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Abstract

Al-enabled infrastructure systems increasingly govern access to emergency services, dis-aster relief, and
utility restoration, yet they routinely produce inequitable outcomes even when allocation algorithms
apply procedurally neutral rules. The standard explanation locates the cause inside the algorithm. This
paper argues instead that inequity arises from the interaction between the algorithm and the physical
environment in which it operates: network topology, resource locations, and demand distribution
jointly constrain what any policy can achieve, and when those constraints are sufficiently binding,
ethical infeasibility is structural rather than algorithmic. We introduce a constraint-based formulation
that embeds ethical requirements into the feasible region, and a hierarchical Irreducible Infea-sible
Subsystem (IIS) procedure that attributes infeasibility to rule design, algorithmic choice, or physical
infrastructure. We further establish the Structural Infeasibility Theorem, deriving closed-form bounds
on inter-group disparity across all feasible policies in zone-decomposable problems. Applied to a
metropolitan ambulance-dispatch instance, the framework certifies minimum-service infeasibility as
infrastructural, shows the efficiency—equity trade-off to be an artifact of constrained infrastructure,
identifies pre-investment equity gains as harm redistribution rather than harm reduction, and converts
the IIS certificate into a quantified capital-investment specification.

Keywords: ethical Al; infrastructure systems; constraint programming; algorithmic fairness; irre-
ducible infeasible subsystem; emergency medical services; equity; demographic parity

1. Introduction

Al-enabled optimization models now routinely govern the allocation of critical infrastructure
services, including emergency medical dispatch [1,21,32], post-disaster shelter assignment [2,39],
and utility restoration [3,10,22]. Concurrent with their operational adoption, these systems have
become subject to ethical-governance requirements mandating fairness, accountability, and human
oversight [14,15,18,28,35,36]. A persistent empirical finding, however, complicates the implementation
of such requirements: infrastructure service allocation outcomes exhibit systematic disparities across
racial and socioeconomic groups, and these disparities persist even when the governing decision rules
apply identical criteria to every demand unit [11,19,23,29,33,38-40]. That is, unequal outcomes arise
not because the algorithm treats different groups differently, but because neutral rules interact with a
physical and historical infrastructure that was itself built unequally [4,5,16,34,43].

The majority of the existing technical literature has responded to fairness conflict in Al systems
along two largely independent lines. The algorithmic-fairness literature formalizes fairness as a prop-
erty of decision rules and establishes impossibility results showing that several natural fairness criteria
cannot be simultaneously satisfied within a classifier [13,17,27,30,41,42]. These results characterize
fairness conflict as an internal property of the rule set: criteria are jointly infeasible because they are
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logically inconsistent with one another. The operations research literature independently develops
equity-oriented optimization formulations [6,7,20,26,31,37], but these typically encode equity as a
single scalar metric and do not provide structured procedures for attributing the source of infeasibil-
ity when ethical requirements cannot be jointly satisfied. Both literatures share a common implicit
assumption: the physical infrastructure is treated as a fixed background parameter, and the locus of
ethical failure is located in the algorithm or the rule set operating on it.

This paper relaxes that assumption and develops its consequences. The two literatures reviewed
above share a common diagnostic orientation: when an infrastructure Al system produces inequitable
outcomes, the search for the cause begins and ends with the algorithm. We argue that this orientation is
structurally incomplete. In infrastructure allocation systems, the physical configuration of the network,
including the location of facilities, the topology of service coverage, and the spatial distribution of
demand across demographic groups, jointly determines what outcomes are achievable under any
allocation policy whatsoever. These constraints are not properties of the algorithm; they are properties
of the built environment in which the algorithm operates. An allocation algorithm that is fairness-
compliant in one infrastructure configuration may be structurally incapable of achieving compliance
in another, not because it has been poorly designed, but because the physical system does not possess
the capacity to support the ethical commitments imposed upon it.

We formalize this observation as a distinct mechanism of ethical infeasibility. In zone-
decomposable allocation problems, the joint structure of network topology, resource geography,
and group-level demand composition imposes hard bounds on the inter-group disparity attainable
across all feasible allocation policies. These bounds are closed-form functions of infrastructure pa-
rameters alone and hold regardless of algorithmic design. When they preclude compliance with a
normatively specified fairness tolerance, the system is ethically infeasible in a strong sense: no policy
revision, no matter how carefully constructed, can restore compliance. The source of that infeasibility
is invisible to any audit confined to the allocation algorithm, because the binding constraints lie not
in the decision rule but in the physical system on which the rule operates. Diagnosing it correctly
requires a framework capable of attributing infeasibility to its actual source, which may be the rule set,
the algorithm, or the infrastructure itself, and of translating that attribution into the appropriate class
of intervention.

We also argue that the central implication extends beyond methodology. If infrastructure topology
can render ethical requirements structurally infeasible, then the standard governance model, in which
ethical compliance is achieved by constraining or auditing the allocation algorithm, is insufficient as
a general approach to ethical infrastructure Al. The physical infrastructure on which the algorithm
operates must itself be evaluated for its capacity to support the ethical commitments imposed upon
it, and when that capacity is found wanting, the appropriate response is not algorithmic revision but
investment in the physical system.

Overall, the paper develops three connected contributions, each oriented to the question of when
ethical infeasibility is algorithmic versus structural.

First, we introduce a minimal constraint-based formulation that augments a standard ethically-
agnostic allocation problem with hard ethical constraints, soft Pareto objectives, and state-dependent
rules. We then specify a hierarchical infeasibility-diagnosis procedure based on Irreducible Infeasible
Subsystem (IIS) analysis [8,12,24] that distinguishes four conflict types and attributes each to one
of three sources: rule design, algorithmic choice, or physical infrastructure. The three-way attribu-
tion is the diagnostic core of the framework, because each source requires a categorically different
intervention.

Second, we establish the Structural Infeasibility Theorem, which derives closed-form bounds on
the inter-group disparity attainable across all feasible allocation policies in any zone-decomposable
allocation problem. The bounds are determined entirely by the infrastructure topology, i.e., the travel-
time matrix, the spatial distribution of demand, and the group-composition profile; and not by any
algorithmic design choice. An explicit corollary identifies the one-sided-interval condition under
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which these bounds imply demographic-parity infeasibility below a critical tolerance regardless of the

dispatch policy. The corollary recovers, as a special case, the parity-infeasibility result that obtains in

stylized two-group, two-depot configurations, while clarifying that the structural-floor mechanism
does not generalize automatically to multi-group, multi-depot settings.

Third, We demonstrate the framework on a metropolitan ambulance-dispatch instance with eight
demand zones, three depots, and three protected groups. The case study produces four substantive
findings.

(i) The legal minimum response time standard (NFPA 1710) is certified as structurally infeasible [9]:
the IIS procedure establishes that no dispatch policy can meet the standard for two southern
zones because no existing depot is physically close enough to serve them within the required
threshold, and no algorithmic adjustment can change that fact.

(i) Demographic parity at the oversight board’s tolerance is nonetheless feasible on this instance,
because the geometric conditions required for a structural parity floor do not hold in the multi-
group, multi-depot setting, a result that distinguishes this regime from stylized two-group,
two-depot configurations and that the Structural Infeasibility Theorem makes precise.

(iii) Along the pre-investment Pareto frontier, equity gains are achieved entirely through harm
redistribution rather than harm reduction: reducing inter-group disparity within the existing
infrastructure requires slowing the historically faster-served group rather than improving service
to the slower-served group, so that all population groups experience worse absolute outcomes
under the equity-compliant policy than under the operationally optimal baseline.

(iv) The IIS certificate is converted into a quantified capital-investment specification identifying the
minimum siting requirement for a fourth depot that simultaneously resolves the minimum-service
violation, satisfies the demographic-parity constraint, and meets the disaster-state response
standard, while also improving mean system-wide response time. This finding carries a direct
implication for finding (iii): the efficiency-equity trade-off observed along the pre-investment
frontier is not a fundamental property of equitable allocation but an artifact of insufficient
infrastructure capacity that disappears once the binding physical constraint is removed.

Ultimately, these results imply a methodological shift in how ethical Al for infrastructure should
be evaluated. Algorithm-only auditing is structurally incapable of identifying infrastructure-induced
infeasibility; the infrastructure on which the algorithm operates must itself be subjected to formal
ethical-feasibility analysis. The exposition of this paper is as follows: Section 2 introduces the minimal
Ethical constraint programming (ECP) formulation, the three-tier rule structure, and the four conflict
types. Section 3 develops the hierarchical IIS-based diagnosis procedure and the three-way attribution
mechanism. Section 4 states and proves the Structural Infeasibility Theorem and its parity-infeasibility
corollary. Section 5 applies the framework to the metropolitan ambulance-dispatch instance, presenting
the IIS attribution, Pareto analysis, harm-redistribution finding, and capital-investment recommen-
dation. Section 6 discusses implications for the auditing of Al-enabled infrastructure systems and
outlines extensions. Section 7 concludes.

2. A Minimal Constraint-Based Formulation

This section introduces the minimal formulation needed to state and prove the structural-
infeasibility result. More specifically, we develop the constructs required for the diagnostic procedure
(Section 3) and the theorem (Section 4).

2.1. Notation

Let 7 denote the set of individuals or demand units and 7 the set of infrastructure locations
(depots, shelters, or service facilities). A decision x drawn from a feasible decision space X determines,
for each individual i € Z, a quantifiable service outcome y;(x) € R>. The population is partitioned
into protected groups indexed by G, with Ugeg Zg = T and Z; NIy = @ for g # ¢’ The partition will
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be normatively specified by stakeholders prior to deployment, i.e., the framework does not infer it
from data. The group mean outcome can be represented by:

_ 1
yg(") = @ Z yi(x) )

i€Z,

which is the primary quantity through which distributional inequity is detected. Operational perfor-
mance is captured by an objective vector F : X — RX, with components f(x) representing metrics
such as mean response time, restoration speed, or aggregate cost. A system state s € S encodes the
current operational context (e.g., NORMAL, SURGE, DISASTER).

2.2. The Standard Allocation Problem and the ECP-Augmented Form

Let Gop C X denote the set of decisions satisfying the operational constraints (capacity, coverage,
routing, scheduling, or conservation). The standard ethically-agnostic allocation problem can be
mathematically represented as:

min  F(x), PO

Jin | F(x) (o)

where minimization is in the Pareto sense when K > 2. Problem (PP0) is the formal object implemented

by current optimization-based infrastructure Al it is silent on the distribution of y;(x) across the
population and therefore cannot certify ethical compliance.

The ECP form augments (P0) with a normatively specified ethical rule set

R = HUSUD,

partitioned into hard constraints, soft Pareto objectives, and dynamic state-dependent rules respectively.
Hard rules r € H contribute constraints e,(x) < 0 that any ethically admissible decision must satisfy.
Soft rules r € S contribute objectives e? (x) to be minimized on a Pareto frontier alongside F. Dynamic
rules r € D contribute state-conditional constraints e,(x,s) < 0 that activate only when s € S,. The
ECP problem hence can be mathematically formulated as:

min (F(x), ES(x))

st. xe€GopNd,
er(x) <0, VreH,
er(x,s) <0, Vr e D(s),

(ECP)

where D(s) = {r € D : s € S;} and E° stacks the soft objectives into a vector. The feasible region
under state s is

Qs) = {xe€GopNX:e(x) <OVreH, e(xs) <0VreD(s)}. (2)

The central diagnostic question of this paper is to determine whether Q)(s) is empty, and if so, which
constraints are responsible.

2.3. Three-Tier Rule Set

The hard tier H contains rules whose violation renders a decision ethically inadmissible regardless
of operational performance. We primarily focus on two such rules. The demographic-parity constraint
requires inter-group mean outcomes to agree within a tolerance ¢:

75(x) —Fg(x)| <9, Vg, 8 €. (HC-DP)
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The minimum-service guarantee requires each individual to receive a baseline service level (e.g.,
NFPA 1710 mandates Advanced Life Support response within § = 480 seconds in urban areas):

yi(x) >0, Viel. (HC-MS)

The soft tier S contains objectives admitting legitimate trade-offs against operational efficiency. We pri-
marily focus on Gini-type dispersion (SO-EQ), a vulnerability-weighted welfare Eyy (x) = — Y_; v; yi(x)
(SO-VW), and a Rawlsian welfare E;w(x) = —min;y;(x) (SO-RW). The dynamic tier D contains
state-conditional constraints implemented via the big-M formulation

er(x,8) < My (1—®,(s)), VreD, P(s)=1[seS, 3)
which becomes binding when ®,(s) = 1 and is otherwise non-restrictive.

2.4. Four Conflict Types

Infeasibility of ()(s) may arise through four mechanisms. A Type I (rule—rule) conflict arises
when two hard rules are internally inconsistent: Q(1,) N Q(#,/) = @ for some (r,7’") € H x H, where
Q(ny) = {x € X : e,(x) < 0}. This is the formal structure of the classifier-fairness impossibility applied
to current problem setting [13,30]. A Type II (rule—operational) conflict arises when the hard rules cannot
be jointly satisfied within the operational and infrastructural region: N,cy Q(#7,) N Gop = @. The
infeasibility in this case is not a property of the rule set but of its interaction with the physical system.
A Type III (soft-soft) conflict is not a failure: it is the expected Pareto trade-off among (F,E®) on a
non-empty Q)(s). A Type IV (state-conditional) conflict arises when Q(s1) # @ but Q(sy) = @ for some
51,52 € S, capturing latent infeasibilities that activate only under specific operational states.

3. Hierarchical IIS Diagnosis and Three-Way Attribution

When Q(s) = @, the framework will execute a three-stage hierarchical procedure based on
IIS analysis. An IIS is a minimal subset of constraints that is jointly infeasible but becomes feasible
upon removal of any single constraint [12,25]; modern mixed-integer solvers (Gurobi, CPLEX, SCIP)
extract IISs by deletion-filtering heuristics that terminate in a number of feasibility solves linear in the
constraint count.

Stage 1 will test pairwise hard-rule feasibility: for each (r,7') € H X H, solve the feasibility
problem x € Gop N X, e,(x) < 0, ey(x) < 0. A positive infeasibility finding identifies a Type I
conflict: the rule set is internally inconsistent and must be revised through governance. Stage 2 will
test joint hard-rule feasibility: solve x € )(s) under all of H U D(s). If infeasible, extract the IIS
by deletion-filtering. Stage 3 will test state-conditional feasibility for each anticipated state s’ € S,
identifying Type IV exposures.

Once anIISTIS* C H U D(s) U Gop is extracted, its content is partitioned by origin into constraints
drawn from the ethical rule set # U D(s) and constraints drawn from the operational and infrastructure
set Gop, with the latter further distinguished by whether the binding parameter reflects an algorithmic
restriction or a physical system property.

®  Rule-induced infeasibility, when IIS* contains multiple constraints from # alone, indicating a
Type Il inconsistency. The intervention is rule revision through governance.

e Algorithm-induced infeasibility, when IIS* contains constraints arising from algorithmic restrictions
on X (e.g., fixed assignment heuristics, nearest-depot policies). The intervention is algorithmic
relaxation or reformulation.

e Infrastructure-induced infeasibility, when IIS* consists primarily of operational and physical-system
parameters in Gop (capacities, distances, network topology) jointly incompatible with H. The
intervention is capital investment in the physical infrastructure.

The three-way attribution is the most consequential analytical output of the diagnosis, because
each cause requires a categorically different intervention. Algorithm-only auditing of an Al-enabled
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infrastructure system can detect Type I and algorithm-induced Type II conflicts, but is structurally
incapable of identifying infrastructure-induced infeasibility: the IIS for such a conflict contains no
algorithmic constraint that any auditor of the algorithm alone is empowered to examine. The remedy
when IIS* attributes infeasibility to physical infrastructure is therefore not algorithmic but constructive:
ECP converts the IIS into a quantified infrastructure-investment specification, identifying the threshold
change in physical configuration required to restore Q(s) # @.

Note that the partition of constraints into the categories of rule design, algorithmic choice, and
physical infrastructure is not derived mechanically from the IIS itself. The IIS returns a minimal
jointly-infeasible subsystem; determining which constraints within that subsystem reflect a policy
choice, an algorithmic restriction, or a physical system property requires contextual knowledge of how
the ECP instance was constructed. This interpretive step is explicit and auditable: the governance log
preserves both the IIS certificate and the partition applied to it, so that the attribution can be reviewed,
contested, and revised as institutional knowledge of the system develops. Different plausible partitions
of the same IIS can yield different attributions and therefore different intervention recommendations,
which is precisely why the partition must be recorded and not treated as an automatic output of the
diagnostic procedure.

4. The Structural Infeasibility Theorem

The IIS procedure of Section 3 identifies which constraints are jointly responsible for infeasibility
on a given instance, but does not characterize the structure of that infeasibility across all feasible policies.
For the class of zone-decomposable allocation problems, the Type II infeasibility mechanism admits a
closed-form characterization that holds simultaneously for every allocation policy in X', with bounds
determined entirely by infrastructure topology rather than by algorithmic design. This characterization
matters for two reasons. First, it allows a governing institution to determine whether compliance with
a fairness tolerance is structurally achievable across all possible policies, prior to any optimization.
Second, it identifies precisely which infrastructure parameters drive the disparity bounds, providing
a principled basis for determining where physical investment would be most effective in restoring
feasibility. This section states and proves that result and develops its parity-infeasibility corollary.

4.1. Setting

Consider an ECP instance in which (i) the decision space encodes a zone-to-facility assignment,
with each zone z in a discrete index set Z assigned to a single facility d € J via binary indicators
ag; € {0,1} satisfying Y ;¢ 7 a4, = 1; (ii) individual outcomes are response or service times r,(x) =
Y4 a4, T[d,z], where T[d, z] € Rx is the travel time from facility d to zone z; (iii) the group-composition
matrix ¢g . € [0, 1] specifies the fraction of zone-z demand attributable to group g, with Y ¢ - = 1 for
all z; (iv) zone demand intensities are A, > 0 with group totals Ay = }°, ¢ - A;; and (v) the operational
set Gop imposes only the per-zone assignment condition. Group mean outcomes follow

1
Fg(x) = )Tg g‘l&z Az 72(x). (4)
z€

4.2. Statement and Proof

Theorem 1 (Structural Infeasibility Theorem: signed-disparity bounds). Under the setting of Section 4.1,
define for each pair (3,8') € G x G the disparity coefficient

(Pg,z (Pg’,z
[ oz = — )LZ, (5)
sz = Ay Ag )
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and the achievable signed-disparity bounds
L B Cqq,z MiNg T[d,z], Cogz >0, .
58 = L (6)
262 | Cqqz Maxg T[d,z], cqo. <0,
U, — Coqz Maxg T[d,z], cgor. >0, ;
58 = L , (7)
2e2 | Cg,. ming Td,z], cgo. <O.
Then for every x € X,
Loo < yg(x) _y_g’(x) < U, 8)

and both bounds are tight: each is attained by the assignment that selects, in every zone, the facility achieving
the relevant per-zone extremum.

Proof. By (4),
gg(x) — ¥y (x) = Z Cog' 21z (x).
z€2

Because Gop imposes no cross-zone coupling beyond the per-zone assignment condition, each sum-
mand is a function of an independent zone-level decision: zone z selects a single d, € J and contributes
Cq,¢',z T4z, z]. The minimum of the sum equals the sum of per-zone minima, and similarly for the max-
imum. For each zone, the per-zone minimum of ¢y ./ . T[d, z] over d € J is attained at arg min, T[d, z]
when ¢, . > 0 and at argmax, T[d, z] when ¢y, < 0; the maximum case is symmetric. Sum-
ming per-zone extrema yields L, s and U, o/ as in (6)~(7), and tightness follows from constructive
achievability. O

Corollary 1 (Parity infeasibility under one-sided intervals). If for some pair (g, g") the achievable signed-
disparity interval [Lg o1, Uy os] does not contain zero, then for every x € X,

|7¢(x) —y‘g/(x)‘ > min(|Lgrg/|, |Ug/g/|).

Consequently, (HC-DP) at any tolerance § < min(|Lg |, Uy o|) is infeasible across all allocation policies,
and the infeasibility is attributable to the travel-time matrix T, not to the dispatch algorithm. If [Lg o1, Uy o/]
contains zero, no such infeasibility implication follows from Theorem 1 alone.

Note that the theorem addresses HC-DP specifically because demographic parity is the only hard
constraint in the ECP rule set whose feasibility depends on the global interaction of network topology;,
demand distribution, and group composition across all policies simultaneously. Whether two group
means can be brought within a tolerance § of each other is not a local question: it depends on how
group membership is distributed across every zone, how much demand each zone generates, and
what response times are achievable from each facility, all interacting at once. This global structure
is precisely what the disparity coefficient c, o/ , captures and what makes a closed-form bound both
non-trivial and necessary.

The remaining hard constraint has a different character and is handled by the IIS procedure
directly. HC-MS infeasibility reduces to a local per-zone check: zone z is infeasible if and only if
miny T[d, z] > 6, a condition that can be verified independently for each zone without reference to
group composition or cross-zone interactions. The soft objectives SO-EQ, SO-RW, and SO-VW occupy
a different position in the framework. Because they are Tier II objectives rather than hard constraints,
their conflict structure is Type III: they generate Pareto trade-offs against operational performance
rather than infeasibility. The theorem does not apply to them directly. However, the disparity bounds
[L
no policy can achieve a combination of SO-EQ, SO-RW, or SO-VW values that would require group

¢,¢'» Ug '] established by the theorem do constrain the achievable Pareto frontier over these objectives:

mean outcomes outside the bounds guaranteed by Theorem 1.
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4.3. Two Regimes

The practical implication of Theorem 1 depends on whether the achievable signed-disparity
interval [Lg o, Ug o] contains zero. This is determined by the signs of the disparity coefficients cg o/ »
across zones, which in turn reflect the joint structure of group composition, demand intensity, and
network topology. Two qualitatively distinct regimes arise.

In the first regime, which corresponds to stylized configurations with two groups, two facilities,
and binary group composition ¢g. € {0,1}, the disparity coefficients cy ./, carry the same sign
across all zones. Intuitively, this occurs when one group is spatially concentrated in zones that are
systematically closer to one set of facilities, and the other group is concentrated in zones that are
systematically closer to another. When all coefficients share a sign, the signed-disparity interval
[L
the two groups is bounded away from zero across every feasible policy, and demographic parity below

¢ Ug o] lies entirely on one side of zero, and Corollary 1 applies: the absolute disparity between

the implied floor is structurally infeasible regardless of the dispatch algorithm. This is the regime in
which infrastructure topology directly and unavoidably produces parity infeasibility.

In the second regime, which corresponds to settings with three or more groups, three or more
facilities, and mixed group composition 0 < ¢ < 1, the disparity coefficients ¢, o . typically take
both positive and negative values across zones. This occurs because each zone serves multiple groups
simultaneously, so the assignment of a zone to a nearby facility improves outcomes for all groups
present in that zone rather than benefiting one group at the expense of another. When the coefficients

take mixed signs, the signed-disparity interval [L, ./, U, /] contains zero, and Corollary 1 delivers no

!y
infeasibility implication: demographic parity is nf)f ruled out by the theorem, and may be achievable
despite severe operational asymmetries, though potentially at significant operational cost.

The distinction between these two regimes is substantive and not obvious without the theorem.
A planner or auditor working with a multi-group, multi-depot system might incorrectly assume that
the parity-infeasibility result familiar from stylized two-group configurations carries over to their
setting. The theorem establishes that it does not, and provides the analytical conditions under which
parity remains structurally achievable. The case study of Section 5 demonstrates this distinction
concretely: the metropolitan ambulance instance falls into the second regime, where minimum-service
is structurally infeasible but demographic parity at the regulator’s tolerance remains feasible, a finding
that the theorem makes precise and that algorithm-only auditing cannot produce.

5. Case Study: Metropolitan Ambulance Dispatch

The case study exercises the diagnostic procedure of Section 3 and the theorem of Section 4
on a metropolitan emergency medical services (EMS) instance. The substantive findings are: a
Type Il infeasibility on the minimum-service rule (HC-MS) certified as infrastructural; a substantive
failure of Corollary 1’s one-sided-interval condition that renders demographic parity feasible despite
operational asymmetry; a Pareto frontier exhibiting a harm-redistribution pattern; and a quantified
capital-investment specification that simultaneously resolves four binding constraints while improving
operational performance.

Every numerical claim below is produced along an analytical path. It uses the framework’s pre-
scribed procedures: per-zone feasibility checks, Stage 2 IIS attribution, e-constraint Pareto computation,
and the closed-form bounds of Theorem 1. The verification path enumerates the 3% assignments in
X (and, for the post-investment analysis, the 4% = 65,536 assignments in the extended space) and
evaluates rule violations and operational objectives at each point.

5.1. Instance Specification

A stylized, hypothetical metropolitan EMS system serving approximately 280,000 residents was
considered. The service area was partitioned into eight demand zones along a north—south spatial
gradient, Z = {z1,...,z3}, served by three depots J = {d1,dy,d3}. Depot d; (north) and d; (central)
represented historically established service centers, while d3 was located in the southwest. Demand
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was concentrated in southern zones, reflecting population growth and demographic change; no
additional depot construction was assumed. Three protected groups G = {Maj, Black, Hisp} and
three operational states S = {NORMAL, SURGE, DISASTER} were defined, with the group partition
normatively specified by the oversight board.

The decision variable was x = (a4,) € {0,1}|712] with Gop imposing Y ; a4, = 1 for each zone,
yielding | 7|2 = 3% = 6,561 admissible assignments. The instance was evaluated at s = NORMAL,
with state transitions considered through the dynamic-rule analysis below.

Travel times T[d, z] in minutes are reported in Table 1. The topology drives much of the subsequent
analysis: northern and central zones are efficiently covered by d; and d,, while the easternmost
southern zones z7, zg are relatively distant from all depots, including ds.

Table 1. Travel-time matrix T[d, z] in minutes.

Depot zZ1 Za Z3 Z4 Z5 Z6 zy zg
di1 (North) 3 4 5 8 9 18 20 22
dy (Central) 7 6 8 3 4 12 14 16
ds (Southwest) 14 13 15 9 8 7 9 11

Call rates in calls per hour were A = (4,3,3,5,4,4,3,2) with total A = 28. The group-composition
matrix ¢, . (Table 2) gave the fraction of zone-z calls attributable to each group. Group call rates
were Avaj = 14.95, Agjaec = 8.14, and Apisp = 4.91. Vulnerability scores v, € [0,1] were v =
(0.15,0.20,0.25,0.40, 0.45,0.75,0.80, 0.78), rising sharply across the north-south gradient.

Table 2. Group composition ¢, . for the case-study instance. Each column sums to one.

Group Z1 2y z3 Z4 Z5 Z6 z7 zg

Majority 0.80 0.85 0.75 0.60 0.55 0.20 0.15 0.25
Black 0.10 0.08 0.15 0.25 0.20 0.55 0.60 0.50
Hispanic 0.10 0.07 0.10 0.15 0.25 0.25 0.25 0.25

The zone-level outcome is y;(x) = rz(x) = Y ;44, T[d, z]. Group means follow Eq. (4). The
demand-weighted system mean is R(x) = A~' Y, A,7.(x), and the operational objective vector is

F(x) = (R(x), max; 7,(x))".

5.2. Baseline PO Audit

Solving (P0) under F(x) alone, subject only to operational constraints, yields the unique nearest-
depot policy

xpg = (dy,d1,dq,da,dp, d3,d3,d3), R(xpp) =5.25min, maxr;(xpy) = 11 min.
z

Group means and pairwise disparities under xpy are reported in Table 3. The audit findings are
immediate: minimum service is violated at zy and zg (response times 9 and 11 min exceed 6 = 8);
demographic parity is violated by a small margin (max disparity 2.348 > ¢ = 2); and the soft objectives
evaluate to SO-EQ= 0.252, SO-RW= 11, and SO-VW= —80.91. The baseline solution is therefore
inadmissible under two hard requirements. Whether either failure can be resolved within &’ is the
question to which Stages 1-3 of the diagnostic procedure now respond.
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Table 3. Group-level outcomes under the PO (ethically-agnostic) baseline.

Quantity Value (minutes)
Iaj (Xpo) 4.281
FBlack (xp0) 6.629
FHisp (Xpo) 5.915
|7Maj — TBlack| 2.348
|7Maj — FHisp| 1.634
|7Black — JHisp| 0.715
maximum pairwise disparity 2.348

5.3. Ethical Requirements and Feasibility Diagnosis

The audited rule set was R = HUS UD with H = {(HC-MS)@9 = 8, (HC-DP)@5 = 2},
S = {SO-EQ,SO-VW,SO-RW}, and D = {Dj, D,}. The dynamic rule D; (surge-triggered) relaxed
the service threshold to 12 minutes when s € {SURGE, DISASTER}; the dynamic rule D, (disaster-
triggered) imposed a 10-minute response standard on high-vulnerability zones (v, > 0.5, here z¢, z7, zg)
when s = DISASTER.

Stage 1 (Type I).
Pairwise hard-rule feasibility tests returned no internally infeasible pairs: (HC-MS) at 6 = 8 and

(HC-DP) at 6 = 2 each admitted a satisfying assignment in X in isolation. The rule set is therefore
internally consistent.

Stage 2 (Type II).

For (HC-MS) to hold, every zone must be reachable from at least one depot within the 8-minute
threshold. The per-zone feasibility check in Table 4 shows that for zones zy and zg no depot satisfies the
threshold. Because (HC-MS) is separable across zones, these local infeasibility certificates directly imply
global infeasibility: no assignment in X’ satisfies (HC-MS), without requiring enumeration. Direct

enumeration over A’ confirms the result, returning zero of the 6,561 assignments as (HC-MS)-feasible.
The IIS certificate is

ISpcms = { (HC-MS) at 6 = 8; T[dy,z7] =20, T[da,z7] = 14, Tld3,z7] = 9;
T[dl,ZB] =22, T[dz,Zg] =16, T[d3,23] =11 }, (9)

in which all binding conditions are travel-time entries from the infrastructure topology, not algorithmic
restrictions on & or fairness rules. This means the conflict cannot be resolved by any algorithmic
adjustment.

Table 4. Per-zone feasibility of (HC-MS) at § = 8 minutes.

Zone ming T[d, z] (min) Feasible depot(s)
Z1 3 dl, dz
Z2 4 dl, dz
Z3 5 d1, dz
Z4 3 dl/ d2
Z5 4 da, d3
Z6 7 d3
Zy 9 —
Z8 11 —

In contrast, (HC-DP) at § = 2 remains feasible within X: the lowest-R assignment satisfying
(HC-DP) is (dq,dy, do, dy, da, d3, d3,d3) with R = 5.79 min and max pairwise disparity 1.78 min. The
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joint feasibility set (HC-MS)N(HC-DP) is empty because (HC-MS) alone is infeasible; Stage 2 therefore
returns a single binding Type II conflict on (HC-MS).

Stage 3 (Type IV).

Under s = SURGE, activation of D; relaxes the service threshold to 12 minutes, restoring feasibility:
144 of the 6,561 assignments satisfy the relaxed standard, and the minimum max-disparity is 0.594 min.
Under s = DISASTER, both D; and D, activate. While z¢ and z7 satisfy the 10-minute vulnerability-
prioritized threshold from d3, zone zg remains infeasible since miny T[d, zg] = 11 > 10. The system is
therefore infeasible under DISASTER, yielding a Type IV exposure.

5.4. Application of Theorem 1

The disparity coefficients ¢, o . for the metropolitan instance are reported in Table 5. Applying
Theorem 1 yields the signed-disparity bounds

y_Maj — UBlack € [—7.817, +2.215],
]7Maj - yHisp S [—5.669, +2.157],
UBlack — yHisp S [—0.346, —|—2.435]

(all in minutes). All three intervals contain zero, so Corollary 1’s one-sided condition fails on every
group pair, and the corollary delivers no absolute-disparity infeasibility on this instance. Enumeration
confirms the implication: the minimum simultaneous max-pairwise disparity attainable across the three
pairs is 0.020 min, achieved at R = 9.18 min and max; r, = 16 min. The metropolitan instance therefore
exhibits a substantively different behavior from the stylized two-group/two-depot configuration: at
this scale, with three groups and three depots, demographic parity at § = 2 min is feasible, and the
binding Type II conflict is on (HC-MS) rather than on (HC-DP). The diagnostic apparatus correctly
distinguishes the two regimes.

Table 5. Disparity coefficients cg o/ , from Eq. (5).

Z  CMaj,Black,z CMaj,Hisp,z  CBlack,Hisp,z

Z1 +0.165 +0.133 —0.032
Z +0.141 +0.128 —0.013
Z3 -+0.095 +-0.089 —0.006
Z4 +0.047 +0.048 +0.001
Z5 -+0.049 —0.057 —0.105
Z6 —-0.217 —0.150 +0.067
Z7 —0.191 —0.123 +0.068
Zg —0.089 —0.068 +0.021

5.5. Pareto Frontier and Harm Redistribution

Because (HC-MS) at 0 = 8 is infeasible under NORMAL, the trade-off analysis is presented under a
documented relaxation of (HC-MS) to § = 12 min, corresponding to the dynamic rule D; authorized by
the oversight board as a temporary operating condition pending capital investment. Under (HC-MS)
at 6 = 12, 144 assignments are feasible. The Pareto frontier in (R, max disparity)-space over the full
decision space X, computed by enumeration on this small instance, is reported in Table 6.
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Table 6. Pareto frontier in (R, max disparity)-space over the full decision space X'

# R (@min) Maxdisp. (min) max,r, Assignment
0 5.250 2.348 11 (dy,dy,dy,dz,dp,d3,d3,d3)
1 5.464 2.066 11 (dq,dp,dq,do,dz,d3,d3,d3)
2 5.571 2.062 11 (dq,d1,da,do,dz,d3,d3,d3)
3 5.786 1.780 11 (dq,dp,dp,do,dy,d3,d3,d3)
4 5.821 1.688 11 (dp,dy,dq,do,dy,d3,d3,d3)
5 6.036 1.406 11 (do,dy,dy,dz,dp,d3,d3,d3)
6 6.143 1.403 11 (do,dy,dp,do,dz,ds,d3,d3)
7 6.214 1.078 13 (dq,ds,dq,do, d2,d3,d3,d3)
8 6.536 0.793 13 (dq,ds, dp,do,dz,d3,d3,d3)
9 6.786 0.466 13 (dp,ds,dy,do, dy,d3,d3,d3)
10 7.036 0.332 14 (ds,dp,dy,dp, dy,d3,d3,d3)
11 7.357 0.223 13 (do,d3,dy,dy,d3,d3,d3,d3)
12 7.607 0.146 14 (ds,dp,dy,do,ds3,d3,d3,d3)
13 7.679 0.089 13 (dp,ds,dp,do,d3,d3,d3,d3)
14 8.250 0.061 13 (dp,ds,dy,dq,d3,d3,d3,d3)
15 8.714 0.026 15 (dp,do,d3,dq1,d1,ds,d3,d3)
16 9.179 0.020 16  (ds,dy,dy,dy,d3,d3,d3,dy)

The lowest-R assignment satisfying 6 = 2 is assignment #3, (dq,da, dy, dp, d>, d3,d3,ds), with
R = 5.79 min and max disparity 1.78 min, costing +0.54 min (+10.2%) relative to the PO baseline.
The frontier exhibits two regions: assignments #0—#6 maintain max; 7, = 11 and trade efficiency for
parity by adjusting only north-and-central zone assignments, while assignments #7—#16 progressively
reassign zones to d3 in less-direct combinations, incurring larger worst-case zone response in pursuit
of further parity reduction. The 0.020-min minimum disparity at point #16 is the smallest attainable in
&, consistent with the signed-disparity intervals containing zero (Section 5.4); the minimum absolute
disparity reflects the discrete granularity of X, not a structural floor.

The population-impact decomposition of the move from PO to the incumbent (Table 7) reveals the
central substantive feature of equity attained within fixed infrastructure. Equity improves: maximum
disparity falls from 2.35 to 1.78 min. All three groups, however, experience worse absolute response times under
the equity-compliant policy than under the operationally-optimal PO baseline; no group’s service improves.
The equity gain is achieved by slowing the Majority group by 18.5%, while the Black and Hispanic
groups are also slowed (by 3.4% and 4.5% respectively). The mechanism is explicit in Theorem 1: the
achievable group-mean response for the Black group is bounded below by a quantity determined by
depot geography, and reducing inter-group disparity within X" requires raising the faster-served group
rather than lowering the slower-served group. This finding is precisely the kind of distributional
structure that algorithm-only fairness auditing systematically misses, because algorithm-only auditing
examines the dispatch policy in isolation from the infrastructure within which the policy operates.

Table 7. Population-level impact of moving from the PO baseline to the Phase 3 incumbent (assignment #3 of

Table 6).
Group ¢ at PO (min) Jg at #3 (min) A (min) A (%)
Majority 4.281 5.074 +0.793 +18.5%
Black 6.629 6.854 +0.225 +3.4%
Hispanic 5.915 6.183 +0.269 +4.5%

5.6. Capital-Investment Specification

The Type IL IIS certificate of Eq. (9) contains no rule-set or algorithmic constraints; the binding
conditions are travel-time entries to zy and zg. ECP converts this finding into a quantified investment
specification. A proposed fourth depot ds must satisfy T[dy, zy] < 8 and T[dy, zg] < 8 (restoring
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(HC-MS); z¢ is already feasible from d3 at 7 min), which also implies T[d4, zg] < 10 (restoring D,
feasibility under DISASTER). The strict-feasibility threshold is

max (T[dyg, z7], T[ds, zg]) < 8 min. (10)

To verify the recommendation, a hypothetical d4 with travel-time vector
T[dg, -] = (25,24,26,14,13,5,4,6)—a depot sited near the southern minority cluster and far from
the northern zones—was evaluated. The decision space expands to 4% = 65,536. Two natural Pareto
corners under the joint constraint set (HC-MS) at 8 = 8 + (HC-DP) at § = 2 + D, are reported in
Table 8: the R-optimal corner and the parity-optimal corner.

Table 8. Pre- and post-investment feasibility for the case-study instance.

Pre Post: R-optimal Post: parity-optimal

(3 depots) (4 depots) (4 depots)
Joint feasibility
(HC-MS@8 + HC-Dr@2 infeasible feasible feasible
+ Dy)
Assignments satisfying 0
. . of 6,561 64 of 65,536
joint constraints
R at the corner — 4.07 min 5.16 min
max disparity at the o 051 min 011 min
corner
IMaj — 3.86 5.16
TBlack — 4.37 5.16
VHisp — 423 5.05
max; 1 — 6 min 7 min

The capital investment simultaneously resolves (HC-MS), (HC-DP) at § = 2, the D; disaster-state
requirement, and the SO-RW worst-case bound at every joint-feasible assignment. At the R-optimal
corner, mean response time improves to 4.07 min relative to the 5.25-min PO baseline, all three group
means fall below 4.4 min, and the worst-case zone response time drops from 11 to 6 min. The parity-
optimal corner trades some of this efficiency gain for a tighter equity profile (max disparity 0.11 min
vs. 0.51 min) at R = 5.16 min, still below the pre-investment baseline. Both corners satisfy the board'’s
0 = 2 target with substantial margin.

The implication is the principal substantive finding of the case study. The apparent efficiency—
equity trade-off documented along the pre-investment Pareto frontier of Section 5.5 is itself an artifact
of constrained infrastructure rather than a fundamental property of the allocation problem. Once the
binding infrastructural constraint is removed, both objectives improve simultaneously. An auditor
evaluating only the dispatch algorithm under the three-depot configuration would observe a real but
infrastructure-induced trade-off and might conclude that equity gains require operational sacrifice; the
IIS-based diagnosis instead identifies the trade-off as removable and produces the specification of how
to remove it.

6. Discussion

The findings advance the core argument of the paper: ethical infeasibility in Al-enabled infras-
tructure systems is not a single phenomenon with a single cause. The dominant algorithmic-fairness
literature characterizes one mechanism, namely the internal inconsistency of fairness criteria within a
classifier, and proves that several natural fairness objectives cannot be simultaneously satisfied. The
Structural Infeasibility Theorem identifies a categorically different mechanism. The bounds L , and
u

8:8
and the group-composition profile, all of which are properties of the physical and demographic envi-

+in Egs. (6)—(7) are functions only of the travel-time matrix, the spatial distribution of demand,

ronment rather than of any algorithmic design choice. When the interval [L does not contain

58/ Ugg']
zero and the implied parity floor exceeds the regulator’s tolerance, no allocation policy in X can satisfy
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demographic parity, and the conflict cannot be resolved by algorithmic adjustment. The source of the
failure lies in the infrastructure, and it is invisible to any audit that examines only the algorithm.

The case study makes this distinction operationally concrete in two complementary ways. First,
the IIS certificate for the HC-MS infeasibility contains exclusively travel-time entries from the depot-
zone topology. No algorithmic constraint, no fairness rule, and no rule-set inconsistency appears in
the certificate. Algorithm-only auditing of the dispatch system under the three-depot configuration
would correctly identify that the system fails to meet the NFPA 1710 standard, but would have no
mechanism to identify the cause as infrastructural and no basis for producing a constructive remedy.
The IIS procedure provides both: a formal attribution of cause and a quantified specification of the
physical investment required to restore compliance.

Second, the harm-redistribution finding documented in Table 7 demonstrates that equity attained
within fixed infrastructure has a fundamentally different welfare character from equity attained
through capital investment. Under the Pareto incumbent, all three groups experience worse absolute
outcomes relative to the operationally optimal baseline; under the post-investment corner of Table §,
all three groups experience better outcomes. Identical disparity values can therefore correspond to
fundamentally different distributional structures, and equity audits that report only disparity statistics
cannot distinguish between them. The Structural Infeasibility Theorem clarifies the underlying
mechanism: when the achievable signed-disparity interval lies entirely on one side of zero, disparity
reduction within fixed infrastructure requires slowing the faster-served group rather than improving
service to the slower-served group, so that equity is achieved by leveling down rather than by lifting
up.

The findings have three implications for the ethical governance of Al-enabled infrastructure
systems. First, audit scope must extend beyond the allocation algorithm to the physical system on
which it operates. The IIS certificate is the formal object that determines whether observed inequity is
attributable to the algorithm, to the infrastructure, or to a rule conflict, and the appropriate intervention
is determined by that attribution. Second, equity statistics evaluated on a fixed infrastructure can mask
harm-redistribution patterns that are ethically consequential. The population-impact decomposition
of Section 5.5 represents a minimum standard for the distributional analysis of equity-driven policy
changes: it is not sufficient to report that disparity fell; it is necessary to report which groups were
slowed and which were speeded in order to characterize the welfare structure of the change. Third,
when the IIS certificate attributes infeasibility to physical infrastructure, the framework does not return
a refused deployment but a quantified capital-investment specification. The locus of decision shifts
from the algorithmic-design layer to the capital-planning layer of the governing institution, and the
framework provides the technical basis for that shift.

The case study is deliberately deterministic to permit exact verification of the framework’s an-
alytical properties. Stochastic extensions including uncertain travel times, stochastic call arrivals,
and time-varying demand preserve the qualitative content of Theorem 1 in the sense that the signed-
disparity bounds hold in expectation under standard conditions, but would refine the specific numeri-
cal thresholds derived above. The framework assumes that ethical rule sets are specified externally
by governance institutions acting in good faith; it operationalizes ethical commitments but does not
determine which commitments are normatively appropriate. Computational scaling beyond the analyt-
ically tractable case-study size, together with the algorithmic specification, the five-phase governance
workflow, and cross-domain application templates within which the diagnostic procedure of this paper
is operationally embedded, are developed in the companion paper currently being developed by the
research team.

7. Conclusions

This paper has identified and formalized a third source of ethical conflict in Al-enabled infrastruc-
ture systems, distinct from the internal-inconsistency mechanism of the classifier-fairness literature
and from algorithmic design choices: structural infeasibility induced by the physical configuration

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202605.1432.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 May 2026 d0i:10.20944/preprints202605.1432.v1

150f 17

of the infrastructure system itself. The Structural Infeasibility Theorem derives closed-form bounds
on inter-group disparity attainable across all feasible allocation policies, with the bounds determined
by infrastructure topology rather than by algorithm design. The hierarchical IIS-based diagnostic
procedure attributes infeasibility to one of three sources—rule, algorithm, or infrastructure—and pro-
duces categorically different interventions for each. The metropolitan ambulance-dispatch case study
demonstrates that the structural mechanism is empirically substantive: minimum-service infeasibility
is certified as infrastructural and resolvable only through capital investment; demographic parity is
feasible despite operational asymmetry only because the multi-group, multi-depot regime escapes
the one-sided-interval condition; the apparent efficiency—equity trade-off is an artifact of constrained
infrastructure that disappears when the binding infrastructural constraint is removed; and equity
attained within fixed infrastructure is harm redistribution, not harm reduction.

The principal methodological implication is that ethical auditing of Al-enabled infrastructure
systems cannot be confined to the allocation algorithm. The infrastructure on which the algorithm
operates must itself be subjected to formal ethical-feasibility analysis, because algorithm-only audits
are structurally incapable of identifying infrastructure-induced infeasibility. The constructive coun-
terpart of this critique is that when infeasibility is attributable to infrastructure, the IIS certificate is
straightforwardly convertible into a quantified capital-planning specification; the framework converts
an algorithmic-fairness audit finding into actionable infrastructure investment guidance.
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Abbreviations

The following abbreviations are used in this manuscript:

Al Artificial Intelligence

ECP Ethical Constraint Programming

EMS Emergency Medical Services

HC-DP  Hard Constraint — Demographic Parity

HC-MS Hard Constraint — Minimum Service

11s Irreducible Infeasible Subsystem

NFPA National Fire Protection Association

SO-EQ  Soft Objective — Equity (Gini-type)

SO-RW  Soft Objective — Rawlsian Welfare

SO-VW  Soft Objective — Vulnerability-Weighted Welfare
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