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Abstract 

Existing qualitative direction-relation matrix models employ rigid classification schemes, limiting 
their ability to differentiate directional relationships between multiple targets within the same 
directional tile. This paper presents dual-scale quantitative frameworks for cardinal directions that 
can discern both incremental variations within specific directional tiles and angular modifications 
along the same radial vectors. The proposed synthesis of dual quantitative descriptors with the 
established multi-scale qualitative directional relationship pyramid model creates a holistic 
framework that connects qualitative and quantitative spatial representations. This integrated multi-
scale directional relationship pyramid model enables bidirectional transformation between 
descriptive paradigms across multiple granularity levels. Experimental assessment confirms that this 
innovative architecture substantially improves directional relationship precision through its 
quantitative elements while supporting various application domains requiring multi-resolution 
spatial reasoning functionalities. 

Keywords: order directional-relation matrix; coordinate directional-relation matrix; quantitative 
model of cardinal directions; multiscale pyramid model of cardinal directions 
 

1. Introduction 

A spatial configuration consists of an assemblage of spatial entities arranged in a specific 
distribution within the reference frame [1]. Spatial relations effectively encapsulate the fundamental 
structural composition of spatial scenes, with human cognition primarily interpreting these 
environments through object identification and relational analysis. This analytical framework 
encompasses topological configurations, directional orientations, and metric measurements between 
spatial entities [2] (Bruns et al. 1996). Spatial directional relations exhibit extensive applicability across 
multiple domains and quotidian contexts [2–6]. Direction-relation formal models constitute the 
mathematical formalization of directional semantic relationships within spatial reasoning 
frameworks. By formalizing the directional spatial relationships between target and reference entities 
through rigorous mathematical models, we enable efficient spatial data retrieval and support 
complex geospatial applications including urban morphological analysis, hazard prediction systems, 
environmental surveillance protocols, and related spatial decision support frameworks [7-10]. 
Directional-relation frameworks are extensively deployed across image retrieval and processing, 
spatial reasoning, computer vision, language processing, robotic wayfinding, semantic interpretation 
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of remote sensing imagery, multi-resolution cartographic integration, and dynamic environmental 
simulation [8] [10-27]. Research on directional-relation formalization not only advances theoretical 
geospatial science but also bridges the gap between human spatial cognition and computational 
spatial representation, enabling more sophisticated machine-based spatial reasoning. The 
proliferation of emerging technologies, particularly digital twin environments, will further 
accentuate the critical importance of refined directional-relation models in spatial information science. 

Directional relationships can be categorized into two fundamental paradigms: quantitative 
models, which employ precise numerical representations, and qualitative models, which utilize 
symbolic abstractions of spatial configurations [28-29]. Human spatial cognition predominantly 
employs qualitative descriptors for communicating spatial relationships and concepts, rather than 
relying on quantitative measurements and coordinates [1] [30-31].  

A quantitative directional model designates a specific ray as the reference direction (e.g., due 
north) and employs angular measurement to represent directional relationships. While this approach 
enables precise directional definition, its practical application in everyday spatial reasoning is limited 
due to its continuous value domain spanning 0-360 degrees. Qualitative direction-relation models, 
conversely, partition the reference object's spatial domain into distinct directional regions according 
to cardinal direction reference systems, and classify directional relationships based on the target 
object's position within these regions. Human spatial cognition typically employs either absolute 
directional references (north-south-east-west) or relative directional references (front-back-left-right). 
The adoption of four cardinal directions as a standard reference system demonstrates optimal 
dimensionality when analyzed against Cartesian coordinate systems. As illustrated in Figure 1, the 
four cardinal directions exhibit direct correspondence with two-dimensional coordinate axes: north 
and south align with the positive and negative y-axis, respectively, while east and west correspond 
to the positive and negative x-axis. This orthogonal arrangement provides complete coverage for 
spatial positioning in two-dimensional coordinate space. 
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Figure 1. The qualitative and quantitative directional models. 

Existing models of cardinal directions principally included cone models  [32, 33], projection-
based models [3, 34, 35], and Voronoi-based models [8]. The cone-shaped model partitions space into 
quadrants or octants via angular division; however, the cardinal direction definitions relative to a 
reference line or plane may not align with conventional directional perception in certain contexts. 
Projection-based models, which partition directional tiles according to the reference object's four 
cardinal direction projection regions as previously defined, achieve completeness in two-dimensional 
space [36] and are aligned with the Earth's geodetic positioning system defined by latitude and 
longitude [37]. The direction-relation matrix (Figure 2b) and its extensions represent prevalent 
projection-based directional models. The basic matrix treats the Minimum Bounding Rectangle (MBR) 
as a singular directional partition, failing to resolve directional variance within the MBR; thus, 
extended matrix models address MBR region subdivision from multiple perspectives, enhancing the 
description of directional relationships [9, 10, 36]. However, most extended models operate at a single 
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precision level, and while they enhance expressive accuracy, they inevitably introduce complexities 
in the model and computational inefficiencies, significantly limiting their practical application. To 
address this issue, Tang et al. (2025) [38] developed a multi-scale pyramid model. The multi-scale 
pyramid model not only subsumes the qualitative projected directional relationship matrix model 
but also introduces a segmentation direction-relation matrix model, enhancing the precision of 
qualitative directional descriptions and accommodating the requirements for qualitative directional 
relationship representation across varying scales. However, these qualitative matrix models, 
constrained by their rigid directional partitioning, fail to discern nuanced directional relationships 
between distinct targets within a single directional tile. For example, the segmentation direction-
relation matrix subdivides the northeast direction slice into three direction slices, such as east-
northeast, northeast, and north-northeast; however, it remains limited in distinguishing targets 
within the east-northeast partition. Furthermore, the qualitative direction relation model may classify 
targets with closely aligned directions in adjacent partitions as disparate. Addressing this hard 
classification issue necessitates a quantitative model for soft classification of directional relationships, 
capturing the continuous, sequential nature of directional changes. Conversely, given that source 
map data typically consists of vector coordinates or raster imagery, the quantitative direction 
description matrix model facilitates the transformation between vector coordinates and qualitative 
directional-relation models, serving as a computational parameter for alternative qualitative 
directional relation matrices. 

In this paper, based on the qualitative directional relation matrix model, we propose two 
different scale quantitative description matrix models of directional relations, which are based on 
order features and distance features, respectively, to construct an order matrix of cardinal directions 
and a directional coordinate matrix, to realize the soft classification of directional relations, and to 
differentiate between directional feature differences within the same direction tile and on the same 
ray direction. The proposed quantitative directional relationship matrices serve as a parametric 
foundation for existing qualitative directional relationship matrices, enabling seamless integration 
with the established multi-scale qualitative direction-relation pyramid model. This integration 
facilitates a comprehensive multi-scale representation of directional spatial relations across the 
quantitative-qualitative spectrum. 

2. Related work 

2.1. Direction-relation matrix and its extended models 

The basic direction-relation matrix model defines a 3*3 matrix, which captures a binary relation 
involving a reference object and a target object. The elements of the matrix are a non-empty subset of 
nine direction tiles {N, S, E, W, NE, SE, SW, NW, O}(Figure 2a). The detailed direction-relation matrix 
is an extended 3*3 matrix that records the neighborhood of the partition around the reference object 
and the ratio of the target object that falls into the tile. The direction-relation matrix model's 
directional segment partitioning aligns with human cognitive patterns for directional perception of 
extended reference objects. However, this model has been consistently criticized for its inability to 
distinguish directional relationship characteristics within the MBR (Minimum Bounding Rectangle), 
as the entire MBR is designated as a single directional segment O. 

To distinguish directional relationship definitions within MBR (Minimum Bounding Rectangle), 
as shown in Figure 2b, a detailed directional relationship matrix partitions the MBR using its central 
region as the reference origin [9]. However, since using the MBR center as both the interior and 
boundary center contradicts cognitive conventions, Tang et al. (2014) [36] implemented topological 
partitioning within the MBR region and defined corresponding topological references for different 
topological regions (Figure 2c), thereby resolving the directional relationship description problem 
between objects with complex topological relationships. The granular partitioning of directional tile, 
while enhancing representational fidelity, necessarily incurs computational overhead. This presents 
a fundamental tension between expressive precision and algorithmic efficiency in direction-relation 
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modelling. Practical implementation contexts necessitate the development of multi-scale directional 
relationship frameworks to address varying application requirements. 
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Figure 2. Directional tiles of the direction-relation matrix and its extended model: (a) Direction-relation matrix [34]; 
(b) Detailed direction relations matrix [9] ; (c) Direction-relation matrix based on topological reference [35] . 

2.2. The multiscale pyramid model of cardinal directions 

The direction-relation matrix and its extensions facilitate qualitative representation of spatial 
orientations across multiple scales. However, these models employ inconsistent partitioning schemas, 
thereby precluding inter-scale conversion between different representational frameworks. Tang et al. 
(2025) introduced a pyramid model that addresses the multi-scale properties of directional spatial 
relations across diverse application domains [38]. This hierarchical framework integrates and extends 
current spatial representation paradigms, establishing a comprehensive multi-scale direction-relation 
model capable of accommodating spatial entities with varying geometric typologies and precision 
requirements. As shown in Figure 3, firstly, it extends the direction-relation model of reference point 
by increasing the division from the basic directional tiles to segmentation directional tiles, thus 
enhancing the accuracy of qualitative directional description. Extending from the reference point 
framework, the pyramid model provides a dual-layer representational structure for extended spatial 
entities: the non-topological overall matrix and the topological local matrix. The overall matrix model 
evolves the direction-relation matrix within MBR into basic and segmentation matrices, treating the 
MBR of the reference object (line or polygon) as a unified entity while establishing directional 
partitioning with dual-level representational granularity. The local matrix derived from topological 
primitives performs topological segmentation and directional quadrant decomposition of the 
minimum bounding rectangle (MBR), thereby resolving directional relationship representation 
within complex topological configurations.  

Concurrently, the hierarchical spatial representation framework generates dual model types: 
qualitative relation matrices and statistical distribution matrices, addressing requirements for spatial 
similarity assessment. Significantly, this novel framework implements adaptive transformation 
pathways between multi-resolution spatial models, enabling enhanced spatial relationship precision 
while maintaining computational efficiency and performance optimization. 
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Figure 3. The framework of the multi-scale pyramid model of cardinal directions. 
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Figure 4. Targets at varying distances along the same ray. 

Direction-relation pyramid model employs segmentation matrices to expand cardinal direction 
granularity, partially addressing the definitional limitations within homogeneous directional tiles. 
However, both the pyramid framework and conventional direction-relation matrix implement 
discrete categorization schemes for directional relationship distribution, failing to capture the 
continuous gradients of spatial transitions that occur within the same directional tile. Hard 
classification frameworks fail to differentiate directional variations within identical directional tiles, 
irrespective of the quantity of cardinal directions employed. For instance, reference points P1 and P2 
illustrated in Figure 2a both yield identical segmentation matrix classifications in the north-northeast 
quadrant.  

The direction relation two-tuple model combines a grid-based direction relation matrix and a 
centroid-based direction relation matrix to characterize both the spatial distribution ratio variations 
and centroid positional shifts between spatial entities [10]. The two-tuple model addresses the issue 
of rigid classification by employing centroid-based angular to differentiate direction-relation 
variations within a single tile. However, its reliance on the centroid as the reference point for angle is 
inadequate when applied to concave polygons, where the centroid may not represent a meaningful 
spatial anchor. Furthermore, the model uniformly utilizes the centroid as the reference for all 
directional partitions, contravening the principle of distinguishing between distinct directional 
sectors. Additionally, it fails to resolve the ambiguity between targets located at varying distances 
along the same angular line. 

3. Framework of multi-scale quantitative model relations 

To address the constraints of descriptive granularity associated with hard classification in 
qualitative directional relations, we introduce two quantitative models for representing qualitative 
directional relationships across hierarchical levels, thereby facilitating multi-scale soft classification: 
the order matrix and the coordinate matrix. 

The order matrix encodes the order characteristics of targets within the same directional tile, 
with sequence parameters varying across different tiles. For reference lines or polygons, azimuth is 
employed to capture the sequential features within combined directional tiles, while the distance to 
the central axis is used to represent the sequential characteristics within positive directional tiles.  

The order matrix enables a quantitative description of directional sequence characteristics, 
addressing the soft classification of targets with different sequential features within the same tile. 
However, it remains ineffective for targets at different distances along the same radial direction. From 
a mathematical perspective, the angular representation corresponds to polar coordinates in a two-
dimensional plane, where determining a point's position requires both angular and radial 
coordinates. Directional models based solely on angular values neglect the distance parameter. 
Consequently, regardless of how fine-grained the directional model's partitioning becomes, whether 
based on angles or sequential relationships, it cannot reflect the directional relationship differences 
between targets along the same radial line. On the other hand, this also reflects the constraints of 
distance relationships on directional relationship definitions, primarily manifested in the distinction 
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of directional relationships between different points along the same radial direction: specifically, how 
varying distances from the directional reference origin influence the positional directional 
relationships. 

Building upon the directional tiles of the multi-scale directional relationship pyramid model, we 
propose a novel direction-relation coordinate matrix model. This model facilitates the discrimination 
of targets at multiple radial distances within a unified directional axis and functions as a 
computational parameter for directional order matrices and other qualitative direction-relation 
matrices. Unlike the original direction-relation coordinate matrix, this new coordinate matrix 
incorporates directional tile partitioning derived from qualitative spatial relations, thereby 
establishing a quantitative representational structure for qualitative directional relationships. 

The newly two-layer quantitative matrices preserve structural congruence with the multi-scale 
qualitative direction-relation pyramid model, specifically in terms of directional tile and matrix 
configuration. These matrices thus function as quantitative analogues to the qualitative matrices, 
enhancing the model’s representational fidelity. By embedding these quantitative matrix models 
within the existing pyramid framework, a novel integrated pyramid model is constructed. Figure 5 
illustrates the pyramid model for reference point, wherein the first and second layers correspond to 
the qualitative matrix at distinct partitioning granularities, while the third and fourth layers represent 
the order matrix and coordinate matrix models, respectively. All four layers maintain uniform matrix 
structures and directional tile schemes, facilitating direct and lossless transformation between 
representations. Figure 6 delineates the extended pyramid model for reference lines and polygons, 
wherein the vertical stratification mirrors the partitioning logic of the reference point. The horizontal 
stratification is organized by topological region, encompassing the whole external, minimum 
bounding rectangle (MBR), the MBR exterior, boundary, and interior regions, with each region 
associated with matrices at varying descriptive resolutions. 

The newly two-layer quantitative matrices maintain consistency with the existing multi-scale 
qualitative pyramid model in terms of directional tile and matrix structure, thus serving as a 
complementary quantitative representation to the qualitative description matrices. By integrating 
these two quantitative matrix models into the existing pyramid model, we build a new pyramid 
model. Figure 5 depicts the pyramid model for reference point, where the first and second layers 
represent qualitative matrix models at different scales of division; the third and fourth layers 
correspond to the ordinal matrix and coordinate matrix models respectively. Although the four layers 
are defined by different parameters, they share consistent matrix forms and directional tiles, enabling 
seamless interconversion. Figure 6 presents the new pyramid model for reference line/polygon, with 
vertical divisions similar to point reference object partitioning. The horizontal division is 
dimensioned by different topological regions, segmented into external, MBR whole, MBR exterior, 
boundary, and interior regions, with matrices defined at different descriptive scales for each region. 
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Figure 5. The framework of the multiscale pyramid model of cardinal directions for reference point. 
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Figure 6. The framework of the new multi-scale pyramid model for cardinal directions. 

4. Order direction-relation matrix 

4.1. Point as reference object 

The order direction-relation matrix for reference point is a 3*3 matrix that records the azimuthal 
trend of the target object relative to the reference point.  

Definition 1. The order matrix of reference point is a 3x3 matrix that captures the partition around the 
reference point R and records for each tile, whether the target object falls into it (Equation 2). The element codes 
of 𝑁𝑁𝑅𝑅⋂𝑃𝑃 , 𝐸𝐸𝑅𝑅⋂𝑃𝑃 , 𝑆𝑆𝑅𝑅⋂𝑃𝑃 , 𝑊𝑊𝑅𝑅⋂𝑃𝑃 , and 𝑂𝑂𝑅𝑅⋂𝑃𝑃  are binary values indicating whether the target object P 
intersects with the tiles or not. And the other element codes of 𝑂𝑂𝑁𝑁𝑁𝑁 , 𝑂𝑂𝑆𝑆𝑆𝑆 , 𝑂𝑂𝑆𝑆𝑆𝑆, and 𝑂𝑂𝑁𝑁𝑁𝑁 (Formula 1) record 
the azimuthal trend in the combined directional tiles using the ratio of the coordinate offsets. 

𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂(𝑅𝑅,𝑃𝑃) = �
𝑂𝑂𝑁𝑁𝑁𝑁 NR⋂P 𝑂𝑂𝑁𝑁𝑁𝑁
𝑊𝑊𝑅𝑅⋂𝑃𝑃 𝑂𝑂𝑅𝑅 ER⋂P
𝑂𝑂𝑆𝑆𝑆𝑆 SR⋂P 𝑂𝑂𝑆𝑆𝑆𝑆

� (1) 

As shown in Figure 7, the element values of the northeast (𝑂𝑂𝑁𝑁𝑁𝑁), southeast (𝑂𝑂𝑆𝑆𝑆𝑆), southwest (𝑂𝑂𝑆𝑆𝑆𝑆) 
and northwest (𝑂𝑂𝑁𝑁𝑁𝑁) in the order matrix are the ratios of two direction offset values, reflecting the 
difference in the angular distribution in the four combined direction tiles. The sequential distribution 
of these four tiles is mainly angularly referenced, assuming that the reference point 𝑅𝑅(𝑥𝑥𝑅𝑅 ,𝑦𝑦𝑅𝑅) and the 
target point 𝑃𝑃(𝑥𝑥𝑃𝑃 ,𝑦𝑦𝑃𝑃), four order parameters are defined as: 

⎩
⎪⎪
⎨

⎪⎪
⎧𝑂𝑂𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑃𝑃−𝑥𝑥𝑅𝑅

𝑦𝑦𝑃𝑃−𝑦𝑦𝑅𝑅

𝑂𝑂𝑆𝑆𝑆𝑆 = 𝑥𝑥𝑃𝑃−𝑥𝑥𝑅𝑅
𝑦𝑦𝑃𝑃−𝑦𝑦𝑅𝑅

𝑂𝑂𝑆𝑆𝑆𝑆 = 𝑦𝑦𝑃𝑃−𝑦𝑦𝑅𝑅
𝑥𝑥𝑃𝑃−𝑥𝑥𝑅𝑅

𝑂𝑂𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑃𝑃−𝑥𝑥𝑅𝑅
𝑦𝑦𝑃𝑃−𝑦𝑦𝑅𝑅

                            (2) 
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Figure 7. The order matrix for reference point: (a) Directional tiles of the order matrix for reference point; (b) The 
values of order matrix. 
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Since the order matrix only considers ordinal distribution relationships, for line or polygon 
targets, as shown in Figure 8a, the order matrix essentially records the fan-shaped regions of 
directional angle distributions within different directional tiles. Therefore, we must first calculate the 
tangent values of the angles formed between each node point of the line or polygon boundary and 
the reference point, then sort these values to determine their range. As shown in Figure 8b, the 
elements of the combined directional tiles within the order matrix for the polygon target are 
represented by a value range corresponding to this fan-shaped region. 
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Figure 8. The order matrix for point-polygon: (a) Azimuth Range for reference point; (b) Order matrix. 

4.2. Line/Polygon as reference object 

For the reference line/polygon, nine directional tiles are classified based on the direction-relation 
matrix model. According to the directional tile frame in the multi-scale pyramid model, we analyze 
the directional order characterization of the outer MBR (Exterior) and the MBR region (MBR) 
separately, and build the order matrices. 

4.2.1. Exterior region 

Relative to the point reference target, the external four main directional tiles of reference 
line/polygon also need to be soft categorized. According to the cognitive habit, the trend of the 
directional order of the line-plane reference target is shown in Figure 9, so we adopt the distance as 
the soft categorization parameter for the positive direction slices, while the angle factor is used as the 
soft categorization parameter for the combined direction tiles. 

 

C2

C1

C3

C4

 

(a)  (b)  

Figure 9. Directional tiles of exterior order matrix for reference polygon: (a) Directional tiles of the exterior order 
matrix; (b) Origin points of the exterior order matrix. 

Let the four endpoints of the MBR of the reference target and their coordinates be 𝐶𝐶1(𝑥𝑥1,𝑦𝑦1), 
𝐶𝐶2(𝑥𝑥2,𝑦𝑦2), 𝐶𝐶3(𝑥𝑥3,𝑦𝑦3), and 𝐶𝐶4(𝑥𝑥4,𝑦𝑦4), respectively, then the direction relation order matrix of the 
external region of the MBR is: 

Definition 2. The order matrix of reference line/polygon is a 3x3 matrix that captures the partition around the 
reference point R and records for each tile, whether the target object falls into it (Equation 3). The order 
parameters 𝑂𝑂𝑁𝑁 , 𝑂𝑂𝐸𝐸 , 𝑂𝑂𝑆𝑆  and 𝑂𝑂𝑊𝑊  of the cardinal directional tiles are the distances from the target to the 
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centerlines of the directional tiles (Formula 4), reflecting the tendency in positive and negative terms. And the 
order parameters of the combined directional tiles 𝑂𝑂𝑁𝑁𝑁𝑁 , 𝑂𝑂𝑆𝑆𝑆𝑆 , 𝑂𝑂𝑆𝑆𝑆𝑆, and 𝑂𝑂𝑁𝑁𝑁𝑁 are the angles from the target 
point to the starting ray of this directional tile, and for the convenience of calculation, the sine of this angle is 
used to replace the angle (Formula 5).  

.𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸(𝑅𝑅,𝑃𝑃) = �
𝑂𝑂𝑁𝑁𝑁𝑁 𝑂𝑂𝑁𝑁 𝑂𝑂𝑁𝑁𝑁𝑁
𝑂𝑂𝑊𝑊 𝐷𝐷𝑂𝑂 𝑂𝑂𝐸𝐸
𝑂𝑂𝑆𝑆𝑆𝑆 𝑂𝑂𝑆𝑆 𝑂𝑂𝑆𝑆𝑆𝑆

�                     (3) 

⎩
⎪
⎨

⎪
⎧𝑂𝑂𝑁𝑁 =  𝑥𝑥𝑃𝑃 − 𝑥𝑥4 −

 𝑥𝑥1−𝑥𝑥4
2

𝑂𝑂𝐸𝐸 =  𝑦𝑦𝑃𝑃 − 𝑦𝑦2 −
 𝑦𝑦1−𝑦𝑦2

2

𝑂𝑂𝑁𝑁 =  𝑥𝑥𝑃𝑃 − 𝑥𝑥3 −
 𝑥𝑥2−𝑥𝑥3

2

𝑂𝑂𝑁𝑁 =  𝑦𝑦𝑃𝑃 − 𝑦𝑦3 −
 𝑦𝑦4−𝑦𝑦3

2

                          (4) 

⎩
⎪⎪
⎨

⎪⎪
⎧𝑂𝑂𝑁𝑁𝑁𝑁 = 𝑥𝑥𝐸𝐸

𝑥𝑥𝑁𝑁
=  𝑥𝑥𝑃𝑃−𝑥𝑥1

𝑦𝑦𝑃𝑃−𝑦𝑦1

𝑂𝑂𝑆𝑆𝑆𝑆 = 𝑥𝑥𝑆𝑆
𝑥𝑥𝐸𝐸

=  𝑥𝑥𝑃𝑃−𝑥𝑥1
𝑦𝑦𝑃𝑃−𝑦𝑦1

𝑂𝑂𝑆𝑆𝑆𝑆 = 𝑥𝑥𝑊𝑊
𝑥𝑥𝑆𝑆

=  𝑥𝑥𝑃𝑃−𝑥𝑥3
𝑦𝑦𝑃𝑃−𝑦𝑦3

𝑂𝑂𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑁𝑁
𝑥𝑥𝑊𝑊

=  𝑥𝑥𝑃𝑃−𝑥𝑥4
𝑦𝑦𝑃𝑃−𝑦𝑦4

                             (5) 

As shown in Figure10a, the two-tuple model [10] employs mean centroid azimuth to represent 
quantitative distributions across directional tiles, presenting several limitations: 1) Centroid azimuths 
utilize the centroid as the reference origin, which may fall outside the reference polygon, 
contradicting cognitive conventions; 2) All objects within different directional tiles use the centroid 
as their reference origin, violating the fundamental principle of projection-based model; 3) 
Substituting actual angular distribution ranges with mean centroid azimuths compromises 
expressive precision. 

For line or polygon targets, similar to point-line/polygon, we use the origin of each directional 
tile as the reference origin point to determine the order distribution range of the tile. For combined 
directional tiles, this manifests as a fan-shaped region, while for cardinal directional tiles, it presents 
as a linearly distributed area (e.g. P2 in Figure10b).  

 

C1

C2C3

C4

P1

R

P2

 

(a)  (b) 

Figure 10. Comparison of order matrix and centroid azimuth matrix: (a) Centroid azimuth Matrix; (b) Order 
matrix. 

4.2.2. MBR region 
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Based on the idea of the multiscale pyramid qualitative model for cardinal directions, there are 
two different ways of dividing directional tiles and defining matrices for the MBR region. If we focus 
on the overall distribution of the target and ignore the topological division of the reference target, 
and take the center of the MBR as the reference point to divide the MBR into four ray directions and 
four faceted direction slices, the form of the corresponding sequential direction relation matrices is 
similar to that of the sequential direction relation matrices of the point reference target. If we are 
concerned about the local boundary distribution of the target, we have to do the topological division 
first, and then construct the order matrices of different topological regions separately. 

1. MBR overall order matrix 
The overall order matrix focuses on the overall distribution range of the reference line/polygon, 

ignoring the effect of topological division, and divides the MBR into four ray direction and four face 
direction slices by taking the center of the MBR as the reference point, the center point of the MBR is 
equivalent to the point reference, and its order direction-relation matrix is similar to that of the order 
matrix of the reference point target, that is: 

Definition 3. The MBR overall order matrix of reference line/polygon is a 3x3 matrix that captures the 
partition around the center of the reference line/polygon’s MBR region and records for each tile, whether the 
target object falls into it (Equation 6). The element codes of 𝑁𝑁𝑅𝑅⋂𝑃𝑃, 𝐸𝐸𝑅𝑅⋂𝑃𝑃, 𝑆𝑆𝑅𝑅⋂𝑃𝑃, 𝑊𝑊𝑅𝑅⋂𝑃𝑃, and 𝑂𝑂𝑅𝑅⋂𝑃𝑃 are the 
same as those in the basic matrix. the order parameters in the combined directional tiles, 𝑂𝑂𝑁𝑁𝑁𝑁 , 𝑂𝑂𝑆𝑆𝑆𝑆 , 𝑂𝑂𝑆𝑆𝑆𝑆, and 
𝑂𝑂𝑁𝑁𝑁𝑁, are calculated with the center of the MBR as the origin, refer to Equation 1. 

𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀(𝑂𝑂𝐶𝐶 ,𝑃𝑃) = �
𝑂𝑂𝑁𝑁𝑁𝑁 𝑁𝑁𝑂𝑂𝐶𝐶⋂𝑃𝑃 𝑂𝑂𝑁𝑁𝑁𝑁

𝑊𝑊𝑂𝑂𝐶𝐶⋂𝑃𝑃 𝑂𝑂𝐶𝐶 𝐸𝐸𝑂𝑂𝐶𝐶⋂𝑃𝑃
𝑂𝑂𝑆𝑆𝑆𝑆 𝑆𝑆𝑂𝑂𝐶𝐶⋂𝑃𝑃 𝑂𝑂𝑆𝑆𝑆𝑆

�                (6) 
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Figure 11. Directional tiles of MBR overall order matrix for reference polygon. 

The computational methodology for line or polygon targets follows the same approach for 
reference points. 

2. Local order matrix 
If the target is mainly distributed in the MBR region and the local boundary influence of the 

reference target is to be considered, based on the idea of the third level of local direction relation 
matrix model in the pyramid model, the MBR region is divided into three topological parts, namely, 
the MBR exterior, the boundary, and the interior, and the corresponding local order matrices are 
constructed respectively. 

The directional tiles of the three regions are defined as follows: 

• MBR exterior 
This region lies outside the reference polygon but within the MBR. Its direction-relation 

character is influenced by the local boundary of reference object. The projection distance is defined 
based on the four cardinal directions. Referring to the local direction relation matrix model, we divide 
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the boundary of the reference object into four segments along the cardinal directions: east, south, 
west, and north. Each part of the boundary corresponding to a cardinal direction consists of the points 
with the maximum value of the reference object in that cardinal direction. The projection distance of 
a target point is defined as its projection distance to the corresponding cardinal direction boundary.  

Let the projected distances of the target point in each of the four main directions be 
𝐷𝐷𝐷𝐷𝑁𝑁 ,𝐷𝐷𝐷𝐷𝐸𝐸 ,𝐷𝐷𝐷𝐷𝑆𝑆  𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷𝐷𝐷𝑊𝑊, then the order matrix of the MBR exterior is: 

Definition 4. The MBR exterior order matrix is a 3x3 matrix that captures the partition of the exterior area 
around the reference line/polygon and records the directional relationship between the target object and the 
neighboring local boundary of the reference object (Equation 7). Where the combined directional element is the 
ratio of the two projection distances, the rule for taking the value on the cardinal direction ray region is that if 
the projection distance of this cardinal direction is non-zero, then the element of this main direction is one. 

𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝐸𝐸(𝑅𝑅,𝑃𝑃) =

⎣
⎢
⎢
⎡
𝐷𝐷𝐷𝐷𝑊𝑊
𝐷𝐷𝐷𝐷𝑁𝑁

𝐷𝐷𝐷𝐷𝑁𝑁
𝐷𝐷𝐷𝐷𝑁𝑁
𝐷𝐷𝐷𝐷𝐸𝐸

𝐷𝐷𝐷𝐷𝑊𝑊 𝑂𝑂𝑂𝑂 𝐷𝐷𝐷𝐷𝐸𝐸
𝐷𝐷𝐷𝐷𝑆𝑆
𝐷𝐷𝐷𝐷𝑊𝑊

𝐷𝐷𝐷𝐷𝑆𝑆
𝐷𝐷𝐷𝐷𝐸𝐸
𝐷𝐷𝐷𝐷𝑆𝑆 ⎦

⎥
⎥
⎤
                     (7) 

P DN

 

P

Q

 

(a) (b)  

Figure 12. Projection distance of MBR exterior region: (a) Projection distance of cardinal direction; (b) Projection 
distance of combined direction. 

For line or polygon targets, projection distances of boundary node points are first calculated 
point by point, followed by statistical analysis of the projection distance ranges within different 
directional tiles. 

• Boundary 
Referring to the pyramid model idea, when the target object falls into the boundary or interior 

region, for the reference concave polygon, if the controid or the center of MBR is used as the reference 
point to divide the directional tile, the center may fall outside the reference object. Therefore, the 
inner center 𝑂𝑂𝑅𝑅 [36, 38] based on the skeleton line algorithm [39, 40] is computed and used as the 
reference point to define the boundary order matrix and the inner order matrix. 

 The boundary of the reference line is constituted by the two nodes of the line. The boundary of 
the reference polygon is its boundary line.  

Definition 5. The boundary order matrix is a 3x3 matrix that captures the directional partition for the 
boundary of the reference line/polygon (Equation 8). The element codes of 𝑁𝑁𝑅𝑅⋂𝑃𝑃, 𝐸𝐸𝑅𝑅⋂𝑃𝑃, 𝑆𝑆𝑅𝑅⋂𝑃𝑃, 𝑊𝑊𝑅𝑅⋂𝑃𝑃, and 
𝑂𝑂𝑅𝑅⋂𝑃𝑃 are binary values indicating whether the target object P intersects with the tiles or not. And the other 
element codes of 𝑂𝑂𝑁𝑁𝑁𝑁 , 𝑂𝑂𝑆𝑆𝑆𝑆 , 𝑂𝑂𝑆𝑆𝑆𝑆, and 𝑂𝑂𝑁𝑁𝑁𝑁 (Formula 1) record the azimuthal trend in the combined directional 
tiles using the ratio of the coordinate offsets (based on the interior center as the reference point). 
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𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐵𝐵(𝑅𝑅,𝑃𝑃) = �
𝑂𝑂𝑁𝑁𝑁𝑁 𝑁𝑁𝑂𝑂𝑅𝑅⋂𝑃𝑃 𝑂𝑂𝑁𝑁𝑁𝑁

𝑊𝑊𝑂𝑂𝑅𝑅⋂𝑃𝑃 𝑂𝑂𝑂𝑂𝑅𝑅 𝐸𝐸𝑂𝑂𝑅𝑅⋂𝑃𝑃
𝑂𝑂𝑆𝑆𝑆𝑆 𝑆𝑆𝑂𝑂𝑅𝑅⋂𝑃𝑃 𝑂𝑂𝑆𝑆𝑆𝑆

�                          (8) 

where the order parameters are calculated in a similar way to those for reference point. 

N

S
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Figure 13. Directional tiles of boundary order matrix for reference polygon. 
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• Interior 
As shown in Figure14, the partition of directional tiles facilitates the construction of a 3x3 matrix 

to capture the interior order direction-relation. 

Definition 6. The interior order matrix is a 3x3 matrix that captures the directional partition for the boundary 
of reference line/polygon (Equation 8). The element codes of 𝑁𝑁𝑅𝑅⋂𝑃𝑃, 𝐸𝐸𝑅𝑅⋂𝑃𝑃, 𝑆𝑆𝑅𝑅⋂𝑃𝑃, 𝑊𝑊𝑅𝑅⋂𝑃𝑃, and 𝑂𝑂𝑅𝑅⋂𝑃𝑃 are 
binary values indicating whether the target object P intersects with the tiles or not. And the other element codes 
of 𝑂𝑂𝑁𝑁𝑁𝑁 , 𝑂𝑂𝑆𝑆𝑆𝑆 , 𝑂𝑂𝑆𝑆𝑆𝑆, and 𝑂𝑂𝑁𝑁𝑁𝑁 (Equation 1) record the azimuthal trend in the combined directional tiles using 
the ratio of the coordinate offsets (based on the interior center as the reference point). 

𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐼𝐼(𝑅𝑅,𝑃𝑃) = �
𝑂𝑂𝑁𝑁𝑁𝑁 𝑁𝑁𝑂𝑂𝑅𝑅⋂𝑃𝑃 𝑂𝑂𝑁𝑁𝑁𝑁

𝑊𝑊𝑂𝑂𝑅𝑅⋂𝑃𝑃 𝑂𝑂𝑂𝑂𝑅𝑅 𝐸𝐸𝑂𝑂𝑅𝑅⋂𝑃𝑃
𝑂𝑂𝑆𝑆𝑆𝑆 𝑆𝑆𝑂𝑂𝑅𝑅⋂𝑃𝑃 𝑂𝑂𝑆𝑆𝑆𝑆

�                          (9) 
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Figure 14. Directional tiles of interior order matrix for reference polygon. 

For line or polygon targets, the boundary and interior matrices are calculated with the interior 
center as the origin, employing the same computational methodology as used for reference point. 

5. Coordinate matrix 

5.1. Point as reference object 

Based on the preceding analysis, the coordinate description can reflect projection values along 
different cardinal directions. Therefore, four cardinal directions are sufficient to comprehensively 
represent directional relationships in two-dimensional space, denoted as 𝐷𝐷4 = {𝑁𝑁,𝐸𝐸, 𝑆𝑆,𝑊𝑊} . As 
illustrated in Figure 12, the positive X-axis aligns with the east direction while its negative 
counterpart corresponds to west; the positive Y-axis aligns with north while its negative counterpart 
corresponds to south. The four cardinal directions essentially divide the two coordinate axes into two 
pairs of opposing directions. The directional coordinates for one target point are defined as follows: 

Definition 7.  Given a reference point 𝑅𝑅 with two-dimensional coordinates (𝑥𝑥𝑅𝑅 ,𝑦𝑦𝑅𝑅) and a target point P 
with coordinates (𝑥𝑥𝑃𝑃 ,𝑦𝑦𝑃𝑃), the directional coordinate of P is represented by the directional coordinate quaternion 
(𝑥𝑥𝑁𝑁 , 𝑥𝑥𝐸𝐸 , 𝑥𝑥𝑆𝑆, 𝑥𝑥𝑊𝑊). The cardinal directional coordinates are calculated as Equation 9: 

⎩
⎪
⎨

⎪
⎧
𝑦𝑦𝑃𝑃 − 𝑦𝑦𝑅𝑅 < 0 → 𝑥𝑥𝑁𝑁 = 𝑦𝑦𝑃𝑃 − 𝑦𝑦𝑅𝑅; 𝑥𝑥𝑆𝑆 = 0
𝑦𝑦𝑃𝑃 − 𝑦𝑦𝑅𝑅 > 0 → 𝑥𝑥𝑁𝑁 = 0; 𝑥𝑥𝑆𝑆 = 𝑦𝑦𝑃𝑃 − 𝑦𝑦𝑅𝑅
𝑥𝑥𝑃𝑃 − 𝑥𝑥𝑅𝑅 < 0 → 𝑥𝑥 = 𝑥𝑥𝑃𝑃 − 𝑥𝑥𝑅𝑅; 𝑥𝑥𝑊𝑊 = 0
𝑥𝑥𝑃𝑃 − 𝑥𝑥𝑅𝑅 > 0 → 𝑥𝑥𝐸𝐸 = 0; 𝑥𝑥𝑊𝑊 = 𝑥𝑥𝑃𝑃 − 𝑥𝑥𝑅𝑅

𝑦𝑦𝑃𝑃 − 𝑦𝑦𝑅𝑅 = 0 → 𝑥𝑥𝑁𝑁 = 𝑥𝑥𝑆𝑆 = 0
𝑥𝑥𝑃𝑃 − 𝑥𝑥𝑅𝑅 = 0 → 𝑥𝑥𝐸𝐸 = 𝑥𝑥𝑊𝑊 = 0

                     (10) 

For linear or polygon targets whose distribution spans multiple directional tiles, we define a 
directional coordinate matrix corresponding to the qualitative directional relationship matrix 
(Definition 8). 
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Definition 8. The directional coordinates for line/polygon targets begins with equidistant discretization, 
converting the object into a set of target point. Given a target object 𝑃𝑃 with a set of two-dimensional discrete 
point coordinates {(𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖), 𝑖𝑖 = 1,2,3 … ,𝑛𝑛} and a reference object with the coordinate (𝑥𝑥𝑅𝑅 ,𝑦𝑦𝑅𝑅), the directional 
coordinates matrix is represented by the Equation 8.  

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑(𝑅𝑅,𝑃𝑃) = �
𝐶𝐶𝑁𝑁𝑁𝑁 𝐶𝐶𝑁𝑁 𝐶𝐶𝑁𝑁𝑁𝑁
𝐶𝐶𝑊𝑊 𝐶𝐶𝑂𝑂 𝐶𝐶𝐸𝐸
𝐶𝐶𝑆𝑆𝑆𝑆 𝐶𝐶𝑆𝑆 𝐶𝐶𝑆𝑆𝑆𝑆

�                      (11) 

Where the coordinate parameters for different directional tiles are calculated as follows: 
The coordinates for the four cardinal direction tiles are: 
𝐶𝐶𝑁𝑁: {𝑥𝑥𝑁𝑁[𝑖𝑖], 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑁𝑁}, yP − yR < 0 → xN = yP − yR; 
𝐶𝐶𝐸𝐸: {𝑥𝑥𝐸𝐸[𝑖𝑖], 𝑖𝑖 = 1,2, … ,𝑛𝑛𝐸𝐸};  
𝐶𝐶𝑆𝑆: {𝑥𝑥𝑆𝑆[𝑖𝑖], 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑆𝑆}; 
𝐶𝐶𝑊𝑊: {𝑥𝑥𝑊𝑊[𝑖𝑖], 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑊𝑊}. 
The four parameters 𝑛𝑛𝑁𝑁 , 𝑛𝑛𝐸𝐸 , 𝑛𝑛𝑆𝑆  , and 𝑛𝑛𝑊𝑊  are the numbers of discretized points within 

different directional tiles. Consequently, the elements in the coordinate matrix of linear and areal 
features contain directional coordinate data comprising multiple coordinate values. During spatial 
analysis and semantic extraction, these arrays can be directly utilized for computation, or 
alternatively, they can be transformed into mean values or other statistical indicators. 

The coordinates for the four combined direction tiles are: 
𝐶𝐶𝑁𝑁𝑁𝑁: {(𝑥𝑥𝑁𝑁[𝑖𝑖], 𝑥𝑥𝐸𝐸[𝑖𝑖]), 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑁𝑁𝑁𝑁}; 
𝐶𝐶𝑆𝑆𝑆𝑆: {(𝑥𝑥𝑆𝑆[𝑖𝑖], 𝑥𝑥𝐸𝐸[𝑖𝑖]), 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑆𝑆𝑆𝑆}; 
𝐶𝐶𝑆𝑆𝑆𝑆: {(𝑥𝑥𝑆𝑆[𝑖𝑖], 𝑥𝑥𝑊𝑊[𝑖𝑖]), 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑆𝑆𝑆𝑆}; 
𝐶𝐶𝑁𝑁𝑁𝑁: {(𝑥𝑥𝑁𝑁[𝑖𝑖], 𝑥𝑥𝑊𝑊[𝑖𝑖]), 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑁𝑁𝑁𝑁}. 
Where the four parameters 𝑛𝑛𝑁𝑁𝑁𝑁 , 𝑛𝑛𝑆𝑆𝑆𝑆 , 𝑛𝑛𝑆𝑆𝑆𝑆  , and 𝑛𝑛𝑁𝑁𝑁𝑁  are the numbers of discretized points 

within several combined directional tiles. Unlike single coordinate sets of cardinal directional tiles, 
combined directional coordinates incorporate coordinate sets from two cardinal directions. 

Using the reference point as the origin point, the corresponding directional coordinates are 
calculated. The calculation of directional coordinates follows Equation 9. 

As shown in Figure 15b, since line targets are one-dimensional, uniform discretization at equal 
intervals along the x-coordinate direction is performed, followed by sequential calculation of the 
directional coordinates for each discrete point in the set. 

For two-dimensional polygon objects, as shown in Figure 15c, uniform gridding is first applied, 
followed by the calculation of directional coordinates for each grid point. 
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Figure 15. Coordinates matrix for reference point: (a) Point target; (b) Line target; (c) Polygon target. 

5.2. Line/Polygon as reference object 

The topological partitioning is initially performed based on reference lines or polygons. Drawing 
from the qualitative pyramid model concept, the topological partitioning first divides the space into 
two segments: the exterior and the Minimum Bounding Rectangle (MBR). Using directional sector 
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origins and the MBR center as reference points, coordinate matrices are constructed for both the 
exterior region and the complete MBR. When the target object falls within the MBR and topological 
references need to be considered, the MBR is further subdivided into three distinct tiles: MBR exterior, 
boundary, and interior. Corresponding coordinate matrices are then constructed using local 
boundary points and the interior center as reference origins. 

5.2.1. Exterior region 

For regions outside the Minimum Bounding Rectangle (MBR), based on the partitioning concept 
of direction-relation matrix, the space is divided into nine tiles with the MBR as the center. For objects 
falling within each directional sector, as shown in Figure 14, the directional coordinates are calculated 
using the boundary points of each tile as reference origins. Using the sets of directional coordinates 
of objects within each sector as matrix elements, the external directional relationship coordinate 
matrix is defined as follows: 

Definition 9. The exterior coordinate matrix is a 3x3 matrix (Equation 12) that records the distribution of 
cardinal directional coordinates for target objects across different exterior directional tiles. The coordinate 
matrix elements represent the coordinate sets of the target's discrete point set in the directional tile along two 
cardinal directions.  

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸(𝑅𝑅,𝑃𝑃) = �
𝐶𝐶𝑁𝑁𝑁𝑁 𝐶𝐶𝑁𝑁 𝐶𝐶𝑁𝑁𝑁𝑁
𝐶𝐶𝑊𝑊 𝐶𝐶𝑂𝑂 𝐶𝐶𝐸𝐸
𝐶𝐶𝑆𝑆𝑆𝑆 𝐶𝐶𝑆𝑆 𝐶𝐶𝑆𝑆𝑆𝑆

�                        (12) 

Assume that 𝐶𝐶1,𝐶𝐶2,𝐶𝐶3  and 𝐶𝐶4  represent the boundary points of the four combined tiles: 
Northeast (NE), Southeast (SE), Southwest (SW), and Northwest (NW), the coordinate parameters 
for different directional tiles are calculated as follows: 

The coordinates for the four cardinal direction tiles are: 
𝐶𝐶𝑁𝑁: {(𝑥𝑥𝑁𝑁[𝑖𝑖], 𝑥𝑥𝐸𝐸𝐸𝐸[𝑖𝑖]), 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑁𝑁},where 𝑥𝑥𝑁𝑁[𝑖𝑖] = y[𝑖𝑖] − y1, 𝑥𝑥𝐸𝐸𝐸𝐸[𝑖𝑖] = 𝑥𝑥[𝑖𝑖] − 𝑥𝑥1 −

𝑥𝑥1−𝑥𝑥4
2

; 
𝐶𝐶𝐸𝐸: {(𝑥𝑥𝐸𝐸[𝑖𝑖], 𝑥𝑥𝑁𝑁𝑁𝑁[𝑖𝑖]), 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑁𝑁},where 𝑥𝑥𝐸𝐸[𝑖𝑖] = x[𝑖𝑖] − x1, 𝑥𝑥𝑁𝑁𝑁𝑁[𝑖𝑖] = 𝑦𝑦[𝑖𝑖] − 𝑦𝑦2 −

𝑦𝑦1−𝑦𝑦2
2

; 
𝐶𝐶𝑆𝑆: {(𝑥𝑥𝑆𝑆[𝑖𝑖], 𝑥𝑥𝐸𝐸𝐸𝐸[𝑖𝑖]), 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑁𝑁},where 𝑥𝑥𝑆𝑆[𝑖𝑖] = y2 − y[𝑖𝑖], 𝑥𝑥𝐸𝐸𝐸𝐸[𝑖𝑖] = 𝑥𝑥[𝑖𝑖] − 𝑥𝑥3 −

𝑥𝑥2−𝑥𝑥3
2

; 
𝐶𝐶𝑊𝑊: {(𝑥𝑥𝑊𝑊[𝑖𝑖], 𝑥𝑥𝑁𝑁𝑁𝑁[𝑖𝑖]), 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑁𝑁},where 𝑥𝑥𝑊𝑊[𝑖𝑖] = x3 − x[𝑖𝑖], 𝑥𝑥𝑁𝑁𝑁𝑁[𝑖𝑖] = 𝑦𝑦[𝑖𝑖] − 𝑦𝑦3 −

𝑦𝑦4−𝑦𝑦3
2

. 
The coordinates for the four combined direction tiles are: 
𝐶𝐶𝑁𝑁𝑁𝑁: {(𝑥𝑥𝑁𝑁[𝑖𝑖], 𝑥𝑥𝐸𝐸[𝑖𝑖]), 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑁𝑁𝑁𝑁}, where 𝑥𝑥𝑁𝑁[𝑖𝑖] = y[𝑖𝑖] − y1, 𝑥𝑥𝐸𝐸[𝑖𝑖] = 𝑥𝑥[𝑖𝑖] − 𝑥𝑥1; 
𝐶𝐶𝑆𝑆𝑆𝑆: {(𝑥𝑥𝑆𝑆[𝑖𝑖], 𝑥𝑥𝐸𝐸[𝑖𝑖]), 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑆𝑆𝑆𝑆}, where 𝑥𝑥𝑆𝑆[𝑖𝑖] = y2 − y[𝑖𝑖], 𝑥𝑥𝐸𝐸[𝑖𝑖] = 𝑥𝑥[𝑖𝑖] − 𝑥𝑥2; 
𝐶𝐶𝑆𝑆𝑆𝑆: {(𝑥𝑥𝑆𝑆[𝑖𝑖], 𝑥𝑥𝑊𝑊[𝑖𝑖]), 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑆𝑆𝑆𝑆}, where 𝑥𝑥𝑆𝑆[𝑖𝑖] = y3 − y[𝑖𝑖], 𝑥𝑥𝑊𝑊[𝑖𝑖] = 𝑥𝑥3 − 𝑥𝑥[𝑖𝑖]; 
𝐶𝐶𝑁𝑁𝑁𝑁: {(𝑥𝑥𝑁𝑁[𝑖𝑖], 𝑥𝑥𝑊𝑊[𝑖𝑖]), 𝑖𝑖 = 1,2, … ,𝑛𝑛𝑁𝑁𝑁𝑁}, where 𝑥𝑥𝑁𝑁[𝑖𝑖] = y[𝑖𝑖] − x4, 𝑥𝑥𝑊𝑊[𝑖𝑖] = 𝑥𝑥4 − 𝑥𝑥[𝑖𝑖]. 
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Figure 16. Directional coordinates for exterior region: (a) The original points of different tiles; (b) Discretization 
strategy for line and polygon targets. 
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As shown in the Figure16b, the discretization method for line and polygon targets is similar to 
that of reference point, with the key distinction being the different reference origins for each 
directional tile (Figure16a). 

5.2.2. MBR region 

1. MBR overall coordinate matrix 
Taking the MBR region as a unified entity, the overall directional coordinates within the MBR 

are calculated using its centroid as the origin point.  

Definition 10. The MBR overall coordinate matrix is a 3x3 matrix (Equation 14) that records the distribution 
of cardinal directional coordinates for target objects across different MBR directional tiles. The coordinate 
matrix elements represent the coordinate sets of the target's discrete point set in the directional tile along 
different cardinal directions.  

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀(𝑅𝑅,𝑃𝑃) = �
𝐶𝐶𝑁𝑁𝑁𝑁 𝐶𝐶𝑁𝑁 𝐶𝐶𝑁𝑁𝑁𝑁
𝐶𝐶𝑊𝑊 𝐶𝐶𝑂𝑂 𝐶𝐶𝐸𝐸
𝐶𝐶𝑆𝑆𝑆𝑆 𝐶𝐶𝑆𝑆 𝐶𝐶𝑆𝑆𝑆𝑆

�                     (13) 

Similar to point reference targets, coordinate parameters in the formula are calculated using the 
MBR center as the origin point. 

2. Local coordinate matrix 
Based on topological reference, the Minimum Bounding Rectangle (MBR) is partitioned into 

three distinct regions, namely the exterior, MBR exterior, boundary, and interior matrices.  
Since directional relationships for MBR exterior region are defined by local boundaries of 

reference object, projection distances are directly utilized as directional coordinates. 

Definition 11. The MBR exterior coordinate matrix is a 3x3 matrix (Equation 11) which represents the 
directional coordinates within the MBR exterior region. The elements of the matrix are the projection distance 
of the target on the local boundary of the reference object.  

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑀𝑀(𝑅𝑅,𝑃𝑃) = �
𝐶𝐶𝑁𝑁𝑁𝑁 𝐶𝐶𝑁𝑁 𝐶𝐶𝑁𝑁𝑁𝑁
𝐶𝐶𝑊𝑊 𝐶𝐶𝑂𝑂 𝐶𝐶𝐸𝐸
𝐶𝐶𝑆𝑆𝑆𝑆 𝐶𝐶𝑆𝑆 𝐶𝐶𝑆𝑆𝑆𝑆

�                    (14) 

 
Definition 12. The boundary coordinate matrix is a 3x3 matrix (Equation 12) which records the distribution 
of cardinal directional coordinates on the boundary of the reference. The origin center of the boundary direction 
tiles is the interior center. 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐵𝐵(𝑅𝑅,𝑃𝑃) = �
𝐶𝐶𝑁𝑁𝑁𝑁 𝐶𝐶𝑁𝑁 𝐶𝐶𝑁𝑁𝑁𝑁
𝐶𝐶𝑊𝑊 𝐶𝐶𝑂𝑂 𝐶𝐶𝐸𝐸
𝐶𝐶𝑆𝑆𝑆𝑆 𝐶𝐶𝑆𝑆 𝐶𝐶𝑆𝑆𝑆𝑆

�                     (15) 

Definition 13. The interior coordinate matrix is a 3x3 matrix (Equation 13) that records the distribution of 
cardinal directional coordinates for the target with the directional tiles inside the reference object. The origin 
center of the boundary direction tiles is the interior center. 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐼𝐼(𝑅𝑅,𝑃𝑃) = �
𝐶𝐶𝑁𝑁𝑁𝑁 𝐶𝐶𝑁𝑁 𝐶𝐶𝑁𝑁𝑁𝑁
𝐶𝐶𝑊𝑊 𝐶𝐶𝑂𝑂 𝐶𝐶𝐸𝐸
𝐶𝐶𝑆𝑆𝑆𝑆 𝐶𝐶𝑆𝑆 𝐶𝐶𝑆𝑆𝑆𝑆

�                     (16) 

Taking the interior as a reference point, the calculation of boundary coordinate matrix and 
interior coordinate matrix follows a similar approach to the coordinate matrix of reference point. 

6. Experimental evaluations 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 September 2025 doi:10.20944/preprints202508.2212.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202508.2212.v1
http://creativecommons.org/licenses/by/4.0/


 17 of 24 

 

6.1. Expressive Power Analysis and Evaluation of Multi-Scale Quantitative Model Description Accuracy 

To validate the expressive capability and completeness of the new model, three sets of 
simulation data precision experiments were conducted. These experiments utilized the target object 
rotation, translation, and special scenarios within the same directional section to verify and compare 
the accuracy and completeness of the new model against other models. 

6.1.1. Rotate the target around the reference polygon 

Figure 14 illustrates the scenario of a target object rotating around a reference object and the 
corresponding sequential matrix description results. The table presents the sequential matrices and 
other matrix description results for different scenarios. Due to space constraints, only the matrices for 
two directional slices are listed. 

Due to the implementation of soft classification parameters in sequential matrices, it is possible 
to distinguish targets along any different radial directions within the same directional segment—a 
capability that hard classification methods cannot achieve. 

 

Figure 17. The target object P moves around the MBR of the reference object R. 

Table 1. Accuracy comparison with the other models in the exterior region. 

Scene Basic Matrix 
Segmentation 

Matrix 
Order Matrix Coordinate matrix 

Scene1 

𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 1 0
0 0 0
0 0 0

� 

𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 1 0
0 0 0
0 0 0

� 

𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 −3 0
0 0 0
0 0 0

� 
 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 (2,−3) 0
0 0 0
0 0 0

� 

Scene2 𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 −2 0
0 0 0
0 0 0

� 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 (2,−2) 0
0 0 0
0 0 0

� 

Scene3 𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 −1 0
0 0 0
0 0 0

� 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 (2,−1) 0
0 0 0
0 0 0

� 

Scene4 𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 4 0
0 0 0
0 0 0

� 𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 1 0
0 0 0
0 0 0

� 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 (2,1) 0
0 0 0
0 0 0

� 
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Scene5 𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 2 0
0 0 0
0 0 0

� 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 (2,2) 0
0 0 0
0 0 0

� 

Scene6 𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 3 0
0 0 0
0 0 0

� 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 (2,3) 0
0 0 0
0 0 0

� 

Scene7 

𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 1
0 0 0
0 0 0

� 

𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 0 1
0 0 0
0 0 0

� 

𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 0.18
0 0 0
0 0 0

� 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 (1.8,0.32)
0 0 0
0 0 0

� 

Scene8 
𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 0.36
0 0 0
0 0 0

� 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 (1.6,0.57)
0 0 0
0 0 0

� 

Scene9 
𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 0.58
0 0 0
0 0 0

� 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 (1.5,0.87)
0 0 0
0 0 0

� 

Scene10 

𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 0 4
0 0 0
0 0 0

� 

𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 1.73
0 0 0
0 0 0

� 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 (0.98,1.7)
0 0 0
0 0 0

� 

Scene11 
𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 3.73
0 0 0
0 0 0

� 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 (0.48,1.8)
0 0 0
0 0 0

� 

Scene12 
𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 11.43
0 0 0
0 0 0

� 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 (0.17,1.9)
0 0 0
0 0 0

� 

The qualitative matrix model utilizes a rigid classification approach for orientation segments, 
which constrains its capacity to discern orientation differences within an individual segment, 
irrespective of segmentation granularity. Conversely, the quantitative matrix model adopts a 
probabilistic, or soft, classification framework, facilitating the detection of directional heterogeneity 
among distinct targets within the same orientation segment. As a result, the qualitative model is 
confined to a limited set of distinguishable scenarios, while the quantitative model, in principle, 
accommodates an unlimited spectrum of scenarios.  

As demonstrated in Figure 18 and Table 1, the qualitative matrix values remain consistent across 
scenarios 1 to 6, as the target is located within the same directional sector. In contrast, the quantitative 
sequential matrix provides a more granular distinction, capturing subtle variations in target direction 
among these six scenarios. Figure 16 visually illustrates the differences in discriminatory capacity 
and comparative performance among diverse qualitative and quantitative models. The data clearly 
demonstrate that quantitative descriptive models exhibit substantially greater discriminatory power 
than their qualitative counterparts.  
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Figure 18. Comparison of Direction-Relations Description Accuracy Across Different Models. 

6.1.2. Moving the target across the reference polygon 

The quantitative matrix models of cardinal directions operate at two distinct levels: the order 
matrix and the coordinate matrix, each offering unique focal points and resolutions. Order matrices 
emphasize the sequential properties of directions, employing angular measurements and coordinate 
offsets to parameterize the sequential distinctions among targets. However, they are limited in their 
ability to differentiate directional variations along the same ray. In contrast, coordinate matrices 
articulate directional attributes through spatial coordinates, concentrating on projection distances 
along various principal axes. This approach enables the discrimination of directional offsets along 
the same ray, though it does not directly capture sequential properties. From a theoretical standpoint, 
coordinate matrices provide greater directional descriptive accuracy compared to order matrices, 
although their respective domains of application are distinct. 

As illustrated in Figure 16, the target point P undergoes translation along a consistent ray 
trajectory from the southwest to the northeast directional tile. Throughout this process, the target 
point not only maintains its translation within the same directional sector but also traverses multiple 
topological domains. This movement enables the validation of the coordinate matrix’s soft 
classification performance. 

As demonstrated in Table 2, the experimental findings robustly confirm that the coordinate 
matrix effectively addresses the challenge of directional feature representation for distinct targets 
aligned along the same ray. Moreover, by maintaining the structural integrity of the qualitative 
directional relationship matrix, the coordinate matrix is capable of simultaneously capturing both the 
directional sector and the topological region occupied by the targets. 

R

P1

P2

P3 P4

P5
P6

P7
P8

P9
P10

P11

P12

 

Figure 19. The target object P moves across the MBR of the reference object R along the same ray direction. 
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Table 2. Accuracy comparison with the other models along the same ray direction. 

Point Basic Matrix 
Segmentation 

Matrix 
Order Matrix Coordinate matrix 

P1 

𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 0
0 0 0
1 0 0

� 𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 0 0
0 0 0
2 0 0

� 
𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 0
0 0 0

1.25 0 0
� 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 =  �
0 0 0
0 0 0

(0.8,1) 0 0
� 

P2 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 0 0
0 0 0

(0.56,0.7) 0 0
� 

P3 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 0 0
0 0 0

(0.16,0.2) 0 0
� 

P4 
𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑀𝑀

= �
0 0 0
0 0 0
1 0 0

� 

𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑀𝑀

= �
0 0 0
0 0 0
1 0 0

� 𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑀𝑀 = �
0 0 0
0 0 0
8 0 0

� 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑀𝑀 = �
0 0 0
0 0 0

(0.1,0.8) 0 0
� 

P5 
𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑀𝑀

= �
0 0 0
0 0 0
0 1 0

� 

𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑀𝑀

= �
0 0 0
0 0 0
0 1 0

� 

𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑀𝑀

= �
0 0 0
0 0 0
0 0.4 0

� 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑀𝑀

= �
0 0 0
0 0 0
0 (0.4,0.5,0.1) 0

� 

P6 
𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑀𝑀

= �
0 0 0
0 0 0
0 0.2 0

� 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝑀𝑀𝑀𝑀

= �
0 0 2
0 0 0
0 (0.2,0.3,0.3) 0

� 

P7 
𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝐵𝐵

= �
0 0 0
0 0 0
1 0 0

� 𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝐵𝐵 = �
0 0 0
0 0 0
2 0 0

� 
𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐵𝐵

= �
0 0 0
0 0 0

1.25 0 0
� 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐵𝐵

= �
0 0 0
0 0 0

(0.12,0.15) 0 0
� 

P8 
𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝐼𝐼

= �
0 0 1
0 0 0
0 0 0

� 𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝐼𝐼 = �
0 0 2
0 0 0
0 0 0

� 
𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐼𝐼

= �
0 0 1.25
0 0 0
0 0 0

� 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐼𝐼 = �
0 0 (0.08,0.1)
0 0 0
0 0 0

� 

P9 
𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝐵𝐵

= �
0 0 1
0 0 0
0 0 0

� 𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝐵𝐵 = �
0 0 2
0 0 0
0 0 0

� 
𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐵𝐵

= �
0 0 1.25
0 0 0
0 0 0

� 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐵𝐵 = �
0 0 (0.32,0.4)
0 0 0
0 0 0

� 

P10 

𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 1
0 0 0
0 0 0

� 

𝑆𝑆𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 2
0 0 0
0 0 0

� 

𝑂𝑂𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 1.25
0 0 0
0 0 0

� 

𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸

= �
0 0 (0.08,0.1)
0 0 0
0 0 0

� 

P11 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 0 (0.48,0.6)
0 0 0
0 0 0

� 

P12 𝐶𝐶𝑑𝑑𝑑𝑑𝑑𝑑𝐸𝐸 = �
0 0 (0.8,1)
0 0 0
0 0 0

� 

6.2. Application experiments  

Directional relations constitute the predominant method for expressing relative spatial 
positioning in natural language. The extraction of directional relation components and the facilitation 
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of directional relation queries via formalized modeling represent critical research directions for 
endowing computational systems with imprecise spatial reasoning abilities. The innovative pyramid 
model of directional relations synthesizes topological and metric relationships across hierarchical 
levels, establishing a multi-scale framework for primary direction representation that bridges 
quantitative and qualitative domains. This approach effectively addresses the requirements for multi-
scale directional relation modeling in diverse application contexts. 

To further substantiate the viability of the proposed model and assess its scalability across 
multiple resolutions, we develop a natural language-driven fuzzy query system for directional 
relationships, enabling a wide range of imprecise directional relation queries.  

The initial query approach entails designating both the reference and target objects to compute 
the associated directional matrix outcomes. This functionality principally facilitates the calculation 
and comparative analysis of matrices across various hierarchical levels within the multi-scale model. 
As illustrated in the figure, users define the reference and target objects by entering their respective 
coordinates, prompting the system to generate the corresponding matrix descriptors. 

 

Figure 20. Example of multi-scale direction-relations matrices. 

The second approach entails assessing the validity of user-submitted directional relationship 
assertions. For instance, when a user states, "Wuhan University is located to the southeast outside of 
East Lake," the system computes directional attributes based on the specified reference and target 
entities to verify the statement's accuracy. As illustrated in the figure, the final evaluation confirms 
the statement's correctness—Wuhan University is unequivocally situated to the southeast of East 
Lake. 

 

Figure 21. Correctness judgment of directional relationship features based on natural language. 

The third method involves the system identifying all target features that meet the specified 
directional relationship conditions based on the reference object. For example, as shown in the figure, 
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the user selects East Lake as the reference object and sets the directional condition as "east." The query 
results are displayed in the figure accordingly. 

 

Figure 22. Directional relationship query based on the Natural Language. 

7. Conclusion and Discussion 

In this paper, we introduce two novel quantitative matrix models at different scales for 
characterizing primary directional relationships, enabling soft classification of qualitative directional 
relations at both order and coordinate levels. Unlike traditional qualitative matrix models that rely 
on hard classification, these quantitative approaches fundamentally resolve the issue of directional 
variability within the same directional tile, allowing for a more precise representation of cardinal 
directions. The order matrix model emphasizes the sequential characteristics of directional relations, 
capturing the order-based variation of targets across different directional segments, and its outputs 
can be efficiently transformed into various qualitative directional matrices. The coordinate matrix 
model, on the other hand, addresses the spatial distribution of targets aligned along the same line—
an aspect not distinguishable by the ordinal matrix—by employing directional coordinates for 
accurate depiction. As the most refined quantitative coordinate-based model, it not only 
differentiates targets sharing the same line of sight but also serves as a parameter for order matrix 
calculations. Notably, in contrast to conventional angular quantitative methods for describing 
directional relationships, both models remain within the qualitative direction-relations framework, 
defined by four cardinal directions that encapsulate the spatial distribution characteristics of targets. 
These models provide a quantitative basis for qualitative direction-relations models and, when 
integrated with existing multi-scale qualitative directional pyramid models, facilitate the 
development of a new multi-scale qualitative directional pyramid model that bridges quantitative 
and qualitative descriptions. The introduction of these two quantitative models significantly 
improves the fidelity of qualitative direction-relations descriptions and establishes a robust 
conversion mechanism from quantitative vector to qualitative direction-relations, thereby addressing 
the computational challenges inherent in qualitative directional matrix analysis. 

Based on the preceding discussion and analysis of experimental results, the primary advantages 
of the quantitative models proposed in this paper can be summarized as follows: 
1. By integrating both order and coordinate quantitative parameters, the proposed models 

facilitate the soft classifications of qualitative directional relationships, effectively addressing the 
limitations of hard classification within the same directional tile. This approach achieves a 
significantly higher degree of accuracy compared to traditional qualitative description matrices. 

2. The quantitative models not only enable highly accurate characterization of qualitative 
directional relationships, but also serves as the computational parameters for other qualitative 
direction-relation matrices, thereby establishing a bridge from precise quantitative coordinate 
descriptions to qualitative directional semantics. 
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3. By integrating these two quantitative descriptive matrix models with the original multi-scale 
qualitative direction-relations pyramid model, we build a comprehensive directional 
relationship pyramid model that spans from quantitative to qualitative analysis, transitioning 
from precise coordinate-based descriptions to nuanced, fuzzy directional relationship semantics. 
This establishes a robust framework for the transformation of qualitative directional relationship 
semantics. 
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