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Abstract

In this paper we investigate the weighted L” boundedness of generalized Marcinkiewicz integrals
ME’) over multiple symmetric domains. Under the conditions K € L1(B"~! x B"~1), g > 1, we
stablish suitable weighted L? bounds for the integrals ME). These bounds are combined with
(€)

an extrapolation argument of Yano so we obtain the weighted L? boundedness of M~ from the
-0,
Triebel-Lizorkin space F ps(wl, wy) to the space L¥ (w1, w;) under the weak conditions K lie in the
2_
space B,;O’E 1)(183’"’1 x B"~1) or in the space L(logL)?/¢(B"~! x B"~1). Our findings are essential
improvements and extension of several known findings in the literature.
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1. Introduction
Let K € L'(B"~! x B"~!) be a measurable mapping on R” x R" and satisfy

K(ta,Ib) = K(a,b), Vt1>0, (1)
and

/ K(a,b)doy(a) = /B ~K(a,b)dey(b) =0, @)

where B! (x = m or n ) is the unit sphere in the Euclidean space R* equipped with the normalized
spherical measure do(-) and « > 2.
Fore > 1 and ® € S(R™ x R"), consider the generalized Marcinkiewicz integral ME) on

R™ x R" defined by
B) cdtdl\ /¢
M@)oy = ([ IHu@ o) GE) ©

H (®) T /h‘q /|ﬂ|<t - 1|b|" 7P (u —a,v —b)dadb.

When ¢ = 2, we denote the operator M%)

where

by Mx which is basically the classical Marcinkiewicz in-
tegral on product spaces which was introduced by Ding in [1]. The author proved that Mk is bounded

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://orcid.org/0000-0003-3381-9234
https://orcid.org/0000-0003-0188-682X
https://doi.org/10.20944/preprints202512.2065.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 December 2025 d0i:10.20944/preprints202512.2065.v1

20f9

on L2(R™ x R") under the assumption K € L(log L)?(B"~! x B"~1), where L(log L)? (B"~1 x B"~1)
is the space of all K € L' (B"~! x B"~1) such that

//B o1 [K(0,0)] 08 (2 + [K(a, b)) doy ()dey (b) < oo, for 6 > 0.
m—1 y Rn—

Subsequently, many authors investigated the LP boundedness of the operator Mk under various
conditions on the kernel functions K. For instance, in [2] the authors established the boundedness
of Mg on LP(R™ x R") (1 < p < o) whenever K € L(logL)(B"~! x B"~1), and they pointed out
that by adopting a similar argument as in [3], the condition K € L(logL)(B"~! x B"~1) is almost
optimal in the sense that M will be unbounded on L?(R™ x R") if K € L(log L)?(B"~! x B"~1) for
any 6 € (0,1). A similar result was obtained in [4] when the kernel function belongs to a cerain class
of block spaces Bgo,e) (B"~! x B"~1). The author proved that My is of type (p, p) forall 1 < p < oo
ifK e Bt(io,o) (B"~! x B""!), g > 1 and that the condition K € B{go,o) (B! x B"!) is nearly optimal.
For relevant results, one may consult [5-10], among others.

Letl <égp < coand T = (C,v) € R x R. Then, a tempered distribution function ® on R™ x R”"

belongs to the space of homogeneous Triebel-Lizorkin functions, F . 'S(Rm x R™), if

< oo,

1/e
@]~ (o) @ 9") x @) )

P

( Y p(ki+jv)e

jkEZ

(Rm xR™) B

LP(R™ xR")
where (p](cl)(é) =2 kmo, (27kF), (pj(z)(q) = 271"g,(27/y), and g1 € CP(R™), g2 € CF(R") are radial
mappings satisfy the following:

(i) supp(g1) C {6: ¢] € [%,2]}, supp (82) C {17 il e [%,21},
(i) g1(¢),g2(n) € [0,1],
(iii) §1(€),g2(n) > Cforall |¢], || € [£, 3], for some bounded constant C > 0.
(iv) For ¢ #0, ¥ g1(27%¢) =T;and for n 0, ¥ g2(277y) = 1.
keZ jez

The following properties were proved in [11].
.7,
(@) Thespace S(R™ x R") is dense in F,, S(Rm x R"),
T T8
(b) Ife; <epthenF, "(R"xR")DF, (R"xR"),
%

(c) Forpe (1,00), Fpo 'Z(Rm x R") = LP(R™ x R"),
(€)

The study of the generalized Marcinkiewicz integral opoerator My’ was initiated in [11]
in which the authors obtained the boundedness of ME) on LP(R™ x R") for 1 < p < oo if
K € L(log L)%/¢(B"~! x B"~1). Recently, the authors of [12] employed an extrapolation argument of
Yano in [13] to extend and improve all the above mentioned results. In fact, they established that

0@, <S5 !

for all p,e € (1,00) provided that K belongs to the space L(log L)?/¢(B"~1 x B"~1) or to the space
2_
Ke Béo’f 2 (B"™~1 x B"~1). For recent advances concerning the operator ./\/lgf), readers are referred
to [14-18] and the references therein.
At this point, let us recall the definition, as well as some pertinent properties, of certain classes of

weighs which will be relevant to our current study:.
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Definition 1. A non-negative locally integrable mapping w is said to be in the space A,(R*) with p € (1, c0)
if there is a bounded positive number B such that for any cube S C R* with its sides are parallel to the coordinate

axes, we have
-1

Qw4émm®(ﬂ*éw@lwﬂwf < B <o,

and w is said to be in A1(R¥) if
M*w(z) < Bw(z) a.ez€RF,

where M*w is the Hardy-Littlewood maximal function of w.
Definition 2. For p € [1,00), we say that w € A,(R¥) if

w(z) = Bi(|z))' P Ba(l2]),
where either BJZ € A1(Ry) or B; € A1(R.) is decreasing, j € {1,2}.

Definition 3. For p € (1,00), let A, (R¥) be the set of nonnegative locally integrable functions w such that
w(z) = w(|z|) and w? € A1(R4).

The weighted class AII?(R") is defined as the definition of A,(R*) with replacing the cubes S
by all x-dimensional intervals whose sides are parallel to coordinate axes [19]. The authors of [20]
showed that A,(Ry) C Ap(R,). Further, it is well known that whenever w(l) € A,(R;), we have
w(|z]) € Ap(R") which is the Mukenhoupt weighted space defined in [21]. Let us present the weight
class A{, given by A{a = A;, N Ap (1 < p < c0). This class of weights has the following properties:

(1) Forl < p; < pp < o0, we have A{,l C A{,z,
2) Ifwe Af,, then a number 6 > 0 exists such that w!t? Allj,
@) Ifwe A]{, (1 < p < ), then there exists a positive number 6 satisfying p —6 > 1 and w € Aéfe‘
(4) Forl<p<oo,we A;, if and only if Wt e A;,, where p’ denotes to the exponent conjugate of
p.
The weighted L? space related to the weights w, w; is denoted by LP (R™ x R", widu, wpdv) =
LP (w1, ws) and is given by

1/
LP (w1, w2) = {cp: 111 oy 00) = (//mXRnCI>(u,v)|Pw(u)w(v)dudv) P oo}.

Recently, the weighted L” boundedness of Mg was obtained in [22] for all 1 < p < co under the
assumption K € L(log L)(B"~1 x B"~1).

In view of the LP boundedness results of the generalized Marcinkiewicz integral ME) obtained
in [12] and the weighted L? boundedness results of the classical Marcinkiewicz integral M in [22]
it is natural to ask the following: Does the weighted L¥ boundedness of generalized Marcinkiewicz

integral ME) hold under the same conditions as in [12]?

Our main purpose in this paper is to answer the above question in the affirmative. Our main
results are formulated as follows:

Theorem 1. Suppose that w; € A;,(Rm), wy € A#(R"), and K € L1(B"1 x B" 1) with q € (1,2]. Then
the inequality

| M (@) <Gla= 17Nl g Wl ©)

LP (wy,wz) p (w1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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holds for all p € (1, 00).

By the results in Theorem 1 and following an extrapolation argument employed in [13,23] we get
the following result.

Theorem 2. Let wq and wy be given as in Theorem 1. Assume that the kernel function K is in the space
2_

L(log L)*/¢(B™~1 x B"~1) or in the space B,go’s 1)(1837”’1 x B"1) with ¢ > 1. Then, for any e > 1, the

operator Mg) is bounded on LP (w1, wy) forall p € (1,00).

Remarks

(1) For the special cases ¢ = 2 and w; = 1 = wy, the authors of [7] proved that My is bounded
on LP(R™ x R") for all p € (1,0) if K belongs to the space L1 (B" ! x B"1), g > 1. Therefore,
since L(log L)(B™~! x B"~1) U B;O’O) (B"~1 x B"1) > L1(B"! x B"~1), then our results are
natural extensions to the results in [7].

(2) The conditions on K are the weakest known conditions for the cases w; =1 = wy and € = 2, (see
[2,4]).

(3) The results in Theorem 2 with ¢ = 2 give the LP(R™ x R") of ME) for p € (1,0) if K €
L(logL)(B"~! x B"™~1). The same result was obtained in [22].

(4) For the case wy = 1 = wy, we observe that Theorem 2 generalizes Theorem 2.7 in [12].

2. Auxiliary Estimates

This section is devoted to giving some preliminary estimates that will play a significant role in
proving the main results of this paper. Let # > 2, and consider the set of measures {Yg ; := Yj; :
I,t € Ry} and its corresponding maximal operators M, and Y* on R™ x R" given by

_ K(ab)
oY, — // ®(u —a,v — b)dadb,
//Rme” b 1t JInap) Ja" ot (u=a,v=b)da

V(@) = sup [©x]Yyll
LteRL
and
ijrl ykJrl dtdl
Mu(@) = sup [0 [ jexlyyllSE
jkez W p

where Aj(a,b) = {(a,b) € R" xR" : 1/2 < |b| <1, t/2 < |a| <t} and |Y};| is defined similarly as
Y; ; but K is replaced by |K|.
The following lemma is a special case of Lemma 2.2 in [22].

Lemma 1. Assume that K satisfies (1)-(2) and belongs to L'(B"~! x B"~1). Then for p € (1,00), wy €
Ap(R™), and wy € Ay(R"), there exists a positive constant Cp such that

IR L (w1,000) < Coll KL mm1 w1y 1Pl L (cor,002) - (6)
We notice that as a direct consequence of Lemma 1, we get that
My (@)1 oy 02) < Cp 0 (VI 15 ) 1K 1 1 1), (7)

for1 < p < co.
The next lemma is found in [24].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Lemma 2. Let g > 1and K € L1(B"~! x B"~1). Then, we have

Yiel < ClKI|ggn-1pr1y, )

ptt et 2dtdl
/ﬂ. / Y& = = CIIK a1 mn1) (In p)?

j uk
é‘#k]h‘w”}min{\wf(h‘w",

(R

1
X min{ ‘é‘yk’ n
where C is a positive constant, vy € (0,1/2q"), and ||Y; || is the total variation of Y, .

Lemma 3. Let g € (1,2], K € L1(B" ' x B"1), and y = 27. Then for p € (1,00), w; € AL(R™),
wy € A;(R"), and arbitrary set of functions {Jjx; j,k € Z} on R™ x R", there is C > 0 such that

i+l 1/e

Z./M/sz

jkEZ

sdtdl < Clg— 1)V

LP (w1 ,w2)

1/¢
SO P (ZIJJ )
jkEZ p

(wllwz)

Proof. By invoking (6), we obtain

sup sup ’Yykl,;ﬂt * j]k)

JkeZ (l,t)e[l,y}x[l,y} LP (wq,wy)
< ( sup | Jjx \) C|sup T3 (I — (10)
Jket U’(wllwz) Ike LP(w1,w2)
forall p € (1, c0), which means that
[[[EAE X —_ . a
< m— n-1y-
[N T —— 12

4/ _
Thanks to duality, there is a function f € LV (w} P ,a); ') satisfying || f ”LP’ (@ W) <1and

I P
K uis * Tk
=R N R

o dtdl
tl

LP (wy,w2)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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- /... kez/ / Y it * Tik dZilfa b)dadb
< c//mXRn <]§Z‘jjk a,b) ‘)Y*(?)(—a,—b)dndb
< 7| 2l [ Dl v vy a3)

LP (wy,w2)

where f(a,b) = f(—a, —b). Let T be the linear operator defined on Jix by T(Jjx) = Y g it * Tk
Thus, when we interpolate (12) with (13), we conclude

;+1 1/¢
Edl‘dl
)y / / ‘Ylf*JJ
JkeZ X
e LP (w1 ,w32)

IA
O
/‘\\

m
N
ha&“*sw:
”>?
:
X
*
2
o

1/¢
Sdtdl)
LP

K| g (1) (In p

Lr (lewz)

1/¢
(zm)
jkEZ

(W1,w2)

)2/8

IN

@
R

]

2

=~

~——
=

IN
(@)

3
b
-

1K g (g1 1)

Lr (wlle)

foralll <p <oco. O

3. Proof of Theorem 1

Lete > 1and K € LY(B"~! x B"~!) with g € (1,2]. Suppose that w; € A;(Rm), wy € A;(R”)
with p € (1, 0). Then, Minkowski’s inequality gives

> K(a,b)
I (/AN o T SO SO
K( )(” v) Ry xRy j,kZ:O It 2=« |p| <2771 J2—k-lt<|a|<2k¢ |a|m—1|b|n—l
1/¢
X ®(u—a,v—b)dadb|* M)
< Lk lw b
jk=0 R, xRy | [t J2-i-11<|p|<2-1 Z*k*1t<\a\<2*kt
E
% ®(u—a,v—Db)dadb il
™ [b]" K
1/¢
< c(// 1Y, (1, 0) “’@> . (14)
R+><]R+ ! tl

Choose a collection of mappings {#;},. such that:
hi € C®(0,00), 0<h; <1, Y hi(l)=
i€Z
/(0 10 ] . C
supp (h;) € [277 0, 270071, and %‘ <

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where C; does not depend on q. Define two measures {A;, : i € Z} on R™ and {A;,, : i € Z} on R" by

(Ain(8)) = hi(|2]) and (Aiu(n)) = hi(|n]),
where ¢ € R™ and 5 € R". Therefore, we deduce that for ® € S(R" x R"),

(// 1Yy % (1, ) E@)m <C Y Qu(@)(1,0), (15)
Ry xR4 ! tl B r,SEZ '
where 1

edtdl ¢

Ult hiddded
Qs (@ (//RR M@ (w,0) )
and
Ui’,ts (CD)(”/ U) = Z Yl,z,‘ * (Ak+s,m & Aj+r,n) * Q)(u, U)X[qu 2(k+1)g [21’1 YRR >(l/ t)'

JKEZ

Hence, to complete the proof of Theorem 1, it is sufficient to find a positive number ¢ such that

190 (@)l (y ) < Cp2~ 2D (g = 1) 24| 5, 1Ko (-1 o1 (16)

p w1,02

foralll < p < co.
If p = € = 2, then by employing Lemma 2 with y = 27" and invoking Plancherel’s theorem, we get

19rs (@) 1720, c00)

2(k+1)q
]k.gZ // ]+r,k+s ‘/ZM /qu

Cp(q—1)_2||K||%q(ﬁm—lxﬁn71) )3 //A
j,kGZ 41 k+s
~ 2
x| @) wn(@)wsn)dedy
SRR Vs S ts S D | I -
jkeZ j+rk+s

2 2 2
< Cp(q_l) 22 V(MHSDH@”LZ(wl,wz)HKHL'?(IB'Wle"*l)’

]+1

IN

2dtdl>)q’ & ‘ w1 (§)wa(n)didy

Ea
2

IN

2k§‘i&

2j17‘

&) wn(@wa()dedy

where Ajx = {(&,1) € R x R : (Ig], |y]) € [27*+D, 279 ¢-D]) x -7+, 2-7G-1]} and 2*P =

min{a*P,a~P}. Therefore,

—1A-2T
1905 (@) 1120y ) < Cp(@ = D)7 272D ) 1K o -1 1) (17)

For the other cases, by employing Lemma 3 and following the same argument as that used in the
proof of Lemma 2.1 in [22], we obtain

| Qr,s(P) ||LP(a)1,w2)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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20407 otk N AN
< C Z 21 /qu/ ’Yl,t * (Ak+s ® A]'Jrr) * q)‘ Th
jkez o
1/e
< C(q - 1)_2/8 (Z ’(Ak+s & Aj+r) * CD‘S> HKHM(BmilXBnil)
jkEZ o
< Cp(q_l)_Z/EHq)H?,s ||K||L'7(]Bm71><Bn*1) (18)
F w1,

4

forall1 < p < co. Now, by interpolating between (17) and (18) we obtain (16) which when combined
with (14)-(15) gives (5).

4. Conclusions

In this work, we proved certain weighted L? estimates for a class of generalized Marcinkiewicz

integrals ME) whenever the kernel function K belongs to the space L1(B" ! x B"~1), g > 1. By using

these estimates and using Yano's extrapolation argument, we obtained the boundedness of M ﬁ? on

2_
LP (w1, wy) spaces under the weak conditions on the kernel functions K € Béo’s b B 1 x B U

L(log L)*/¢(B™~1 x B"~1). Our results in this paper extend and improve several known results on
generalized Marcinkiewicz operators as those in [1,2,4,7,9,10,12,22].

Author Contributions: Methodology; Writing-original draft preparation; investigation; and Formal analysis: M.A.
and H.A.-Q.
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