifies the matter sector through anisotropic
rotational stresses. There will be also derived Noether tensor with Belinfante improvement and the
quantum effective Lagrangian, which enables quantum description of vortices and ensures that the
same energy-momentum tensor governs GR, flat-space dynamics, and quantization

In the first part of the paper, an introduction to the Alena Tensor model for dust will be presented,
then this approach will be extended to the general form of the matter energy-momentum tensor and
analyzed for quantum and GR description. The obtained GR equations will then be analyzed for
their ability to describe the halo effect and lensing. The quantum description will also be analyzed in
effective field-theoretic model and tested for its ability to describe elementary particles. The results
will be discussed and shown to lead to the conclusions described in the abstract. The present work
should be understood as a programmatic framework that establishes the core theoretical structure and
explores several phenomenological consequences, rather than as a single-phenomenon model.

2. The Extended Alena Tensor
In this chapter, the conclusions reached so far regarding the Alena Tensor will be recalled, the

notation will be introduced, and the reasoning from the previous articles will be generalized to all
gauge fields and all forces acting in the physical system. The author uses the Einstein summation
convention, metric signature (+,−,−,−) and commonly used notations

2.1. Transforming curved path into geodesic for dust

As a first step, one may generalize the solution proposed in [27] in such a way that the forces
resulting from all gauge fields are related to the metric tensor of curved spacetime

One may begin the reasoning by introducing tensor Fµναβ defined in terms of the gauge field
tensors Fµν

A for each gauge group A, and the stress-energy tensor Υµν for such generalized field

Fµναβ ≡∑
A
Fµν

A ⊗ Fαβ
A ; Υµν ≡ Fµανβgαβ − gµν 1

4
Fαγβδgαβgγδ (1)

and denote the invariant of this field as pΛ. Following reasoning from [27] let this field invariant be
defined dually as follows

pΛ ≡
1
4

Fαγβδgαβgγδ ≡ pok2 ; k ≡ kµνgµν (2)

where po is certain constant (or simply invariant, independent of the metric) and where kµν, as raised
in [26], in this approach is a metric tensor describing a curved spacetime in which all motion occurs
along geodesics. By making variation on−pΛ with respect to metric gµν (Hilbert’s method) one obtains
the energy-momentum tensor of the field from (1) expressed dually as

Υµν = pΛ

(
4
kk

µν − gµν

)
(3)
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Such approach, exactly as shown in [27], establishes a relationship between the field and the metric
tensor kµν and in the spacetime considered as described by the metric tensor gµν → kµν, one obtains
k = 4 what yields that in curvilinear description of the system, energy-momentum tensor of the
field Υµν vanishes, maintaining continuity of function. As shown in previous articles, this causes the
presence of a field in curved spacetime to manifest itself solely through curvature, which replaces the
four-force densities in flat spacetime

In flat spacetime, one may assume that the equations of motion for the gauge fields A are satisfied,
thus one obtains gauge four-currents Jν

A ≡ DµF
µν
A . Therefore, the total density of the Yang-Mills

four-forces [29,30] f ν
YM is

f ν
YM = ∂µΥµν = ∑

A
Jα
A Fν

Aα (4)

where the self-interactions of gauge fields in a non-Abelian theory are reducing. Then, following the

reasoning presented in [27] one may define coefficient χm ≡ ϱc2

pΛ
where ϱ represents matter density

and is associated with the translational current χmUµ. In the Alena Tensor approach, the existence of
matter is thus a manifestation of the existence of fields what ensures that without fields matter does
not exist.

This allows one to define the Lagrangian Ldust and obtain from it the stress-energy tensor (Alena
Tensor) for the system with dust Tµν

dust by variation on the metric

Ldust ≡ pΛ(1− χm) → Tµν
dust ≡ ϱUµUν − (1− χm)Υµν (5)

In accordance with [28], assuming ϱo as rest mass density, four-momentum density is defined as
ϱUα ≡ ϱoγUα what takes into account motion and Lorentz contraction of the volume. Total four-force
density acting on matter is therefore defined as

f ν ≡ ∂µϱUµUν = ϱUµ∂µUν = ϱ
dUν

dτ
; ∂µϱUµ = 0 (6)

As shown in [26], the above amendment introduces a natural property concerning curved spacetime,
assuming that for dust, geodesic motion is expected

∂αϱUα = 0 → Uα
,α = −dγ

dt
→ Uα

;α = 0 (7)

UαUβ
;α = 0→ D Uβ

D τ
= 0 ;

(
ϱ UαUβ

)
;α
= 0 (8)

Next, it can be calculated that in flat spacetime the four-divergence of the tensor Tµν
dust can be interpreted

as the density of the four-forces acting on matter f ν reduced by the density of the field-related four-
forces

f ν
f ield ≡ ∂µ

[
(1− χm)Υµν

]
= (1− χm) f ν

YM + f ν
gr (9)

f ν
gr ≡ Υµν∂µ(1− χm) = −Υµν∂µ χm = ϱ

(
dϕ

dτ
Uν − c2∂νϕ

)
(10)

As shown in [26], the f ν
gr can be associated with the existence of gravity in the system, while the

possibility of reproducing the GR geodetic movement by equations of motion in flat spacetime based
on potential ϕ has been already confirmed, e.g. in [31]. The four-force density f ν

rr ≡ χm fYM behaves as
a radiation-reaction force, reducing the value of forces due to the field and upholding the conservation
of energy, ensuring that the increasing energy density associated with matter ϱc2 does not exceed the
total energy density pΛ available in the system

0 = ∂µTµν
dust = f ν − f ν

f ield = f ν − f ν
YM − f ν

gr + f ν
rr (11)
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where lim
χm→1

f ν
f ield = 0.

Presented approach, as shown in [27] allows one to interpret the existence of Υµν as a perturbation
of the metric on the flat Minkowski background, thus Υµν can be treated as a potential for the Weyl
tensor. This also indicates the ansatz for the Kerr-Schild type metrics for curved spacetime

kµν ≡∑
i

cil
µ
i lν

i +
k
4

ηµν ; 0 = ηµνlµ
i lν

i (12)

where lµ
i are null vectors and ci are related coefficients

In the next section, the above model will be expanded to include rotation-related components,
which will prove crucial for describing dark sector phenomena and allow to obtain a description that
agrees with the observational results.

2.2. Rotational energy

It can be noticed that the radiation reaction force should take into account the total energy
associated with the body, so in addition to the energy associated with the translational motion, it seems
necessary to take into account the rotational energy

One may thus introduce a projector ∆µν, flow vorticity tensor ωµν, positive coefficient χω equal to
the rotational energy Erot up to pΛ (thus Erot ≡ pΛχω) and some metric independent auxiliary α with
the dimension of the square of time

∆µ
ν ≡ gµ

ν −
1
c2 UµUν ; ωµν ≡ ∆µ

α∆ν
β∇[αUβ] ; χω ≡

α

2
ωµνωµν (13)

Defining Lagrangian density LT for the whole system and tensor Bλµν to describe emerging boundary
terms

LT = pΛ(1− χω − χm) ; Bλµν ≡ pΛα
(

Uλωµν −U(µων)λ
)

(14)

and introducing Ξµν tensor related to rotational properties of the system

−Ξµν ≡ α pΛ

(
ωµγων

γ −
1
2

∆µνωαβωαβ

)
+∇λBλ(µν) (15)

one obtains Alena Tensor Tµν for the system derived with help of variational method on LT in the
form

Tµν = ϱUµUν − Ξµν − (1− χω − χm)Υµν ; Tµνgµν = ϱc2 − Erot (16)

Considering description in curved spacetime, described by the metric tensor kµν, the field tensor
Υµν vanishes, the system tensor reduces to the form Tµν

matt ≡ ϱUµUν − Ξµν and its vanishing four-
divergence means that any deviations from the geodesic motion with aµ ≡ Uν∇νUµ are compensated
by rotation related forces. Using the standard kinematic decomposition one may calculate

ε ≡ 1
c2 Tµν

mattUµUν = ϱc2 + 2Erot (17)

Tµν
mattUν =

(
ϱc2 + 2Erot

)
Uµ − α pΛ

(
aνωνµ +

c2

2
∆µ

ν∇λωλν

)
(18)

where the element in brackets in last equation represents in fact the purely spatial vorticity divergence.
Assuming the classical definition of the energy flux qα one also gets

qα ≡ 1
c2 ∆α

µTµν
mattUν = −α pΛ

(
aνωνα +

c2

2
∆α

ν∇λωλν

)
(19)
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Introducing classical shear tensor σµν and effective vortex stress tensor τµν as

σµν ≡ ∆µα∆νβ∇(αUβ) −
1
3
∇αUα∆µν ; τµν ≡ pΛα

2

(
σµ

λωνλ + σν
λωµλ

)
(20)

one may thus rewrite Tµν
matt in curved spacetime as

Tµν
matt =

ε

c2 UµUν +
1
c2 (U

µqν + Uνqµ)− Erot∆µν − τµν (21)

One may notice that the system has a built-in anisotropic stress described by τµν, but its source is
not viscosity, but the coupling between shear and vorticity (between flow deformation and local spin
angular momentum)

Considered in flat spacetime such approach introduces additional four-force density f ν
Ξ acting on

matter and also changes f ν
gr and the radiation reaction f ν

rr to the form

f ν
Ξ ≡ ∂µΞµν ; f ν

rr = (χm + χω) f ν
YM ; f ν

gr = Υµν∂µ(1− χω − χm) (22)

One may now consider the impact of the above expansion of the Alena Tensor on quantum equations
and GR equations

2.2.1. Noether tensor and quantum interpretation

One may consider LT from (14) in flat spacetime. The canonical Noether energy-momentum
tensor associated with translations is

Tµν
can ≡∑

ϕ

∂LT
∂(∂µϕ)

∂νϕ− ηµν LT ; ∂µTµν
can = 0 (on− shell) (23)

where the sum runs over all dynamical fields ϕ (here: Uα and gauge fields AαA). Lorentz invariance
implies conservation of the total angular momentum current Jλµν as

Jλµν ≡ xµTλν
can − xνTλµ

can + Sλµν ; ∂λ Jλµν = 0 (24)

with the spin current Sλµν written by the generators of Lorentz transformations acting on the space of
field components marked as Σµν

Sλµν ≡∑
ϕ

∂LT
∂(∂λϕ)

(Σµνϕ) (25)

Substituting the explicit expressions for the spin current given in (24) together with the canonical
momenta defined below, yields the explicit form of the Belinfante superpotential Qλµν in terms of the
velocity field Uα and the gauge field tensors Fµν

A . In this way the symmetrisation procedure leading
to the Belinfante tensor Tµν

B is completely determined by the field content of the Lagrangian. For a
Lorentz vector field Vρ one has (ΣµνV)ρ = ηµ

ρVν − ην
ρVµ, hence in particular

Sλµν
U = Πλµ(U)Uν −Πλν(U)Uµ ; Sλµν

gauge = ∑
A

(
ΠλAµ(A)Aν

A −ΠλAν(A)Aµ
A

)
(26)

and Sλµν = Sλµν
U + Sλµν

gauge. One may thus define the Belinfante superpotential Qλµν as in [29] which is
antisymmetric in the first two indices Qλµν = −Qµλν, and the Belinfante tensor Tµν

B as

Qλµν ≡ 1
2

(
Sµλν + Sνλµ − Sλµν

)
; Tµν

B ≡ Tµν
can + ∂λQλµν (27)
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Since partial derivatives commute in flat spacetime and Qλµν is antisymmetric in (λ, µ), therefore
∂µ∂λQλµν = 0 and thus ∂µTµν

B = 0 on-shell. Using (24) and (27) one gets the standard identity

Tµν
can − Tνµ

can = −∂λSλµν → Tµν
B = Tνµ

B (28)

For the U-sector the momentum conjugate to ∂µUα is

Πµα(U) ≡ ∂LT
∂(∂µUα)

= −αpΛ ωµα (29)

For the gauge sector, using definition of pΛ from (2), one finds

ΠµA
α(A) ≡ ∂LT

∂(∂µAα
A)

= (1− χω)F
µ
Aα (30)

since the mass term pΛχm = ϱc2 does not depend on ∂µAα
A

For a Poincaré-invariant theory in flat spacetime one has the Rosenfeld-Belinfante identity
Tµν = Tµν

B + ∂λ∂ρ Yλρµν, where ∂λ∂ρ Yλρµν is an identically conserved (pure-improvement) term.
In above, the physical (symmetric, conserved) energy-momentum tensor Tµν is Hilbert tensor from
(16). Upon quantization, Tµν is promoted to an operator and ϱc2 = χm pΛ admits a natural interpreta-
tion as mc2ψ̄ψ.

This also yields that in the quantum theory the four-velocity field Uµ is identified with the
hydrodynamic limit of the Dirac current, Uµ = c ⟨ψ̄γµψ⟩/

√
⟨ψ̄γνψ⟩⟨ψ̄γνψ⟩, rendering χω a composite

quantity determined by fermionic correlators. For a Dirac field coupled to gauge fields via Dµ =

∂µ − i ∑A gA AµA TA, one obtains in flat spacetime Lagrangian LQ and the standard symmetric form

Tµν =
ih̄c
4

ψ̄ γ(µ←→D ν)ψ− Ξµν − (1− χω − χm)Υµν (31)

LQ ≡ ih̄c
2

ψ̄ γµ←→D µψ + (1− χω − χm)pΛ (32)

where
←→
D denotes the two-way covariant derivative. The rotational sector described by Ξµν and the

vorticity-dependent screening of pΛ provide an effective dark sector. It contributes to the gravita-
tional energy-momentum tensor while remaining non-interacting with gauge currents and visible
matter. As a consequence, the effective dark sector gravitates universally but does not participate in
nongravitational interactions, which implies a natural dynamical separation from baryonic matter
in systems undergoing mergers or collisions. This separation follows directly from the structure of
the energy-momentum tensor and does not require additional fields, modified gravity, or ad hoc
interaction terms

2.2.2. General Relativity Interpretation

One may now repeat the reasoning from [27] and define the generalized Ricci and Einstein tensors,
where the˜sign indicates normalization with the constant κ/2 = 4πG

c4 , and additional tensor Θµν as

R̃µν ≡ 2Tµν
matt + 2χωΥµν +

(
pΛ + Erot − ϱc2

)
gµν (33)

R̃ ≡ R̃µν gµν = 4pΛ + 2Erot − 2ϱc2 (34)

G̃µν ≡ R̃µν − R̃
2

4
kk

µν = R̃µν − R̃
2

gµν − R̃
2pΛ

Υµν = 2Tµν
matt − (2− χm − χω)Υµν − pΛgµν (35)

Θµν ≡ −(χm + χω)Υµν → G̃µν + pΛ gµν = 2Tµν + Θµν (36)
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where the last equality holds in any considered spacetime and for Gµν = κ
2 G̃µν, Λ = κ

2 pΛ becomes the
classical GR equation in curved spacetime (in curved spacetime Υµν and Θµν vanish)

The Lagrangian LΘ for Θµν may be obtained the same way as in [27] with the use of the interpo-
lating path method gµν(λ) = (1− λ)kµν + λgµν. Using this method one obtains

√
−gLΘ ≡

1
2

∫ 1

0
dλ

√
−g(λ) Θµν

[
gµν(λ)

]
∂λgµν(λ) (37)

Since the variation of the functional is located on the boundary λ = 1, thus Θµν = 2√−g
δ(
√−gLΘ)

δgµν .

In the last equation of (36) considered in curved spacetime (gµν → kµν) field invariant pΛ acts
as double the vacuum energy density (vacuum pressure). This equation may be derived from the
Lagrangian density LG in the form

LG ≡ 2LT + LΘ = Lmatt +
1
2

R̃− 2Erot ; Lmatt ≡ LΘ − pΛ(χm + χω) (38)

where the variation by Hilbert’s method on Lmatt gives Tµν
matt ≡ ϱUµUν − Ξµν.

The equation (35) considered in curved spacetime simplifies to G̃µν = R̃µν − R̃
2 gµν where Υµν and

thus also Θµν vanishes. It is also worth noting that in flat spacetime the generalized Einstein tensor is
associated with the four-divergence of Θµν

∂µG̃µν = ∂µΘµν = f ν
gr − f ν

rr (39)

so the curvature it describes in curved spacetime replaces this four-force density, where f ν
gr is related

to gravity and f ν
rr is the density of radiation-reaction four-force. The presence of the radiation-reaction

force has already been discussed in previous works [25], and it now prevents the matter energy and
rotational energy from increasing beyond the maximum energy density pΛ available in the system.

It is worth noting that internal energy density and rotational energy, essentially exhaust the
possible forms of energy that can be attributed to material bodies (other forms of energy, e.g., chemical
energy, can be treated as their components) which could be present in the radiation reaction force. This
means that the model proposed here seems complete (with the possible extension of α to a tensor form
for more complex systems) and should allow for reproducing the results obtained from GR, as well as
reproducing observational results that are inconsistent (such as the dark sector) with currently used
interpretation of GR.

Alena Tensor approach therefore allows one to look at Einstein’s equations in a new light and
analyze the possibilities of explaining the dark sector in a consistent mathematical framework that
allows analysis in both flat and curved spacetime. Importantly, it is also possible to analyze the
system using a quantum approach (in the description for flat spacetime) and to use standard tools of
continuum mechanics for continuous media in flat and curved spacetime, where the description of the
behavior of matter has been separated into effects related to fundamental interactions f ν

YM, gravity
and radiation reaction f ν

gr − f ν
rr, and forces related to the distribution of matter f ν

Ξ.

3. Results
The following section will present the results of applying the Alena Tensor model both to cosmo-

logical objects and to describe quantum vortices
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3.1. The halo effect

The obtained results de facto means that Alena Tensor ensures correct operation of the standard
continuum mechanics equations and GR equations (Euler equations, EOS, TOV, first integrals for
rotating stars, etc.), with assumption that the energy density used in them is ε = ϱc2 + 2Erot and
pressure is equal to Erot. In the next steps, this approach will be analyzed to show that it leads to
consistency with the observational data

It’s worth starting with a simple approximation. Denoting urot as rotational velocity and assuming

pΛα =
1

c2κ
; ϱrot ≡

2Erot

c2 =
ωαβωαβ

8πG
→ lim

r→∞
ϱrot =

u2
rot

4πGr2 (40)

one may notice that pΛα in (15) plays the role of the density of the moment of inertia, while ϱrot

increases the body’s effective mass within its own frame. This would allow to consider galaxies
as continuous media, where the effective mass Me f f and its density ϱe f f responsible for gravity
ϱe f f ≡ ε

c2 = ϱ + ϱrot from (17) increases with the galactic disk size and angular velocity, causing the
halo effect

For far regions, denoting Mb as baryonic mass, for spherical symmetry one obtains from Poisson’s
equation simple linear ODE in the Newtonian limit. In the far regions it could determine a constant
rotation speed and might be used to measure of deviation from the vacuum solution.

Vacuum solution
(

Tµν
matt = 0

)
in curved spacetime from (34) and (16) yields

R̃ = 4pΛ → ϱc2 = Erot = 0 (41)

This means that Keplerian profiles are still possible for systems that can be approximated by the
vacuum solution

Going into a more detailed analysis, one may analyse axisymmetric, stationary metric

ds2 = N2c2dt2 − A2
(

dr2 + r2dθ2
)
− B2r2 sin2 θ(dϕ−ωdt)2 (42)

which in general case implies the existence of two Killing vectors ξµ = (∂t)µ, ηµ = (∂ϕ)µ. For the
energy-momentum tensor in the hydrodynamic distribution as in (21), one can therefore define Killing
currents Jµ

E ≡ Tµνξν = Tµ
t and Jµ

L ≡ Tµνην = Tµ
ϕ which satisfy 0 = ∇µ Jµ

E = ∇µ Jµ
L . From the algebraic

identity (for any Killing vector Kµ)

Jµ[K] ≡ TµνKν =
ε

c2 Uµ(U·K) + 1
c2

[
Uµ(q·K) + (U·K) qµ

]
− Erot ∆µνKν − τµνKν (43)

one obtains, in particular, for the angular momentum (K = η) the form of a mixed component

Tµ
ϕ =

ε + Erot

c2 UµUϕ +
1
c2

(
Uµqϕ + qµUϕ

)
− τµ

ϕ − Erot δµ
ϕ (44)

Consequently, the transport components (radial and meridional) have the form

Tr
ϕ =

ε + Erot

c2 UrUϕ +
1
c2

(
Urqϕ + qrUϕ

)
− τr

ϕ (45)

Tθ
ϕ =

ε + Erot

c2 UθUϕ +
1
c2

(
Uθqϕ + qθUϕ

)
− τθ

ϕ (46)

For circular flow 0 = Ur = Uθ , the convective terms from Ur, Uθ disappear, so the currents reduce to

Tr
ϕ =

qrUϕ

c2 − τr
ϕ ; Tθ

ϕ =
qθUϕ

c2 − τθ
ϕ (47)
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This means that in the stationary and axisymmetric regime, the "halo" can be interpreted not as
additional mass, but as a result of angular momentum transport via the energy flux qµ and anisotropic
stresses τµ

ν, which generate non-zero fluxes Tr
ϕ and/or Tθ

ϕ

One may also consider a simplified analysis based on an ideal-fluid approximation
(

τµν = 0, U(µqν) = 0
)

,
leaving only the contribution of the rotational current discussed above, which appears in the form of
an effective pressure p ≡ Erot. In this case the energy-momentum tensor reduces to

Tµν
ideal ≡

(
ϱ +

2p
c2

)
UµUν − p∆µν (48)

Analyzing Euler’s energy and momentum equations for ∇µTµν
ideal = 0, one finds that the velocity

measured by locally non-rotating observers is not geodesic. On the equatorial plane it takes the form

u2
ZAMO

c2 =
(Br)2

N2

(
dϕ

dt
−ω

)2
= r ∂r ln N + γ2

p − 1 ; γ2
p ≡ 1− r

p′

ϱc2 + 3p
(49)

Here uZAMO denotes the velocity measured by locally non-rotating observers (ZAMO), i.e. observers
with zero angular momentum with respect to infinity in a stationary axisymmetric spacetime. Such
observers follow worldlines orthogonal to hypersurfaces of constant coordinate time and therefore
provide the natural local inertial frame for rotating systems. The ZAMO construction and the corre-
sponding velocity definition are standard in relativistic rotating flows [32–34]. The resulting expression
therefore corresponds to the velocity measured in the locally non-rotating frame associated with the
metric introduced above and represents the physically relevant velocity entering the Euler equations
for stationary rotating configurations

One may therefore define the pressure contribution as

κp ≡
u2

ZAMO
r2c2 → dMeff

dr
= 4πr2ϱ(r) +

u2
ZAMO

G
→ d

dr
u2

ZAMO = 4πGr ϱ(r) (50)

In this picture the velocity increase depends solely on the baryonic mass distribution, while the
flattening of the rotation curve at large radii is maintained by the rotational energy component.
This behavior precisely mimics the phenomenology usually attributed to a dark matter halo. The
introduction of qµ and τµν into a system can be approximated by defining parameter χ(r) changing
original p used for isotropic model. Assuming pr ≡ βr p and pθ ≡ βθ p one may introduce

pϕ ≡ p → χ = βr + βθ ; 3pχ → (1 + χ)p ; 2p→ χp (51)

The constant χ analysis should be regarded as an illustrative limit rather than a physical assumption
and is comparable in quality to standard one-parameter halo models. In practice, even a constant χ

should be sufficient for analyzing the fit of galaxy rotation curves. Using a constant χ also provides a
simpler ODE and the ability to quickly perform preliminary fits of χ to observational data for large
amounts of data.

dMe f f

dr
= 4πr2ϱ(r) +

χ

2
u2

ZAMO
G

→

d
dr

u2
ZAMO = 4πGr ϱ(r) +

(χ

2
− 1

)u2
ZAMO

r
; lim

ϱ→0
u2

ZAMO ∝ r
χ
2−1 (52)

On the Fig. 1 below, one may find the expected course of the rotation curves depending on the assumed
constant χ.
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Figure 1. Approx. rotation curves in Alena Tensor model
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The calculations used an averaged Hernquist bulge baryon model ϱbulge and a ”spherical proxy”
of the exponential disk ϱdisc

ϱbulge =
Mbulge

2π

a
r(r + a)3 ; Mbulge = 1010M⊙ ; a = 1kpc (53)

ϱdisc =
Mdisc

4πR2
d

e−r/Rd

r
; Rd = 3kpc (54)

with total baryon density ϱb(r) = ϱbulge + ϱdisc, standard G value, anisotropy and energy stream
simulated by constant χ. As can be seen from the graph, the increasing anisotropy towards the
outskirts of the galaxy χ(r = 0) = 0 ; lim

r→∞
χ(r) = const would allow the graph to align with the

expected curve shapes for spiral galaxies
As it appears, a constant value of χ allows one to tune the rotation velocity distribution for a

significant subset of galaxies, providing a first overview of the method and a starting point for further
analysis using a radial function χ(r). The results of fitting a constant χ to approximately 100 galaxies
from the SPARC catalog [35] are presented in C

In this numerical exploration the baryonic density entering eq. (52) is reconstructed from the
baryonic rotation curve Vbar(r) using a spherical inversion routine (implemented in the supplementary
Mathematica script as rhoFromVbar). This procedure should be understood as a phenomenological
spherical proxy for the baryonic mass distribution rather than a physical reconstruction of the disk
potential. Its purpose is purely computational, and allows the differential equation (52) to be integrated
directly from the observed baryonic rotation curves without introducing an explicit disk-potential
decomposition or solving the Poisson equation numerically. Consequently, the present analysis should
be interpreted as an exploratory test of the scaling behaviour predicted by the model rather than as a
detailed reconstruction of the gravitational field of galactic disks

Importantly, the additional gravitational contribution predicted in the Alena Tensor framework
does not depend on the geometrical orientation of the baryonic disk itself. In this model the extra
source term arises from the rotational invariant ωµνωµν entering the energy-momentum tensor through
the rotational energy density Erot. As a scalar invariant of the flow, this quantity depends primarily on
the magnitude of the rotational motion rather than on the planar geometry of the disk. At large radii
the associated gravitational response can therefore appear approximately isotropic even when the
baryonic rotation is confined to a disk. Cosmological simulations of galaxy formation also show that
angular-momentum transport and high angular-momentum gas in galactic halos can produce extended
halo structures whose dynamical influence becomes approximately spherical on large scales [36–38].
The spherical reconstruction used here should therefore be regarded as a practical approximation
capturing this large-scale behaviour

For each galaxy χ was the only free parameter, while the baryonic contribution was fixed directly
from the SPARC photometric data. The value of χ was determined by iteratively solving eq. (52)
and imposing a normalization condition in the outer disk ⟨Vχ⟩outer = ⟨Vobs⟩outer, where the averages
are taken over the outer ∼ 30% of radial data points. This procedure fixes the overall amplitude of
the model rotation curve while leaving its radial shape determined by the solution of eq. (52). To

quantify the quality of the fit, the weighted RMS residual wRMS =

√
∑i wi(Vobs−Vχ)

2

∑i wi
is computed over

the entire radial range of the rotation curve using observational uncertainties as weights. Because the
outer normalization condition enforces agreement at large radii, additional diagnostics are reported
separately for the inner and intermediate regions of the rotation curve. A summary table containing,
for each galaxy, the fitted χ, the weighted RMS residual over the full radial range (wRMS), the residuals
for the inner and intermediate radial regions, the quality parameter Q ≡ wRMS

⟨Vobs⟩outer
, a quality flag (A-C)

derived from Q, and the number of data points used in the fit (N) is provided in A. Quality flags
correspond to Q < 0.10 (A), 0.10 ≤ Q < 0.20 (B), and Q ≥ 0.20 (C)
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The full fitting pipeline, including reading the SPARC rotation-curve data, interpolating the
baryonic component Vbar(r), reconstructing the spherical proxy density, numerically solving eq. (52),
and exporting the rotation-curve plots and statistical tables, was fully automated in the accompanying
Mathematica script, which is included in the supplementary material

To provide a benchmark for the quality of fit, a comparison was made between the Alena
Tensor model in the constant parameter approximation χ and two commonly used, low-parameter
descriptions of rotation curves:

• MOND with the classical acceleration scale value a0

• one-parameter approximation of the core-type halo profile (here designated Burkert-1p), in which
the halo component amplitude is fixed by normalization in the outer disk (analogous to the
normalization procedure in AT).

All wRMS values were calculated on the same SPARC points and with the same weights (inverse of
the variance of the velocity errors). The summary table in B shows that out of 104 analysed galaxies,
the AT model yields wRMSAT ≤ wRMSMOND in 85 cases and wRMSAT ≤ wRMSBurkert in 82 cases,
corresponding to approximately 82% and 79% of the sample, respectively. The Burkert-1p column
represents a simplified one-parameter cored-halo proxy used purely as a benchmark reference, rather
than a full two-parameter Burkert halo fit. The AT model normalization follows the same outer-disk
velocity matching procedure used for the one-parameter halo proxy

Additionally, it was examined whether the fitted χ values correlate with galaxy properties
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Figure 2. The dependence of the fitted parameter χ on ⟨Vobs⟩outer

As a simple, uniformly accessible measure of the dynamical state, it was used ⟨Vobs⟩outer, i.e., the
mean velocity observed in the outer part of the rotation curve (the last ∼ 30% radial points). Fig. 2
shows the dependence of χ on ⟨Vobs⟩outer, along with the given correlation coefficients (on a linear and
log-log scale). The observed high correlation suggests that χ is not merely a free per-galaxy tuning
parameter, but may encode a systematic scaling with galaxy dynamical properties

It is also worth emphasizing that the discussed framework leads to concrete and testable observa-
tional predictions for gravitational lensing. In this approach, the halo effect is not associated with an
additional mass component, but emerges from rotational energy, energy fluxes, and anisotropic stresses
contained in the matter energy-momentum tensor. In the general formulation, lensing is governed
by the Ricci focusing term obtained from the contraction with a null vector kµ = ϖ

(
Uµ

c + nµ
)

which
yields, using Einstein equations

Rµνkµkν = κ Tµνkµkν = κ ϖ2
[

ρc2 + 3Erot +
2
c
(qµnµ)− τµνnµnν

]
(55)
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The relation between the Ricci focusing term and gravitational lensing follows from the Sachs optical
equations for a bundle of null geodesics, as derived in eqs. (2.6-2.12) of [39]. In particular, the expansion
θ of the light bundle satisfies

dθ

dλ
= −1

2
θ2 − σ2 − Rµνkµkν (56)

where λ is the affine parameter and σ is the shear of the null congruence. In the weak-lensing
regime the quadratic terms can be neglected, so that the focusing is directly controlled by the Ricci
contraction Rµνkµkν. Similar sensitivity of gravitational lensing to anisotropic stress is known to appear
in relativistic weak-lensing formalisms [40]. This expression shows explicitly that, in addition to the
effective energy density ρc2 + 3Erot, lensing is sensitive to energy fluxes qµ and anisotropic stresses
τµν, which encode angular momentum transport and are responsible for the halo-like behavior in the
Alena Tensor model. A simpler and more practical observational test can be constructed using the
idealized fluid approximation Tµν

ideal, supplemented by an effective anisotropy parameter χ, defined
through directional pressures. In the thin-lens approximation the observable lensing convergence κlens

is determined by the projection of this quantity along the line of sight [39]

κlens(R) =
1

Σcrit

∫
dz

Tµνkµkν

c2ϖ2 (57)

This expression is formally equivalent to the standard weak-lensing relation κlens = Σ/Σcrit, which
allows one to define an effective surface density Σeff through the projection of the stress-energy
contribution along the line of sight. Here ϖ denotes the normalization of the null vector kµ =

ϖ(Uµ/c + nµ), so that Tµνkµkν/ϖ2 corresponds to the physically relevant projection Tkk. In this case,
the Ricci focusing reduces to the form below, which directly translates into an effective surface density
for lensing

Tkk
ϖ2 = ρc2 + 2p + prn2

r + pθn2
θ + pϕn2

ϕ ; Σeff(R) =
∫

dz
[
ρ + W(i)

p
c2

]
(58)

where the weight W(i) depends on the inclination i of the system with respect to the line of sight. For
a disk galaxy, this leads to two limiting cases:

Σface
eff =

∫
dz
[
ρ +

(
2 +

χ

2

) p
c2

]
; Σedge

eff =
∫

dz
[

ρ +

(
5
2
+

χ

4

)
p
c2

]
(59)

Consequently, one generically predicts

Σface
eff − Σedge

eff =
χ− 2

4
Σp ; Σp ≡

∫
dz

p
c2 (60)

and thus a systematic inclination-dependent lensing signal whose sign and magnitude are directly
controlled by the anisotropy parameter χ, for systems with identical baryonic mass distributions and
rotation curves. This inclination-dependent lensing signal provides a simple and robust observational
test of the Alena Tensor halo mechanism, which is not expected in standard isotropic dark matter halo
models, but is indicated by the conclusions from observations e.g. in [41–43]

3.2. Quantum vortices and elementary particles

In chapter 2.2.1 the possibility of quantum analysis of the Alena Tensor was demonstrated, so it is
worth making such a preliminary analysis. The simplified effective Lagrangian shown below can be
considered as a low-energy approximation of the quantum Lagrangian LQ from (31), obtained after
integrating the degrees of freedom associated with the rotational sector of the Alena Tensor, serving
as phenomenological low-energy model capturing the dominant rotational response. In this sense,
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the function χω is no longer an independent geometric field, but appears as a local four-dimensional
operator, while retaining exactly the same energy interpretation and vacuum screening mechanism.

Leff =
h̄c
2
(∂µρ)(∂µρ) +

h̄c
2

ρ2 (∂µϕ)(∂µϕ)︸ ︷︷ ︸
Lscalar(vortex)

+ ψ̄
(

ih̄c γµDµ −mc2
)

ψ︸ ︷︷ ︸
Lψ

+
e−ϑ(ρ)

2c2κ
ωµνωµν − gh̄ ψ̄Σµνψ ωµν︸ ︷︷ ︸

Lspin−vortex

(61)

where

• ϕ(x) - vortex phase field (action phase). Its gradient ∂µϕ represents the generalized four-
momentum flow associated with the vortex structure.

• ρ(x) - amplitude of the complex condensate φ = h̄cρ eiϕ. It determines the vortex core profile and
sets the symmetry-breaking scale.

• ωµν - vorticity tensor of the underlying medium. In this Lagrangian it is treated as an independent
antisymmetric field capturing local rotational structure analogous to the Hubbard-Stratonovich
transformation [44].

• Σµν - spin generator in the fermionic representation Σµν = i
4 [γµ, γν].

• eϑ(ρ) - plays the role of a dimensionless state-dependent stiffness function, encoding the effective
elastic response of the vortex condensate, where it is assumed for calculation simplicity pΛα =

e−ϑ(ρ)/(c2κ)

• g - dimensionless spin-vorticity coupling constant, determining the strength of the interaction
between fermionic spin and the vortex background.

The Madelung decomposition φ = h̄c ρ eiϕ introduces an effective phase field whose gradient gives the
conserved current h̄c ρ2 ∂µϕ

It may be also assumed that the electroweak symmetry is broken by a chiral fermion condensate
⟨ψ̄RψL⟩ ̸= 0 which implies SU(2)L ×U(1)Y → U(1)em. The associated three Goldstone modes are
thus absorbed as the longitudinal polarizations of W± and Z bosons, yielding their masses in the
standard, technicolor way. The Higgs boson is also identified with the lightest scalar resonance in
the technicolor sector associated with the chiral condensate ⟨ψ̄RψL⟩ ̸= 0, as in standard technicolor
constructions [45,46]. However, the mechanism of fermion generation may result from the adopted
Lagrangian

In the next steps it will be shown that by treating the Lagrangian (61) as an effective field
model and choosing an appropriate stiffness function ϑ(ρ), the effective description admits structures
analogous to Yukawa-type mass generation and Higgs-like potentials

The vorticity tensor enters the Lagrangian (61) only through the elastic term and the spin-vorticity
interaction. Its algebraic equation of motion yields

∂Leff
∂ωµν = 0 → ωµν = c2κ eϑ(ρ) gh̄ ψ̄Σµνψ (62)

so that eliminating ωµν produces the effective fermion term

Erot =
g2h̄2c2κ eϑ(ρ)

2
(ψ̄Σµνψ)(ψ̄Σµνψ) (63)

Evaluated at the homogeneous equilibrium, this yields a dynamically generated fermion mass

meff =
g2h̄2κ eϑ(ρ)

2
⟨Σ⟩ ; ⟨Σ⟩ ≡

⟨(ψ̄Σµνψ)(ψ̄Σµνψ)⟩
⟨ψ̄ψ⟩ (64)
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Up to Fierz rearrangements [47], the induced four-fermion operator contains a scalar channel allowing
for fermion mass generation, analogously to NJL-type dynamics [48]. In this picture, the mass genera-
tion results from the equilibrium between the scalar amplitude ρ and the spin-vorticity background,
rather than from a fundamental Yukawa coupling where the condensate ⟨Σ⟩ plays the role of an order
parameter. For a stationary vortex configuration φ = h̄cρ eiϕ, the scalar sector of (61) thus leads to the
standard energy functional

E[ρ, ϕ] =
h̄c
2

∫
d3x

[
(∇ρ)2 + ρ2(∇ϕ)2] (65)

Euler-Lagrange equations derived from (61) are

h̄c ∂µ∂µρ−
[

h̄c ρ (∂µϕ)(∂µϕ)− ϑ′(ρ)e−ϑ(ρ)

2c2κ
ωαβωαβ

]
= 0 ; ∂µ

(
ρ2 ∂µϕ

)
= 0 (66)

and show that the amplitude adjusts to the local phase gradient. In the presented model, ρ has
the dimension of the inverse of the length while Standard Model vev vSM is expressed as energy.
Considering the equations in the limit ρ = v one may thus assume that h̄cv ≡ vSM which fixes the
normalization of the scalar amplitude and should be understood as a matching condition between the
effective vortex sector and the electroweak vacuum scale. Since the effective Yukawa parameter can
be extracted directly from (64) therefore in order to reproduce the Standard Model it should satisfy
meffc2 = yf√

2
h̄c v, thus

yfh̄c√
2
≡ ∂meff(ρ)c2

∂ρ

∣∣∣∣
ρ=v

= meffc2 ϑ′(v) → h̄c yf√
2 meffc2

=
1
v
→ ϑ′(v) ≡ 1

v
(67)

Assuming the stationary energy-minimizing configuration (static state)

ρ(x) = v = const ; ∂iæ = 0 ; Œ(x) = ¯ ct ; ∂iŒ = 0 (68)

the Euler-Lagrange equation for ρ = v reduces therefore to

Erot(v) = meffc2 ⟨ψ̄ψ⟩ = e−ϑ(v)

2c2κ
ωαβωαβ = h̄c

v µ2

ϑ′(v)
= h̄c v2µ2 (69)

Under suitable assumptions on the stiffness function ϑ(ρ) and on the spin-vorticity condensate encoded
in ωαβωαβ, this relation plays the role of a gap equation, equivalent to the condition ∂Veff(ρ)/∂ρ|ρ=v = 0
for an effective Higgs-like potential. The competition between Erot and h̄c v2µ2 might therefore
reproduce the characteristic symmetry-breaking structure of the Higgs potential. Using the equilibrium
equation and the condition ϑ′(v) = 1

v , the second derivative of the effective potential can be calculated
as

∂2Veff(ρ)

∂ρ2

∣∣∣∣
ρ=v

= meffc2 ⟨ψ̄ψ⟩
[

ϑ′′(v) +
(
ϑ′(v)

)2 − ϑ′(v)
v

]
= meff c2⟨ψ̄ψ⟩ ϑ′′(v) (70)

Equivalently, assuming that the effective potential Veff(ρ) is indeed of Higgs type, it may also be
assumed that

∂2Veff(ρ)

∂ρ2

∣∣∣∣
ρ=v
≡ 2h̄cv2 (71)
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Therefore (70) = (71) may be further simplified, imposing a specific form on the function ϑ(ρ) as below,
for the preservation of the Yukawa condition and the Higgs-like potential

ϑ(ρ) ≡ ln
ρ

v
+

coth2( θf
2 )

2

(ρ

v
− 1

)2
→

Erot(v) = meffc2 ⟨ψ̄ψ⟩ = 2h̄cv2 v2

coth2( θf
2 )− 1

= 2h̄cv4 sinh2
(

θf
2

)
(72)

The chosen form of ϑ(ρ) is the minimal analytic function satisfying simultaneously the Yukawa
condition, vacuum normalization, and positivity of the Higgs curvature. It yields

yf√
2
· ⟨ψ̄ψ⟩ = 2 sinh2

(
θf
2

)
· v3 (73)

Therefore, following standard dimensional estimates for strongly coupled fermion condensates one
may make the natural assumption ⟨ψ̄ψ⟩ = v3, and separate condensate from Yukawa parameter as
follows

yf√
2
=

µ2

v2 = 2 sinh2
(

θf
2

)
= cosh(θf)− 1 (74)

replacing the Yukawa parameter yf with square of the ratio of the topological energy of the vortex
to the electroweak vacuum scale. In this picture cosh(θf) − 1 determines the total excess energy
needed to maintain the phase current where A = 2 sinh

(
θf
2

)
can be interpreted as the amplitude of the

underlying spinor wave ψ, representing a propagating, localized excess of energy above the vacuum
background ρ = v and carrying spin 1/2

In this way the above approach suggests an interpretation of elementary fermions as stable
quantum vortices, reproducing structural features analogous to the Yukawa and Higgs mechanisms,
where all stability requirements follow directly from the field equations and the structure of the
effective potential. In this approach, the technicolor sector is responsible for the vacuum dynamics
leading to the spontaneous breaking of the electroweak symmetry and the establishment of the vSM

scale, while the fermions are treated as effective excitations of this vacuum of a topological nature,
described by an independent vortex sector

This interpretation is fully consistent with the general paradigm of topological solitons, where
localized and finite-energy excitations of a continuous field behave as particle-like objects, as in the
Skyrme model [49,50], the Faddeev-Niemi hopfion model [51,52], and the superfluid-vacuum approach
of Volovik [53]. In the presented case, the spin-vorticity coupling and the rotational energy functional
play the role of stabilizing terms, ensuring that the vortex configuration propagates as a massive
fermionic quasiparticle, closely analogous to knotted vortical solitons in classical and quantum field
theories [54]

One may also notice that this type of effective Lagrangian (61) naturally supports four distinct
conserved charges, arising from its symmetries and from the structure of the vorticity sector (with
accuracy to constants)

• Phase (Noether) charge Qϕ =
∫

d3x j0 ; jµ ≡ ρ2 ∂µϕ originating from the global shift symmetry.
It corresponds to the conserved circulation associated with the phase field.

• Topological vortex number Nv = 1
2π

∮
C ∇ϕ · d⃗ℓ ∈ Z defined for static configurations with nontrivial

winding of the phase ϕ around the vortex core. This integer counts the number of 2π windings.
• Spin-vorticity flux charge Qsv =

∫
d3x ∂µ

(
gh̄ ωµ0) where the vorticity tensor ωµν satisfies the alge-

braic field equation ωµν = c2κ eϑ(ρ)gh̄ ψ̄Σµνψ. This charge reflects the conserved flow associated
with the spin-vorticity coupling term gh̄ ψ̄Σµνψ ωµν.

• Hopf (linking) charge QH = 1
32π2

∫
d3x ϵijkAi Fjk defined when the dual vorticity vector ωi ≡

1
2 ϵijkωjk is normalized to a unit field n⃗(x) = ω⃗/|ω⃗|, with Fij = ∂iAj − ∂jAi denoting the pullback
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of the area form on S2. This integer-valued invariant characterizes the knotting and linking of
vorticity lines.

It is therefore possible to expand the model based on the conserved charges and deeper analysis of the
model in the context of reproducing known structural features of elementary particles, including the
possibility of identifying particle families with different topological sectors.

It may be also noticed that assuming non-zero particle’s mass m, variation of (61) with respect to
ψ̄ gives the modified Dirac equation(

ih̄c γµDµ −mc2 − gh̄ Σµνωµν

)
ψ = 0 (75)

where the last term is a local spin-vorticity coupling formally analogous to the Mashhoon effect [55,56].
For the normalization of ωµν assumed in (13) this correspondence fixes g = 1

2 . This allows the obtained
model to be applied to atomic systems and other classical settings

One may consider the regime in which the effective vorticity field ωµν is dominated by a stationary
rotational background with angular velocity Ω⃗. Using the standard identification of spatial components
ωi = 1

2 ϵijkωjk, the nonrelativistic Foldy-Wouthuysen expansion as in [57] therefore yields an additional
spin-rotation term in the effective Hamiltonian ∆Hsv = − 1

2 h̄ σ⃗ · Ω⃗ corresponding to a rotation-induced
spin splitting ∆E = h̄|Ω|. This effect is directly testable in precision spin-precession experiments,
atomic and neutron interferometry, and high-resolution spectroscopy in controlled rotating platforms

The vacuum normalization eϑ(v) = 1 ensures that the coupling is fixed in vacuum and coincides
with the standard spin-rotation interaction, while any deviation must arise from medium-dependent
effects encoded in ρ ̸= v. Consequently, the quantum sector of the Alena Tensor framework leads to
two distinct and falsifiable implications:

• a fixed, parameter-free spin-rotation coupling in vacuum, reproducing the Mashhoon-type pre-
cession without additional degrees of freedom,

• a possible environment-dependent modification of spin-dependent interactions,

constrained by precision limits on anomalous spin couplings in vortical or rotating media. Any
observed departure from the vacuum prediction thus directly bounds the response function eϑ(ρ),
providing an experimental handle on the rotational sector of the theory. The available literature
indicates that the described effect is expected [58], already observed to some extent [59] and should be
measurable using standard research procedures [60,61]

4. Discussion and Conclusions
It is worth discussing the conclusions of this article by dividing them into issues concerning

GR/Cosmology and quantum issues

4.1. Discussion and Conclusions Regarding GR and Cosmology

As seen in the above article, supplementing the Alena Tensor with the energy associated with
the rotation of bodies naturally leads to the creation of halo effects, known from dark matter studies.
Preliminary analysis allows for a fairly good match of this effect to observational results, although
this obviously requires further development and verification for a larger number of cosmological
objects. Importantly, the proposed approach does not require modification of the GR equations, but
rather fits naturally into the applied GR equations and continuum mechanics. The model discussed
also describes the properties related to gravitational lensing, however, a dedicated analysis of light
deflection, including the role of anisotropic stresses, would be required to quantitatively assess the
consistency of the model with lensing observations [39,62]. In standard NFW dark matter halos or in
MOND-like modified gravity models, the lensing signal at fixed baryonic mass and rotation curve is
expected to be largely insensitive to disk inclination, apart from trivial geometric projection effects.
As shown in 3.1, the predicted inequality Σface

eff − Σedge
eff makes therefore a distinctive and falsifiable
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signature of the Alena Tensor framework. This inclination-dependent lensing imprint has not yet been
explored in dedicated observational studies and given the availability of large galaxy-galaxy lensing
samples and resolved kinematic data, the proposed signal appears readily testable

The proposed solution fits quite well with the research direction represented by [63–65] and
also [66] (including baryotropy), who investigated anisotropic fluid in cosmology and its potential
connections with the dark sector. Related directions have also been explored in recent studies that
model the dark sector as an effective relativistic fluid or emergent gravitational component, where halo
phenomenology and galaxy rotation curves arise from modified stress-energy structures rather than
from additional particle degrees of freedom [67–69]. However, it complements these studies with the
natural halo effect resulting directly from the GR equations for the Alena Tensor. The proposed model
also expands and, in a sense, substantiates the hypothesis posed by C. Rourke [70], complementing the
research [71–74] with a justification for linking rotation with the halo effect. The idea that geometric
contributions can mimic dark matter is not new [75,76], but Alena Tensor gives it some additional
structure, making it a direct consequence of a coherent mathematical model

Importantly, the Alena Tensor also provides a natural interpretation of dark energy. The value of
pΛ is an invariant of the field tensor and becomes constant (or, at least, metric-independent invariant)
in curvilinear description. In a sense, a nonzero value of Λ can therefore be interpreted as a scale
of deviation from pure wave solutions, without matter (for example, for the electromagnetic field,
pΛ = 0 would mean that the electric and magnetic fields are equal, so the solutions must be pure
electromagnetic waves). Since the value of pΛ measured in flat spacetime is pΛ = po

(
kµνηµν

)2, it is a
measure of the "flatness" of spacetime, or more precisely, a measure of how much the metric tensor for
the curvilinear description deviates from the Minkowski tensor. This interpretation seems particularly
interesting in the context of the works [77,78], because it strengthens and details the conclusions
described therein, providing a geometric, anisotropic source that can be interpreted as a specific
backreaction mechanism leading to acceleration. Whether this identification can fully reproduce the
phenomenology of dark energy at the level of background expansion and cosmological perturbations
remains an open question and should be addressed in future work

It seems that the next best step would be to conduct consistent tests of gravitational lensing (in
galaxies and clusters), satellite dynamics, and perturbation cosmology (structure growth, ISW, CMB),
which would allow to clearly confirm or falsify the assumptions presented in the article. This approach
could be also applied to many other continuous systems (e.g., stars or black holes) which would allow
for the analysis of its further, yet unseen properties.

4.2. Discussion and Conclusions Regarding Quantum Issues

In quantum theory, the same structure of the energy-momentum tensor gives rise to topological
vortices whose stability determines states with interpretable mass. The analysis presented in this work
indicate the possibility of effective-field reinterpretation of the Higgs mechanism in terms of vortex
dynamics, in which fermion masses arise from a self-consistent spin-vorticity condensation rather
than from fundamental Yukawa couplings. The elimination of the antisymmetric vorticity field leads
to an effective four-fermion interaction and a gap equation for the condensate modulus, allowing
for particle-like, topologically stabilized vortex excitations to emerge within the obtained Belinfante
energy-momentum tensor structure

The inclusion of rotational energy contributions in the energy-momentum tensor naturally induces
a local spin-vorticity coupling, encoded in the modified Dirac equation (75). In the nonrelativistic limit
this coupling reduces to a Mashhoon-type interaction, consistent with earlier analyses of inertial and
rotational effects in relativistic quantum mechanics [79–81]. Such couplings are known to play a role in
systems with significant vorticity, including relativistic fluids and rotating quantum media, where spin
polarization effects have been discussed in hydrodynamic and condensed-matter contexts [82,83]. In
this sense, the obtained vorticity field admits a direct physical interpretation as an effective rotational
background, potentially relevant for vortical quantum systems such as the quark-gluon plasma [84]
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The effective theory exhibits four conserved quantities: the phase charge Qϕ, the vortex number
Nv, the spin-vorticity charge Qsv, and the Hopf charge QH . These invariants classify vortex config-
urations according to their topology and are closely analogous to conserved charges appearing in
well-established soliton models, including Skyrme-type constructions [85], Faddeev-Niemi hopfions
[86], and related knot-like soliton solutions [87,88]. Within the present approach, fermionic excitations
may be associated with stable, spin-carrying vortex configurations, while different topological sectors
could encode additional structural distinctions among particle-like solutions

Eliminating the vorticity field yields an effective description reminiscent of dynamical mass
generation mechanisms known from Nambu-Jona-Lasinio models [89], composite Higgs scenarios
[90,91], and superfluid-vacuum analogies [53]. In this picture, the Higgs boson appears as a radial
excitation of the condensate, with its mass determined by the curvature of the effective potential. While
the present analysis remains at the level of an effective model, it suggests a unified perspective on
fermion and Higgs mass generation tied to vortex stability and the structure of the condensate

The results obtained here motivate several directions for further study, including the construction
of fully nonlinear three-dimensional vortex solutions with prescribed topological charges, the analysis
of their stability and energetics, and the investigation of possible phenomenological implications of
spin-vorticity couplings. Potential applications range from atomic and condensed-matter systems to
relativistic heavy-ion collisions [82,92] and astrophysical settings such as neutron stars [93,94]. A more
detailed exploration of transport properties and spin polarization effects in vortical media [95,96] may
further clarify the physical relevance and limitations of the proposed framework

Equally interesting direction of further analysis could be e.g. the use of the possibilities of
quantum description of the dark sector in the Alena Tensor model, for further development of works
such as [97]. It also seems that describing matter (e.g. a neutron star, as in [98,99]) using the mechanism
proposed here for GR, would be the simplest way to confirm or falsify the Alena Tensor, due to the high
symmetry of such a solution. It can also be noted that the Madelung phase ϕ obtained in this paper
may be e.g. interpreted as the phase of microscopic proper-time oscillations of spacetime, analogous to
the scalar field ζ considered in the [100] introduced in spacetime excitation model. In this picture, the
localized vortex solutions would correspond to stable, topologically protected configurations of the
underlying spacetime phase. However, all these analyses deserve separate articles

In conclusion, it remains an open question whether the Alena Tensor is a correct way to describe
physical systems, but this paper shows that, beyond the compliances with available knowledge
achieved so far, it naturally leads to the existence of halo effects, interpretation of dark energy and
modeling quantum vortices. Taken together, these results indicate that the extended Alena Tensor
offers a unified geometric and topological framework that connects elementary particles, relativistic
fluids and large-scale astrophysical structures. This opens a way for theoretical and phenomenological
studies, extending far beyond the cosmological applications emphasized in the present work

The author hopes that the results obtained in this paper will facilitate further use and development
of the discussed approach and, potentially, many similar concepts. It also seems that further analysis of
Alena Tensor may provide useful descriptions of the transformation between curved and flat spacetime
and bring new insights that will contribute to a better understanding of issues related to the broadly
understood unification of physical theories.
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Appendix A Numerical results of fitting the constant χ

Table A1. Goodness-of-fit statistics for the constant-χ model. wRMS(all) is computed over the full radial range.
wRMS(inner) and wRMS(mid) are computed over the inner 30% and middle 40% of radial points (sorted by
radius). The fit normalisation enforces agreement in the outer region.

Galaxy χ
wRMS(all)

[km/s]
wRMS(inner)

[km/s]
wRMS(mid)

[km/s]
Q

= wRMS/⟨Vobs⟩outer
Flag N

D631-7 2.631 7.2 8.5 7.3 0.126 B 16.
DDO161 2.125 3.1 6.8 4.1 0.047 A 31.
DDO168 2.640 4.1 6.0 3.5 0.077 A 10.
DDO170 2.997 5.6 8.7 6.5 0.094 A 8.
ESO079-G014 1.395 7.1 21.9 11.6 0.041 A 15.
ESO116-G012 1.931 5.5 9.6 6.1 0.050 A 15.
ESO563-G021 1.038 32.3 42.6 15.2 0.102 B 30.
F568-3 2.458 6.7 4.3 11.6 0.061 A 18.
F568-V1 2.814 19.0 19.4 20.7 0.168 B 15.
F571-8 1.369 45.8 63.4 52.6 0.347 C 13.
F574-1 2.319 5.7 5.2 7.8 0.058 A 14.
F579-V1 1.817 18.6 28.1 15.4 0.164 B 14.
F583-4 2.062 2.6 4.3 1.9 0.040 A 12.
IC4202 0.510 41.5 52.5 20.5 0.172 B 32.
KK98-251 2.822 1.1 0.6 0.6 0.033 A 15.
NGC0024 1.933 7.2 9.7 8.2 0.068 A 29.
NGC0055 1.733 3.9 6.7 1.6 0.045 A 21.
NGC0100 1.983 8.8 11.3 8.6 0.100 B 21.
NGC0247 2.287 9.2 10.2 0.8 0.087 A 26.
NGC0289 0.960 31.8 59.7 29.5 0.190 B 28.
NGC0300 2.267 2.3 2.5 2.8 0.025 A 25.
NGC1003 1.782 13.0 18.3 14.9 0.117 B 36.
NGC1090 0.682 16.3 36.2 21.6 0.100 B 24.
NGC1705 1.906 2.7 5.6 0.5 0.038 A 14.
NGC2366 1.959 3.8 5.3 3.3 0.077 A 26.
NGC2403 1.430 17.8 21.3 20.6 0.133 B 73.
NGC2683 0.475 24.8 33.1 15.7 0.158 B 11.
NGC2841 1.232 17.8 11.9 25.4 0.063 A 50.
NGC2903 0.484 51.1 105.4 51.2 0.279 C 34.
NGC2915 2.100 8.2 19.9 2.4 0.099 A 30.
NGC2998 0.676 14.1 26.5 22.8 0.067 A 13.
NGC3198 1.192 22.1 24.7 26.9 0.149 B 43.
NGC3726 0.700 36.3 44.9 37.0 0.224 C 12.
NGC3741 2.991 2.6 3.0 3.2 0.053 A 21.
NGC3769 1.085 26.2 44.3 19.3 0.222 C 12.
NGC3893 0.570 34.4 50.5 23.2 0.192 B 10.
NGC3917 1.292 5.1 9.0 1.0 0.037 A 17.
NGC3972 1.211 5.1 6.0 3.4 0.040 A 10.
NGC3992 0.949 9.9 20.5 5.4 0.040 A 9.
NGC4010 1.031 12.5 18.2 15.5 0.099 A 12.
NGC4013 0.843 33.0 44.3 30.9 0.187 B 36.
NGC4100 0.687 12.5 19.2 10.8 0.075 A 24.
NGC4157 0.447 47.8 68.8 47.7 0.258 C 17.
NGC4183 1.540 4.6 7.4 3.8 0.042 A 23.
NGC4214 1.675 8.8 13.9 6.2 0.110 B 14.
NGC4559 0.938 16.8 29.4 15.1 0.139 B 32.
NGC5033 0.706 29.1 95.8 27.2 0.150 B 22.
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Galaxy χ
wRMS(all)

[km/s]
wRMS(inner)

[km/s]
wRMS(mid)

[km/s]
Q

= wRMS/⟨Vobs⟩outer
Flag N

NGC5055 0.469 79.9 105.6 81.1 0.449 C 28.
NGC5585 1.640 15.9 16.1 21.1 0.176 B 24.
NGC5907 0.924 20.6 29.4 22.0 0.096 A 19.
NGC5985 1.401 27.6 61.6 11.5 0.095 A 33.
NGC6015 1.208 19.9 14.4 28.2 0.126 B 44.
NGC6503 1.136 17.5 37.8 13.3 0.152 B 31.
NGC6674 1.103 22.1 24.1 27.5 0.092 A 15.
NGC7331 0.359 64.4 134.8 55.5 0.270 C 36.
NGC7793 0.771 12.0 9.5 14.7 0.111 B 46.
NGC7814 0.707 35.2 84.6 32.9 0.164 B 18.
UGC00128 2.278 10.3 15.1 9.6 0.079 A 22.
UGC00191 2.316 7.6 6.9 6.5 0.102 B 9.
UGC01230 2.012 14.8 12.7 20.9 0.139 B 11.
UGC02259 2.880 11.1 26.1 10.3 0.129 B 8.
UGC02487 1.347 9.6 29.0 7.6 0.029 A 17.
UGC02885 0.977 46.5 68.2 47.0 0.156 B 19.
UGC02916 0.345 57.9 81.2 45.8 0.284 C 43.
UGC02953 0.638 52.6 84.9 75.9 0.195 B 115.
UGC03205 0.685 18.0 20.0 33.6 0.083 A 48.
UGC03546 0.366 24.7 111.9 39.3 0.126 B 30.
UGC03580 0.936 39.4 76.6 52.3 0.334 C 47.
UGC04278 2.901 8.3 6.7 11.0 0.095 A 25.
UGC04325 2.845 15.5 22.9 15.6 0.171 B 8.
UGC04483 2.216 0.9 1.7 0.7 0.038 A 8.
UGC04499 2.047 1.6 2.6 1.4 0.023 A 9.
UGC05005 2.314 6.6 5.5 8.9 0.069 A 11.
UGC05253 0.461 56.1 73.4 71.4 0.239 C 73.
UGC05716 2.809 6.2 8.3 6.4 0.084 A 12.
UGC05721 1.940 4.7 6.8 5.0 0.060 A 23.
UGC05750 2.453 4.2 3.9 3.2 0.058 A 11.
UGC05986 1.979 3.6 2.3 4.2 0.032 A 15.
UGC06399 2.631 3.3 3.6 3.6 0.039 A 9.
UGC06446 2.522 9.0 12.3 8.7 0.109 B 17.
UGC06614 0.988 57.8 68.4 66.8 0.287 C 13.
UGC06786 1.001 35.2 60.1 53.4 0.157 B 45.
UGC06787 0.814 60.2 138.6 68.9 0.251 C 71.
UGC06818 1.910 12.1 14.6 13.7 0.186 B 8.
UGC06917 2.006 3.2 3.4 4.1 0.030 A 11.
UGC06930 1.694 4.8 9.0 3.1 0.044 A 10.
UGC06983 2.052 7.8 10.0 7.6 0.072 A 17.
UGC07089 1.590 5.5 5.8 6.1 0.074 A 12.
UGC07125 1.307 2.2 3.3 2.2 0.034 A 13.
UGC07151 1.431 1.7 2.8 1.1 0.023 A 11.
UGC07323 1.288 4.1 5.1 5.4 0.053 A 10.
UGC07524 2.366 4.3 2.0 6.6 0.053 A 31.
UGC07603 2.375 1.8 3.2 1.3 0.030 A 12.
UGC08286 2.574 8.0 14.7 6.6 0.096 A 17.
UGC08490 1.906 2.8 4.5 2.0 0.036 A 30.
UGC08550 2.497 3.4 6.7 0.6 0.061 A 11.
UGC08699 0.620 42.9 63.5 37.1 0.236 C 41.
UGC08837 1.677 4.3 5.2 4.3 0.108 B 8.
UGC09037 0.546 40.8 56.8 24.4 0.270 C 22.
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Galaxy χ
wRMS(all)

[km/s]
wRMS(inner)

[km/s]
wRMS(mid)

[km/s]
Q

= wRMS/⟨Vobs⟩outer
Flag N

UGC09133 0.719 51.3 124.0 65.5 0.220 C 68.
UGC11820 2.271 1.7 4.3 3.3 0.023 A 10.
UGC12506 1.404 19.7 35.8 10.2 0.085 A 31.
UGC12632 2.673 6.9 10.2 8.2 0.095 A 15.
UGC12732 2.681 5.4 10.4 4.2 0.059 A 16.

Appendix B Comparison of the AT approach to other approaches

Table A2. Benchmark comparison of the weighted RMS residuals for the Alena Tensor constant-χ model (AT)
against MOND (with standard a0) and a one-parameter cored-halo proxy (Burkert-1p), evaluated on the same
SPARC rotation-curve points and uncertainties. All wRMS values are computed over the full radial range.

Galaxy χ
wRMS(AT)

[km/s]
wRMS(MOND)

[km/s]
wRMS(Burkert-1p)

[km/s]
⟨Vobs⟩outer

[km/s]
N

D631-7 2.631 7.2 14.8 24.6 57.7 16.
DDO161 2.125 3.1 21.8 11.7 66.3 31.
DDO168 2.640 4.1 10.8 15.2 53.4 10.
DDO170 2.997 5.6 18.3 6.2 59.1 8.
ESO079-G014 1.395 7.1 26.9 20.8 172.6 15.
ESO116-G012 1.931 5.5 8.9 28.0 110.0 15.
ESO563-G021 1.038 32.3 32.9 91.9 314.9 30.
F568-3 2.458 6.7 16.8 51.1 108.5 18.
F568-V1 2.814 19.0 18.0 16.5 113.0 15.
F571-8 1.369 45.8 40.0 61.4 131.8 13.
F574-1 2.319 5.7 10.8 24.6 98.4 14.
F579-V1 1.817 18.6 17.2 15.8 113.4 14.
F583-4 2.062 2.6 16.8 15.8 65.2 12.
IC4202 0.510 41.5 54.8 56.0 242.2 32.
KK98-251 2.822 1.1 12.8 10.9 33.0 15.
NGC0024 1.933 7.2 6.3 22.3 107.0 29.
NGC0055 1.733 3.9 25.8 20.0 86.2 21.
NGC0100 1.983 8.8 18.8 30.3 88.1 21.
NGC0247 2.287 9.2 12.0 34.3 105.7 26.
NGC0289 0.960 31.8 48.6 23.8 167.4 28.
NGC0300 2.267 2.3 9.9 23.9 94.4 25.
NGC1003 1.782 13.0 21.7 21.0 111.4 36.
NGC1090 0.682 16.3 56.7 21.9 162.7 24.
NGC1705 1.906 2.7 8.5 6.5 71.5 14.
NGC2366 1.959 3.8 14.1 14.6 50.1 26.
NGC2403 1.430 17.8 15.3 28.7 133.3 73.
NGC2683 0.475 24.8 52.2 29.9 157.0 11.
NGC2841 1.232 17.8 8.5 28.2 281.8 50.
NGC2903 0.484 51.1 57.4 46.8 182.9 34.
NGC2915 2.100 8.2 15.5 15.7 82.9 30.
NGC2998 0.676 14.1 55.5 14.3 211.2 13.
NGC3198 1.192 22.1 37.9 32.9 148.9 43.
NGC3726 0.700 36.3 70.8 45.5 161.6 12.
NGC3741 2.991 2.6 4.0 17.6 49.5 21.
NGC3769 1.085 26.2 39.9 29.3 117.8 12.
NGC3893 0.570 34.4 48.8 42.4 179.4 10.
NGC3917 1.292 5.1 26.9 26.3 137.2 17.
NGC3972 1.211 5.1 21.6 18.8 127.4 10.
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Galaxy χ
wRMS(AT)

[km/s]
wRMS(MOND)

[km/s]
wRMS(Burkert-1p)

[km/s]
⟨Vobs⟩outer

[km/s]
N

NGC3992 0.949 9.9 44.3 17.2 245.6 9.
NGC4010 1.031 12.5 33.4 23.7 125.8 12.
NGC4013 0.843 33.0 56.9 43.2 176.9 36.
NGC4100 0.687 12.5 38.4 19.2 165.3 24.
NGC4157 0.447 47.8 75.4 52.2 185.2 17.
NGC4183 1.540 4.6 25.6 15.5 110.8 23.
NGC4214 1.675 8.8 6.7 15.2 80.4 14.
NGC4559 0.938 16.8 42.7 21.7 121.6 32.
NGC5033 0.706 29.1 34.6 20.6 194.2 22.
NGC5055 0.469 79.9 93.4 76.2 178.0 28.
NGC5585 1.640 15.9 19.6 40.4 90.6 24.
NGC5907 0.924 20.6 58.8 26.2 215.8 19.
NGC5985 1.401 27.6 22.3 12.5 291.9 33.
NGC6015 1.208 19.9 24.7 43.5 157.3 44.
NGC6503 1.136 17.5 23.1 15.8 115.2 31.
NGC6674 1.103 22.1 37.8 19.3 241.6 15.
NGC7331 0.359 64.4 93.2 64.4 238.4 36.
NGC7793 0.771 12.0 22.8 26.1 107.6 46.
NGC7814 0.707 35.2 19.5 28.2 214.0 18.
UGC00128 2.278 10.3 16.5 10.7 130.3 22.
UGC00191 2.316 7.6 14.2 13.8 74.1 9.
UGC01230 2.012 14.8 24.0 26.7 106.6 11.
UGC02259 2.880 11.1 4.4 5.9 86.2 8.
UGC02487 1.347 9.6 10.0 13.6 330.8 17.
UGC02885 0.977 46.5 50.4 52.5 298.0 19.
UGC02916 0.345 57.9 65.7 56.2 203.9 43.
UGC02953 0.638 52.6 42.9 48.7 269.7 115.
UGC03205 0.685 18.0 36.5 19.5 217.4 48.
UGC03546 0.366 24.7 52.5 22.3 195.3 30.
UGC03580 0.936 39.4 40.3 39.3 118.2 47.
UGC04278 2.901 8.3 10.7 33.0 86.9 25.
UGC04325 2.845 15.5 8.0 12.9 90.9 8.
UGC04483 2.216 0.9 7.2 4.4 22.6 8.
UGC04499 2.047 1.6 17.5 12.0 71.6 9.
UGC05005 2.314 6.6 25.9 35.5 94.8 11.
UGC05253 0.461 56.1 50.5 52.7 235.1 73.
UGC05716 2.809 6.2 6.4 10.5 73.4 12.
UGC05721 1.940 4.7 10.1 19.1 78.6 23.
UGC05750 2.453 4.2 19.5 29.0 71.9 11.
UGC05986 1.979 3.6 7.6 28.4 111.6 15.
UGC06399 2.631 3.3 9.2 15.8 83.5 9.
UGC06446 2.522 9.0 4.2 12.0 83.1 17.
UGC06614 0.988 57.8 67.4 62.5 201.2 13.
UGC06786 1.001 35.2 14.5 33.8 223.5 45.
UGC06787 0.814 60.2 22.5 44.1 240.0 71.
UGC06818 1.910 12.1 25.2 21.5 64.9 8.
UGC06917 2.006 3.2 15.4 17.3 106.0 11.
UGC06930 1.694 4.8 24.3 12.0 108.0 10.
UGC06983 2.052 7.8 9.2 13.4 108.4 17.
UGC07089 1.590 5.5 28.2 18.6 74.7 12.
UGC07125 1.307 2.2 38.1 8.4 65.3 13.
UGC07151 1.431 1.7 15.5 12.6 72.5 11.
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Galaxy χ
wRMS(AT)

[km/s]
wRMS(MOND)

[km/s]
wRMS(Burkert-1p)

[km/s]
⟨Vobs⟩outer

[km/s]
N

UGC07323 1.288 4.1 23.8 14.0 78.1 10.
UGC07524 2.366 4.3 15.3 18.8 79.8 31.
UGC07603 2.375 1.8 5.5 16.3 62.0 12.
UGC08286 2.574 8.0 3.4 13.4 83.5 17.
UGC08490 1.906 2.8 1.8 11.4 78.3 30.
UGC08550 2.497 3.4 4.6 10.6 56.2 11.
UGC08699 0.620 42.9 30.6 35.8 181.9 41.
UGC08837 1.677 4.3 21.6 12.1 40.2 8.
UGC09037 0.546 40.8 75.4 48.4 151.3 22.
UGC09133 0.719 51.3 63.2 39.7 232.9 68.
UGC11820 2.271 1.7 16.7 9.4 74.3 10.
UGC12506 1.404 19.7 23.1 13.5 232.3 31.
UGC12632 2.673 6.9 13.7 9.6 72.2 15.
UGC12732 2.681 5.4 10.1 18.0 91.6 16.
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Appendix C Graphical results of fitting the constant χ

Figure A3. Rotation curves at constant χ for galaxies 1/7
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Figure A4. Rotation curves at constant χ for galaxies 2/7
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Figure A5. Rotation curves at constant χ for galaxies 3/7
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Figure A6. Rotation curves at constant χ for galaxies 4/7
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Figure A7. Rotation curves at constant χ for galaxies 5/7
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Figure A8. Rotation curves at constant χ for galaxies 6/7
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Figure A9. Rotation curves at constant χ for galaxies 7/7

References
1. Abdalla, E.; Marins, A. The dark sector cosmology. International Journal of Modern Physics D 2020, 29, 2030014.

https://doi.org/10.1142/S0218271820300141.
2. Marra, V.; Rosenfeld, R.; Sturani, R. Observing the dark sector. Universe 2019, 5, 137. https://doi.org/10.339

0/universe5060137.
3. Billard, J.; Boulay, M.; Cebrián, S.; Covi, L.; Fiorillo, G.; Green, A.; Kopp, J.; Majorovits, B.; Palladino, K.;

Petricca, F.; et al. Direct detection of dark matter-APPEC committee report. Reports on Progress in Physics
2022, 85, 056201. https://doi.org/10.1088/1361-6633/ac5754.

4. Akerib, D.; Akerlof, C.; Alsum, S.; Araújo, H.; Arthurs, M.; Bai, X.; Bailey, A.; Balajthy, J.; Balashov, S.; Bauer,
D.; et al. Projected WIMP sensitivity of the LUX-ZEPLIN dark matter experiment. Physical Review D 2020,
101, 052002. https://doi.org/10.1103/PhysRevD.101.052002.

5. Nitta, T.; Braine, T.; Du, N.; Guzzetti, M.; Hanretty, C.; Leum, G.; Rosenberg, L.; Rybka, G.; Sinnis, J.; Clarke,
J.; et al. Search for a dark-matter-induced cosmic axion background with ADMX. Physical review letters 2023,
131, 101002. https://doi.org/10.1103/PhysRevLett.131.101002.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 March 2026 doi:10.20944/preprints202510.1554.v7

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.1142/S0218271820300141
https://doi.org/10.3390/universe5060137
https://doi.org/10.3390/universe5060137
https://doi.org/10.1088/1361-6633/ac5754
https://doi.org/10.1103/PhysRevD.101.052002
https://doi.org/10.1103/PhysRevLett.131.101002
https://doi.org/10.20944/preprints202510.1554.v7
http://creativecommons.org/licenses/by/4.0/


31 of 35

6. Eckert, D.; Ettori, S.; Robertson, A.; Massey, R.; Pointecouteau, E.; Harvey, D.; McCarthy, I. Constraints
on dark matter self-interaction from the internal density profiles of X-COP galaxy clusters. Astronomy &
Astrophysics 2022, 666, A41. https://doi.org/10.1051/0004-6361/202243205.

7. Capolupo, A.; Pisacane, G.; Quaranta, A.; Romeo, F. Probing mirror neutrons and dark matter through cold
neutron interferometry. Physics of the Dark Universe 2024, 46, 101688. https://doi.org/10.1016/j.dark.2024.1
01688.

8. Aprile, E.; Aalbers, J.; Abe, K.; Ahmed Maouloud, S.; Althueser, L.; Andrieu, B.; Angelino, E.; Antón Martin,
D.; Arneodo, F.; Baudis, L.; et al. First search for light dark matter in the neutrino fog with XENONnT.
Physical Review Letters 2025, 134, 111802. https://doi.org/10.1103/PhysRevLett.134.111802.

9. Agnese, R.; Aralis, T.; Aramaki, T.; Arnquist, I.; Azadbakht, E.; Baker, W.; Banik, S.; Barker, D.; Bauer, D.;
Binder, T.; et al. First dark matter constraints from a SuperCDMS single-charge sensitive detector. Physical
review letters 2018, 121, 051301. https://doi.org/10.1103/PhysRevLett.121.051301.

10. Kamionkowski, M.; Riess, A.G. The Hubble Tension and Early Dark Energy. Annual Review of Nuclear and
Particle Science 2023, 73, 153–180. https://doi.org/10.1146/annurev-nucl-111422-024107.

11. Aghanim, N.; et al. Planck 2018 results. VI. Cosmological parameters. Astronomy & Astrophysics 2020,
641, A6. https://doi.org/10.1051/0004-6361/201833910.
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