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Abstract

The design of informatively reach input signals is essential for accurate system identification, yet
classical Fisher-information-based methods are inherently local and often inadequate in the presence
of significant model uncertainty and nonlinearity. This paper develops a Bayesian approach that
uses the mutual information (MI) between observations and parameters as the utility function. To
address the computational intractability of the MI, we maximize a tractable MI lower bound. The
method is then applied to the design of an input signals for the identification of quasi-linear stochastic
dynamical systems. Evaluating the MI lower bound requires inversion of large covariance matrices
whose dimensions scale with the number of data points N. To overcome this problem, an algorithm
that reduces the dimension of the matrices to be inverted by a factor of N is developed, making the
approach feasible for long experiments. The proposed Bayesian method is compared with the average
D-optimal design method, a semi-Bayesian approach, and its advantages are demonstrated. The
effectiveness of the proposed method is further illustrated through three examples, including atomic
sensor models, where the input signals that generates large MI are especially important for reducing
the estimation error.

Keywords: Design of experiment; Bayesian experimental design; optimal input signal design; system
identification; optimal input signal design; entropy; information

1. Introduction

The design of informative input signals is the cornerstone of modern system identification.
Without properly chosen excitation, even advanced estimation algorithms may fail to provide accurate
parameter estimates, leading to unreliable prediction and control. Classical references such as [1-3] and
reviews by [4-6], emphasize that identification is not only a matter of statistical estimation but also of
experimental design, where the input signal determines the achievable information content. Optimal
experimental design (OED) methods therefore play a crucial role in practical applications. Traditionally,
OED has relied on the Fisher Information Matrix (FIM), with criteria such as D or A optimality widely
used due to their computational efficiency and asymptotic guarantees [4,7]. However, FIM-based
approaches are inherently local, relying on linearization and asymptotic normality. They may thus be
fragile in scenarios with large model uncertainty or strongly non-linear stochastic dynamics.

A natural alternative is the Bayesian approach, which evaluates an experiment through its expected
information gain, typically quantified by the mutual information between model parameters and
observations [5,6,8-11]. Bayesian design has several advantages: it is globally valid over the parameter
space, it naturally incorporates prior information, and it is applicable to non-linear, stochastic models.
Its main drawback is computational intractability, since mutual information requires high-dimensional
integration over parameters and observations. Since the general case is challenging and difficult to
solve, in this article we focus on models that can be represented in the form

Y=F(6,U)+7Z (1)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://orcid.org/0000-0003-4496-8673
https://doi.org/10.20944/preprints202509.1390.v2
http://creativecommons.org/licenses/by/4.0/
https://doi.org/https://doi.org/10.3390/e27101041

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 September 2025 d0i:10.20944/preprints202509.1390.v2

where 8 € {0y,...,0,} is a parameter with prior distribution P(6 = 8;) = pp,;. The noise
Z is conditionally normal, that is, p(Z|0) = N(Z,0,S(6,U)), and U is a design variable. For
this class of models, the density of the observations Y is a finite Gaussian mixture of the form

T
p(Y) = ¥ po;N(Y, F(6;,U),S(6,U)). Within these Gaussian mixtures, the mutual information
=1

between Y and 0 can be estimated from below by the effective and tractable pairwise-distance-based
lower bound given by Kolchinsky and Tracey [12,13]. We maximize this bound to achieve an approxi-
mate optimal design parameter U and then generalize the method to a parameter space of continuum
cardinality. In particular, we show how to treat the Gaussian prior po(6) = N (6,my, Sy) and prior
distributions with compact support.

In this work, we focus on quasi-linear systems, namely stochastic dynamical systems that are linear
in the state variables but non-linear in the control variables. Such systems occur ubiquitously in
science and engineering. In quantum mechanics, Hamiltonians and Lindblad dissipators depend on
external control fields such as laser intensities, magnetic fields, or gate voltages, leading to a non-linear
dependence on the control [14,15]. In chemical processes, flow rates directly determine reaction speeds
in continuous stirred tank reactors [16,17]. In thermal plants, convection coefficients scale non-linearly
with flow, giving rise to quasi-linear heat transfer dynamics [16]. This broad applicability makes
quasi-linear systems a natural and important class for advanced input design. However, there is a
notable lack of Bayesian design methods and software tools tailored to this class of systems. Therefore,
in this paper, we address this gap by developing such a method. Specifically, we show that a finite
sequence of observations generated by a quasi-linear system can always be expressed in the form
of the model (1), and we provide an effective algorithm for calculating the lower bound on mutual
information.

The study reported here constitutes a substantial and far-reaching extension of the initial results
presented in [18], as well as related research reported in [19-25]. The article’s main contributions can
be summarized as follows. We first introduce an Information-Theoretic lower bound (ITB) on the
estimation error of any estimator, [26,27], and briefly discuss its relation to the Bayesian Cramér—Rao
bound (BCRB), [27-30]. We conclude that maximizing mutual information is fundamentally superior
to maximizing Bayesian or classical Fisher information. Building on this result, we introduce a
novel Bayesian design method for the model (1). To address the intractability of direct mutual
information evaluation, we discretize the parameter space and maximize the Kolchinsky—Tracey lower
bound [12,13], and subsequently extend this approach to a parameter space of continuum cardinality.
We then focus on the application to quasi-linear system identification. Since the information-theoretic
bound requires inversion of large covariance matrices of the observations, whose dimensions grow
linearly with the number of data points N (with N ~ 103-10° in applications), direct inversion is
computationally prohibitive. To overcome this challenge, we develop an algorithm that reduces the
dimension of the matrices needed for inversion by a factor of N, thus making the approach feasible for
long experiments. The proposed Bayesian method is compared with the average D-optimal design [1,4],
a semi-Bayesian method, and its advantages are demonstrated. The effectiveness of the method is
further illustrated by three examples. The first, intentionally elementary, highlights the essential benefit
of our approach. The second and third examples are drawn from atomic sensor models, a domain
where optimal input design is particularly critical. We analyze a controlled harmonic oscillator with
stochastic disturbances as a paradigmatic atomic sensor model [31], and a complex magnetometer
model with a non-linear dependence of the system matrices on the input [32]. In the latter case, we
provide a simplified model, derive the optimal input, and demonstrate that it significantly outperforms
the harmonic signal, which might otherwise be presumed optimal. Moreover, we show that the
estimation error of the MAP estimator achieves the theoretical lower bound.

The article is organized as follows. Section 2 formulates the problem. Section 3 develops the
approximate Bayesian solution for finite and infinite parameter spaces. Section 4 applies the method
to quasi-linear systems. Section 5 compares the approach with classical design methods. Section 6
presents examples. Section 7 provides discussion, and Section 8 concludes.
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2. Formulation of the Problem

Let us consider a family of models
Y =F(o,U) + Z, 2)

where Y, Z € R", U € R", 0 € ® C R™. The set ® will be called parameter space. Parameter 0 is
unknown. Prior distribution of 8 is denoted by py. Random variable Z is conditionally normal i.e.
p(Z]6) = N(Z,0,S(6,U)), where S(6,U) € ST (ny), forall € ®, U € R". Functions F and S are
smooth. The variable U is called the design parameter or, in the context of dynamical systems, the
input signal. The set of admissible signals is given by

Uy = {U € R"; U —TU| < o}, (3)

where U is the given vector and ¢ is maximal norm of the signal. We will also consider an alternative,
and useful in some applications, definition of U,

Upg = {U € R"; Uy, < U < Upnar } (4)

where Ui, Unax € R™ are fixed vectors. Under these assumptions and after applying the Bayes rule
we get the likelihood, evidence and posterior distribution of 6:

p(¥lo,U) = N (¥, F(6,u), S(6,)), ©

p(YIU) = [ po(O)N (Y, F(6,U), S(6, ), ©
_ o(®)p(¥le, u)

p(6|Y,U) = OP(T. @)

The Minimum Mean Squared Error (MMSE) estimator of  is then given by
(Y, U) = / 0p(6]Y, U)do. ®)

To avoid the difficulties involved in calculating the integral (8), instead of the MSE, the Maximum a
Posteriori (MAP) estimator is typically used. Taking the negative logarithm of both sides of (7) and
omitting the terms independent on 6, we get the following:

L£(6,Y,U) = 1Y —F(8, u)|§,1(9,u) +1In|S(6,U)| — Inpy(6). 9)
Thus, the MAP estimator of 0 is given by
o(Y, U) = i Y, u). 1
o(y,u) argrgggﬁ(ﬂ, ,U) (10)

Estimators (8) or (10) may be biased, so the Cramer-Rao Bound (CRB) cannot be applied directly to
them. However, a Bayesian version of the CRB exists and can be used to estimate the error of any, also
biased, estimator [27-30]. Let us introduce Bayesian information (BI):

J5 = By VoL (6,Y, U) (VoL (0, Y, U)")| =Tp +]p, (11)

where
T = Eyy ()| Vo In po(6) (VoIn po(6)) ] (12)

is the fraction of Bl associated to a prior and

Io(U) = Eyoyiu) [Voln p(¥]6,U) (Vo ln p(¥]6, )T | (13)
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is part of BI provided by observations Y. The matrix Jp is the Bayesian equivalent of the Fisher
information matrix. The Fisher information matrix can be recovered from (13) assuming po(0) =
5(0 — 6%), where 6° is the true value of the parameter. Let §(Y, U) be any estimator of 8. Assuming a
sufficiently regular prior, it can be proven that

A 2 g
R P E I

(14)

which is usually known as the Van Trees inequality or Bayesian Cramer-Rao Bound (BCRB) [27,28,33]
[inequality (2.9), p. 17]. Formulas (11)-(13) are well defined only under rather restrictive assumptions.
In particular, the joint density p(Y, 8) must be differentiable with respect to 6, and it must satisfy
the regularity condition [ Vep(Y,8)dY = 0. Moreover, the prior and likelihood distributions must
guarantee the existence of the expectations in (12) and (13). This excludes the uniform and many
other useful prior distributions and considerably limits the applicability of inequality (14) (see [27] for
details). Beyond inequality (14), there exists a large class of Bayesian bounds reported in [30]. Many
of these bounds can serve as a utility function. However, given the application-oriented focus of this
article, we do not undertake a detailed treatment of the theoretical aspects of estimation error analysis
and selection of utility functions. Instead, we argue below that the entropy-based lower bound [26][p.
255], [27][Sect. 2.2, p.16-17], provides slightly tighter estimates than the BCRB and should be used as a
utility function. To proceed, let us define the entropies of Y and 0 and the corresponding conditional

entropies:
Hy(U) = E(=Inp(Y|U)), (15)
Hp = E(—Inpo(6)), (16)
Hyjp(U) = E(~Inp(Y|6,U)) = %/Po(ﬂ) In((27e)™[S(6, U)[)d6, (17)
Hojy (U) = E(~Inp(6]Y, U)). (18)

The mutual information (MI) between 0 and Y is defined as
lo;y(U) = Hp — Hgpy (U) = Hy(U) — Hy}p(U). (19)

The following theorem establishes the ultimate limit of the estimation error expressed in terms of
mutual information, demonstrating that the Bayesian Cramér—Rao bound (BCRB) does not constitute
a fundamental limit.

Theorem 1. Let 8(Y, U) be any estimator of 0. Then the following inequalities hold:

|0 — O(Y, )| > ng(2me) e Ho—lox () > ]

SITES NI @0

The proof is given in Appendix A. The first of the inequalities (20) will be called the
Information-Theoretic Lower Bound (ITB). The last part of (20) is known as the Efroimovich in-
equality [27,29][inequality (2.7), Ch. 2.2, p. 16].

To determine the optimal signal, one may maximize the MI, the determinant of J or the determi-
nant of FIM. The latter corresponds to the classical design methods outlined in Sect. 5. However, the
right-hand side of (14) generally underestimates the estimation error, and large values of Jg do not
necessarily guarantee a small error. We illustrate this problem in Appendix B. In contrast, the ITB (20),
which plays a central role in our subsequent analysis, shows that maximizing I.y (U) is essential for
reducing the estimation error and provides a more fundamental criterion than maximizing either the
Bayesian or classical Fisher information. In particular, in the context of optimal experimental design
and input signal design for system identification, maximizing the mutual information between the
parameters and the observations constitutes the most principled optimality criterion, as it directly
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quantifies the amount of knowledge gained about the parameters. Accordingly, we define the optimal
signal as the solution of the following optimization problem:

U* =arg [nax Io,y (U). (21)
ad

As Ip.y is smooth and U,z is compact, then (21) is well defined. After solving the task, the MMSE, MAP,
or any other estimator can be used to determine 6.

3. Approximate Solutions

The optimization problem (21) is often computationally intractable in its general form. The
problem becomes considerably more tractable when the parameter space O is finite. Accordingly, we
first derive an approximate solution for a finite set of parameters, and subsequently extend this result
to obtain an approximate solution for the case where © is an uncountable subset of R"¢.

3.1. Finite Parameter Space

Let® = {04,...,0,},0; € R",0; # 6; and assume that py is a discrete distribution of the form
r
0) =) po6(6—6)), (22)
j=1
where pg; = p(0 = 6;). Then, on the basis of (6) and (22), the density of ¥ becomes a Gaussian mixture:
p(Y|U) = Zp()] (Y, F(6;,U),S(6;,U)). (23)

The application of the Bayes rule gives the posterior:

_ poiN(Y, F(6;,U),5(6;, U)).

0;ly,u 24
The discrete counterpart of formulas (15)-(19) takes the form:
Hy (U) = —/p(Y|U) In p(Y|U)dY, (25)
— 2 pojInpoj, (26)
j=1

Hyjp(U) = 3 ) pojIn((27e)™|S(6;, U)]), (27)

j=1
Hgy(U) = /P(Y|U) (— Y p(6j|y,U)Inp(6)]Y, U)) dy, (28)

j=1

Io;y(U) = Hp — Hgy(U) = Hy(U) — Hyp(U). (29)

The direct computation of mutual information (29) remains difficult and, in many cases, intractable.
Hence, our central idea is to overcome this difficulty by replacing mutual information (29) with a
computationally tractable and non-trivial lower bound. In particular, we observe that (23) is a finite
Gaussian mixture. For such mixtures, one of the most effective lower bounds on Iy|y is the inequality
introduced in [12].

Lemma 1. (Information bounds, [12]). For the Gaussian mixture (23) with pg; = p(0 = 0;), the following
inequalities holds:
I,(U) < Ioy (U) < Hy, (30)
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where

T 14
= — Z Po,i In (2 poljedi,j(u)> , (31)
i=1 i=1

-1
dij(U) = §AT (18 +8)) A+ 1 l3(Si+8))| — LIn(ISil[S))), (32)
A;j=F(6;,U) - F(6;,U),S; =S(6;,U),S; = S(6;, U). (33)

Detailed proof is given in [13][Sect. IIIb, inequality (11), and Sect. IV, formula (15) with & = 0.5]
and also in [12]. Now, the approximate solution of (21) is given by

U* = arg Lrlrégxd L(u). (34)

Since U,; is compact and [; is smooth and bounded, the solution of (34) exists. We also note that in the
case of two alternatives, that is, when r = 2 in (31), we get

eI — (Po L+ poge dl,z(U)) Po1 (p0,1e_d1'2(u) I Po,z) Poz. (35)

Accordingly, the optimal signal in this case arises as the solution of a somewhat simplified optimization
problem:

d 36

ghax dy 2(U). (36)

3.2. Infinite Parameter Space

Let us assume that ©® = R"¢ and consider the Gaussian prior
po(e) :N(G,mg, Sg), Sg > 0. (37)

Then the integral in (6) can be approximated with a finite Gaussian mixture.

N,
p(Y|U) = /po N(Y,F(6,U),S(6,U))d0 ~ Y po, N (Y, E(6;,U),S(6;,U)), (38)
i

where pg; > 0 and Z po,j = 1. The weights po; and the nodes 6; in (38) can be calculated by using

multidimensional Gau551an quadrature rule. The appropriate formulas can be found in [34-36]. To
illustrate the method, we will show only a very simple second-order Gaussian quadrature rule with
2ng points.

Lemma 2. Approximate value of the integral [(f) = [ N'(6,mg, Sg) f(0)d6 is given by

J(f) = o5 Z;f(ﬂj)f (39)
]:
where
021 :mG_S \/731;921 —m9—|—S \/731/1—1 (40)

and e; is i basis vector in R™. If f(8) = 10T A0 + b0 + c, then equality holds in (39).

Proof. Direct calculation. O
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The application of lemma 2 to (38) gives N, = 2ng, pg,; = (219) 1. Now, since (38) is approximated
by a Gaussian mixture, the results of section 3.1 can be used. Based on Egs. (31-33), (38) and Lemma 1,
the information lower bound takes the form:

2719 2n9
L(u) = _1 In 1 e~ i) | (41)
21’19 =1 27’[9 =1

where di,j and 6; are given by Eqgs. (31-33) and (40) respectively. The approximate solution of (21) can
be found by maximizing (41) with constraints (3) or (4).

An analogous method can be used for prior distributions defined on compact subsets of R™
(e.g. an n-dimensional hypercubes), but the formulas for nodes and weights in (38) will then change
(see [34-36] for details).

4. Bayesian Input Signal Design in Quasi-Linear Control Systems

Consider the family of quasi-linear systems
X1 = A(6, w)x + B(6, 1) + G(6, u)wy, (42)

Y = Cxp + vy, (43)

where k = 0,1,..,N, N > 1, X € Rn,yk S R”y,wk € ]R"W,vk € R, wy ~ N(O,H), Uk ~
N(0,Sy), Sy > 0. Variables xg, wy, ..., wn_1, o, ..., N are mutually independent. The initial state x is
conditionally normal i.e. p(x0|6) = N (xo, m (8),S, (8)), where m;, S, are smooth and S (6) > 0,
for all & € ©. The joint prior distribution of the initial state xo and the parameter 0 is given by
po(xo,0) = po(e)./\/(xo, my (9),80_(9)) Let’s define Ay = A(6,u;), By = B(0,u;), G = G(6,uy).
Then the solution of (42) has the form:

xo = Ixp, (44)
x1 = Apxo + B + Gowo, (45)
xy = AjAgxg + A1By + By + A1Gowp + Grwy, (46)
(47)
N-1 N-1
xy =®(N,0)xog+ ) ®(N,j+1)Bj+ ) ®(N,j+1)Gjw;, (48)
j=0 j=0

where ®(n,n) = I and
n-j

®(n,j) =[[Anij<n (49)
i=1
Now, if we denote X = col(xg,...,xn), Y = col(yg,...,yn), U = col(ug,..,un_1), W =
col(wy, ..., wn—1), V = col(vy, ..., vn), we can rewrite Egs. (44-48) and (43), in matrix-vector form

X = A(6,U)xo + B(6,U) + G(6, U)W, (50)

Y=CX+V, (51)

where the matrices A, B, G, C = Iny4+1 ® C, follow directly from Egs. (44-48), (43), and W ~
N(0,Iny, ), V ~ N (0,In41 ® Sy). Substituting (50) into (51) and taking into account that p(x(|6) =
N (xo,my (0),S,(0)), we get

Y = CA(6,U)m; (6) +CB(6,U) + Z, (52)
Z=CA(6,U)(xg—my (0)) +CG(6, U)W + V. (53)
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The conditional density of variable Z has the form p(Z|0) = N (Z,0,S(6, U)), where the covariance
matrix S is given by

S(6,U) = C(A(6,U)S; (8).A(6,U)T +G(6,U)G(6,U)T)CT +1Iy,1 @ So. (54)

Finally, if we define
F(o,U) =CA(6,U)my(6)+CB(6,U), (55)

we can rewrite (52) in the form Y = F(0, U) + Z, which is exactly the model (2). To find the optimal
input signal, we maximize one of the criteria (31) or (41) with constraints (3) or (4).

With a large number of data (large N), calculating the inverse and determinant of a very large
matrix $(6, U) in (9) and calculating the quantities d; ;(U) in Eqgs. (31-33) is numerically ill-conditioned
and requires special treatment. The algorithms below reduce the size of the matrices necessary to
invert by a factor of N + 1.

Lemma 3. The following identities hold:

N
p(X[6,1) = T (3, Com (), 54(6)), 56
k=0
N
|Y - F(el u)'é(elu)fl = kz |yk - Cm]:(e)@;l(e)r (57)
=0
N
so.w)] = [T1%(0)], 68
k=0
N
£06,5,1) =} Y- (13— Cm (O + In[Z4(6)] ) ~ In po(6). 59)
k=0 k

where L is given by (9) and m,_, Ey, are calculated recursively by the Kalman filter

Ly (0) = Sy + CS, (0)CT, (60)
Li(6) = S; (0)CTE.'(0), (61)
my(0) = m () + Ly (0)(yx — Cm; (6)), (62)
Sk(0) =Sy (6) — L (0)Z(0)Li(6)7, (63)
m,,(0) = Apmy(6) + By, (64)
S 1(0) = AlSk(0)A! + G, G],k=0,1..,N, (65)

with initial conditions my (0), S, (0).

The proof is given in Appendix A. The Egs. (60-65), are, in fact, a family of discrete-time Kalman
filters indexed by 0. The first four formulas describe the correction step. The prediction step is given
by the last two equations. The matrix Ly is the Kalman gain and Z; is the covariance matrix of the
output prediction error €, = y; — Cm, .

Lemma 4. Let us define

- [A®,u) 0 |  [B(6,m)

Ar = 0 A(Bj, uk) /Bi = [B(Gj, uk)] ' )
A~ G(ei/uk) 0 ] C — L

G=1 "y G(6), k) C= ﬁ[c _C} o
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and let
£, =S, +C8; CT, (68)
L,=5C'Lg ", (69)
S =S, — LEL], (70)
i, = Ap(T— L C)mmy + By, (71)
Si1 = ASA] + GGl k=0,1,..., N, (72)
with initial conditions
o mg(ei) = Sg(ei) 0
= |0 8, = _ : (73)
0 [mo (9]-)] 0 [ 0 S,(8))

Then the quantity d; j(U) in formula (31) is given by:
N ~
13 ) In[E ] - 3 In(|Sil[S;]), (74)

where |S;| = |S(0;, U)|, [S;| = |S(0;, U)|, are calculated accordingly to Lemma 3, Eq. (58).

The proof is given in Appendix A. Let us observe that, instead of calculating the inverse and
determinant of the large matrices S;, S;, %(S,- + S]-), of dimension (N + 1)n,, we only need to calculate
the determinants and inverses of the much smaller matrices Ly, Xj, whose dimension is 1,, which is
usually a small number.

5. Comparison with Classical Methods of Input Signal Design

Classical methods for input signal design in system identification are primarily concerned with
LTI state space or transfer function models (such as ARMAX) and are usually based on maximizing
some functions of error covariance or Fisher information matrix. For the prediction error method (PEM)
estimator, the asymptotic form of the error covariance matrix (or Fisher information) is well known,
both in the time and frequency domains. In the time domain, the solution corresponds to a specific
input signal, whereas in the frequency domain, the solution yields the optimal power spectral density
of the input signal. Below, we provide a brief overview of these methods, following the methodology
presented in [1,2][Ch.9. Sect. 9.3, 9.4] and [4][Sect. 6.1].

Consider the LTI, SISO system

Xpe1 = A(0)x; + B(0)ug + G(0)wy, (75)
Yk = Cxp + vy, (76)

under the assumptions stated in Section 4. System (75), (76) is equivalent to the transfer function model
e = G(6,z)ur + H(6,2)ey, (77)

where e, ~ N (0,02) is a sequence of mutually independent Gaussian variables. The filters G and H
are determined by the formulas

G(6,z) = C(zI — A(0)) 'B(8), H(6,z) = 1+ C(zI — A(8)) 'K(8), (78)
where the Kalman gain K(0) is given by

K(6) = A(8)S(0)CT (CS(8)CT +02)71, (79)
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with a non-negative matrix S being a solution of the Riccati equation (cf. [2])
S=ASAT + GG — ASCT(CSC" +¢2)"!CSAT. (80)
The prediction errors are given by the recurrence
e(6,Y,U) = H 1(8,2)(yx — G(6,2)u). (81)
The cost function used in the Prediction Error Method (PEM) is expressed as:

1
2No?

N
V(6,Y,U) = Y er(o,U). (82)
k=1

Minimization of (82) with reference to 0 ylelds the PEM estimator
é Y,LI = argmin V B,Y,U . 83
( ) g 061@ ( ) ( )

The above estimator, under rather weak identifiability conditions, is consistent, asymptotically normal,
and efficient, i.e. it achieves the Cramer-Rao lower bound. Following the reasoning presented
in [1,2][Ch. 9, Sect. 9.3 and 9.4] or [4][Sect. 6.1], we divide the parameter vector into two groups related
to the parameters appearing in G and H, that is, 8 = col(0y, 6 ). The sensitivity of € to changes in
0 is calculated recursively according to the following equations:

¥e(0,U) = H 1(0,2) (Vo G(0,2))ux = F.(6,2)uy, (84)

where V. means differentiation only with respect to the parameters that occur in G. The information
matrix, which is also the inverse of the error covariance Py, is given by:

N

M(0,U) = B! (0.U) = Re(0) + iy ) 9u(0. W) (0,)T, )
¢ k=1

where R, does not depend on U. Using the D-optimal criterion, the optimal signal is given by
maximization of det(M(6°, U)), where 6° is the true value of the parameter. Since 6° is unknown, one
can use the prior distribution and maximize the average D-optimal criterion:

Q(U) = E, () det(M(6,U)), (86)

with constraints (3) or (4). The asymptotic error covariance can also be expressed in terms of the power
spectral density of the input signal 1. Let ®, denote the spectral density of uy. As it was shown
in [2][p. 291] or [4] [Sect. 6.2], we have:

N
2702

e

M(®,, 0°) = Py (@, 6°) =

/ E(¢,00)F (e, 09)Td, (w)dw + Re(6°),  (87)

—7T

where F, is defined by (84) and the term R, in (87) does not depend on ®,,. Similarly as before,
the parameter-averaged determinant of the matrix M is maximized with respect to ®,, subject to
the signal power and frequency constraints. Typically, the spectrum &, is parametrized by a finite
number of coefficients cy, so that the resulting optimization problem is convex; see [37] for details.
After performing spectral factorization of @, a filter is obtained, whose input is white noise and
whose output yields the optimal signal u;. This has been implemented in the MOOSE-2 solver [38].
Unfortunately, MOOSE-2 does not allow for averaging over prior and involves true unknown value of
the parameter.
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Numerous variants of the aforementioned methods can be found in the literature. For example,
instead of the D-optimality criterion, one may also consider maximizing tr(M) or Anin (M). However,
the vast majority of methods are based on the principles stated above (see, e.g., [4]), that is, maxi-
mization of some functions of the Fisher information matrix. Finally, we note that the above methods
employ the classical optimality criterion, averaged only over the prior distribution. Consequently,
they are not fully Bayesian and, following the terminology of [11], should rather be referred to as
pseudo-Bayesian methods.

6. Examples of Input Signal Design

In the following, we present three examples of optimal input signal design using both Bayesian
and classical methods. Examples 1 and 2 are classical in nature and concern time-invariant linear
stochastic systems. Example 1 is elementary, while Example 2, taken from [31], addresses the design of
a control signal for a paradigmatic model of the atomic sensor. The sensor is modelled as a harmonic
oscillator with the natural frequency being the parameter of interest. In both Examples 1 and 2, the
Bayesian approach is compared with classical methods.

Example 3, adapted from [32], is more advanced and considers the design of the pump laser
control signal in an optically pumped magnetometer. The magnetometer is modelled as a quasi-linear
stochastic system, where the matrices A, B, and G depend nonlinearly on the control signal u. For
this system, classical methods cannot be applied. Therefore, estimation errors are compared with the
Information-Theoretic Lower Bound (ITB) provided in Theorem 1 and with the errors obtained by
using an appropriately selected harmonic input signal.

6.1. Elementary Example

We begin with a very simple first-order system

Xgr1 = 01X + Oouy + gwy, (88)
Yk = xk—i-U'ka,k =0,1,..., N, (89)

with 0, = 0.1, ¢ = 0.01. The parameter vector 8 = [6,6,]", has a prior distribution py(8) =

N (6,myg,Sg), where my = [0.8 0.2} , Sg = 1072I. As assumed in section 4, the initial condition xj is
conditionally Gaussian, that is, p(xo|8) = N (xo, m (8),s, (8)), with my (6) = 0, s, (8) = 0.01. The
length of the signal N = 100 and the set of admissible signals is given by (3) with U = 0, that is, the
norm of the signal cannot be greater than ¢. To minimize the averaged D-optimal criterion (86), we
need to calculate the sensitivity of the prediction error. The sensitivity equations (84) now take the
form

(1+ (K(61) — 01)z" 1) (1 — 01z )y = 0pz 2u, (90)
(1+ (K(61) = 61)z Npoj = 2 My, (1)

where the Kalman gain K(6,) is given by (79), (80) with A =60;,G =g, C=1.

The optimal input signals were designed by maximizing the Bayesian criterion (41), the averaged
D-optimal criterion (86), and the spectral criterion (87), subject to the constraint (3) with U = 0.
Maximization of the spectral criterion (87) was performed using the MOOSE-2 solver [38] evaluated
at 8 = my. The optimal signals and the corresponding estimation errors of 6; and 6, are shown in
Figures 1 and 2. In Figure 2 we also calculate the estimation errors for the constant (step) signal, which
is certainly not optimal. The constant signal and the MOOSE signal were always assigned a norm
equal to ¢.
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Averaged D-optimal design (85)
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Figure 1. Optimal input signals resulting from the maximization of the Bayesian criterion (41) (top) and of the
averaged D-optimal criterion (86) (bottom), shown for several values of ¢.
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Figure 2. Mean estimation errors of the parameters 6; and 6;, obtained using the MAP estimator (10), as functions
of the maximum admissible signal norm ¢. The results are based on a Monte Carlo simulation with 2000 repetitions.
The constant (step) signal and the MOOSE signal were always assigned a norm equal to ¢.

6.2. Optimal Input Design for Atomic Sensor Model

In [31], a simplified paradigmatic model of an atomic sensor (an atomic magnetometer, [39,40])
is introduced, in which the dynamics is governed by oscillations of the collective spin of an atomic
ensemble subjected to an external magnetic field. The system is driven by circularly polarized light from
a pump laser, whose frequency acts as the input signal. A linearly polarized probe laser illuminates the
atoms, and upon transmission through the medium, its polarization undergoes a Faraday rotation. The
J. component of the collective spin is inferred from the measurement of the probe laser’s polarization
angle. The model presented in [31] describes the dynamics of the spin components | = [];, J:]T and

has the form

_1
d]—l oYL (1)5(t)dt+dw(”, 92)

where wy is the Larmor frequency, T, = 0.87 ms, is relaxation time, £ is the pumping laser fre-
quency, and w(/) is the Wiener process with known covariance gl. The observation has the form
Iy = gpJz(kA) + ¢k, k = 0,1,..., where I; is the photocurrent, A = 5 us, is the sampling time,
& ~ N(0, aé) and gp, 0z are known parameters. The Larmor frequency and the external magnetic
field B are related to each other by the formula w; = 7.B, where 1, is the gyromagnetic ratio. Hence,
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by measuring w;p, one can determine the field B. Taking T, as the time unit and after rescaling the time,
state variables, observations, and the input signal £, we get the following, equivalent to (92), stochastic
system:

dx = (Ac(0) + Beu)dt + Godw, (93)

Yk = Cxy + 500y, (94)

-1 0 0
Ac(e) = [—9 _J;Bc = [b ,Ge
c

xp = x(ty), iy = kA, A = 5.7471 - 1073, s, = 11.85, b, = 10°. The input signal u in (93) corresponds to
£ in (92). The parameter 6 in (93) is related to the Larmor frequency wy in (92), by formula 6 = w T,.

where

—V2I,C = [o 1}, (95)

Since the estimation error of the parameter 6 depends on the input signal u, a natural question arises as
to what form this signal should take. To solve this problem, we will go to discrete time and apply the
methodology described in Sections 4 and 5. Assuming that u(t) = u, t € [ty, tx11], the discrete-time
system corresponding to (93) has the form

X1 = A(0)xx + B(0)uy + Guy, (96)
where, according to the procedure given in Appendix C:

A(6) = e cosfA  sinfA (0) = be |0 —e2(0coshA +sinbA)
B —sinfA cosfA|’ 14621 —e2(cosOA —OsinhA) |’

=/1—e 2. (98)

We assume that the prior distribution of 6 is Gaussian, that is, po(6) = N (6, myg, sg) with my = 54.6637,
sgp = 10.76, which corresponds to the Larmor frequency of 10 kHz and its initial uncertainty of the

97)

order of 600 Hz (30). At the beginning of the process, the system is in thermal equilibrium, that
is, p(x0|0) = N(x0,0,I). Following Lemma 2, we get 61 = mg — /Sy =~ 51, 6 = my + /59 =~ 58,
Po1 = po2 = 0.5. Thus, r = 2 in (31) and, accordingly to (35), the Bayesian optimal signal is a solution
of the simplified optimization problem (36) with d; , defined by Lemmas 3 and 4. Moreover, since
the matrices in (97), (98) do not depend on uy, the last two terms in (74) can be omitted. The set of
admissible signals is given by (3) with U = 0, that is, the signal norm cannot be greater than o.

In order to employ the classical methods described in Sect. 5, it is necessary to first evaluate the
sensitivity of the prediction error. The transfer functions G and H in (77) have the form

G(6,z) = fx(é?) 1 H(8,z2) = ZEZE; (99)
where
A0,z) =1—2¢ cos(@A)f1 e 28272, (100)
B(6,z) = Bz( ) — e 2(B1(0) sin(6A) 4 By () cos(6A))z ™}, (101)
C(0,z) = ( 2(0) — 278 cos(eA))z*w
(102)

T (e_A — Ky (0) sin(0A) — Ka(8) cos(GA))z_z,

and the Kalman gain K and the vector B are given by (79) and (97), respectively. Since we only have
one parameter, the sensitivity 1, is a number, and the sensitivity equation (84) now takes the form

A(8,2)C(6,2) (6, U) = (aBé%’z) A, z) — B(G,Z)W)z_luk. (103)

a6
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The D-optimal signal is then obtained by maximization of the averaged D-optimal criterion

1 N
Q(U) =E, ) lN kz UACAINE (104)
=1

with constraints (3).

The optimal input signals were designed by maximizing the Bayesian criterion (41), the averaged
D-optimal criterion (86), and the spectral criterion (87), subject to the constraint (3) with U = 0. Results
are presented in Figures 3 and 4. Figure 4 also shows the estimation error for the step (constant) signal
and harmonic signal u(t) = a cos(mgt). Frequency of the harmonic signal was equal to the expected
value of the a priori distribution of the parameter 6. The constant and harmonic signals were always
assigned a norm equal to 9. Maximization of the spectral criterion (87) was performed using the
MOOSE-2 solver evaluated at 8 = my.
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Input signal, Bayesian design
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Figure 3. Optimal input signals (left) and corresponding system outputs (right) obtained by maximizing the
Bayesian criterion (36) (top), the averaged D-optimal criterion (104) (middle), and the spectral criterion (87)
(bottom), subject to the constraint (3) with UI = 0. Maximization of the spectral criterion (87) was performed using
the MOOSE-2 solver evaluated at § = my. The norm of all signals is equal to 1, and the scale is consistent across

all plots.
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6.3. Bayesian Input Signal Design for Pump Laser in Optically Pumped Magnetometer

Optically pumped magnetometers operate by aligning atomic spins with a circularly polarized
pump laser, after which the spins precess around the external magnetic field at the Larmor frequency.
The probe laser measures this precession via polarization rotation (Faraday effect), linking the detected
signal to the magnetic field [39,40]. The pump laser’s frequency strongly affect spin polarization and
coherence time making precise laser control central to minimizing estimation error. The advanced
control strategies can then suppress the noise and enhance sensitivity. Consequently, accurate control
of the pumping laser is a key factor in achieving high-resolution and low-error magnetometer. We
consider here the magnetometer model given by equation (S9) in the article [32]:

dF
7 (=veB + GS32) x F — yF + P(7)(2Fnax — F) + Go(P(7))w, (105)

where F = (Fy, Fy, FZ)T is the collective atomic spin, 7, is electron gyromagnetic ratio, B = (By, By, BZ)T
is constant magnetic field vector, G is known positive constant, GS3Z is the effective field produced
by ac-Stark shifts due to the probe laser where S3 is white Gaussian noise with variance c3. The
optical pumping rate P(7) > 0 is an input signal. The atomic spin noise Go(P(7))w is modelled as
white Gaussian where w = (wy, wy, wz)T is a vector of standard and mutually independent Wiener
increments. The Gy matrix is diagonal and is given by

Go(P(7)) = \/3F(F+ )Na(y + P(D))L, (106)

where Ny is the number of atoms and F is known atomic spin number. Parameter F;;,y = NAF is the
maximum possible polarization. The transverse relaxation rate v depends on the number of atoms
and is given by 7(Ny) = To(N4) ™! = 79 + 10~ 12aNy4, where 7 and a are known positive constants
and Tj is the effective coherence time. The observation equation has the form

Sy =F +Ns,, (107)

where Ns, denote measurement noise with variance 3. In the experiment, the S, component of the
Stokes vector is measured at discrete time moments t; = kA, where A is sampling period. The realistic
parameters of the model are given in Table 1.

Table 1. Typical parameters.

Parameter Abbreviation Typical value
Number of atoms Ny 1012
Spin number F 1
Larmor frequencies YeB 27t[—50,50] kHz
Parameter Yo 600 Hz
Parameter o 550 Hz
Typical relaxation time T 0.87 ms
Typical relaxation rate ¥ 1149 Hz
Pumping rate P 0-200 kHz
Measurement noise level o3 9.6755 - 10°
Sampling time A Sus

In what follows, equation (105) will be interpreted in the It6 sense. Moreover, we assume that
the noise GS3 in (105) is small and can be omitted.
By introducing state variables ¢ = F, / m, control variable u = P/ and non-dimensional

time t = 7, and after multiplying both sides of (107) by , / m, we get the following model:

a¢ = (Ac(0,u)¢ + Beu)dt + Ge(u)dy, yx = &3(tx) + ooy, (108)
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where 7 is the three-dimensional standard Wiener process with unit covariance and

—(1+u) 03 —6, 0
A.(0,u) = —05 —(14+u) 61 JBe=101,Ge(u) =+/2(1+u)l, (109)
92 —91 —(1 + u) bc

with b, = 4/ %, Oy = 094 /W. Taking the parameters from Table 1 we have b, = 1.22- 109,
0, = 11.85. The parameter vector 8 = (6y,0,,603) T, represents the external magnetic field due to the
relation @ = 7, T>B. If u is a constant signal, then system (108) approaches thermodynamic equilibrium,
with Ex(t) = —A(0,u) 'B.u and cov(x(t)) = L.

A closer examination of equation (108) shows that the component &3(t, 8) of its solution remains
invariant under rotations of the vector 6 about the z-axis. As a result, 0, and hence the field B, cannot
be uniquely identified from the observations vy, ...,yn. The only quantities that can be uniquely
identified in this model are the magnitude of the vector B and the angle 77 between B and one of the
coordinate axes, say the Z axis. However, to simplify the problem as much as possible, we introduce
here the additional assumption that the field B always lies in the x-y plane, that is, B = (By, B, 0)T.
With this assumption, the change of variables

X1 = ¢1sin¢@ — ¢xcos @, x2 = G3, (110)

cos ¢ = & sin ¢ = b (111)
\/ 03 + 63 \/ 6% + 62

reduces model (108) to a two-dimensional system:
dx = (Ac(0,u)x + Beu)dt + Ge(u)dw, yy = Cxy + 0uvy, (112)

where x = (x;, xz)T, 0 =.Tr\/B:+ Bﬁ, w is a two-dimensional standard Wiener process with unit
covariance and

0
22

—(14u) —0

ACH=1 " a4

JB. = ,C:[o 1],Gc(u): 21+uw)l  (113)

Hence, under the assumption B, = 0, the observations yy, ..., yy, variable ¢3, and the F, component
of the collective spin, are fully characterized by the reduced model (112). Furthermore, within this
reduced model it can be readily verified that 6 is uniquely identifiable. Naturally, the accuracy of
estimating 6 depends on the choice of input u. To determine an input u that maximizes the information
about 0, we now turn to the discrete-time formulation of (112) and apply the methods described in
Sect. 3 and 4. Assuming the control signal is piecewise constant, that is, u(t) = uy, t € [t t;y1], the
process x; = x(f) satisfies the difference equation

X1 = A0, ug)xi + B(0, ur) + G(ug)wy, (114)

where wy ~ N (0,I) and the matrices A, B, G can be calculated following the procedure given in
Appendix C. Upon completion of straightforward calculations, we get:

cosfA —sinfA
sinfA  cosfA

,G(ug) = V1 — e 2(1+u)A], (115)

e~ (148 (g cos (BA) + (1 + uy) sin(6A)) — 0
e~ (1A (9 sin(0) — (1 + 1) cos(0A)) 4 (14 ) |

A(Q, uk) — e_(1+uk)A

bcuk

Bl u) = a5 1o

(116)
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At the beginning of the process, the system is in a thermal equilibrium corresponding to u = 0.
Hence, p(x|0) = N (xp,0,I). We also assume that the prior distribution of 6 is Gaussian, that is,
po(0) = N(6,mg,sq) with myg = 54.6637, sy = 3- 1073, which corresponds to the Larmor frequency
of 10 kHz and its initial uncertainty of the order of 30 Hz (3c). Similarly as in Sect. 6.2, we get from
Lemma 2: 0 = mg — /3¢ =~ 54.61, 0 = mg + \/sg = 54.72, po1 = po2 = 0.5. Since r = 2 in (31), then
accordingly to (35), the Bayesian optimal signal is a solution of the simplified optimization problem
(36) with dj  calculated by Lemmas 3 and 4. Unlike in the previous examples, in this problem we
maximize criterion (36) with constraints on the signal amplitude, that is, 0 < u; < Uyax, which is
preferable in realistic scenarios.

The results are presented in Figures 5-7. The optimal input signal consistently lies on the boundary
of the admissible set. For small #max, the optimal signal is rectangular, with a frequency close to the a
priori Larmor frequency. Since large values of u(t) strongly damp spin oscillations and increases the
noise, the optimal signals for large umax consist of short pulses at the maximum admissible amplitude.
Once the oscillations decay, the system should be re-excited by a new sequence of short pulses, repeated
periodically, as illustrated in Figure 7. The harmonic signal u(f) = 0.5umax(1 4 cos(myt)) is nearly
optimal for small #max but becomes ineffective for large 1max, as it strongly damps the oscillations
(see the lower right panel of Figure 6). As a result, the measurements carry less information about
the Larmor frequency, and the estimation error increases despite the higher signal amplitude. An
analogous behaviour is observed for rectangular signals. More generally, let s(t) € [0,1], be any
signal and define u(t) = as(t) with a > 0. Then, as illustrated in Figure 5, estimation error reaches a
minimum for some non-zero value of the parameter a.

Extending the experimental duration from 2 to 5 ms reduces the estimation error by a factor of
2 compared to the case shown in Figure 5. For umax = 200 and an experiment duration of 5 ms, the
harmonic input signal yields an estimation error of 7 mHz, while the optimal signal, shown in the
lower left panel of Figure 7, reduces the error to 0.48 mHz, that is, approximately 14 times smaller.
Finally, the estimation error attains the Information-Theoretic Lower Bound (20), demonstrating that
in this case the MAP estimator (10) achieves optimal performance.

T
4 ——©— Estimaion error - optimal signal
Q —7— Estimaion error - cosine signal
%y —+— ITB - optimal signal

R —=8— ITB - cosine signal

Estimation error [Hz]

Signal amplitude U

Figure 5. The estimation error of the Larmor frequency f; = % and the Information-Theoretic Bound (ITB),
(20) as a function of the maximum admissible signal amplitude #max. The errors were computed using the MAP
estimator (10). Both the errors and the ITB were calculated for two cases: (i) the optimal input signal and (ii) for
the the harmonic input u(t) = 0.5umax(1 + cos(myt)). Results are based on a Monte Carlo simulation with 2000
repetitions. The prior was Gaussian with mean Larmor frequency f; = 10 kHz, and with its initial uncertainty
o, = 10 Hz.
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Figure 6. The optimal signals with small medium and large amplitude and the corresponding system outputs. The
figure in the lower right panel also shows the system output for the harmonic signal #(t) = 0.510x (1 + cos(myt)).
The prior was Gaussian with mean Larmor frequency fi, = 10 kHz, and with its initial uncertainty oy, = 10 Hz.
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Figure 7. Optimal input signals of small, medium, and large amplitudes with corresponding system outputs
for a 5 ms experiment. The prior was Gaussian with mean Larmor frequency f; = 10 kHz, and with its initial
uncertainty oy, = 10 Hz.

7. Discussion and Conclusions

This paper has developed a Bayesian framework for optimal input signal design in the identi-
fication of quasi-linear stochastic dynamical systems. By an information-theoretic lower bound on
estimation error and its connection to the Bayesian Cramér-Rao bound, we showed that maximiz-
ing mutual information provides a principled alternative to Fisher-information-based criteria. The
proposed method relies on the maximization of the MI lower bound (30), which produces a tractable
surrogate objective for both finite parameter sets and parameter spaces of continuum cardinality. A
key contribution is the algorithmic reduction of the dimension of covariance matrices required for
inversion by a factor of N, making the method feasible for long-term experiments.

The comparison with the average D-optimal design highlights the practical benefits of the Bayesian
approach. While classical methods are computationally efficient, they require complex differentiations
to evaluate parameter sensitivities and may yield suboptimal results when parameter uncertainty
is large or when the system exhibits significant non-linearities. In contrast, the proposed Bayesian
method requires only the system matrices A, B, C, G, together with the prior distributions of the
parameter and initial conditions, without the need to calculate derivatives of prediction errors. This
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makes the method applicable to a much broader class of systems, while also enabling it to handle large
initial parameter uncertainty.

The method also has certain limitations. The lower bound of the MI involves exponential terms
that can vanish when the pairwise distance factors d;;(U) are large, which can cause numerical
problems. However, this drawback can be mitigated by appropriate scaling of the optimization
problem. If we consider the simplified optimization problem (36), with only two candidate parameter
values, these numerical problems never occur. The discrete approximation of the MI (29) is a potential
source of problems and the weights and nodes in (38) should be carefully selected to achieve sufficient
approximation accuracy. The third limitation arises from the fact that the maximized criterion is only
a lower bound on the MI and is generally not tight. Consequently, there certainly exists a class of
problems for which maximizing this lower bound is inefficient and may generate signals that are far
from optimality in the sense of maximizing the MI (19)

In all analyzed examples, the proposed Bayesian approach, although approximate, generated
better signals than the classical methods. The study of atomic sensor models further demonstrates the
practical relevance of the approach. The optimal signals in these examples are always better than the
harmonic signal with a frequency equal to the expected natural frequency of the oscillator. The third
example, a seemingly minor modification of the oscillator from the second example, shows that the
dependence of the system matrices on the control signal is significant and leads to completely different
optimal signals. In the analyzed examples, the MAP estimator achieves an information-theoretic lower
bound (20), but this is not always the case and, depending on the task, there are better estimators.
Unfortunately, finding them is difficult.

From a broader perspective, quasi-linear systems arise naturally in quantum mechanics, chemical
engineering, and thermal processes, making the proposed method widely applicable. In conclusion,
this work provides both theoretical justification and practical tools for Bayesian input design in quasi-
linear stochastic systems. By bridging information-theoretic principles with efficient computational
methods, it establishes a foundation for robust experimental design in a wide range of applications.
The results reported here should stimulate further research at the intersection of Bayesian inference,
control, and the identification of non-linear systems.
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The following abbreviations are used in this manuscript: FIM - Fisher Information Matrix; CRB - Cramer-Rao
Bound; BCRB - Bayesian Cramer-Rao Bound; ITB - Information-Theoretic Bound; DOE - Design of Experiment;
SDE - Stochastic Differential Equation. The norm of the vector x € R” is denoted by |x|. For any square matrix
Q, the quadratic form x" Qx is denoted by |x|6 The trace and determinant of the matrix A are denoted by trA,

|A| or det(A). The set of symmetric, positive definite matrices of dimension 7 is denoted by S* (n). The symbol
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col(aq, ay, ..., ay) denotes the column vector. ¢ ~ A (m, S) means that ¢ has a normal distribution with mean m
and covariance S. The density of the Gaussian variable is denoted by N (x,m,S) = 271~ 2 |S|_% exp(—0.5(x —
m)TS™ 1 (x —m)).

Appendix A. Proofs

Proof. Proof of Theorem 1. Let 8,(Y, U) = E,6y,u) (0]Y, U) be the Minimum Mean Squared Error
estimator of 8. The conditional covariance of 6 is given by C(Y, U) = [ p(0|Y, U) (0 — 0y (Y, U)) (6 —
0,1 (Y, U))Tde. Since Gaussian distribution maximizes entropy over all distributions with the same
covariance, it can be proved, (see [26][Thm. 8.6.5, p. 255]) that

Hpy (U) = E(~ Inp(6]Y,U)) < 3EIn((27e)"|C(Y, U)]). (A1)

Any covariance matrix C satisfies the inequality |C| < (1, 'tr(C))" (see [26], Thm. 17.9.4, p. 680).
Hence
In|C(Y, U)| < ngInny trC(Y, U). (A2)

Taking into account (19) and Egs. (A1-A2) we have

Hy — Ip,y (U) = Hyy (U) = E(-Inp(6]Y,U)) <
IEIn((27e)™|C(Y, U)|) < B EIn(27en, 'trC(Y, U)).

By concavity of the logarithm and from Jensen’s inequality
Hp — Ipy (U) < % In(27en, 'EtrC(Y, U)).
Using the equality EtrC(Y, U) = E|0 — 8),(Y, U)|?, yields
Hp — Ip.y (U) < % In(27ten, 'E|0 — 6 (Y, U)[?).
Since 8,1 is MMSE then E|0 — 8,,(Y, U)|*> < E|6 — (Y, U)|*> and
Hp — Ip.y (U) < % In(2meny 'E|6 — 6(Y, U)|?),

which is equivalent to the first inequality in (20). The proof of the Efroimovitch inequality, that is, the
second inequality in (20), is given in [27][Cor. 3, Ch. 2.2, p. 16]. O

Proof of Lemma 3. The proof of (56), (60)-(65) can be found in [20-22] and [41][Thm. 12.3, p. 187].
Comparing formulas (5) and (56) we get:

N
N (Y, F(6,11),5(6, ) = [ [ (3, g (6),4(6)). (A3)
k=0

The right-hand side is the product of non-degenerate Gaussian distributions and attains its maximum
when y; = Cm, . The left-hand side is a nondegenerate Gaussian distribution and attains its maximum
at the point Y = F(6, U), where Y = col(yy, ..., yn). Since both sides are equal, from the form of the
multivariate normal distribution we conclude that (58) holds. Putting (57) and (58) into (9), we get
(59). O

Proof of lemma 4. Let @ = {0, ...,6,},0; € R". We are interesting in calculation of the quantity
4y (W) = SAT(3(S:+5)) " A+ bInld(si+5)| — din(lsilIs))) (A4)

where
A;j=F(6;U)—F(8;,U),S; =S(6;,U),S; =S(0;,U) (A5)
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and F(0,U), S(6,U), are defined by equations (52), (53), (55) of Sect. 4. Let us define

YO = F(6;,u) + 2%, YV = F(e;,u) + 2V, (A6)
v _ 1 ' N — 1 (A ) _
Y = v (y(l) — y(])) =% (Az,] +z0 Z(])), (A7)

where Z() ~ N(0,S;), ZU) ~ N(0,S;). The density of variable ¥ has the form

(V) = N (Y, 150,451 +5)). (A8)

Now, let us consider the following two systems:

2 = A0y, up)xl) +B(6;, 1) + G0, up)w, y) = cxl) o, (A9)
A

x;({J)rl (07, uy)x; U 4 B(60), ux) + G(0;, uy )w,?),y,?) = x,((]) + v,ij), (A10)

where w,(ci), 0 v N (0,I) and vlg),vlgj) ~ N(0,S,) are mutually independent. Since Y() =

col(y(()i), . ,y%)) Y\ = col(y, (]),.. ,yl(\l)) then on the basis of (A7), we get
Y = col(¥o, - - -, §o), where
oo i MY — i () i ()
) RGO o

Defining the matrices Ay, By, G, C, according to (66) and (67), and taking into account that
% (vlgl) - vl? )) ~ N(0,Sy), we can replace equations Eqs. (A9-A11) with a single system:
Fpr1 = Axy + B + Gy, i = Cxy + v, (A12)

where %, = col(x,({),x,(c )) Wy = col(w,(c ),w](( )) and v, ~ N(0,S;,). Proceeding analogously to the

proof of Lemma 3, we infer that the density of variable Y is given by:
~ N ~ ~
= [TN (G, Crin, Ey), (A13)
k=0

where i1, £y, are calculated recursively by the Kalman filter equations

Ty =S, + €S, CT, (A14)
L,=SC'% (A15)
iy = 1, + L (9 — Ciiy ), (A16)
Sp =S, — LiZiLy, (A17)
i, = Apiiy 4 By, (A18)
S = ASA] + GGl k=0,1..., N, (A19)

with initial conditions (73). Comparing (A8) and (A13), we get:

N
pT) =N (T, Ja 3(5i-+8))) = [T (0 St B, (A20)
=0
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Finally, substituting Y = 0, #j; = 0 in (A20) and (A14)-(A19), we conclude that:

%AL(%(SWS ) 11—4Z|C~_§ 1, (A21)

In|3(S;+S))| = Zln|2k| (A22)
k=0

where 111,, %, fulfils equations (68)-(72). The last term in (A4) is calculated according to Lemma 3. [

Appendix B. An Example of the Gap Between ITB and BCRB

The difference between ITB (20) and BCRB (14) can be significant. To see this, let us consider the
model
y=0+mu, (A23)

where v ~ N (0,1). The elementary calculation yields Jp = 1. If prior is Gaussian, that is, po(0) =
N (0,mg,0%), then Jp = (79 , 2(Hg — Ip,) = In27e — 11’1((752 + 1) and both BCRB (14) and ITB (20)
yield the same error estimate. Now, let us assume that

po(6) = 3(®(a(1+0)) + @(a(1-0)) - 1), (A24)
where a« > 0 is a parameter and P (¢ f N(t,0,1)dt. The prior (A24) is an analytic function which,

in the limit & — oo, tends to the uniform distribution U[—1,1]. Since H(y|8) = 1 In(2me), H(y) <
%ln(Zne(var(G) +1)), var(6) = % +Oq(a™1), H®) = In2+4 Oy(a~!) and Hy — Iy = H(y|0) +
H(0) — H(y), after elementary calculations, we get the ITB:

R o2(Ho—To;y) 3v2

E(O-0)* > —_——>

+0(a ). (A25)

On the other hand, according to (12), we have:

Ip = "‘7 o > 0. (A26)

2 T (N(a(1+6),0,1) — N(a(1—6),0,1)) o
Zo O(a(1+0)) + P(a(l—0)) —1 Z o) aow

Hence, BCRB (14) becomes trivial, but ITB still gives a reasonable error estimate. If the likelihood
is non-Gaussian, a similar effect occurs. Therefore, BCRB generally underestimates the minimum
possible estimation error.

Appendix C. Discretization of Linear SDE

Consider continuous-time SDE
dx = (Acx + Bou)dt + Godw, (A27)

where x(t) € R", w(t) € R™ is a vector of mutually independent standard Wiener processes. Let A
denote the discretization period, and let u(t) = wuy, t € [ty, txy1], tx = kA. Then process x; = x(fy),
fulfils the difference equation

Xx11 = Axy + Buy + Guwy, (A28)
where wy ~ N (0,1,,) and
A A
A =¢A0 B = /eAcTBch,D =GG' = /eAcTGCGIeACTTdT. (A29)
0 0
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If D > 0, then G can be determined by the Cholesky factorization of D. In the general case we use
spectral decomposition D = QAQT, and then G = QA%5.
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