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Featured Application 

The study of the performance and efficiency of vibro-impact nonlinear energy sinks in mitigating 
vibrations of the main structure conducted in this work allows us to understand and evaluate their 
optimal characteristics and operation, which will help to select advantageous designs for future 
applications. 

Abstract 

This paper studies the effect of the movement of a single-sided vibro-impact nonlinear energy sink 
(SSVI NES) in the direction opposite to the obstacle on its dynamics and efficiency in mitigating 
vibrations of the primary structure (PS) subjected to the harmonic excitation. The damper efficiency 
is assessed by the reduction of PS maximum mechanical energy. All damper parameters are 
optimized simultaneously. The paper focuses on the SSVI NES with free movement in the direction 
opposite to the obstacle, without any constraints, which ensures its high efficiency. Its dynamics and 
efficiency are compared with those of other dampers, namely SSVI NES with limited motion away 
from the obstacle and the tuned mass damper (TMD). The preservation of damper tuning when 
changing the structural parameters such as the natural frequency of the PS, its damping and the 
intensity of the harmonic exciting force is also being studied. The dynamics of SSVI NES with free 
motion away from the obstacle is quite calm with periodic motion over almost the entire frequency 
range. Rapid alternation of modes with different periodicity and different numbers of impacts per 
cycle, as well as irregular modes, is observed only at high frequencies of the exciting force. 

Keywords: vibro-impact; damper; nonlinear energy sink; tuned mass damper; mitigating vibrations; 
optimization; away from the obstacle 
 

1. Introduction 

For a long time, the problem of mitigating vibrations in the main structure challenged the 
engineers and scientists. Among its various solutions, the passive vibration control has proven to be 
a fairy effective, robust and inexpensive method. Passive vibration control devices with linear 
coupling to the main structure have become known as the tuned mass dampers (TMDs). Their 
performance and efficiency have been studied in numerous works [1–4]. They found application in 
engineering practice and were used in a number of famous structures [5]. Two decades ago, the 
theory of Targeted Energy Transfer (TET) was proposed and published. Within the framework of this 
theory, the passive vibration control devices with nonlinear coupling to the main structure began to 
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be actively discussed; they began to be called nonlinear energy sinks (NESs). During this time, NESs 
of different designs have been introduced [6–13]. Different types of NESs have been studied 
continuously to accommodate various engineering requirements [14]. In this paper, the authors 
provide a brief list of proposed NES types and accompany it with relevant references. They point out 
the high sensitivity of NESs to changes in the external excitation intensity, which limits their 
implementation in practical applications, since the amplitude of external excitation significantly 
influences the robustness of NESs. The proposed a stable state adjustable NES structure provides a 
new NES configuration that realizes the vibration reduction mechanism, which can effectively 
suppress the vibration under different excitation intensities. In the paper [15], the authors note that 
to trigger a TET, a sufficiently high initial energy and NES mass are required. New combining 
structures were proposed to overcome the problem of large additional mass and enhance vibration 
suppression performance. In [15], the combination of a cubic NES with a fractional-order inerter is 
studied. The study [16] introduces a novel vibration suppression system combining a TMD with an 
inerter and a vibro-impact NES in a parallel configuration. In [17], the system of the parallel NES cells 
coupled to the primary structure (PS) is proposed. It has been shown that, under harmonic excitation, 
increasing both the number of NES cells and the mass ratio significantly enhances the energy 
absorption performance of the system.  

The study [18] investigates the mechanisms of vibration suppression and energy harvesting of a 
piezoelectric bistable NES coupled with multi-degree-of-freedom primary structures (in particular, 
with two-degree-of-freedom) and provides practical guidance for selecting parameters such as 
stiffness, mass, and damping in real-world engineering applications.  

Many authors [19,20] believe that NES is an effective alternative to TMD, overcoming many of 
its limitations, one of which is the narrow operational frequency range. The NES with nonlinear 
connection to the PS employs a nonlinear restoring force, which allows it to resonate across multiple 
frequencies and provides a much broader operational frequency bandwidth [19].  

One of the effective NES types is considered to be a vibro-impact NES (VI NES), in particular a 
single-sided VI NES (SSVI NES) [21,22]. The authors of TET theory presented a comprehensive paper 
[23], in which they provided a brief overview of vibration absorbers. They pointed out some of the 
shortcomings of TMDs, in particular, the possibility of efficient TET from the host structure into the 
TMD in a narrow frequency range and the detuning effect when the critical natural frequency of the 
host structure is shifted. They noted that using VI NESs for vibration mitigation is not merely a purely 
academic concept. They have the potential to be used in active industrial research, for example, in 
the development of aircraft turbine blades. In this paper, the authors study applying VI NESs to 
rotationally periodic host structures. Different dynamic regimes of the system were studied both 
analytically and numerically, and their effect on vibration mitigation was examined. 

The energy transfer mechanism is comprehensively investigated in [24]. The vibration damping 
performance of the VI NES for the beam under harmonic force, broadband white noise, and transient 
shock excitations are also discussed in this paper and compared to other types of absorbers, namely 
TMD and cubic NES. The authors believe that due to the unique mechanism of VI NES, it can realize 
effective targeted energy transfers not only between the main structure and the VI NES, but also 
among the linear modes of the main structure itself. The parameter optimization showed that the 
main parameters that affect the vibration suppression performance of the VI NES are the clearance 
and the damper location on the beam, but not the vibro-impact damping. 

The advantage of a soft vibro-impact interface is discussed in [6,20,25]. Comparison of the VI 
NES with the softened and hard contact is made in [6]. The authors in [20] explore various options 
for generating restoring force in NES. They consider a hardening and a softening NES, as well as NES 
with a periodically extended stiffness characteristic. They state that this stiffness results in an NES 
with a wider energy bandwidth than the conventional NES for harmonic excitations. However, they 
point out that despite these promising findings, the practical realization of the softening NES remains 
an open challenge. In [25], a soft vibro-impact interface, that is, materials with a lower Young’s 
modulus, is proposed for passive vibration suppression. This work offers a combined theoretical–
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experimental investigation of a cantilever-based impact damper using a viscoelastic silicone rubber 
interface. The contact force during a soft impact is modeled as the sum of a linear elastic force and 
velocity-proportional damping. 

Nevertheless, despite the appeal of NES, TMDs are widely used due to their simplicity and 
robustness and continue to be discussed in scientific literature, especially their application in 
combination with NES [26,27].  

Design criterion of NES for the evaluation of vibration mitigation effect is discussed in [28]. The 
mechanical energy and the input energy of the main system, as well as displacement amplitude are 
suggested in as reasonable performance measures for evaluating the vibration mitigation effect of 
NES coupled with main system. It is worth noting that in this paper, the authors point out that all 
NES parameters must be optimized simultaneously to achieve the beĴer mitigation effect. 

In most works on SSVI NES, damper movement in the direction opposite to the obstacle is not 
considered. However, possible restrictions on this movement, or the lack thereof, significantly affect 
the performance of the system with SSVI NES coupled to the PS. There are four variants of this design, 
which are shown in Section 2. In this paper, we will focus on the performance of a system in which 
the SSVI NES moves freely away from the obstacle without any constraints, and compare it with the 
performance of the system in which this movement was limited by the presence of the PS itself. The 
dynamics and efficiency of a system with this design have been discussed in detail in several of our 
previous works [29,30]. 

2. SSVI NES Models with Different Designs 

Four models of SSVI NESs with different designs (Figure 1) providing the various variants of 
damper movement in direction opposite to the obstacle can be considered.  The obstacle is rigidly 
connected to the PS. The PS is the linear oscillator with 𝑘ଵ stiffness and 𝑐ଵ damping. The exciting 
force is harmonic 𝐹(𝑡) = 𝑃𝑐𝑜𝑠𝑡, its period is 𝑇 = 2/.  

The movement of the SSVI NES in the model in Figure 1a in the direction opposite to the obstacle 
is limited by the presence of PS itself. Therefore, the damper hits not only the obstacle, but also the 
PS directly. The impacts on the PS occur when the displacements of the bodies are equal 𝑥ଵ = 𝑥ଶ, and 
on an obstacle when 𝑥ଶ = 𝑥ଵ + 𝐷 + 𝐶. Thus, the SSVI NES of this model operates as an asymmetric 
double-sided VI NES striking obstacles on both sides. It is precisely this model that has been studied 
in detail in our previous works [29–31]. In this paper, this model will be used for comparison, where 
it will be referred to as SSbl NES (with bilateral impacts) for brevity. 

Assuming that the damper design can prevent it from impacting the PS, we can consider the 
model shown in Figure 1b. The high stiffness of the connecting spring 𝑘ଶ allows these impacts to 
ignore. Collision avoidance with PS imposes a constraint on the relationship between body 
displacements 𝑥ଵ < 𝑥ଶ. Optimization procedures must be performed with this constraint in mind. 
The performance of this model was examined in detail in [32]. It was shown that this model hardly 
be considered successful in mitigating the PS vibrations. The model in Figure 1c also assumes no 
damper impacts on PS. It is similar to the model in Figure 1b, but the restriction is weaker (𝑥ଵ − 𝑥ଶ) ≤

𝐿 ; that is the impact is not allowed, but some displacements at a distance 𝐿 are allowed. Finally, the 
SSVI NES in the model in Figure 1d moves freely, without any restrictions, in the direction opposite 
to the obstacle. It will be referred to as SSul NES (with unilateral impacts) for brevity in this paper. 
Its dynamics and efficiency are studied in this paper and compared with the performance of the SSVI 
NES in Figure 1a, i.e., SSbl NES, and TMD. It is worth noting that SSVI NES with unrestricted 
movement away from an obstacle was considered in [33,34]. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 1 April 2026 doi:10.20944/preprints202604.0099.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.0099.v1
http://creativecommons.org/licenses/by/4.0/


 4 of 15 

 

  

(a) (b) 

  

(c) (d) 

Figure 1. Conceptual schemes of a PS connected to a damper. 

For the model of SSul NES shown in Figure 1d the Signorini’s contact conditions are as follows: 

𝑥ଶ ≤ (𝑥ଵ + 𝑉). (1) 

The contact impact force, which acts only during an impact, is simulated with the nonlinear 
Herĵ’s contact force according to his quasi-static contact theory [35]: 

𝐹௖௢௡(𝑧) = 𝐾·[𝑧(𝑡)]
ଷ
ଶ , (2) 

where z(t) is the rapprochement of the colliding bodies during an impact due to the local body 
deformation allowed by the Herĵ’s contact theory  

𝑧 = 𝑥ଵ − 𝑥ଶ + 𝑉. (3) 

Coefficient K characterizes the mechanical and geometrical properties of colliding surfaces: 

𝐾 =
ସ

ଷ

௤భ

(ఋభାఋమ)√஺ା஻
, 𝛿ଵ =

ଵିఔభ
మ

ாభగ
, 𝛿ଶ =

ଵିఔమ
మ

ாమగ
. (4) 

Here 𝐸ଵ , 𝐸ଶ  are the Young’s moduli of elasticity for the obstacle surface and the damper 
colliding surface; ଵ and ଶ are their Poisson’s coefficients. 

The motion equations have the following form: 

  𝑚ଵ𝑥̈ଵ + 𝑐ଵ𝑥̇ଵ + 𝑘ଵ𝑥ଵ − 𝑐ଶ(𝑥̇ଶ − 𝑥̇ଵ) − 𝑘ଶ(𝑥ଶ − 𝑥ଵ − 𝑉 − 𝐶)

= 𝐹(𝑡) − 𝐻(𝑧)𝐹௖௢௡(𝑧), (5) 
  𝑚ଶ𝑥̈ଶ + 𝑐ଶ(𝑥̇ଶ − 𝑥̇ଵ) + 𝑘ଶ(𝑥ଶ − 𝑥ଵ − 𝑉 − 𝐶) = 𝐻(𝑧)𝐹௖௢௡(𝑧). 

The initial conditions are: 
𝑥ଵ(0) = 0, 𝑥ଶ(0) = V+C, 𝑥̇ଵ(0) =𝑥̇2(0) = 0. 
The Heaviside step function 𝐻(𝑧) “activates” the contact force 𝐹௖௢௡(𝑧) that acts only during an 

impact. The stiff set of differential equations of motion (5) is integrated using the stiff solver ode23s 
from the Octave platform. 
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To implement the energy approach to assessing the damper efficiency, the total mechanical 
energy of the PS and the damper can be calculated after integrating the motion equations. 

𝐸ଵ௧௢௧௔௟(𝑡) = 𝐸ଵ௞௜௡௘௧௜௖(𝑡) + 𝐸ଵ௣௢௧௘௡(𝑡) =
𝑚ଵ𝑥̇ଵ(𝑡)ଶ + 𝑘ଵ𝑥ଵ(𝑡)ଶ

2
 

(6) 
𝐸ଶ௧௢௧௔௟(𝑡) = 𝐸ଶ௞௜௡௘௧௜௖(𝑡) + 𝐸ଶ௣௢௧௘௡(𝑡)

=
𝑚ଶ𝑥̇ଶ(𝑡)ଶ + 𝑘ଶ൫𝑥ଶ(𝑡) − (𝑉 + 𝐶)൯

ଶ

2
 

The following were adopted as basis structural parameters: 𝑚ଵ= 1000 kg, 𝑘ଵ=3.95·104 N/m, 
𝑐ଵ= 452 N·s/m, 𝐸ଵ=2.1·1011 N/m2, 𝐸ଶ= 2.05·107 N/m2, ଵ= 0.3, 2= 0.4, P= 800 N. The damper mass is 
𝑚ଶ= 60 kg that is 6% of PS mass 𝑚ଵ. It is worth noting the value of Young’s modulus for damper 
colliding surface 𝐸ଶ . Its value was determined in our previous work [30] by conducting an 
optimization procedure. It matches the softer material and provides a softer impact. 

When performing the optimization procedures, the maximum PS energy 𝐸ଵ is chosen as the 
objective function, which is calculated for 𝑃=800 N at the exciting force frequency =6.28 rad/s. 

3. System Dynamics and Efficiency of the Dampers with Various Parameter Sets 

3.1. The Dynamic Behavior of the System with 6 Different Dampers 

By selecting the damper parameters for SSul NES (Figure 1d) as previously set for SSbl NES 
(Figure 1a) with a mass 𝑚ଶ =60 kg [31], and changing only the clearance 𝐶  and distance 𝑉 , we 
consider two damper parameter sets – Set 1 and Set 2. Then, the surf and fminsearch program from 
Matlab platform were used to find the optimized damper parameters. The optimization process using 
these programs was described in detail in our previous works [32,36]. The optimization process 
allowed us to select four more different sets of parameters: Sets 3, 4, 5, 6. These sets are presented in 
Table 1. 

Table 1. The parameter Sets for SSul NES coupled with PS. 

 𝐤𝟐, N/m 𝐜𝟐, N·s/m 𝐂, m 𝐕, m 
Set 1 215 232 0.03 0.03 
Set 2 215 232 0.05  0.1 
Set 3 700.0 50.00 0.06000 0.1 
Set 4 753.1 50.09 0.08286 0.1 
Set 5 784.9 50.00 0.09975 0.1 
Set 6 668.9 50.83 0.06233 0.1 

The reduction in maximum mechanical PS energy 𝐸ଵ௠௔௫  resulting from the installation of these 
SSul NESs is shown in Figure 2.  
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(a) (b) 

Figure 2. (a) Reduction in maximum mechanical energy of the PS 𝐸ଵ௠௔  through the use of six different SSul 
NESs. (b) Maximum energy of PS connected to SSul NES with parameter Set 6 and its energy shown by the 
doĴed curve. 

The curves for Set 1 and Set 2 merge in Figure 2a. The reduction in PS vibrations achieved by 
installation any of the other four dampers is similar. This graph once again confirms the thesis that 
there is a lot of damper parameter sets that provide similar efficiency in mitigating the PS vibrations. 
We selected a damper with Set 6 of the parameters for further consideration because its efficiency is 
slightly higher. The energy of PS coupled to this damper is shown separately in Figure 2b. The 
damper maximum energy 𝐸ଶ௠௔௫ , shown by the doĴed curve is large due to its large displacements 
in the direction opposite to the obstacle, which are free and unlimited. The nonlinearity area in which 
the damper impacts occur is wide; it is shown in light yellow. The 𝑇-periodic motion with one impact 
per cycle occurs in this zone. However, at high frequency, the picture changes. The motions with 
different periodicities (2𝑇, 3𝑇, 4𝑇) and different numbers of impacts per cycle (1, 2, and 3 impacts) 
alternate with irregular modes (chaotic and transient chaos) in the high - frequency range. In addition, 
there are narrow areas where movement occurs without impacts; these are shown in white and are 
bounded by vertical dashed lines. This rich and complex dynamics will be shown in detail below. 
The solid black vertical line indicates the resonant frequency. 

3.2. Comparison with TMD and SSbl NES 

The TMD tuning that determines its optimal parameters was carried out in [31]. Table 2 shows 
the optimal parameter values for SSul NES with Set 6, TMD, and SSbl NES for clarity and ease of 
comparison. Figure 3 demonstrates the reduction in the PS maximum energy due to the aĴachment 
of these dampers. The doĴed curves present the maximum energy of the damper. 

Table 2. The parameters of the dampers coupled with PS. 

 𝐤𝟐, N/m 𝐜𝟐, N·s/m 𝐂, m 𝐕 𝐨𝐫 𝑫, m 
SSul NES (Set 6) 669 50.8 0.062 V=0.1 

TMD 600 262       
SSbl NES 215 232 0.36 D=0.06 
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Figure 3. Reduction in maximum mechanical energy of the PS 𝐸ଵ௠௔௫ 

through the use of three different dampers. 

Graph in Figure 3 shows that SSul NES with free movement away from the obstacle and 
unilateral impacts on the obstacle provides the greatest efficiency in mitigating the PS vibrations. 
Thanks to its large free displacements, it receives a large energy 𝐸ଶ௠௔௫  caused by energy transfer 
from PS, which allows for a significant reduction in PS energy. The efficiency of the SSbl NES and 
TMD is also quite high, but slightly lower. The energy transfer from PS is also best achieved with 
SSul NES, as this damper receives the highest energy 𝐸ଶ௠௔௫ . 

4. Retention of the Tuning for Different Damper Types When Changing the 
Structural Parameters 

Retention of the tuning clearly demonstrates the damper efficiency when changing the structural 
parameter over a wide range, if the tuning was made at its specific value. Such a study of changes in 
several structure parameters for a system with an aĴached SSbl NES was presented in detail in 
[31,36]. In this Section, such results are shown for a system with SSul NES coupled with PS for several 
structure parameters, namely for the PS natural frequency, which is characterized by its stiffness 𝑘ଵ, 
for its damping 𝑐ଵ, and for the intencity of the exciting force, which is characterized by its amplitude 
𝑃. Retention of the SSul NES tuning is compared with that of TMD and SSbl NES. 

4.1. Changing the Primary Structure Stiffness 𝑘ଵ 

Changing the primary structure stiffness 𝑘ଵ at a fixed mass changes its natural frequency, which 
is determined by the well-known formula ଴ = ඥ𝑘ଵ 𝑚ଵ⁄  . If the optimal damper parameters have 
been determined for a specific stiffness value 𝑘ଵ, then when this value changes, the selected optimal 
parameters cease to be optimal, and the damper efficiency worsens. Figure 4 demonstrates the 
reduction in the PS maximum energy when its stiffness is changed for PS coupled with one of three 
dampers. 

 

Figure 4. Reduction in maximum PS energy with aĴached SSul NES, TMD, and SSbl NES tuned to 𝑘ଵ=3.95·104 
N/m when changing the PS stiffness 𝑘ଵ. 
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The maximum PS energy has different behavior when its stiffness is increased or decreased. The 
tuning made for 𝑘ଵ=3.95·104 N/m that is shown in Figure 4 in red worsens when this stiffness changes. 
Increasing stiffness deteriorates its reduction significantly less than decreasing it. The efficiency of all 
three damper types changes insignificantly and similarly as 𝑘ଵ  increases. However, when 𝑘ଵ 
decreases the efficiency of all three dampers deteriorates strongly and quickly. The efficiency of SSul 
NES worsens the most, while TMD deteriorates the least. This is clearly visible in Figure 5. 

 

Figure 5. Reduction in maximum PS energy with aĴached SSul NES, TMD, and SSbl NES tuned to 𝑘ଵ=3.95·104 
N/m when decreasing the PS stiffness 𝑘ଵ. 

Thus, increasing the PS stiffness, that is, its natural frequency, has a negligible effect on the 
efficiency of dampers that were tuned to a lower stiffness 𝑘ଵ  when the system is subjected to 
harmonic excitation. Reducing PS stiffness significantly impairs damper tuning and reduces their 
efficiency. TMD retains its tuning beĴer than the other two. 

4.2. Changing the Primary Structure Damping 𝑐ଵ 

Changing the PS damping 𝑐ଵ   has a negligible effect on the damper efficiency. Figure 6 
demonstrates the relationship between PS energy, which it has when operating without a damper 
and in combination with one of three different dampers. All dampers were tuned to PS damping 
𝑐ଵ =452 N·s/m, which is shown in the middle graph, i.e., in Figure6b. Both when increasing and 
decreasing 𝑐ଵ the reduction in PS energy remains high and similar on all three graphs. SSul NES, 
that is, a single-sided vibro-impact damper with freely movement away from the obstacle, exhibits 
the best result in mitigating the PS vibrations. 

 

(a) (b) (c) 

Figure 6. Reduction in maximum PS energy with aĴached SSul NES, TMD, and SSbl NES tuned to (b) 𝑐ଵ=452 
N·s/m when (a) decreasing 𝑐ଵ=352 N·s/m and (c) increasing the PS damping 𝑐ଵ=552N·s/m.  
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4.3. Changing the Intensity of the External Load 𝑃 

The system dynamic behavior when the amplitude of the exciting force 𝑃 changes is similar to 
the behavior when the PS damping 𝑐ଵ  changes, which is clearly shown in Figure 7. Both when 
increasing and decreasing 𝑃 the reduction in PS energy remains high and similar on all three graphs. 
SSul NES demonstrates the best result in mitigating the PS vibrations. It is necessary to note that the 
middle graph in red showing the basis tuning for 𝑘ଵ=3.95·104 N/m, 𝑐ଵ=452 N·s/m, and 𝑃=800 N is 
repeated in several Figures for easer observation of the changes taking place. 

 

(a) (b) (c) 

Figure 7. Reduction in maximum PS energy with aĴached SSul NES, TMD, and SSbl NES tuned to (b) 𝑃=800 N 
when (a) decreasing 𝑃=600 N and (c) increasing 𝑃=1000 N. 

Thus, changing the PS damping 𝑐ଵ  and the intensity of the exciting force 𝑃  does not cause 
significant changes in the damper dynamics and efficiency and allows the advantage of SSul NES to 
be demonstrated. 

5. Dynamic Behavior of the System with SSul NES at Different Exciting Force 
Frequencies 

The SSul NES with free movement away from the obstacle coupled with PS demonstrates quite 
calm dynamics while the SSbl NES exhibits rich complex dynamics [30,36]. The bifurcation diagram 
for SSul NES with parameters of Set 6 is presented in Figure 8. It is constructed using the basic values 
of structural parameters: 𝑘ଵ =3.95·104 N/m, 𝑐ଵ =452N·s/m, 𝑃 =800 N. For clarity, the curve of PS 
maximum energy is shown conditionally and is displayed in green. The very wide area of 𝑇-periodic 
motion with one impact per cycle, designated as 𝑇,1, covers almost the entire frequency range. Only 
high frequencies cause its change and ensure the implementation of complex dynamics. Here, 
periodic motions with different periodicity (2𝑇, 3𝑇, and 4𝑇) and different numbers of impacts per 
cycle quickly follow one another and alternate with irregular movements and regions of movement 
without impacts. 

 
Figure 8. Bifurcation diagram for SSul NES with optimized parameters in Set 6. 
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Let’s look at several interesting regimes. Regime 3𝑇,3 , i.e., the mode of 3𝑇 periodicity with 3 
impacts per cycle occurs in the system at the exciting force frequency  =7.375 rad/s. Figure 9 
demonstrates its typical characteristics. 

(a) (b) (c) (d) 

Figure 9. Characteristics of 3𝑇 ,3 regime which occur in the system with SSul NES (Set 6) at exciting force 
frequency  =7.375 rad/s. (a) Time histories of displacements of PS (gray), damper (black), and obstacle (red). 
(b) Phase trajectories of PS (gray), damper (black), and obstacle (red). (c) Relative displacements of the PS and 
damper (𝑥ଶ − 𝑥ଵ) in black and obstacle (𝑥ଶ − 𝑥ଵ = 𝑉 = 0.1 m) in red. (d) The contact forces and the harmonic 
exciting force. 

The displacement graph in Figure 9a clearly shows three damper impacts against the obstacle 
per cycle. Figures 9b and 9c also clearly demonstrate these three impacts per cycle, which generate 
different contact forces, as shown in Figure 9d.  

The slightest change in the exciting force frequency causes chaotic behavior. The characteristics 
of the chaotic regime occurring at exciting force frequency =7.400 rad/s are shown in Figure 10. 

 

(a) (b) (c) (d) (e) 

Figure 10. Characteristics of chaotic regime which occurs in the system with SSul NES (Set 6) at exciting force 
frequency =7.400 rad/s. (a) Relative displacements of the PS and damper (𝑥ଶ − 𝑥ଵ) in black and obstacle (𝑥ଶ −

𝑥ଵ = 𝑉 = 0.1 m) in red. (b) Phase trajectories of PS with Poincaré map in red. (c) Phase trajectories of the damper 
with Poincaré map in red. (d) The contact forces. (e) Fourier spectrum. 

The phase trajectories in the form of tangles, Poincaré maps in the form of smears, and a broad 
continuous Fourier spectrum are typical features of chaotic motion. 

Transient chaos that occurs in the system at the exciting force frequency =7.575rad/s exhibits 
an interesting phenomenon. The characteristics of this regime in both chaotic and periodic phases are 
shown in Figure 11. We emphasize that the transition from a chaotic phase to a periodic one occurs 
at the same exciting force frequency, which the transient chaos regime always demonstrates. The 
periodic phase is a 𝑇-periodic mode without any impacts, which is clearly visible in the contact force 
graph (Figure 11d) and phase trajectories with a single Poincaré map point (Figure 11f). It is worth 
paying aĴention to the low damper velocity values in the periodic phase. The compound motion of 
the damper consists of the translational motion together with PS and its relative motion with respect 
to PS. The absolute damper velocity 𝑥̇ଶ  is the sum of the velocities in these two motions; in the 
periodic phase, it is shown in Figure 11g and is significantly lower than the PS velocity 𝑥̇ଵ. 
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(a) (b) (c) 

 

(d) (e) (f) (g) 

Figure 11. Characteristics of transient chaos which occurs in the system with SSul NES (Set 6) at exciting force 
frequency =7.575 rad/s. (a) Relative displacements of the PS and damper (𝑥ଶ − 𝑥ଵ) in black and obstacle (𝑥ଶ −

𝑥ଵ = 𝑉 = 0.1  m) in red. (b) Phase trajectories of PS with Poincaré map in red in chaotic phase. (c) Phase 
trajectories of the damper with Poincaré map in red in chaotic phase. (d) The contact forces. (e) Fourier spectrum. 
(f) Phase trajectories of the PS (gray), the obstacle (red), and the damper (black) with Poincaré maps in red in 
periodic phase. (g) Velocities of the PS (gray) and the damper (black) in periodic phase. 

The behavior of PS and SSul NES energy in different motion regimes is shown in Figure 12. 

 

(a) Regime 𝑇,1  

at 𝜔=7.350 rad/s 

(b) Regime 3𝑇,3  

at 𝜔=7.375 rad/s 

(c) Chaotic regime  

at 𝜔=7.400 rad/s 

(d) Transient chaos  

at 𝜔=7.575 rad/s 

Figure 12. The energy of PS 𝐸ଵ and of SSul NES 𝐸ଶ in different motion regimes. 

6. Discussion 

This study pays aĴention that performance, efficiency and dynamics of the SSVI NES are highly 
dependent on its design, more specifically, on the ability of the damper to move freely in the direction 
opposite the obstacle. From this point of view, there are four different SSVI NES designs. This paper 
examines in detail the performance and efficiency of one of them, namely the design that allows the 
damper to move freely away from the obstacle without any constraints, which in this paper is called 
SSul NES, that is, VI NES with unilateral impacts on the obstacle. Its dynamic behavior is compared 
with that for the TMD and SSVI NES with a design that allows not only impacts on the obstacle, but 
also the damper impacts on the PS directly, i.e. bilateral impacts, which in this paper is called SSbl 
NES. To evaluate the damping efficiency, an energy approach was chosen, that is, the reduction in 
the maximum PS energy was chosen as the damping efficiency criterion.  
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The necessary optimization procedures are performed using Matlab platform tools; all damper 
parameters are optimized simultaneously. Previously conducted optimization has resulted in lower 
values of the Young’s modulus of colliding damper surface, which ensures a softer damper impact 
on the obstacle. Optimization of the Young’s moduli is possible due to simulation an impact in 
accordance with Herĵ’s quasi-static contact theory, which introduces these moduli into the formula 
for the contact interactive force. Optimization procedures provided the selection of several parameter 
sets for the damper with a mass ratio of 6%, which confirms the thesis that there is a lot of parameter 
sets that ensure similar damper efficiency. The dynamics of the SSul NES with one of these sets was 
examined in detail. Under harmonic excitation, it exhibited high efficiency, exceeding that of TMD 
and SSbl NES with optimized parameters; the curve of the maximum PS energy demonstrated two 
resonant peaks. The damper received a large amount of energy transferred from the PS due to its 
large free displacements in the direction opposite the obstacle. Retention of the damper tuning when 
changing the PS natural frequency, characterized by its stiffness at a fixed mass, differs when it 
increases and decreases. It changes insignificantly for all three damper types with increasing PS 
stiffness, but deteriorates significantly with its decrease. Moreover, for TMD it worsens less than for 
VI NESs; for SSul NES it worsens the most.  The dynamics of the SSul NES, unlike that of SSBL NES, 
is calm with periodic motion with one impact per cycle across almost the entire frequency range. 
Only at high frequencies its dynamics becomes complex with alternating periodic regimes with 
different periodicities and different numbers of impacts per cycle as well as irregular modes such as 
chaotic and transient chaos. 

In future work, it would be advisable to study the performance and efficiency of the SSVI NES 
with a design that does not allow the damper impacts on the PS directly, but allows some damper 
penetration into the PS. It is also necessary to study the dynamics and efficiency of SSVI NESs with 
different designs under transient loads, such as impulsive and blast ones. 

7. Conclusions 

This paper examines the influence of the SSVI NES movement in the direction opposite to the 
obstacle on its dynamics and efficiency in mitigating the vibrations of the PS subjected to the 
harmonic excitation. There are four SSVI NES models with different capabilities for moving away 
from the obstacle, only one of which allows free movement in this direction without any restrictions. 
This paper focuses specifically on this model, called SSul NES, because the damper performs 
unilateral impacts on the obstacle, unlike another model, called SSbl NES, which allowed for bilateral 
impacts on both the obstacle and the PS directly. The damper efficiency is assessed by the reduction 
of PS maximum mechanical energy. All damper parameters are optimized simultaneously. It has 
been shown that SSul NES with optimized parameters ensures the highest efficiency compared to 
SSbl NES and TMD. It has also been shown that the retention of tuning for these three damper types 
is similar when the structural parameters are changed. When the PS natural frequency, i.e., its 
stiffness at a fixed mass, changes, its increase insignificantly changes the damper tuning. On the 
contrary, its decreasing significantly worsens the tuning for all three damper types. The changes in 
the PS damping and in the exciting force intensity have negligible effect on damper tuning. The 
dynamics of SSVI NES with free motion away from the obstacle is quite calm with periodic motion 
over almost the entire frequency range. Rapid alternation of modes with different periodicity and 
different numbers of impacts per cycle, as well as irregular modes, is observed only at high 
frequencies of the exciting force. However, the presence of irregular regimes does not affect the 
damper efficiency.  
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