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Article

New Algorithm for Entanglement Swapping

Zhaoxu Ji * and Huanguo Zhang *

Key Laboratory of Aerospace Information Security and Trusted Computing, Ministry of Education, School of Cyber Science and
Engineering, Wuhan University, Wuhan 430072, China; jizhaoxu@whu.edu.cn; liss@whu.edu.cn

Abstract: Entanglement swapping is a key technology to realize long-distance quantum communication and

build quantum networks, and has extensive and important applications in quantum information processing. In

this paper, we propose a new algorithm to obtain entanglement swapping results, which is based on the idea

of constructing new entangled states after entanglement swapping from all possible observation outcomes. We

demonstrate the algorithm by the entanglement swapping between two bipartite entangled states, and derive

the results of entanglement swapping between two 2-level Bell states, which are consistent with those obtained

through algebraic calculations. Our work can provide new perspectives for thinking about the principles of

quantum mechanics and trigger in-depth exploration of quantum mechanics principles and natural mysteries.

Keywords: quantum entanglement; entanglement swapping; Bell states; quantum information processing

1. Introduction

Quantum superposition, or superposition for short, is a peculiar quantum mechanics phe-
nomenon, which indicates that a quantum system can be in multiple different states simultaneously
[1]. The most common case is the superposition of two opposing states, and one of the most famous
examples is “Schrödinger’s cat”, which can be vividly expressed as “a cat can be both alive and dead
at the same time” [2].

Quantum entanglement, abbreviated as entanglement, is a quantum mechanics phenomenon
built on superposition. In other words, the primary premise for the existence of entanglement is
superposition. An entangled system is a composite of two or more subsystems, and if one of the
subsystems is observed, the state of the other subsystems will change immediately without any time
delay [1]. In a entangled state, the properties of each particle have been integrated into a whole
property, and it is impossible to describe the properties of each particle separately, only the properties
of the whole system can be described [1,3].

Entanglement swapping is another quantum mechanics phenomenon, which builds on entangle-
ment. Entanglement swapping has attracted extensive attention in the academic community since its
discovery, mainly because it is one of the core resources for preparing quantum repeaters, which makes
long-distance quantum communication and and large-scale quantum networks possible [3–5]. In
addition, entanglement swapping provides a new approach for the preparation of entangled states and
is also an important resource for designing quantum cryptography protocols and quantum algorithms
[5,6].

The original idea of entanglement swapping was included in the quantum teleportation scheme
proposed by Bennett et al. in 1992 [7]. Subsequently, Zeilinger et al. experimentally realised entan-
glement swapping for the first time in 1993, and formally proposed the concept of entanglement
swapping [4]. Bose et al. described the entanglement swapping of 2-level cat states [8]. Hardy and
Song considered the entanglement swapping of general pure states [9]. Bouda and Bužek generalized
the entanglement swapping scheme originally proposed for two pairs of qubits to multi-qudit systems
[10]. Karimipour et al. introduced generalized cat states for d-level systems and obtain the formulas
for their entanglement swapping with generalized Bell states [11]. Sen et al. investigated various
entanglement swapping schemes for Werner states [12]. Roa et al. studied the entanglement swapping
of X states [13]. Kirby et al. proposed a general analytical solution for entanglement swapping of
arbitrary two-qubit states, which provides a comprehensive method for analyzing entanglement
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swapping in quantum networks [14]. Recently, Bergou et al. investigated the connection between
entanglement swapping and concurrence [15].

In this paper, we propose a novel algorithm for entanglement swapping, demonstrate the algo-
rithm through the entanglement swapping between two entangled states with two particles each. We
verify the correctness of the algorithm through the entanglement swapping between two Bell states
(also commonly referred to as Einstein-Podolsky-Rosen pairs, abbreviated as EPR pairs), which is
achieved by performing Bell measurements on the first particle in each Bell state [16]. In the following
text, we will introduce the algebraic algorithm for entanglement swapping between two Bell states in
Sec. 2, then present our proposed algorithm in Sec. 3. In Sec. 4, we give some views on the fundamental
laws of nature, which may help to better understand the proposed algorithm. The last section is the
summary of our work.

2. Entanglement Swapping Between Two Bell States

Suppose that there are two or more independent entangled states, and select some particles from
each entangled state and then perform joint quantum measurements on them, the measured particles
will collapse onto a new entangled state after measurement, while all the particles that are not measured
will collapse into another new entangled state, such a phenomenon is called entanglement swapping
[5]. The mathematical calculation process of entanglement swapping can be simply described as the
expansion of a polynomial composed of vectors, combining like terms, permutation, followed by the
re-expansion of the polynomial, and then combining like terms [17].

In what follows, we will introduce the entanglement swapping between two Bell states. Let us
first introduce the Bell states, which can be expressed as

∣∣ϕ+
〉
=

1√
2
(|00⟩+ |11⟩),

∣∣ϕ−〉 = 1√
2
(|00⟩ − |11⟩),

∣∣ψ+
〉
=

1√
2
(|01⟩+ |10⟩),

∣∣ψ−〉 = 1√
2
(|01⟩ − |10⟩). (1)

The four states form a complete orthogonal basis, i.e. the Bell basis {|ϕ+⟩, |ϕ−⟩, |ψ+⟩, |ψ−⟩} [5].
The entanglement swapping of Bell states is mathematically described in detail in Refs. [5,17], but

here we only introduce the results in Ref. [5], which are given by(
|0i⟩ ±

∣∣1ī
〉)

12 ⊗
(
|0i⟩ ±

∣∣1ī
〉)

34

⇒
{

|ϕ+⟩13|ϕ+⟩24 + |ϕ−⟩13|ϕ−⟩24 ± |ψ+⟩13|ψ+⟩24 ± |ψ−⟩13|ψ−⟩24 if i = 0;

|ϕ+⟩13|ϕ+⟩24 − |ϕ−⟩13|ϕ−⟩24 ± |ψ+⟩13|ψ+⟩24 ∓ |ψ−⟩13|ψ−⟩24 if i = 1,
(2a)

(
|0i⟩ ±

∣∣1ī
〉)

12 ⊗
(
|0i⟩ ∓

∣∣1ī
〉)

34

⇒
{

|ϕ+⟩13|ϕ−⟩24 + |ϕ−⟩13|ϕ+⟩24 ∓ |ψ+⟩13|ψ−⟩24 ∓ |ψ−⟩13|ψ+⟩24 if i = 0;

−|ϕ+⟩13|ϕ−⟩24 + |ϕ−⟩13|ϕ+⟩24 ± |ψ+⟩13|ψ−⟩24 ∓ |ψ−⟩13|ψ+⟩24 if i = 1,
(2b)

(
|0i⟩ ±

∣∣1ī
〉)

12 ⊗
(∣∣0ī

〉
± |1i⟩

)
34

⇒
{

|ϕ+⟩13|ψ+⟩24 + |ϕ−⟩13|ψ−⟩24 ± |ψ+⟩13|ϕ+⟩24 ± |ψ−⟩13|ϕ−⟩24 if i = 0;

|ϕ+⟩13|ψ+⟩24 − |ϕ−⟩13|ψ−⟩24 ± |ψ+⟩13|ϕ+⟩24 ∓ |ψ−⟩13|ϕ−⟩24 if i = 1,
(2c)
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(
|0i⟩ ±

∣∣1ī
〉)

12 ⊗
(∣∣0ī

〉
∓ |1i⟩

)
34

⇒
{

|ϕ+⟩13|ψ−⟩24 + |ϕ−⟩13|ψ+⟩24 ∓ |ψ+⟩13|ϕ−⟩24 ∓ |ψ−⟩13|ϕ+⟩24 if i = 0;

−|ϕ+⟩13|ψ−⟩24 + |ϕ−⟩13|ψ+⟩24 ± |ψ+⟩13|ϕ−⟩24 ∓ |ψ−⟩13|ϕ+⟩24 if i = 1.
(2d)

where the subscripts 1,2 and 3,4 represent two particles in two Bell states, respectively. Note here that
the inessential coefficients are ignored (similarly hereinafter).

3. The New Algorithm for Entanglement Swapping

Suppose that there is a quantum system that is always isolated from the outside world, which
means that there has never been any energy exchange between the system and the external environment.
We can know from the law of conservation of energy that energy cannot be generated or disappeared
out of thin air, hence the total energy possessed by such a system must be zero, which means that
the energy possessed by the system must be divided into positive energy and negative energy, and
these two types of energy are balanced (they are equal in quantity). Here, we might as well use |φ⟩
to represent the states of quantum system, and |α⟩ and |β⟩ to represent the state of the positive and
negative energy of the system, respectively, where |φ⟩ can be assumed to be of any dimension. Due to
the balance between the positive energy and negative energy, it is clear that |β⟩ = −|α⟩. Interestingly,
when the system is observed (i.e. performing quantum measurements on it), only the state |α⟩ can be
obtained, attributed to

⟨β|M+
m Mm|β⟩ = ⟨α|e−iπ M+

m Mmeiπ |α⟩ = ⟨α|M+
m Mm|α⟩, (3)

where Mm represents a measurement operator and the subscript m represents a possible measurement
result [1], in which case it is impossible to know whether the observed state is |α⟩ or |β⟩. Since the
probability that |φ⟩ is in either the state |α⟩ or the state |β⟩ is 50%, we would like to denote the system
as

|φ⟩ = 1√
2
(|α⟩+ |β⟩). (4)

It should be pointed out that |φ⟩ can be a system with only one subsystem (i.e., a single-particle
system) or a system with multiple subsystems (i.e., a multi-particle system). Let us give a few familiar
examples, if |φ⟩ is a single-particle system, one can take |α⟩ as one of |0⟩ and |1⟩, or as one of |+⟩ and
|−⟩, where |+⟩ = 1√

2
(|0⟩+ |1⟩) and |−⟩ = 1√

2
(|0⟩ − |1⟩). If |0⟩ and |1⟩ are treated as vectors, we can

establish a coordinate system as shown in Figure 1.
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Let us now assume that there is an independent quantum system with two subsystems (i.e., a two-particle
quantum state), and assume that |α〉 is in one of the following two states:

∣∣∣Ψ±〉1,2 =
1√
2

(|u1u2〉 ± |ū1ū2〉) , (5)

3

Figure 1
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If |φ⟩ is a multi-particle system, e.g., |α⟩ can be taken as one of |00⟩, |01⟩, |10⟩ and |11⟩, or as one
of the Bell states (see Eq. 1), such that two coordinate systems shown in Figure 2 can be established.
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Let us now assume that there is an independent quantum system with two subsystems (i.e., a two-particle
quantum state), and assume that |α〉 is in one of the following two states:
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Let us now assume that there is an independent quantum system with two subsystems (i.e., a
two-particle quantum state), and assume that |α⟩ is in one of the following two states:

∣∣Ψ±〉
1,2 =

1√
2
(|u1u2⟩ ± |ū1ū2⟩), (5)

where the subscripts 1,2 represent two subsystems, {|ū1⟩, |u1⟩} and {|ū2⟩, |u2⟩} are two sets of or-
thonormal bases, such that ⟨ū1|u1⟩ = ⟨ū2|u2⟩ = 0 and ⟨u1|u1⟩ = ⟨u2|u2⟩ = 1. Table 1 shows
all possible combinations of the states of the particles 1 and 2, where the states with global phase,
−|u1⟩,−|ū1⟩,−|u2⟩,−|ū2⟩, can not ignored even though they do not have observational effects, and
3⃝, 4⃝ can be considered as the measurement results from −|Ψ±⟩1,2.

Table 1

|α⟩ Combinations of the states of two subsystems

∣∣Ψ+
〉 1⃝ (|u1⟩, |u2⟩) or (|ū1⟩, |ū2⟩)

2⃝ (|u1⟩, |u2⟩) or (−|ū1⟩,−|ū2⟩)
3⃝ (−|u1⟩,−|u2⟩) or (−|ū1⟩,−|ū2⟩)

4⃝ (−|u1⟩,−|u2⟩) or (|ū1⟩, |ū2⟩)

∣∣Ψ−〉 1⃝ (|u1⟩, |u2⟩) or (−|ū1⟩, |ū2⟩)
2⃝ (|u1⟩, |u2⟩) or (|ū1⟩,−|ū2⟩)

3⃝ (−|u1⟩,−|u2⟩) or (|ū1⟩,−|ū2⟩)
4⃝ (−|u1⟩,−|u2⟩) or (−|ū1⟩, |ū2⟩)

In what follows, let us introduce the new algorithm for computing entanglement swapping.
Without losing generality, let us consider the entanglement swapping between two systems each
containing two subsystems. The algorithm is also applicable to multi-particle systems, since it is just
the generalization of two-particle systems. Let us assume there are two two-particle systems that
are independent of the external environment and each other. For simplicity, we assume that the two
systems are in the state shown in Eq. 5 and select only the combinations numbered 1⃝ and 2⃝ in Table 1.
Let us represent the two systems as |A ±⟩1,2 and |B±⟩1,2, respectively, then we have

∣∣A ±〉
1,2 =

1√
2
|a1a2⟩ ±

1√
2
|ā1 ā2⟩,∣∣B±〉

1,2 =
1√
2
|b1b2⟩ ±

1√
2

∣∣b̄1b̄2
〉
. (6)
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Furthermore, without loss of generality, assuming that the first subsystem in both |A ±⟩1,2 and |B±⟩1,2
is observed simultaneously, and the observation result is denoted as M1, while the state that the re-
maining subsystems collapse onto is denoted as M2. In addition, we use the symbol S to represent the
combinations of the states of two subsystems. Let us discuss different scenarios in turn, including four
combinations:

{
|A +⟩1,2, |B+⟩1,2

}
,
{
|A +⟩1,2, |B−⟩1,2

}
,
{
|A −⟩1,2, |B+⟩1,2

}
, and

{
|A −⟩1,2, |B−⟩1,2

}
.

For the first case, we list all the possible states of subsystems and the corresponding observation results
in the four sub-tables in Table 2 (Note that for the sake of simplicity, unnecessary coefficients are
ignored in the table).

Table 2. Subsystem states and observation results.

(a)

S M1 M2

(|a1⟩, |a2⟩) |a1⟩|b1⟩ |a2⟩|b2⟩
(|ā1⟩, |ā2⟩) |a1⟩

∣∣b̄1
〉

|a2⟩
∣∣b̄2

〉
(|b1⟩, |b2⟩) |ā1⟩|b1⟩ |ā2⟩|b2⟩(∣∣b̄1

〉
,
∣∣b̄2

〉)
|ā1⟩

∣∣b̄1
〉

|ā2⟩
∣∣b̄2

〉
(b)

S M1 M2

(|a1⟩, |a2⟩) |a1⟩|b1⟩ |a2⟩|b2⟩
(|ā1⟩, |ā2⟩) −|a1⟩

∣∣b̄1
〉

−|a2⟩
∣∣b̄2

〉
(|b1⟩, |b2⟩) |ā1⟩|b1⟩ |ā2⟩|b2⟩(
−
∣∣b̄1

〉
,−

∣∣b̄2
〉)

−|ā1⟩
∣∣b̄1

〉
−|ā2⟩

∣∣b̄2
〉

(c)

S M1 M2

(|a1⟩, |a2⟩) |a1⟩|b1⟩ |a2⟩|b2⟩
(−|ā1⟩,−|ā2⟩) |a1⟩

∣∣b̄1
〉

|a2⟩
∣∣b̄2

〉
(|b1⟩, |b2⟩) −|ā1⟩|b1⟩ −|ā2⟩|b2⟩(∣∣b̄1

〉
,
∣∣b̄2

〉)
−|ā1⟩

∣∣b̄1
〉

−|ā2⟩
∣∣b̄2

〉
(d)

S M1 M2

(|a1⟩, |a2⟩) |a1⟩|b1⟩ |a2⟩|b2⟩
(−|ā1⟩,−|ā2⟩) −|a1⟩

∣∣b̄1
〉

−|a2⟩
∣∣b̄2

〉
(|b1⟩, |b2⟩) −|ā1⟩|b1⟩ −|ā2⟩|b2⟩(
−
∣∣b̄1

〉
,−

∣∣b̄2
〉)

|ā1⟩
∣∣b̄1

〉
|ā2⟩

∣∣b̄2
〉

From the four sub-tables, we can summarize the following corresponding relationships:

(a)

{
|a1b1⟩+

∣∣ā1b̄1
〉
⇔ |a2b2⟩+

∣∣ā2b̄2
〉
,∣∣a1b̄1

〉
+ |ā1b1⟩ ⇔

∣∣a2b̄2
〉
+ |ā2b2⟩,

(b)

{
|a1b1⟩ −

∣∣ā1b̄1
〉
⇔ |a2b2⟩ −

∣∣ā2b̄2
〉
,

−
∣∣a1b̄1

〉
+ |ā1b1⟩ ⇔ −

∣∣a2b̄2
〉
+ |ā2b2⟩,

(c)

{
|a1b1⟩ −

∣∣ā1b̄1
〉
⇔ |a2b2⟩ −

∣∣ā2b̄2
〉
,∣∣a1b̄1

〉
− |ā1b1⟩ ⇔

∣∣a2b̄2
〉
− |ā2b2⟩,

(d)

{
|a1b1⟩+

∣∣ā1b̄1
〉
⇔ |a2b2⟩+

∣∣ā2b̄2
〉
,

−
∣∣a1b̄1

〉
− |ā1b1⟩ ⇔ −

∣∣a2b̄2
〉
− |ā2b2⟩,

(7)
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from which we can get the result of the entanglement swapping between |A +⟩1,2 and |B+⟩1,2,∣∣A +
〉

1,2 ⊗
∣∣B+

〉
1,2 −→

(
|a1b1⟩+

∣∣ā1b̄1
〉)

⊗
(
|a2b2⟩+

∣∣ā2b̄2
〉)

+
(∣∣a1b̄1

〉
+ |ā1b1⟩

)
⊗

(∣∣a2b̄2
〉
+ |ā2b2⟩

)
+
(
|a1b1⟩ −

∣∣ā1b̄1
〉)

⊗
(
|a2b2⟩ −

∣∣ā2b̄2
〉)

+
(∣∣a1b̄1

〉
− |ā1b1⟩

)
⊗

(∣∣a2b̄2
〉
− |ā2b2⟩

)
. (8)

In a similar way, we can further obtain the results for other entangled swapping cases, which are given
by ∣∣A +

〉
1,2 ⊗

∣∣B−〉
1,2 −→

(
|a1b1⟩+

∣∣ā1b̄1
〉)

⊗
(
|a2b2⟩ −

∣∣ā2b̄2
〉)

−
(∣∣a1b̄1

〉
+ |ā1b1⟩

)
⊗

(∣∣a2b̄2
〉
− |ā2b2⟩

)
+
(
|a1b1⟩ −

∣∣ā1b̄1
〉)

⊗
(
|a2b2⟩+

∣∣ā2b̄2
〉)

−
(∣∣a1b̄1

〉
− |ā1b1⟩

)
⊗

(∣∣a2b̄2
〉
+ |ā2b2⟩

)
, (9)

∣∣A −〉
1,2 ⊗

∣∣B+
〉

1,2 −→
(
|a1b1⟩+

∣∣ā1b̄1
〉)

⊗
(
|a2b2⟩ −

∣∣ā2b̄2
〉)

+
(∣∣a1b̄1

〉
+ |ā1b1⟩

)
⊗

(∣∣a2b̄2
〉
− |ā2b2⟩

)
+
(
|a1b1⟩ −

∣∣ā1b̄1
〉)

⊗
(
|a2b2⟩+

∣∣ā2b̄2
〉)

+
(∣∣a1b̄1

〉
− |ā1b1⟩

)
⊗

(∣∣a2b̄2
〉
+ |ā2b2⟩

)
, (10)

∣∣A −〉
1,2 ⊗

∣∣B−〉
1,2 −→

(
|a1b1⟩+

∣∣ā1b̄1
〉)

⊗
(
|a2b2⟩+

∣∣ā2b̄2
〉)

−
(∣∣a1b̄1

〉
+ |ā1b1⟩

)
⊗

(∣∣a2b̄2
〉
+ |ā2b2⟩

)
+
(
|a1b1⟩ −

∣∣ā1b̄1
〉)

⊗
(
|a2b2⟩ −

∣∣ā2b̄2
〉)

−
(∣∣a1b̄1

〉
− |ā1b1⟩

)
⊗

(∣∣a2b̄2
〉
− |ā2b2⟩

)
, (11)

Let us set a1, b1, a2, b2 ∈ {0, 1} in Eq. 8, then four cases of the entanglement swapping between
two Bell states can be obtained, which are given by∣∣ϕ+〉

1,2 ⊗
∣∣ϕ+〉

3,4 →
∣∣ϕ+〉

1,3 ⊗
∣∣ϕ+〉

2,4 +
∣∣ϕ−〉

1,3 ⊗
∣∣ϕ−〉

2,4 +
∣∣ψ+〉

1,3 ⊗
∣∣ψ+〉

2,4 +
∣∣ψ−〉

1,3 ⊗
∣∣ψ−〉

2,4, (12a)∣∣ϕ+〉
1,2 ⊗

∣∣ψ+〉
3,4 →

∣∣ϕ+〉
1,3 ⊗

∣∣ψ+〉
2,4 +

∣∣ψ+〉
1,3 ⊗

∣∣ϕ+〉
2,4 +

∣∣ϕ−〉
1,3 ⊗

∣∣ψ−〉
2,4 +

∣∣ψ−〉
1,3 ⊗

∣∣ϕ−〉
2,4, (12b)∣∣ψ+〉

1,2 ⊗
∣∣ϕ+〉

3,4 →
∣∣ϕ+〉

1,3 ⊗
∣∣ψ+〉

2,4 +
∣∣ψ+〉

1,3 ⊗
∣∣ϕ+〉

2,4 −
∣∣ϕ−〉

1,3 ⊗
∣∣ψ−〉

2,4 −
∣∣ψ−〉

1,3 ⊗
∣∣ϕ−〉

2,4, (12c)∣∣ψ+〉
1,2 ⊗

∣∣ψ+〉
3,4 →

∣∣ϕ+〉
1,3 ⊗

∣∣ϕ+〉
2,4 +

∣∣ψ+〉
1,3 ⊗

∣∣ψ+〉
2,4 −

∣∣ϕ−〉
1,3 ⊗

∣∣ϕ−〉
2,4 −

∣∣ψ−〉
1,3 ⊗

∣∣ψ−〉
2,4, (12d)

where the change in the positions of the subscripts shows the swapping of particles. In a similar way,
we can further obtain the results for other cases of the entangled swapping between two Bell states
from Eqs. 9 to 11, as follows,∣∣ϕ+〉

1,2 ⊗
∣∣ϕ−〉

3,4 →
∣∣ϕ+〉

1,3 ⊗
∣∣ϕ−〉

2,4 +
∣∣ϕ−〉

1,3 ⊗
∣∣ϕ+〉

2,4 −
∣∣ψ+〉

1,3 ⊗
∣∣ψ−〉

2,4 −
∣∣ψ−〉

1,3 ⊗
∣∣ψ+〉

2,4, (13a)∣∣ϕ+〉
1,2 ⊗

∣∣ψ−〉
3,4 →

∣∣ϕ+〉
1,3 ⊗

∣∣ψ−〉
2,4 −

∣∣ψ+〉
1,3 ⊗

∣∣ϕ−〉
2,4 +

∣∣ϕ−〉
1,3 ⊗

∣∣ψ+〉
2,4 −

∣∣ψ−〉
1,3 ⊗

∣∣ϕ+〉
2,4, (13b)∣∣ψ+〉

1,2 ⊗
∣∣ϕ−〉

3,4 → −
∣∣ϕ+〉

1,3 ⊗
∣∣ϕ−〉

2,4 +
∣∣ψ+〉

1,3 ⊗
∣∣ϕ−〉

2,4 +
∣∣ϕ−〉

1,3 ⊗
∣∣ψ+〉

2,4 −
∣∣ψ−〉

1,3 ⊗
∣∣ϕ+〉

2,4, (13c)∣∣ψ+〉
1,2 ⊗

∣∣ψ−〉
3,4 → −

∣∣ϕ+〉
1,3 ⊗

∣∣ϕ−〉
2,4 +

∣∣ψ+〉
1,3 ⊗

∣∣ψ−〉
2,4 +

∣∣ϕ−〉
1,3 ⊗

∣∣ϕ+〉
2,4 −

∣∣ψ−〉
1,3 ⊗

∣∣ψ+〉
2,4, (13d)
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∣∣ϕ−〉
1,2 ⊗

∣∣ϕ+〉
3,4 →

∣∣ϕ+〉
1,3 ⊗

∣∣ϕ−〉
2,4 +

∣∣ψ+〉
1,3 ⊗

∣∣ψ−〉
2,4 +

∣∣ϕ−〉
1,3 ⊗

∣∣ϕ+〉
2,4 +

∣∣ψ−〉
1,3 ⊗

∣∣ψ+〉
2,4, (14a)∣∣ϕ−〉

1,2 ⊗
∣∣ψ+〉

3,4 →
∣∣ϕ+〉

1,3 ⊗
∣∣ψ−〉

2,4 +
∣∣ψ+〉

1,3 ⊗
∣∣ϕ−〉

2,4 +
∣∣ϕ−〉

1,3 ⊗
∣∣ψ+〉

2,4 +
∣∣ψ−〉

1,3 ⊗
∣∣ϕ+〉

2,4, (14b)∣∣ψ−〉
1,2 ⊗

∣∣ϕ+〉
3,4 → −

∣∣ϕ+〉
1,3 ⊗

∣∣ψ−〉
2,4 −

∣∣ψ+〉
1,3 ⊗

∣∣ϕ−〉
2,4 +

∣∣ϕ−〉
1,3 ⊗

∣∣ψ+〉
2,4 +

∣∣ψ−〉
1,3 ⊗

∣∣ϕ+〉
2,4, (14c)∣∣ψ−〉

1,2 ⊗
∣∣ψ+〉

3,4 → −
∣∣ϕ+〉

1,3 ⊗
∣∣ϕ−〉

2,4 −
∣∣ψ+〉

1,3 ⊗
∣∣ψ−〉

2,4 +
∣∣ϕ−〉

1,3 ⊗
∣∣ϕ+〉

2,4 +
∣∣ψ−〉

1,3 ⊗
∣∣ψ+〉

2,4, (14d)

∣∣ϕ−〉
1,2 ⊗

∣∣ϕ−〉
3,4 →

∣∣ϕ+〉
1,3 ⊗

∣∣ϕ+〉
2,4 −

∣∣ψ+〉
1,3 ⊗

∣∣ψ+〉
2,4 +

∣∣ϕ−〉
1,3 ⊗

∣∣ϕ−〉
2,4 −

∣∣ψ−〉
1,3 ⊗

∣∣ψ−〉
2,4, (15a)∣∣ϕ−〉

1,2 ⊗
∣∣ψ−〉

3,4 →
∣∣ϕ+〉

1,3 ⊗
∣∣ψ+〉

2,4 −
∣∣ψ+〉

1,3 ⊗
∣∣ϕ+〉

2,4 +
∣∣ϕ−〉

1,3 ⊗
∣∣ψ−〉

2,4 −
∣∣ψ−〉

1,3 ⊗
∣∣ϕ−〉

2,4, (15b)∣∣ψ−〉
1,2 ⊗

∣∣ϕ−〉
3,4 →

∣∣ϕ+〉
1,3 ⊗

∣∣ψ+〉
2,4 −

∣∣ψ+〉
1,3 ⊗

∣∣ϕ+〉
2,4 −

∣∣ϕ−〉
1,3 ⊗

∣∣ψ−〉
2,4 +

∣∣ψ−〉
1,3 ⊗

∣∣ϕ−〉
2,4, (15c)∣∣ψ−〉

1,2 ⊗
∣∣ψ−〉

3,4 →
∣∣ϕ+〉

1,3 ⊗
∣∣ϕ+〉

2,4 −
∣∣ψ+〉

1,3 ⊗
∣∣ψ+〉

2,4 −
∣∣ϕ−〉

1,3 ⊗
∣∣ϕ−〉

2,4 +
∣∣ψ−〉

1,3 ⊗
∣∣ψ−〉

2,4, (15d)

The cases shown in Eqs. (12a, 12d, 15a, 15d) are included in Eq. 2a. Furthermore, Eqs. (13a, 13d, 14a,
14d) are included in Eq. 2b. Eqs. (12b, 12c, 15b, 15c) are included in Eq. 2c. and Eqs. (13b, 13c, 14b, 14c)
are included in Eq. 2d. In short, Eqs. (2a-2d) verify the correctness of the proposed algorithm.

4. Discussion

In this section, we attempt to combine classical physics theory with quantum mechanics theory to
provide our thoughts and insights into fundamental laws of nature. According to classical physics
theory, energy cannot be generated out of thin air, and a substance cannot appear out of thin air. From
this perspective, at the beginning of the birth of the universe, there must have been nothing at all.
However, the unintelligible birth of infinite energy and countless kinds of substances in the universe
indicates that the origin of the universe is all-encompassing.

To sum up, the origin of the universe is both “empty” and “all-embracing”, which is the su-
perposition or mixture of the two opposing states. Using mathematical representations in quantum
mechanics, we can represent “empty” and “all-embracing” separately as |N ⟩ and |Y⟩, and use |O⟩ to
represent the origin of the universe, then one can get |O⟩ = |Y⟩+ |N ⟩. When we discuss or make a
judgment about the existence of everything in the universe, it is actually because we have made local
observations of |O⟩, which causes |O⟩ to collapse, and thus obtains the observation result |Y⟩ or |N ⟩.

It is widely accepted that there is energy in the universe first, and then energy is transformed into
various substances. However, the premise of accepting this viewpoint is that energy exists, that is, |O⟩
is observed to collapse into the state |Y⟩. As mentioned above, according to the law of conservation
of energy, energy cannot be generated out of thin air, hence the total energy in the universe must be
zero. This means that energy must be divided into positive and negative types, and both are equal in
quantity, making the total amount zero. Let us take the number axis as an example. The positive and
negative energies correspond to the positive and negative half axes of the number axis, respectively,
and the number 0 in the center of the number axis corresponds to the state after adding the two
energies, as shown in Figure 3.

where the change in the positions of the subscripts shows the swapping of particles. In a similar way, we can
further obtain the results for other cases of the entangled swapping between two Bell states from Eqs. 9 to 11,
as follows,

∣∣∣φ+〉
1,2 ⊗

∣∣∣φ−〉3,4 →
∣∣∣φ+〉

1,3 ⊗
∣∣∣φ−〉2,4 +

∣∣∣φ−〉1,3 ⊗
∣∣∣φ+〉

2,4 −
∣∣∣ψ+〉

1,3 ⊗
∣∣∣ψ−〉2,4 −

∣∣∣ψ−〉1,3 ⊗
∣∣∣ψ+〉

2,4 , (13a)
∣∣∣φ+〉

1,2 ⊗
∣∣∣ψ−〉3,4 →

∣∣∣φ+〉
1,3 ⊗

∣∣∣ψ−〉2,4 −
∣∣∣ψ+〉

1,3 ⊗
∣∣∣φ−〉2,4 +

∣∣∣φ−〉1,3 ⊗
∣∣∣ψ+〉

2,4 −
∣∣∣ψ−〉1,3 ⊗

∣∣∣φ+〉
2,4 , (13b)

∣∣∣ψ+〉
1,2 ⊗

∣∣∣φ−〉3,4 → −
∣∣∣φ+〉

1,3 ⊗
∣∣∣φ−〉2,4 +

∣∣∣ψ+〉
1,3 ⊗

∣∣∣φ−〉2,4 +
∣∣∣φ−〉1,3 ⊗

∣∣∣ψ+〉
2,4 −

∣∣∣ψ−〉1,3 ⊗
∣∣∣φ+〉

2,4 , (13c)
∣∣∣ψ+〉

1,2 ⊗
∣∣∣ψ−〉3,4 → −

∣∣∣φ+〉
1,3 ⊗

∣∣∣φ−〉2,4 +
∣∣∣ψ+〉

1,3 ⊗
∣∣∣ψ−〉2,4 +

∣∣∣φ−〉1,3 ⊗
∣∣∣φ+〉

2,4 −
∣∣∣ψ−〉1,3 ⊗

∣∣∣ψ+〉
2,4 , (13d)

∣∣∣φ−〉1,2 ⊗
∣∣∣φ+〉

3,4 →
∣∣∣φ+〉

1,3 ⊗
∣∣∣φ−〉2,4 +

∣∣∣ψ+〉
1,3 ⊗

∣∣∣ψ−〉2,4 +
∣∣∣φ−〉1,3 ⊗

∣∣∣φ+〉
2,4 +

∣∣∣ψ−〉1,3 ⊗
∣∣∣ψ+〉

2,4 , (14a)
∣∣∣φ−〉1,2 ⊗

∣∣∣ψ+〉
3,4 →

∣∣∣φ+〉
1,3 ⊗

∣∣∣ψ−〉2,4 +
∣∣∣ψ+〉

1,3 ⊗
∣∣∣φ−〉2,4 +

∣∣∣φ−〉1,3 ⊗
∣∣∣ψ+〉

2,4 +
∣∣∣ψ−〉1,3 ⊗

∣∣∣φ+〉
2,4 , (14b)

∣∣∣ψ−〉1,2 ⊗
∣∣∣φ+〉

3,4 → −
∣∣∣φ+〉

1,3 ⊗
∣∣∣ψ−〉2,4 −

∣∣∣ψ+〉
1,3 ⊗

∣∣∣φ−〉2,4 +
∣∣∣φ−〉1,3 ⊗

∣∣∣ψ+〉
2,4 +

∣∣∣ψ−〉1,3 ⊗
∣∣∣φ+〉

2,4 , (14c)
∣∣∣ψ−〉1,2 ⊗

∣∣∣ψ+〉
3,4 → −

∣∣∣φ+〉
1,3 ⊗

∣∣∣φ−〉2,4 −
∣∣∣ψ+〉

1,3 ⊗
∣∣∣ψ−〉2,4 +

∣∣∣φ−〉1,3 ⊗
∣∣∣φ+〉

2,4 +
∣∣∣ψ−〉1,3 ⊗

∣∣∣ψ+〉
2,4 , (14d)

∣∣∣φ−〉1,2 ⊗
∣∣∣φ−〉3,4 →

∣∣∣φ+〉
1,3 ⊗

∣∣∣φ+〉
2,4 −

∣∣∣ψ+〉
1,3 ⊗

∣∣∣ψ+〉
2,4 +

∣∣∣φ−〉1,3 ⊗
∣∣∣φ−〉2,4 −

∣∣∣ψ−〉1,3 ⊗
∣∣∣ψ−〉2,4 , (15a)

∣∣∣φ−〉1,2 ⊗
∣∣∣ψ−〉3,4 →

∣∣∣φ+〉
1,3 ⊗

∣∣∣ψ+〉
2,4 −

∣∣∣ψ+〉
1,3 ⊗

∣∣∣φ+〉
2,4 +

∣∣∣φ−〉1,3 ⊗
∣∣∣ψ−〉2,4 −

∣∣∣ψ−〉1,3 ⊗
∣∣∣φ−〉2,4 , (15b)

∣∣∣ψ−〉1,2 ⊗
∣∣∣φ−〉3,4 →

∣∣∣φ+〉
1,3 ⊗

∣∣∣ψ+〉
2,4 −

∣∣∣ψ+〉
1,3 ⊗

∣∣∣φ+〉
2,4 −

∣∣∣φ−〉1,3 ⊗
∣∣∣ψ−〉2,4 +

∣∣∣ψ−〉1,3 ⊗
∣∣∣φ−〉2,4 , (15c)

∣∣∣ψ−〉1,2 ⊗
∣∣∣ψ−〉3,4 →

∣∣∣φ+〉
1,3 ⊗

∣∣∣φ+〉
2,4 −

∣∣∣ψ+〉
1,3 ⊗

∣∣∣ψ+〉
2,4 −

∣∣∣φ−〉1,3 ⊗
∣∣∣φ−〉2,4 +

∣∣∣ψ−〉1,3 ⊗
∣∣∣ψ−〉2,4 , (15d)

The cases shown in Eqs. (12a, 12d, 15a, 15d) are included in Eq. 2a. Furthermore, Eqs. (13a, 13d, 14a, 14d)
are included in Eq. 2b. Eqs. (12b, 12c, 15b, 15c) are included in Eq. 2c. and Eqs. (13b, 13c, 14b, 14c) are
included in Eq. 2d. In short, Eqs. (2a-2d) verify the correctness of the proposed algorithm.

4 Discussion
In this section, we attempt to combine classical physics theory with quantum mechanics theory to provide

our thoughts and insights into fundamental laws of nature. According to classical physics theory, energy
cannot be generated out of thin air, and a substance cannot appear out of thin air. From this perspective, at the
beginning of the birth of the universe, there must have been nothing at all. However, the unintelligible birth
of infinite energy and countless kinds of substances in the universe indicates that the origin of the universe is
all-encompassing.

To sum up, the origin of the universe is both “empty” and “all-embracing”, which is the superposition
or mixture of the two opposing states. Using mathematical representations in quantum mechanics, we can
represent “empty” and “all-embracing” separately as |N〉 and |Y〉, and use |O〉 to represent the origin of the
universe, then one can get |O〉 = |Y〉 + |N〉. When we discuss or make a judgment about the existence of
everything in the universe, it is actually because we have made local observations of |O〉, which causes |O〉 to
collapse, and thus obtains the observation result |Y〉 or |N〉.

It is widely accepted that there is energy in the universe first, and then energy is transformed into various
substances. However, the premise of accepting this viewpoint is that energy exists, that is, |O〉 is observed to
collapse into the state |Y〉. As mentioned above, according to the law of conservation of energy, energy cannot
be generated out of thin air, hence the total energy in the universe must be zero. This means that energy must
be divided into positive and negative types, and both are equal in quantity, making the total amount zero. Let us
take the number axis as an example. The positive and negative energies correspond to the positive and negative
half axes of the number axis, respectively, and the number 0 in the center of the number axis corresponds to
the state after adding the two energies, as shown in Fig. 3.

0

+-

Figure 3

6

Figure 3

From the law of conservation of energy, one can know that energy is constantly transforming,
which means that the positive and negative energy in the universe are constantly transforming into
each other. Since the total energy is always zero, when a certain amount of positive energy is converted
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into negative energy, there will be an equal amount of negative energy converted into positive energy.
In short, the two are opposites, coexisting, balanced, and constantly transform each other, which is
completely consistent with the principles of “Yin and Yang are opposing, coexisting, balanced, and
mutually transforming” in the I Ching (also called the “Book of Changes”), where Yin and Yang refer
to two opposing things, respectively, including positive energy and negative energy. If the origin of
the universe is regarded as a system, then the system has only one state, which is “emptiness”, and
the existence of two opposing states such as the positive and negative energy only because of local
observations of the system. Similarly, the existence of all opposites, such as the wave and particle
nature of light, good and bad, right and wrong, male and female, etc., is caused by observation. Due to
the quantization of energy, we hold the opinion that the sense organs on human bodies are essentially
quantum measuring instruments, while human beings are actually programmed, emotional, and
self-aware “intelligent robots”, and our observations and judgments are based on databases in the
brain.

In summary, through local observation of “emptiness”, we observe the existence of enormous
positive and negative energy, and then it is believed that energy is transformed into countless and
diverse substances, which is consistent with the statement of Tao Te Ching: all things in the world
are born of existence, and existence is born of nothingness. People may ask: What is the state of
“emptiness" and what force created it? In Tao Te Ching, it is stated that “Tao gives birth to one, one
gives birth to two, two gives birth to three, and three gives birth to everything”. Therefore, the answer
we find is that the “Tao” gives birth to “emptiness”, which is unknown and indescribable. One possible
reason why the “Tao” is unknowable is that humans are unable to observe the universe as a whole,
that is, humans can only observe local parts of the universe and cannot see the whole picture. For
example, if we live in a virtual world created for us by an infinitely large quantum computer with
infinite computing power, we will never know what this computer looks like. In other words, the
fundamental and eternal rules followed by the evolution of all things in the universe are unknowable
and indescribable. On the contrary, the truth that can be explained clearly is definitely not eternal,
as stated in Tao Te Ching: The principle that can be told is not the eternal principle. Of course, the
portrayal of the fundamental laws of nature in this article is also ambiguous, which can be considered
as the ignorance and arrogance of the authors.

5. Conclusion

We have proposed a new algorithm for obtaining entanglement swapping results and verified its
correctness through entanglement swapping of two Bell states. In fact, the discovery of entangled
states is based on all possible observational results, and we adopts this approach to derive the two
entangled states generated by entanglement swapping, which is easier to understand than existing
algebraic algorithms. Our work provides new ideas and perspectives for considering the principles of
quantum mechanics and exploring the mysteries of nature. Unfortunately, if the universe is seen as an
entangled state containing countless subsystems, then one can only observe a small subset of all the
subsystems but not the entire system, thus cannot know the truth.
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