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Abstract: Formal Calculation, using auxiliary form to calculate various nested sums, based on
binary or Gaussian coefficients and providing three different expressions. In addition to
computation, it introduces a large number of new concepts and methods for analysis. With just a
little skill, it can easily obtain dozens of theorems. It has undergone three years of development.
This article summarizes it and provides a large number of latest achievements, showcasing many
analytical methods. This article includes various relationships between two types of Stirling
numbers, associated Stirling numbers, generalized Eulerian numbers and polynomials, and
provides a theorem of symmetry and extended Wolstenholme theorem:s.
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1. Introduction

To calculate all products of M distinct integers in [1,N-1], items needs to be divided into 2M-
categories.

For example, calculate }'3-products in [1,6]

MD1x2X3+2Xx3Xx4+3x4x5+4x5x6=1x2x3(})

@1x2x4+(1Xx2+2Xx3)X5+(1x2+2x3+3x4)x6=1x2x4(])

@1x3x4+(1x4+2Xx4) X5+ (1x5+2x5+3x5)x6=1x3x4(])

@1x3x5+(1x3+1x4+2x4)x6=1x3x5(])

Anitem(I, I, I5), I; + 1 = [;,; means continuity(A), [; + 1 < [;;; means discontinuity(B)

So (D=AA,(2)=AB,(3)=BA,(4)=BB.Items of a category have the same discontinuities at the same
positions.

Continuity means the distance between factors remains constant. Discontinuity assumes the
distance between factors can be arbitrarily expanded. As N increases, the number of items will also
increase.In (2)=AB:

N-1=6,products={1x2x6,2x3x6,3x4x6},1x2,2x3,3x4 keep continuity. 2x6,3%6,4%6 keep
discontinuity.

N-1=7,products={1x2x7,2x3x7,3x4x7,4x5x7}

Start here and going through several promotions, [1][2][3] introduced Formal Calculation:
M-series:Seriei={Ki Ki+D; Kit+ 2D;...Ki+(N-1)Di}, i€[1,M], Ki,Di€ring with identity elements.

Use PS=[Ki:D1, Kz2:Da...Km:Dw] to represent the M-series.

[K1:D, K2:D...Km:D] is abbreviated as [Ki1, Ka...Kum]:D. [K1,Kz...Kwm]:1 is abbreviated as [K1,Kz...Kwm]

Recursive definie operator V¥,p € L:

VOfm) = f),E5V f(n+ 1) = fF(N),ZR55 f(n+ 1) =V~ £(N)

Vif(n) =V f(n) = f(n) — f(n — 1),it’s alittle dif ferent from Differential calculation.
If f(n) =Y4; (1\1\/,11) and M; is not changed with N,then VP f(N) = Y A; (ﬁ?:’;)

Use PT=[T1,T...Tu] to indicate some products in M-series.By default,the following uses:
PS=[K1:D1,K2:D2...Km:Dm], PT=[T1,T2...Tm]
PS1=[K1:D1,K2:Ds2... Ky:Dm, Kvs1:Dma [=[PS, Kms1:Dmaa], PT1=[PT, Tmn= Tm+2-p]

Recursive define SUN(N,PS,PT), abbreviated as SUM(N):
SUM(N, [Ky:Dq], [Ty = 1]) = X3Z5(K; +n X Dy)
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SUM(N, PS1,PT1) = ¥Vz3(Kpys1 + 1 X Dyyq) XVP SUM(n + 1, PS, PT)

This is actually nested summation. For example:
N-1y{—M
SUM(N, PS,[12 .. M]) = Z (K; +nD))
n=0 i=1

SUM(N,PS,[1,3..2M — 1]) = X3-L(Ky + nyDuy) . X0 (Ky 4+ 12D5) X2 _o(Ky + 1y Dy)

ny=0 1=0

N-1 ns
SUM(N, PS, [1,2,4]) = Z (K +n3Ds) Z (K, +nD,)(K, + nD,)
=0 =0
23—1 " n
SUM(N, PS, [1,3,4]) = z (Ks +nDs3) (K, + nD,) (K, +n,D;)
n=0 n,=0

N-1 n nz
SUM(N, PS, [1,4‘]) = z (KZ + nDz) Z Z (Kl + TllDl)
n=0 ny=0 ni=0

Formal Computation was once named the shape of numbers because PS and PT specify the
shape of the product factors and extensively use the concepts of continuity, discontinuity, and
position. It has little to do with trigonometric numbers, squares numbers, etc. To avoid confusion, it
was renamed.

If Ti< Tin, Ti€N, define PB(PT)=count of discontinuities of PT. If compared to [1,2...M],PB(PT)=Twm-
M.

Also define PB(PS)=count of discontinuities of PS,it's compared to a certain benchmark.

If PB (PT)=PB (PS) and their discontinuities are at the same positions, then say them have the
same shape.

The following use K to represent the set{Ki,Kz...Km}, T to represent the set{T1,Tz...Tm}

Use the auxiliary Form: (T, + K,)(T, + K;) ... (Ty + Kyy) = X1, X, X; =T, or K;

X(T)=Count of {X1, X2...Xm}ET,X11=Count of {X1, Xz...Xi1}€T,Xk-1=Count of {Xi, Xz...Xi-1}€K, X1-1+Xx-
1=i-1

Don't swap Xithen each []Xi corresponds to one expression in the SUM(N).

1.1)g = X(T), SUM(N, PS, PT) =

Form; \'M N+Ty—M M N+Ty—M T, —Xe_)Di; X; =T,
ST o) ( )=>" o )8 = {5 bk s
g=0 N-1-g g=0 Ty—M+1+g Ki + Xr_1Di; X; = K;
F M N+Ty—M+ M N+Ty—M+
I om0 wm ()
g=0 N-1 g=0 Ty—-M+1+g

_ { (T; = Xx-)Dy; X; = T,

N ﬁi +7§XK—1 - Ti)Diiji =K; VAT
Formgs +Ty—g tTy—g K+ T, —Xr_1)Di; X; =T,
g (D) (I (T

g=0 3(g) N-—1 -9 g=0 3(9) TM +1 i Ki +XT—1Di;Xi — Ki

M
H;(g),short for H;(g, PS, PT),is also defined above = Z B;
Mx; with x(T)=g 1 Li=1

Use H(g) to represent the three parameters Hy , 5(g).

Define Fi=UvK2-Km) — 9 (01 distinct products, factors € K), FY is short for F{*M FE = 0
Define EX = ¥.(M products, factors € K), El is short for E}}‘Z"'N}, EE=0
Easy to obtain: Fi-*-1heountof 1=N _ (M), EN = Sa, 42,4 42y=ma;s0 141272 NN
1.2) V SUM(N, PS,[1,2 .. M]) = [T!,(K; + (N — 1)D,) = [T, (K; + nD,)
1.3)SUMWN,[...PS .1, [..T+ 1L, T+ 2..T + M ...]),K; can exchange order.
1.4)SUM(N, [Ly, Ly . Lp, PS], [Ly, Ly o Lp, PT]) = [1F=; L; SUM(N, PS, PT) —
T, can be greater than 1.T € N

1.5)SUM(N,[1,1..1],[1,2..M]) = SUM(N,[1,1..1],[2,3..M]) = 1M + 2M 4 ... 4 NM

1.6)SUM(N,[1,1..1],[1,3..2M = 1]) = SUM(N, [1,1 ..1],[3,5..2M — 1]) = S,(N + M,N) = Ej

1.7)SUM(N,[1,2 ...M],[1,3 ..2M — 1]) = SUM(N, [2,3 ...M],[3,5 ...2M —1]) = S,(N + M,N) =
FI{/IV+M—1

S1(N,M) is unsigned stirling number of the first kind. S2(N,M) is stirling number of the second
kind.
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18)SUM(N, PT, PT) = 1L, T; (3711).

This is an important conclusion. It is the origin of Formal Computation and why (D2)3)(®)
came into being.

It generalizes the formula Y3Z3(7) = (Mlil) = %SUM(N -
M,[1,2..M],[1,2 ... M]) in nested summation.

SUM(4,[1,2,3],[1,2,3]) = (D

SUM(4 — 1,[1,2,4],[1,2,4]) = @,SUM(4 — 1,[1,3,4],[1,3.4]) = B

SUM(4 — 2,[1,3,5],[1,3,5]) = @

SUM(N — PB(PT),PT,PT) = (D(2)(3)(@) = 1.8),PB(PS) compares with [1,2 ... M]

SUM(N, [1,2,3],[1,3,5]) = SUM(N, [2,3],[3,5]) = W+ @) + 3) + @), ¥N-4 M — Products = 1.7)

1.9If PT =T, =1,T, ..Tyl, T, < T, <...< Ty, then (Count of products in SUM(N)) =

(o)

Form Formq
SUM(N, [2,3],[35]) — R+ T)B+T), Ty —-M=5-2=3—
=T, X T,("53) + {Ky X (T, = Xio1) + Ti X (K, + Xr-)Y(V52) + Ky x K, (V)
=3x5(") +{2x4+3x4(") +2x3("P)

Form Formq

SUM(N, [1,2,3],[1,35]) — (1 + TR+ T)B+T) Ty —M=5-3=2—
=1x3x5("?) +35(";%) +26("?) + 1x 2x3("}?)
Here:Hy(1) = 1X2X (Ts = Xg_1) + 1 X (T, =X ) X B+ Xp_ ) + Ty X 2 + Xx_1) X B +

XK—1)
=1x2XG-2)+1xB-DXxB+D+1x2+1)xB+1)=26

Xg-1=XT1-1=1
—_—

Formal Calculation can be calculated in the ring with identity elements.

<l DC DE DE Irmemnttar Do Y
o=, 22(11 Z)Z(é %)3 7 3 2 3\ _ (44 70
H1(1)=1x[(1 2)+(1 2)](4 2)+(1 z)x(3_1)(1 2)=(28 38)

m@=1x(, )x3x( =05 2)

somcns (13 2) 05 +(5 ) o7 2)en

Form, is obtained by guess and proved by induction. There have three forms because: YN_} n(";IK)
=M + 1)(N+K) + (M- K)(N+K =M+ 1)(N+K+1 -1+ K)(N+K =M - K)(N+K+1) +(1+

N+K M+2 M+1 M+2 M+1 M+2
K’z
Property of H(g)

2.1)Hy (g, PT,PT) = [TIL, T; (), H,(g < M, PT, PT) = Hy(g > 0,PT,PT) = 0 - 1.8)

The recursive relationship of H(g) can be obtained by definition.

H,(g,PS1,PT1) = H;(g — D)(Ty41 — [M = (8 — DDDpys1 + H1(9) (Kpr41 + 8Dprs1)
H,(g,PS1,PT1) = Hy(g — 1)(Ty41 — [M — (g — D)Dpyq1 + H2(9) (Kpggq + [~ Ty1 + M — g]Dpyr41)
H3(g,PS1,PT1) = H3(g — 1)(=Kp41 + (Tyrs1 — [8 — 1DDary1) + H3(9) (K1 + 8Dprs1)

Using the recursive relationships and induction to prove>

2.2)H,(g) = i, Hy (k) (Z) =y7_ Hs(k) (%:Z),Inversion -

23)H,(9) = Zh (19 H, (k) () Ha(g) = Zfo(~1)*9H, (k) (}1 %)

Calculation with 2.2)->
2.4) ZgM=o Hy(g) = 51:0 Hy(g)29 = 22,20 Hy(g)2M~9

25) T4 0 i (9) (,7,) = Zho Ha () (") = Zh_o Hy (g) (*329)
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It indicates Formi=Formz:=Forms. If regardless of the actual meaning, PT’s domain can be
extended to C. A=B->

2.6) Do Hi(9) (5) = Zheo Ha(9) (1) = Zho Ha (@) (“*7°)

2.7)Induction - ¥}, H,(g) g (A+1) M Hy(g) g(A+g) SM_o(Hy(9)g (A+M g) +
MH;(g) (579)}

2.8)H,(g,[AD: D, PS],[A, PT]) = AD{H,(g9) + H,(g — 1)} - Hy(g,[1,PS],[1, PT]) = H,(g) +
Hi(g—-1)

In11),H(g) =1IB; = HX,- er B Hxi ek Bi
Define H(g,T) = H(g,T,PS,PT) =[lx,er Bi; H(g, XT) =
YH(g,T),also define H(g,K), H(g,XK)
2.9)If D; = Land Tyyy — T; = 1 then Hy (g, T) = [12_, Ty ; H; (9, 3K, [L,1 .. 1], PT) = Eg*?

Using induction to prove 2>

210)If D; = 1,H,(g, %K) = Fi_gE§ + Fa_g 1E{ +...+F{Ey_,

211)If D; = 1,H,(g,¥T) = FTEM I — FI L E 4. +(— 1)9FTE 9

212)If Dy =1and Tyyq — T; = Kiyy — K = 1 then H,(g) = (W)T1 . Ty X Kgyq... Kny

Ais a primitive unit root, A = 1,PS = [A1, 22 . AM] - Ff = (DML FE ey = 0
2.10)—>H1(g>0,21()=1:‘,ﬂ7479

SUM(N, PS,[1,2...M]) M(DES 4+ 11 (G)Ey—y + 01 () (—DM*?
Definition of S,(M,g) My (_1)M+1

V SUM(N) = [T, (2 + 1) = B, 915, (M, 9) () + (~D"+!

Vieta theorem M4l
M A +n) —aM + (1M

Define Ej © ([T, T, ...],C)

= 211+12+...+Aq:p,1i20 1M2% gt x (T; + ,0)(T; + 4,C + 2,0) .. ( 1T 0+ 0+ -+ Aq—lc)
2.12)H, (g, [11.. 1], PT = [T, = T, + (i — D(C + D]) = ES*L © (PT, )

213)H;(g, [L1 .. 1,PT = [T, =T, + (i — 1)(C + D]) = Engl O (T, = (T, — 1) + (i— 1)C], € + 1)

PB(PS)compares with [K;, K, ... Ky]

Define MINy(PS) = Ky X Epaqesyog [Ia(hi 4 D) 2y = 0,f, 147 Cmemniy

MIN, = MINg(M),0 < g < M — 1,is short for MIN,([1,2 ... M])

It’s easy to understand MINg.Imagine that discontinuity is a hole. Factors from small to large with a distance of

2 as an hole. MIN; =) products with g holes.

For example M=3, MINo=1x2x3, MIN=1x2x4+1x3x4, MIN>=1x3x5,they are used to calcute ) 3-proudcts.

Due to historical reasons, they are called MIN, which is actually the first item of SUM().D:i can be less than 0, at

this point, they are not the minimum terms.

2.14)K, x H, (g, [Ky: Dy, Ka: Dy ... Kyy: Dy, [ 22+ 1,52 22 (M - 1)]) = MIN,([Ky: D; ... Ky Dy ])
=[11..1],PT = [2,3..M] - (g + 1)! Ef;; = (g + 1)!52(M,g +1) = MIN,([1,1...1])
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Table 2. 1:H(g) of special functions.

PS PT Hai(g) H:(g) Hs(g)
11.1] [1,2.M] g Egt, = (—DM-9g1ES_ = Eyl, ©([0,0..]1,1)
gSM+1Lg+1)  (~D"UgiS(M,g) = (M n) =
ES*Y  O((11..],D
[1,1...1] [2,3...M] G+ DISMg+1) (=DM 19(g + 1)1S,(M, g + 1) _M 11\:;;
('t = (1) ©
(1111 [13.2M1] gent & pr, 1) . B 0 (01212
[1,1..1] [35..2M-1] Eyti_, © (PT, 1) = (=DM '"9MIN, = 941
sz,z(Mg+ ltgg+1) (DM 198 ,(M+1+ggt1) M1 O (234..12)
[1.2.-M] [13...2M-1] MINg + MINg_, Ix (DM9E) O (35..11) 1xE)™? O ([234..12)
[2,3..M] [3,5...2M-1] MIN, = (DM 9EST O (3..11) =

EN79 O ([234...]2
S.aM+1+gg+D)  (C)MI0s, (Mt 1+ggrn 0 O P31

<g> is Eulerian number, defined as N¥ = Z < > (N;,g); <

M—1—g>
= <1‘;>, (%) is its another formula[5].
S12(M+1+g,g+1) and S22(M+1+g,g+1) are described in the following section.

2. H(g) and Associated Stirling Numbers

3.1) By definition: MIN;(M) = 3308 5 < i) < iy <. <ig SM+g—1,i0y — i = 2

lllz lg
Associated Stirling Numbers of the first kind Sir(n, k) is defined as the number of permutations
of a set of n elements having exactly k cycles, all length >=r
(1)51 r(n k) k,211+12+ Aig=n,ijzr m
2)S1,(n+1,k) =nS; (0, k) + (N),_1S;,(n—r+Lk—-1),n = kr
(3)S (k) =Y —— (-1t TS < <.<lig g Sn—71iy—i=71,[4]

i1ip "-lk—l

Derived from (2) or (3)>
(M+1+g)! 1 .
BDMING(M) =S, (M+ 1+ 88+ D) = 0= Vi viptsiga=mrivg b 2 2

Table 3. 1 :MINg(M)=S12(M+1+g,g+1).

g= g=1 g=2 g=3 g=4 g=5 g=6
M=1 1
M=2 2 3
M=3 6 20 15
M=4 24 130 210 105

M=5 120 924 2380 2520 945
M=6 720 7308 26432 44100 34650 10395
M=7 5040 64224 303660 705320 866250 540540 135135

MINg = MLMINy = (M + D! (3 + 4.+ ), MINy_; = (2M = 1)1
MINy_, =222 @M — DU, M 2 2, MINy_5 = (M — (M — 2)2M - )12 M > 3

Associated Stirling Numbers of the second kind Sa:(nk) is defined as the number of
permutations of a set of n elements having exactly k blocks, all length >=r.
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1
(4)Sz,r(n, k) k,211+12+ Aig=n,ijer igliphoig!

(5)Szr( + LK) = kS, (n,K) + (,",)S;r(n —r + L,k —1),n = kr

Derived from (5)>
3.3)H,(g [1,1..1],[35..2M — 1)) = E5*_, O (PT,1) =S,,(M+ 1+ g g+ 1)

Table 3.2 :Hi(g,[1,1...1],[3,5...2M-1])=So2(M+1+g,g+1).

g=0 g=1 g=2 g=3 g=4 g=5 g=6
M=1 1
M=2 1 3
M=3 1 10 15
M=4 1 25 105 105
M=5 1 56 490 1260 945
M=6 1 119 1918 9450 17325 10395
M=7 1 246 6825 56980 190575 270270 135135

SUM(N,[2,3...M],[3,5 ...2M — 1])

N+M N+M
Z 0S12(M+1+g, g+1)(M++1+g)= =1512(M + g, g)( . )=51(N+M,N)=S1,1(N+
M, N)
(N+M)! 1 _ WM oy 1
—211+12+ AINEN+MR1 T = . g=1 Zi1+i2+---+iN=N+M,i-21,(count ofi>=g7 . .
N! J 2N N! J J l1lp...IN

(N+M)! 1 (leg)=slecct N—-g quantities of 1 from N
T2i1+i2+ AiN=N+M,ijz1,(count of i;>1)=g i1ip iy

(N+M)! 1 N+M
T(N g) Diy+ig+. Aig=g+Mi>17 7 = (M+g)51,2(M +9 9.

l1l2

Use the same way:

(rN+M)' 1
Slr(TN + M, N) - le+lz+ ~+iNy=rN+M, ljzrm
(rN+M)! 1
—Zg 1211+12+ AiN=TN+M,ijzr,(g=count of l])>rm
_ (rN+M)! 1 M 1 (rN+M)! g
= Zg:l I (g) N- g211+12+ Aig=Tg+M, l]2r+1m 9=17N=g i ( )(rg+M)' 1r+1(Tg +
M, g)
_yvMm _1 @N-r9)!(rN+M
3451, (N + M,N) = By 5 S (1) S, i (rg + M, )
1 (N-rg)! (rN+M
3.5)S,, (N + M, N) = Boy s T (10 S5 40 (rg + M, 9)

P is a prime number.(1)(4)>
Max(g+1,M—g+3)<P<M+gS ., M+g,9)=S,,(M+g,g)=0MODP,2<g< M-

3.6)S,(P,N) = S,(P,N) =0MODP,2<N<P-—1

1MODP,N = 1 MOD P
3.7)S,(N + M,N) = S,(N + M, N) E{OMODP Nzimopp P=M+2

Proof by induction and recurrence formula of S1(N,M) and S2(N,M)
3.8)S,(P—1,8) = 1 MOD P, g!S,(P — 1,g) = (—1)9*!MODP,1 <g<P—1
3. Application of SUM(N) and H(g)

4.1) [T, (K; + nD;) can be decomposed into three forms by 1.2)
4.2)SUM(N, PS, PT) =
SUM(N,[1,1..1,PS],[1,1..1,PT]) ,expand TH_o(...) to Fy=soum e/ taddedc

= [11..1],PT = [12.. M] "3 Hy (M) = S Hy(g) , Hy (1) = S Hy(g) g >
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43) S (M) = MUSHL(—1)"-9g x g15,(M, g) = 2V — 1
PS = [1,1..1],PT = [23..M] 5

44)9!S,(M, 9) = TH(~D)" ¥kt s, (M, k) (*71) = 2L () (M, 1F) 1< g < M
M (=DM KkLS,(M, k) = 115,(M, 1) = 1

2.2
SUM(g,[2,3...M],[3,5..2M — 1]),SUM(g,[1,1...1],[3,5 ...2M — 1]) 23
45)81,(M +8,8) = ThL o (~1)M*S,, (M +k K) (1), S,2(M + g 8) = ThL o (~1)M7S, ,(M +

ko (523)
SUMN, [11...1], [2,3 .. M]) 23
4.6) Tlies 9152(M, 9) = Ty (-9 g1 5, (M, 9)29 7 = Tl (M )ZM ‘

SUM(N,[1,1..1],[3,5..2M — 1]),SUM(N, [2,3 ... M],[3,5 ...2M — 1]) —>
4.7) Zgle S;2(M+gg) = Z?;/I=1(_1)M_gs1,2 M +g,g297; ZZ’=1 S;,(M+gg) =
224:1(—1)’"‘952,2 M +g,g)297"
2.7)
SUM(N,[1,1..1],[2,3..M]) —

48) M g!S,(M, 9) (g — 1) (") = M, (-1)"~9g15,(M, g) (g — 1) (**47")

2.10)
Hy(g,[12 ..M, [L2 ..M]) = Hy(M — g) = M! (") = g1 (Fi_4E§ +.. +F£4Efé g~
2MI (M) = g B IS M+ 1,9+ 1+0DS,(g+5,9) = (M— )L, S;(M+1L,M +1—
DS M —i,M - g)
Hy(g,[1,1 1], [1,2 . M]) = g1S,(M + 1,9 + 1) 23 g1 (F{“l}Eg+ ARUES ) o
410)S;(M + 1,9+ 1) = 257 (M) S,(9 + 1, 9) = ZILI()S, (M — i, 9)

H1(g,)[12 M1, [1,2..M]) = H,(g,[M ..21],[1,2.. M]) =
M 2.11) ppy M— M—
M!(g)—>g (EMEY ™ +...+(~1)9FME)™9)

411)g! (M) = ZL, (M + LM + 1= g+ 0S,(M — g +i,M — g) (—1)9

] 2 212) 1y 2.10) 2.11)
H,(g,[K +1i], [T—I—l])—>( )T1 Ty X Kyyr o Kog —— Ty oo Ty () == Kgyq o Ky (1)
412) [P g (K + ) (M) = EYEOES + - +F{’””E§; oI+ (M) =
— T -

EMOEN 94 (—1)IF " VE) I

sum(@,[1,1..1],[3,5...2M — 1]) = 1,SUM(1,[2,3...M],[3,5...2M — 1]) = M!
I S Hy (g) (140 -
413)25 01( 1)M - gMIN _Zg 1(= 1)M 9512(M+g, g =1 Z —1(— 1)M 9522(M+g,g) = M!
PS1 = [D,: D,...Dy: Dy], PT1 = —+ 1. —+ M- 1] - Ky X Hy(g) =
(—1)M_1_9M1Ng[K1: Dy, K,:D, .. ] >
4.14) T (—1)M- - MIN,(PS) = K, TI!L, D

SUM(2,[1,1..1],[3,5 .. 2M — 1]) = S,(M + 2,2) = 2M*1 — 1 =
Y50 H2(9) (i:%:g) ,combination 4.13) -

4.15) YM-H(~1)M- 19 gMIN, = 2M*1 — M -3

SUMN, [T, T ..T), [T, T .T]) o T (%) 2yt 7w () (2 ) -

T+1 T—-M+1+g
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4.16) 34 () (re,) = G

417)P is prime,SUM(P,[...]: D, [1,2 .. M]) = T*, H, (g) (jg) N
= 0MODP,M <P -1 _
(= —1mopp,m =p -1 DI =1
Exclude products=0 MOD P, then a series of congruence can be obtained.For Example:
OMODP,0<M<P-1
M | oM _ 1M = )
2P - = (T p g
OMODP,0<A+B<P—-10<ABEN
—1MODP,A+B=P—-10<A,BEN
OMODP,0<A+B<P—-10<ABEN
AQB AygB _ A _ B _ A1B = 4 o= L4
1437 420404 (P = AP - DT+ (- DM =T S e
143B5C 4 24486C 4 ... 4+ (P — 5)4(P — 3)B(P — 1) + (P — 3)4(P — 1)B1€ + (P — 1)4183¢
Z{OMODP,O<A+B+C<P—1,0SA,B,CEN
-\ -1MODP,A+B+C=P—-10<A,B,CeN

1428 4 24384 +(P—2)A(P - 1)F = {

Derived from 4.17) -
4.18)P is prime, L p, +a,+.+h=q,12q5P~2;20 1M2%2 (P —1)* = 0O0MODP

PS1 =[K;:D; . K;:Dj,K;y1 + Diy1:Div1, Kivz + Dinp:Digy . |, PT1 = [Ty .. T, Tipq — 1, Tigp —
1..Ty —1]

4.19)Classification principle: SUM(N) = SUM(N, PS,PT1) + SUM(N — 1, PS1, PT)

Simply put, PS and PS have the same shape.

SUM(N, [1,2,3],[1,3,5]) = SUM(N, [1,2,3],[1,2,4]) + SUM(N —1,[1,3,4],[1,3,5])

= {SUM(N, PT, [1,2,3]) + SUM(N — 1, PT,[1,2,4])} + {SUM(N — 1, PT,[1,3,4]) + SUM(N —
2,PT,[1,3,5])}

If Ti= Tin, it is also established.

SUM(N,[1,2],[1,2]) = 2("}?) = SUM(N, [1,2],[1,1]) + SUM(N — 1,[1,3],[1,2])

= SUM(N,[2],[1]) + SUM(N - 1,3, [2D) = (3) + 2(§) + 2(3) + 3(3)

The classification principle also applies to the following Formal Calculation.

PT’s domain can be extended to C. The Recursive Formula of H (g) can be used for.
4.20)Solving the Equation: F(M +1,g) = F(M,g)(aM +bg +¢) + F(M,g —1)(xM + bg +

z),b+#0
H,(g,PS1,PT1) = Hi(g — 1)(Tyy41 — [M = (g — DD Dpyq + H1 (9) Kpr41 + 8Dprs1)
{ aM + bg +c= KM+1 + gDM+1
xM +bg +2z= (Tys1 — [M— (g — 1])Dpys

eliminate g {DM+1 =b,Kys1 =aM +¢,PS =[a(i —1) +c: b]

T |l Ty =M+1+ 2 PT = ["—(i'bl)” +i]

H,(g), H;(g)also has similar properties. This way, we can use the attributes of H(g) for analysis.
eg: FM+1,9)=@+1)FWM,9)+(@+1FM,g—1)->PS=[11..1],PT =[23..M + 1]
It's (@ +DIS;M+1Lg+1) =(g+D@+D!IS,(M,g+1) +(g+1)g!S,(M,g)

SUM(N, PS1,PT1) = SUM(N — 1,PS1,PT1) + [Kpys1 + (N —
1Dy4+1] VP SUM(N) can do the same.

SUM(N, [1,2...M],[1,3 ..2M —1]) = S;(N + M,N) = S;(N + M — 1,N — 1) + (N + M — 1)S,;(N +
M—1,N)

4. Combinatorial identity of SUM(N)

R = FOLD SUM: %3, f (k) = T,y Zigioy Tty f (k1) = TR0 B 2o Do f (hy + 1)
5.1) X0, V" SUM(k, PS,PT) =V~ SUM(N, PS, PT)
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5.2) TN o1 DL XL,V SUM (k,, PS,[12 .. M]) = SUM(N,PS,[1+ (r = 1),2+ (r = 1) ..M +
(r—1]
[Proof]
PS1=1[1:0,1:0..1:0,PS],PT1 = [1,3..2r = 3,1+ 2(r = 1),2 + 2(r — 1) .. M + 2(r — 1)]
T =[1,2..M],PTx = [1+(r—1),2+(r—1) M+ @ —1)]
fIN) =%k =1 Zkz 1Zk1 \V SUM (k,, PS,PT) = %} 1V SUM (k,, PS, PT) .. Zkz 121(1 11
T =[1,2...M]. According to definition of SUM(N) —

M+2(r-1)—(r-1+M)=r-1

f(N)= SUM(N, PS1,PT1) SM-1H, (g, Ps1,PTD) (V17)
(T; = Xk-1)D; = 0;X; = T; =0
K;+ Xr_1D; = 1, X; = K;
(T; — Xk-)Di; X; =T,
Ki + Xr_1Dj X; = K;

— f(N) = X3 Hy(g,PS1,PT1) (*}7°1) = SUM(N, PS, PTx)

g.e.d.

5.3) TN _1 o X NV SUM(k;, PS, [L,2 ... M]) =V™" SUM(N, PS, [1+ (i — 1),2 + (i
1) ..M+ (i — 1)])

Voo Ozkl_o( i) = %vi-r SUM(N +1,[0,-1,-2 .—j+ 1], [1+ G- 1),2+ (- 1) ..j +
- }1)1](3;<j)=0 Ty-M=i-1 i im1)! ; i
——— v G () = CED () = I () -

record at [6]: Lemma 1

InH;(g >M,PS1,PT1),i<rX; = {

InH;(g < M,PS1,PT1),[lic, X;=1;i=21rX; = { = H,(g, PS, PTx)

PS=[12..1, - p, S0 15 7, — p O] pT = [123 T 4T, 42— P, — Py
T1D4 TyD,

5.4) YNZAVPL SUM(n + 1, [Ky: Dy], [T]) VP2 SUM(n + 1, [Ky: Dy], [Ty]) =

T;T,D1D,
(T1+1—P)!(Ty +1-Py)! SUM (N’ Ps, PT)

5.5) Zosnlsnzs...snMsN—l(K +ny+ny 4+ ny) :v(l\zl) SUM(N» (K], [(MZH)]) = (M;l)(N;,,Azl_l) +
K(N+M—1)

Z0<n1-----npsn(nl +oet np) an—o Zi:o(nl‘l'-“"'np) = (p;rl) (2111)) =

s (n+p) record at [6]: Theorem 2
2 \p

M
5-6) Zosnls...snMsN—l(K +n,Dy + -+ nMDM) =V(2) SUM (N; [K: (Dl +

2D,+...+MD) (") L IC)])

— D1+21E12W42'+-1;MDM (M+1)(N;11:11—1) + K(N+A1l;1—1)

Use 1.2)-1.4) and properties of H(g) can be used to derive combinatorial identities.For Example:

A M+B 1
(M) = 5 VSUMNV, [1,2..AB+1,B+2..B +M],2[1,j ~AA+LA+2.A+M]
:$VSUM(N,[B+1...B+2,B+M] [A+1,A+2..A+M]) —

Hi(9) = () 1B+ Mlu-gla + 117 = () 0 =2 (25) 01 (%57) = w1 (*3%) (355)

SN = Zho (55) (Wre) (i) = Zhme(-0M72 (520) (%38) ("1hee) =

M A-B M+B (n+A+M—g
g=0\ g M-g A+M

5. 8)(n+X)(n+Y) Z (M+q) (Mlt(;Y) (;{:\({1) 0<Y<M
[Proof]

= ——VSUMMN,[X,X 1. X—A+1Y,Y =1..Y =M +1],[1,2 ..A + M])
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=WVSUM(N [1,2..Y,0,-1..—(M—=Y)+1,X .. X —A+1],[1,2..A+ M])

=V SUMN,[0,~1..-(M = V) + LX .X —A+1}[Y + LY + 2 .A+ M])
If Hi(g) # 0,X,,X; ... Xy_y must belongtoT.let C =A+ M —-Y
count of K=(C_(M_Y)

Hy(g = M= Y,3K) # 0 )(C—M”) X+ M= Vleg = () X+ M= V]cg

c-g
XL H(g=M-Y)= —( )X+M Y y + 170 278
A,M| 1\g = A \M+a-v—g [ Jasm-v- g[ ]

o P O =Y+ 0= 35 (1) (507) €4 = 0 (135) 0 =y 1= (%) (")
CiCW) = ma ¥ By Hi@) (4T005,) = mn Za sy B (o) (377

g.ed.

Compare with 5.7), there has no formula for ("XX)(HI;Y), Y>MX+A

PS=[0,-1..—(B—1),A— (M —B —1):-1..4:=1],PT = [1,2...M] -

5.9)(3)(oh) = SMP(-1)MB-g (M) (M) (" ) n >0

PS=[0,—1..—A+1,0,—1..—B+1],PT = [1,2...A+ B] >
5100()(G) =25 (Z) (A;:g) (A+g_g) ,record at [7]: (6.44)

SAD I, (A + 2i + 1) = (") I 2[M — g] - 1)!!(2”;_9)[A+1] ("+A+9)AENorA—O

A+
[Proof]
PS=[A+2,A+4...A+2M],PT=[A+1,A+2...A+M]

Hy(g,SK) = SUM(g +1,[1,3 ..2(M — g) — 1], [1,3 .. 2(M — ) — 1]) =3 (2(M — g) — 1)! (ZMg‘g)
Hy(g,T) =[A+1]9
(ML A+ 20 +n) =— v SUM(N, [1,2 ...A,PS],[1,2 ...A, PT]) =V SUM(N) =

Lo Ha(9) ("42F)
q.e.d.

5.12) [T1L4(21 +n) = h_o(2[M — g] — 1)t (*479) g1 ("44%9)

SUM(N,[1,3...2M-1],[1,2...M])= SUM(N,[3,5.. 2M-1],[2,3...M])>
5.13)[T1L,(20 — 1 +n) = THF M — 1 g - D1 (*¥079) (g + 1) (" 17)

5.14)SUM(N,[A+ 1,A+3..A+2M — 1],[1,3...2M — 1]) = 3¥_,[A]"~9(2g -
M+ N+M-1+
(57 (e ™)

[Proof]

_ M= _ 1.8) M+g
H,(g,K) = [A]"~9,H,(g,T) = SUM(M — g + 1,[1,3 ... 29 — 1],[1,3 ... 2g — 1]) — (2g — D! ( e )
g-ed.

(M+g)! (N+M—1+g) _
g29 M+g -

5.15) nM Lo@2M +ny) .. Zn o4+ nz)Z —0(2 +ny) = Zg 0
M (N—1+g) [N+gIM

9=0\ g 29
516)SUM(N,[AA+1..A+M—1]:2,[1,3..2M—=1]) = (""" N[A+ M + N - 2]
[Proof]

Hy(g XK [4,A + 1 .. A+ (M~ D], [1,2 .. M])
=SUM(g+ 1L[AA+1..A+M—1-g)]:2[13..2(M —g) — 1])
=H; @ IK[A+M—1) A+ LAL[L2..M]) = (M) [A+ (M= D]y

M:=M-g
SUM(g+LIAA+1..A+M-1-gL:2[13..2(M—g) — 1) = (¥)[A+ M - D]y, —

SUM(g+1) = (M;g) [A+ M+ g — D]y — SUM(N) = (" "[4+M + N —2],,

g-ed.
10
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M=1

5.17)SUM(N, [1,2..M]: 2,[1,3...2M — 1]) = M! (N+;f["1)2 — 1434+ (2N—-1)=N?

—SUM(N,[A+ 1L,A+2..A+M]:2,[13..2M - 1]) = T¥  Hy(g) (N“VH) = (ML) (ArMN-T)

! M+g
5.7),A=M,B=A
_—

=V SUM(N,PS1 = [A+1,A+2..A+M],PTL = [M+1,M+2..2M]) =
Mo Hy (g PSLPTD) (ViMT) -

M+g
5.18) - H(g [A+ 1L,A+2..A+M]:2,[13..2M 1) = H(g [A+ LA+ 2 ..A+M],[M+1,M +
2..2M])
Hy(g A+ LA+2. A+M:2[1,3..2M—1]) =
M! (Mgg) (ﬁt‘;‘) .The definition of H(g)is complex.eg:
Hy(1) = 2{A+ 1) . A+ M—DxM+ (A+1) . (A+M—2)(A+M+2)x(M—1) 4+~ + (A +
B)(A+5)...(A+M+2)x1} -

519) YN M —n) [TV (A + k+3 [k;l—n]) = (M;rl)! (), [n] is truncates integer.

[M+N-y]M
2M-y

. _ _ vM (A+N-1+4y)\ (N+M-1-y
5.20)SUM(N,[A+2,A+4..A+2M]:3,[1,3..2M - 1]) = Zy=o( . ) ( e )
[Proof]

PS1=[A+2A+4..A+2M,PT1=[A+1,A+2..A+M]

Hy(g T,PS1,PT1) = [A+1]9

H;(g YK PS1,PT1) =SUM(g+ 1,[A+2,A+4..A+2M—g)]:3,[1,3..2(M — g) — 1])
22) 5.11) -

Hy (g PS1, PT1) — IM., H,(x PST,PT1) (X) "o ZM(2[M — x] — 1)1 (**7¥)[A + 117 (%)

SUM(g+1,[A+2,A+4..A+2M—g):3,[1,3..2(M — g) — 1]

= YN 2M —x] - DU M)A+ 1]* (Z) [A+1]9

— M _ _ " (2M-x)! (A+x)! x! Al —yM (2M—-x)! (A+x)!
szg(z [M—x] — DU (2m—2x)!x! A!M g!nglx—g)! (A+9)! Zx=g (m=x)12M=% (A+g)ig!(x—g)!
Y=X"8 M-y 2M-g-y)! (A+y+g)! M=M-g

Zy=0 (M-g-y)12(M=9-Y) (A+g)ly!g!
SUM(g+1,[A+2,A+4..A+2M]:3,[1,3..2M—-1]) = Zg‘,’lzo(

N:=g+1 i
— conclusion

q.e.d.
The identity of PS=[K1,Kz...Km]:D similar to 5.7)-5.20) can also be obtained.

2M+g-y)! (A+y+g9)!
M-y)12M-Y giyi(A+g)!

5. Matrix of SUM(N)

Consider H(g) as variables,list SUM(N),SUM(N+1)...SUM(N+M),we can obtain a (M+1) x(M+1)
matrix
Let P=N+Tm-M,Q=N-1,define A(P,Q,M), respectively corresponding to the three forms

(&) = (ohw) (&) ~ (")

AP,QM) =] : ;o LA, QM= - i |,A5(P,QM) =
(o) (78" (asae)  (50)
CORRAN

(o) - ()

6.D)[[AL(P,QM)| = [[Az(P,QM)[| = [|A3(P,Q M)[] s
6.2) [IA(P,0,M)| = 1,|IAP, 1, )| = (T1) [IAP,Q > 0, )| = [T22, Eli::igg

6.3)[|A(P,Q M)|| = [|A(P,P —Q M)]|

11
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o | @ ‘ I |
A@OM=| : -~ i [=]
) 7 L) (3
[ (P 1 0
As(P,0,M) = : W ‘:lPsM :
(G I 0 I (G 1
@ - @
A,(1,0,M) can be changed to 0 0
0 - ()

If SUM(N) or VSUM(N) is easy to obtained,then H(g) can be calculated with the Cramer’s law.
Table 6. 1: Calculate H(g) with matrix, Tm>=M

SUM(N, [1,2...M],[1,2...M]) = M! (}}*)) -

M+1
H,(g) = ( ) Zg+1( 1)g+1+k (1+g)(M+k
+1 1+Ty-M M+1
Zg ( 1)g+1+k ( ;MI\_IIM_'-:E) SUM(K) .
SUM(N, [2,3...M],[3,5...2M - 1)) =S, (M +
N,N) -
MlNg — Zg+1( 1)g+k+1 (Ml‘;[i-iil)sl(M + k, k)

H,(g) = X551 (- 1)g+1+k( Tm-M+g ) v SUM(K) V SUM(N, [1,2...M], [1,2...M]) = M! (M) -

—M+k-1 K
() = BE_o (e (§) (M)

V SUM(N, [1,1...1],[2,3...M]) = N¥ —
SZ(M g = i 8 (—1EY (kM =
& (- 1)k g)(g — M

?t s a known formula

2(K) = X, (1) (¥) v SUM(K) V SUM(N, [1,1...1], [5,3. ..M]) = N¥

0) = D (22) 00 209 = T -1 () = k15,000
9'S2(M, g) = TR (— DM (XT1) k1S, (M, k) -
4.4)

Ha(g) = ZEL(~ )81k (21 ) suM (k)

Hy() = 287 (e vk (1:1% ) v SUM(K) V SUM(N, [1,1.. 1], [2,3...M]) = N¥ -
[} = Bt nene (1)
= T DM (D + 1 -
k)M, it's a known formula

Many conclusions of [8] can be obtained through the matrix. Use 5.16)-5.18) we can get some new identities.

6. Formal Calculation of Gaussian Coefficients

_ (@¥-1)(@"*-1)..(gVM*1_1)
(aM-1)(gM~1-1)..(q-1)

Gaussian Coefficients: GY, = [M] ,q #0,1

(DGy =1, Ghrco or m>y = 0, Gpy = G-
(2)Gly = q" Gy~ ' + Gy™h = Gyt + ¢V MGy
(3)Gl = EnZo a"Gu™ = g Gl3Y

Formal Calculation of Gaussian Coefficients has been obtained by [3].
Ituses ¢™(K; + G]) instead of K; + q" and nested summation can also be performed.
VafN) =fN),E320q" Vi f(n+ 1) =f(N), X720 q" f(n + 1)

=V f(N) Recursive define V|

12
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SUM,(N, [Ky: D4, [Ty = 1)) = X325 q™ (Ky + D1GT)

SUMy(N, [Ky:Dy,K;: D, [Ty = 1, T, = Ty + 2 — P]) = X325 4" (K, + D,GT) Vi SUM,(n +

1, [Kqy: D] [1D
Recursive define SUM, (N, PS, PT)

The Form: (T1 + Kl)(TZ + Kz) e (TM + KM) = Z HllW:l Xl
7.1) H(g) = H(g, PS,PT) = Xx(r)=g [TiZ1 Bi, SUM(N) =

Form,

(Ti-Ti—Xr—1+1Ti XK1 .y — T
_ _ q G DX =T,
— T HI (@GN ™ = Zho HY ()G, My tag s B ={ ! L

q(Ti_Ti—l_l)XT—l (Kl + Gi(T_lDi); Xi = Ki

—(Ti—Xg-1) G li~¥K-1p . . —
Form, N+Ty-M+g N+Tp-M+g q i Gy Di;X; =T
) — Xt Hy ()G, = Xgo Hg(g)GTM_II\\44+1+g Bi = {K — T Xk-DgTiXe-1p oy = K
i 1 ir & i
q(Ti_Ti—l_l)XT—1+1{(qXT—lG’lri —qTi Gi(T-l)Di -KiqTi}LE X =Ty
q(Ti_Ti—l_l)XT—l (Kl + Gi(T_lDi); Xi = Ki

TM-M+1+g’ Di

N-1-g

Formgs _ _
— IM  HI (@) Gy M = IML o HI(@)Gy (Y 78, B; = {

lirr}Hq(g) = H(g),lirr}SUMq(N) = SUM(N)
q- q-

7.2) Vi SUM,(N, PS, [1,2 ... M]) = []%,(K; + D;G})
7.3)SUMy(N,[...PS ...],[..T +1,T + 2..T + M ...]), K; can exchange order.

Derived from (3), Form: is the simplest,Let X=Tm-M-p:
P Formi oM (a N+X  -gp o™M2 oM g N+x+g FOrms o g N+X+M-g _gp
7.4) vq SUM(N) Zg:o Hy (g)GX+1+g q > Zg:O H, (g)Gx+1+g > Lig=0 H, (g)Gx+M+1 q

PS = [q7"G{*, 7 2G)% ... ™G M], - Hi(g <M) = 0 - SUM,(N) =TI}, 771 G, 'Gp.i
definen,_ = q7 "G, ngy = q"G{, g o 4! = 1424 .04, 04! = 044! = 1,Form, —
7.5)SUM, (N, [qu_, Loy - qu_,PS] Ly, Ly ...LP,PT]) -
P Li,_SUM, (N, PS,PT), similar to 1.4)
This indicates T1 can be greater than 1, T is defined in N.
7.6)SUM, (N, [qu_,Tzq_ ...TMq_] , PT) =11y Ty, Gpii¥, similar to 1.8)
M+1 g+1y_ _ ;o ;
7-7)Gﬁﬂ/{ = q( 2 )Zglzo{q( 2 )-(M+DM-g) lei1<i2<...<iM_gsM qq"® ---qlM_g}GIl\l+g
[Proof]
It is difficult to derive directly from (2).
7.6)
SUM(N,[14-,24- . M,_],[1,2..M]) > M,_1 G} = SUM(N, [M,_ ...1,_],[1,2 ...M])
= Z?:o Hf(g)Giﬂg

Formy

Ti-XKg-1

Xr_1+1
q G

— X717 Xk-1 _ Xy g +1pXT-1+1 _  Xp A XT.y
=q Gy =q Gy =q'TG; X =T,

i qM+1_i+XT—1—1 _ qM_XK—l—l

Xr- - —i i Xr-
Ki+ G 7 = q~ MG 4 6T = MHioig-1) qM+1—i(q_1)iXi = K;

H(9,T) = g+ s HY (9, 2K) = GG . GT g M OM D 5y iccingogem 47242 M9

1+2+g, iM—g

HI(g.[Mg-..2q-1q-][1,2..M]) _ 4 M Y ciy <ip<<iy_gsm 4102 .
Mq-! - gM+1)(M-g)

g.ed.

G = X0 f(9)GYg = f(0) =1, f(M) = gMM+D

G3** = q°GY + q(q" + ¢*)GY + GY

Gt =q%GY +q°(a" + ¢* + ¢*)GY + a7 (¢"q* + 4" ¢ + ¢*q*)GY + GY

=q%GY + (q° + q7 + ¢®)GY + (¢% + ¢® + qH)GY + GY = Equation derived from (2)

Eﬁ = 2/11+/12+...+/1N:M,1120 141242 NN = Sz(N +M, N)
. A A A
define qu = Xdy+ g+t AN =M 420 GIGE? LGN = 5§ (N+M,N)

. N _ 1M1 242 NAN | —(A1+225+..+NA
define E, -y Ydtdptotiy=maz0 01 Gi ..Gp ' q (As+22, N)
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define E," w QU T, 1K) =

GN)LN GT1+11KGT2 +A1K+1,K Tg-1+A1K+22K+.+AN-1K
1

A
Gl ! G,

Ddy A AN=M,A;20

Table 7.1 : S; (N, M)

M=0 M= M=2 M=3 M=
N=0 1
N=1 0 1
N=2 0 1 1
N=3 0 1 Gl + G2 1
N=4 0 1 GiGI +GiGE+GEGE G+ GE+GE 1

7.8) (GI)" = Sifo1 9o+ ST (M, 9)G}'q 7%  similar to N = SIL, 15, (M, g) (})
[Proof]
qXT_1+1Gfi_XK—1;Xi — Ti

Formq
PS =[14-,14- .1, PT = [23..M],D; = 1,B; — Lo+ G = G X = K

q @+Dg+! 11q _ (M- +1 q — -M +1
H{(g,T) == H{(9.5K) = ¢ 1g)E“"lg—>H(9) a™M(g + Vs g
1, +GI = +" Tl gt >

.5
qa v SUMq(N, [1q_ _w14-][2,3...M]) 7—3v}, SUM,(N,[14-, 14— . 1,-], [1,2 .. M]) =
(@GO
=q 7 Xy H{ (906 ga ™9 = 2550 a7™(g + Dgs! S (M, g + DGy gq79
GO = qM 1200 a Mg+ D! ST M, g + DG g7
g.e.d.
Table 7. 2 H(g) of PS=[1,1...1,PT=[1,2...M].
SUM(N) SUM,(N)
PS=[1,1..1] PT=[1,2...M] PS=[1q,1q-...1q] PT=[1,2...M]
Hi(g) g'S;(M+1,g+1) qg M®g ISIM+1,g+1)
Ho(g) (—DM8glEy q M O(-1)M gy 1E T
g+1\_rm—
Hs(g) (M_hg_g> B O[00.10 M BEST ©(100..11) ()
PS=[1,1...1] PT=[2,3...M] PS=[1q,14-...1q] PT=[2,3...M]
Hig) (g+1)!S,(M,g+1) qME+ Dgs! S5 Mg +1)
Hag) (~DM ' 8(g+1)1EST, M DM g+ Vg B ST
82y _1-(M-1- 1
Ble) ()= 0@y o TMORE o (111
[Proof of (*)]

Hq (g) 5 B OT"TL3{

a((¢* ™G —q" GFTY) —1,_q" 1} X, = T,

1,0+ G T = g 16T 1+1,Xi =K,
Hi(g,3K) = M ®E, o1

ImM—g

H{(g,T) = q{(a*T-1G} —q' G;'™*) —q*q'} = [1(q — 1)"'q{g*™-*(q' — 1) — q'(q¥™1 — 1) —

i-1
q ' (q- 1)}
ql_q1+XT 1 14X q XK-1-1 X qXK—1—1 iz Xk
B q-1 =g == q-1 =Ila™" q-1 q gHGl
XKg-1 _ A1 ~A4+2 A+ Az+.+Ag—q
HGI - G]_ Gl Gl
g.e.d.

7.9)Induction —» PT =
7.10)Induction — H; (0)

[1,2..M],q"
= Yie

o H; (K)

(2DH1(g) = qU'2) ¥M o HI ()G

Other situations are relatively complex and no conclusions similar to 2.2) have been drawn.
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SUM,(N,[14-,14- .. 1,-], [1,3 ...2M — 1])

— \'N-1 ny—1 TlM+1 ns ny—1 ny+1 ni-1 nq+1
ko G D G S g

= Ii oIz IM I +1p+.+y —

- q 21<11<12< <1M<NG G 'Gl q =

A l A
—2M 141 ~242 NAN _2,+422,+..+NA
q 2/11+/12+...+AN=MA 200Gy Gy LGy g N

SUM,(N,[14-, 24 ... M,_],[1,3 ..2M — 1])
= Shaoa™ M G LB q T G R g G

= g~ M+1)M IM I +Ip+..+1
= g~ Y1l <lp<.<Iy<N+M—1 G1 Gl N M

7.11) Pl < Tl'PZ < TZ’T]. > 0 TZ > 0 PT [1,2,3 "'Tl + TZ + 2 - P1 - Pz]

1. gT1+1-P1 K, GT2+1-P2
PS=|1,_,2,_..(T, =P -1 1 _..(T, =P T
a=2q- (Tt = Pg- i Pigytp, 17 2q- = (Ta = Fa)g- (” P2G,2D,

n=o q" VP SUMg(n + 1, [Kl. D], [Tl]) VP2 SUMg(n + 1, [K,: Dz], [T.])
1 qt~ l)1GT1D1 1 qt-P 2G1 D,
(T1 P1)q-! GT1 P1+1(T,- P3)q-! GT2 P2+t

SUM,(N, PS,PT)

XT(g*T —1)D; X €T
7.12 K + q"D;) = HY(9)GY,,, {q i
)Z Oq H ( +q ) Zg—o (g) g+1 Ki+qXTDL-;XEK
7.13) Induction - ¥NZA 1M, (K; + q"D;) = g=1f(g)GgN + NTIM, K,

1 X (S T XT—l = 0
XT-1(gXT-1 — .
_ q 7 (q DD; X €T, Xr_1 >0
f(g) = ZX(T):g Hﬁ1{ K;X €K, )l(T_l -0
K;+q¥T171D; X €K Xpy >0

Similar to Section 6, P=N+Tm-M,Q=N-1,define Ay(P,Q,M)

(;5 Gé’_M (;g GP+M
Al QM) =| : o~ i LA®QM=| i - i |LAI(P,QM)=
Gé’i% 65“"’ 65111\‘/14 Gé’ifaM
GP+M GP
Q—M
G[I;i—[ﬁM s GP+M

Turn it into an upper triangular matrix:
P+4

714) ||Ag(P, Q M)|| GQ GQ+1 Go+2 GQ+M q(P+1)+2(P+2)+ AM(P+M) — ||Aq(P P-Q M)||

GP GPrz gb+a GP+2

7.15) ||A‘ZI (P, 0, M)|| = qPHOF2PH2+ A M(P+M), ||A121 P1, M)|| = GPHM qP+D+2(P+2) .+ M(P+M)

Rowj41:= Rowj;{— Rowj and repeat

Al(P,Q M) Change the first column to to [G§, q%*1Gh, 4, ¢*@*DGh,, .17
Gg GP+M GS G5+M
q(Q+1)+2(Q+2)...+M(Q+M) : : tr_)anSpose q{---} : : = q{'"}Al(P, P—
G G GE Gl
QM) -

q GQ 6515 Gots  Goim (P-0Q)+2(P=Q)+..+M(P-Q)
149, P— QM| = 282852 2ia

P P P+M P
Aq (P Q M) Gp . GQ'_M use (2),colj= colj+q*colj,, and repeat GQ_ GQ__M
15 Q, = : - : : =
P+M P+M P+2M P+M
GEEM - G GQ::M - GEY
A3(P,Q M)
3 ) J

P ~P+2 -P+4 2M M
7.16) ||4a (P, Q M| = 222820 268 400, [lag, e 0. )] = 1] ALu (P 1, M| =

q(M+ )GP+M

1+M

15
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So Hi(g)can be calculated by the matrix .

7. Application of SUMq(N) and Ha(g)
M . _ :
B¢ = ioq ¥ 1]  MLia"—a7) = ZiLo Y T (0" — )
a

g _ M+1 -9 _ .
:Zglzo Ggl(_l)gq(z)(;&“"[ g8 — q ( )ZM ( 2 )Gg‘ Hf=01(q"+9 —1)
[Proof]
q"" =V SUM,(N,[1,1..1]:q — 1,[1,2..M])
- L HI)Gq® = T o Hy (9)Gg ™ = TiLo Hi (9)Gy " B
H;(9,T) = (q — 1)8gq-!

i-XK—1-1 1 —(M— 1
Hi (9,0 = E{1 ~ s (@ = D} = Sy = Sl oy = 08 5
MacMahon [9] observes Gy = ¥, ¢ g(oM-K 1K) q””’(w) ,thatis,all words w = w;w, ...w,, with M —
K zeroes and K ones, and inv(+) denotes the inversion statistic defined

- Hj(g9, %K) = ¢~ ™9 [ ] q~M-9 [M] — The first equation.
-9 g gt
XTe1_
H(9,T) = (@ = DPeqs! s HY (9, 2K) = R {1+ T=5= (¢ — D} = TMla*- = X[ = Gl =
GM
g

q"" = Bito(d — DPee:! GYla 86} = TiL, q78GYq 2 ) 19 (g™ — 1) = The second equation
g g _ —
H;*(g,zk) = G, H{(9,7) = (-1)9q(2), g™ = T}, GY(—1)9q ("2 Vg 86y ™8
The third equation

V SUMg(N,[q": (¢ — Dq",q*: (¢ — Dq* ...q": (¢ — Dq"], [1,2... M]) = q"*q"*2.. "M =
Mn+(M2+1)
q
Formg q_(Ti_XK—l){q(Ti_XK—l) _ 1}qTi — qTi _ qXK—l — qXK_1 (qTi_XK—l _ 1)'X1 — T[
Bi— Ti-X
K; — q—(Ti-XK—1)G i K—lD = qXK—l-X = K;
Hl(g9,K) = q°q* ...qM 871 = q( ‘), iH7 (9,XT) = [17_,(q" — 1) G§' - The fouth equation

142+-+M

B f(gXT-1GTi —gTi GXT-1\D. —K.gTi} = — X, X =T,
B, orms {q {(q 1 —q" G;")D; —Kiq"} q " ' Every item of Hj(g) has q

K; + GXT—lD = qit¥r-1 = git¥T; X, = K
0x & 1) of 3G~ (4") = (—1yq2, 5T10x € K of 1~ = Sia¥ = G
q"m = q_(M;l) Zg[=0(_1)gq( 2 ) ¢ Zl)GM n+M 8 q? _Zg oGM( l)gq( )Gn+M €=
The third equation
g.ed.

SUMg(N,[1,1...1]:0,[1,3 ...2M — 1]) GN+M Yo Yoctis.cagen M = G -
record at [6]:3.1

A+ 4+ +AN —
8.2) Zosalslzs...sAN<M NqT N

GM N = GRJ/I = Zwea(oN,ﬂV’—N) qmv(w)

N+M-1
8.3)[ +M ] Zg (=1)9g9 [ ] GN+2M 1-g
[Proof]
SUMy(N,[q": (g — 1)q', g% (g — Dg? ...q™: (q 1)q"™], [13 .2M —1])
= ngoq"M qrMtIM-1 Z 1=0 q™ qn1+1 =q" ZnM 0q*" ZZi—oq

2 [N + M -1 N+2M—
= qM 20<11<Azs...sAM<N—1 qz(,11+22+...+AM) = qM [ ] _Zg qu(g)G +2M-1-g

Tj X —
Bi Form3{ 1+XT 1{(qXT 1G qu G T— 1)D Klq } Tl 1+2Xr. X

XT_l(Ki + Gi(T 1Di) — T i+2XTo1 — qT +2XT’Xi =K,
(g+1

2 )Z [Ixex qsz = (_1)ngz+gz [

143+4+2M—1

T
', Every item of H3(g) has q

—1))— M
Hg(g) — (_1)gq(1+3+ +(2M-1))—g+2 g] ]
q
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g.ed.

8-4)lei1<i2<...<iMsN+M—1 qilqiz ---qiM = q 2 Zg o(=19% =

[Proof]
SUM,(N,[q?*: (g = Dq? q*: (g = Dq*...q°*": (¢ — Dq*], [1,3 ...2M —1])

[M] [N+2M—1—g]

— ngo an an+2M Zn3_0 qnz qn2+4 ZZ?:O qn1 qn1+2 —
ﬁM1=0 qZ(nM+M) ...an_ qz(n2+2)z "o q2(n1+1)

T:
1; Every item Of Hg(g) has q2+4+-~~+2M

i

Forms (—qi-1+2%1, X, =
2i+2X
Q=X = Ky

_ g+1 M
Hi(g) = (~1)9¢2a+2++0-0+2(5 )5 [T, q2XT = (—1)9gMM+D+e” [g] .
q

SUM, V) _Zg o(=1)7% M(M+1)+g? [ ] GN+2M R lei1<iz<...<iMsN+M—1 q2i1q2i2 ---q2iM

g.e.d.

8.5) TN 1 . Tio, T, qhrtket-thr 7 SUM, (i, PS, [1,2 ... M]) =V'™" SUMy(N, PS, [T; = j + (i -
nh

8.6)(K + qD)" = (¢ — 1D X§=5 (K + D)9 (K + qD)"~'"9 + (K + D)™
[Proof]

PS=[K+D,K+D..K+D]:(q—1)D,PT = [1,2...M],B;

H(1) = q(q — DD Yarpem-1,ap20(K + D)*(K + qD)*

SUM,(2) — SUM,(1) = q T2, (K + D + Gl (g — D)D) = q 2, (K + qD) = H} (1) + H (0)G? —
Hl(0)G}

= H{ (1) + qH{ (0) = H{ (1) + q(K + D)™

g.e.d.

Formy {q"T(q"T - 1)D;X; =T,
K + qXT_lD;Xi = Ki

8. Multiparameter Formal Calcution

2 — parameters Formal Calculation calculate nested summation of K; + (T)Dl,i + (;)Dz,i
SUM(N, PS, PT) changed to
SUM(N, [KyKa.Ku], [Tii:Dit.Tim:Dim], [T21: D2i.Tam: Dom])=SUM(N,PS,PT1,PT2), always
Ti=T1,=T2;
Use the Form (Ky + Tyq + Toq ) (Ko + Typ + Top) oo (Kyg + Typg + Topr) = D1 X
X(PT,) = count of X € PT;,X(PT,) = count of X € PT,; X(PT) = X(PT,) + 2X(PT,)
Xpr, = count of {Xy,X; ... X;} € PTy, Xpr, = count of {X;,X; ...X;} € PTy, Xpr = Xpr, + 2Xpr,
9.1)g = X(T),H(g) = Xy1x, with x(r)=g [1i21 Bi, SUM(N, PS, PT;, PT,) =
rorm. Ki + XprDy + (*§7)Do5 Xi = K;
— 22 Hy (@) (N ), By =4 (Ti — i+ Xpr)Dyi + (T = i+ Xpr) (Xer — DD, X; = PTy,
("5 T)D,s Xi = PTy;
T Hy(g) (TR By =
Ki = (Ty — i+ Xpr + 1Dy + ((72PT2)D, ;X = K;
(T =i+ Xpr)Dy; — (Ti =i+ Xpr) (T —i + Xpr + 1Dy X; = PTy;
(75 )D25 X = PTy;
Form

— T Ha(e) (M) B =
K; + Xpr_1Dy; + (XP;_I)Dz,i; X; = K;
—2K; + (Tj+i—1—2Xpr_1)Dy; + (Ty + 1 — Xpr-1)Xpr-1D2,; Xi = PTy;
Ki— (T +i=1=Xpr_)Dy; + ("FT)D, 15X = PTy;
[Proof]
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[3] has obtained Formi and ignores Formzs. All that remains is some technical work.Here proves

Formo.

(B n(S) = O + DO = (K + (L

(*%) Zg;(}(g)(";{) — (M;—Z)(N;;Ii;—Z — M+ DK + 2)(1\/1;131) n (K;Z)(Z:Ii) M>K

PS1 = [PS,Ky41], PT1y = [PTy, Tye1 = Toy + 2 — p: Dypgaa|, PT1y = [PTo, Tyypr = Ty + 2 —
p: DZ,M+1]

Use induction, it can be verified when M = 1, suppose SUM(N) = 324, H,(g) (’;;T_’;’/ijﬁg)
Let A=Ty —M+1—p =Ty —(M+1)
SUM(N, PS1,PT1,,PT1,)
= Y20 (Kps1 + 1Dy ppiq + (;)DZ,M+1) VP XM Hy (9) (n;;jf,";l}f;g)
= Y020 oo (Kysr + Dy pryq + (;)DZ,M+1)H2 9) (n;ﬁ;g)
=Y (Kysr — (A+ g + DDy pyiq + (A+§+2)DM+1,2)H2(9) (ﬁ:g:‘f) ®
2M N+A+g+1
+Z2((A+ g+ DDiper — (A+ g+ DA+ g+ 2)Dopa)H(9) (Vi) @
S0, () () @

N+A N+Tpe1-(M+1 ;
@ (A::g:i’) = (r;ff(lMil;f:Z)'Xi = K;, Xpr unchanged, Xpr = ¢, Ty1 = To M+ 1 =1

N+A+g+1\ _ (N+Tpy41—-(M+1)+(g+1) _ _ _ s
®( A+g+2 ) - (TM+1j(1M+1)+1+(g+1))'Xi =TpXer =9+ LTy =T, M+1=i

N+A+g+2\ _ (N+Tp+1—-(M+1)+(g+2) _ _ _ _
®( A+g+3 ) - (TM+1—+(1M+1)+1+(g+2))'Xi =TopXpr =9+ 2Ty =Tu M +1=1i

Form2 has been proved. Use the following two formulas to prove Forms.

S = (7Y ke Don - 00 + (5

g.e.d.

According to this method, it can be extended to multiparameter SUM(N) and multiparameter
SUMq(N).

1.Serie;: K; + (3)Dy; + (3)D2i + (5)Dai + - 0or Ky + GIDy + GiDy; + GEDg; + -5 Ty = T =
T3,l e
ZX(PT) = X(PT]_) + ZX(PTz) + 3X(PT3) "';XPT = XPTl + ZXPTZ + 3XPT3
3.Use Xpr or Xpr_q Indicate the positions.

9. A theorem of symmetry

There have 2.1) - Hy(g, PT,PT) = TL, T; () =TI, T3 (, 1, )

Promote it, the Set {T,, T, ...Ty} come form p source S;,S, ...Sp, T; €
S; means T; come from source j

define Dif f(Sy,Sy) = Zyy,x # ¥; Dif f(S,,S,) = =Dif f(5:,Sy); Dif f (S5, Sx) =0
define Dif f(T;,T;) = Diff (S, Sy ), T; € S, T; €S,

define W(glr 92 - Gp, [Tl'TZ TM]) = Zg1+g2+...+gp=M,gi20 H?il{Ti + Zj<i Diff(Tj'Ti)}
Obvious: H,(g,PT,PT) = W(g,M — g,[T, T, .. Ty, Zx, = —1,x <y

[Ty, T, ... Ty] can be arranged arbitrarily, Zy,x+y) can be arbitrarily too.

10.1)Induction - W(gy, gz - gps [T1, Tz - Tir]) = TIiL4 Ti( .A conclusion of [10].

o)
91.92--9p

Promote to Gaussian coef ficient: Ggs, = 0; G4'<° is still defined
define Diff,(Sy,Sy) = —1,x <y; Dif f,(Sy,Sx) = =Dif f1(Sy, Sy); Dif f(Sx, Sx) = 0

define I/I/q(gl,g2 e Gpr [T1, T2 ...TM]) =

Ti+X i<i Dif fo (T 7T} .o a1
M iTLj<i q\tjti Jj<iDiffq\T;T;)=—1
2g1+g2+...+gp=M,gi20 Hi:l G1 q q( J L)

10.2)W, (g1, g2, [T, Ty - Twy]) = [11%, G, G

[Proof]

Obvious: It holds when M = 1or g, =0 or g, = M;

Verified by calculation: It holds when M = 2:G,*G,*** + qG*G* ™ = G]*G* G}
18
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When M + 1, prove by induction: PT = [T}, T, ... Ty ], PT1 = [Ty, T ... Ty, Ti4]
Wy (g1 g + 1, PT1) = Wy (g1, 9o, PTIG ™" + W, (g1 — 1,9, + 1, PT)G, M+ 792 D goz+1
— HM GTI. GMGTM+1+g1 + HM GTi GM 1GTM+1_(92+1)qu+1
GTI. {GM GTM+1+91 + G i 1GTM+1 (M+1- 91)qM+1 91}
H{\i-lil Gfl GM+1 — GTL GTM+1(qg16M + Gg1 1)
Just need to prove G1 M“(qglGM + Gy - )= GG TM+1+g1 + Gyl 1GTM+1 (M+1~ gl)q"”’r1 91
Both sides multiply (g9 — 1)(q92™ ' — 1) ...(q — 1) and divide (g™ — 1)(gM™* — 1) ... (¢ 81%2 —
1)
Left = (q™+1*97 4 | +q9)(qM~ 911 — 1) + (¢"M+1 7 4. +¢%) (g9 — 1)
Right = (qTM+1797 14 +q°)(gM~91%1 — 1) + (qTM+17 14, +qM+1791) (g9 — 1)
Left — Right = (q9 —1)(@" 9+ -+ 1) — (@" 9" - 1)@ + -+ 1)
=(@"+...4q¢9) — @ 9+...+1) + (@9 +...+1) — (qM+...+¢M91*1) = 0
g.e.d.
, M_1)(gM1-1)..(q1-1)

define [ ] = (q. - -

fime lg, ..gp, = MDA @1 1)

10.3)W,(g1, 92 -« Gp, [T1, Ty - Tig]) = 11, G, [

[Proof]

Only needs to prove that it holds when p = 3

1,191+ 92+ 93
Wy (g1, 92 + 93, [T, Tz . Tu]) = [IIL, G, 91,9, + g ]

Every item has g, + g5 factors come from Source,, divide them to g,xSource, + gsxSource;
— factors are invariant, (g, + g;) — factors are variant.

. x;[921t 4
SI1(variant factors) = Wy (g2, g5, [X1, Xz - Xgyag,]) T2 6142 3]q

92,93
T 91+92+93] 92+93] M T g1+gz+93]
91,92 + g3 92,93

g1+ gt + gy =M

)
91,92 - Gp a

W, (91,92, 93) = 1%, G, i=1 61 91,92, 93
) ) q

The rest is to prove that the change of Dif f, (T], Ti) meets the definition.

Obvious : g; — (invariant factors) meet the definition.

When W,(g,, g3) is embedded in W,(g,, g2, g3), all Diffq(Tj € Source,, T; €
Sourcem) will add 1.

g.e.d.

10.Eulerian polynomials and Beyond

The main proof method of YNz} q"n™ comes from [2]. Extensive promotion here.
N+M-1-g
+M N vM ( M- ) (-pM+1
11. 1) Z 0 q (n ) q Zg:O(_l)g (q_1)§+1 + (q-D)M+1
[Proof]
N(N-1

M=0,%N: OQ(n) q_l —52)—% holds

M=13%} UQ(n+1) Zn 5 q"(+1) =XN0q" + X2l g+ + BRNC
_NZn an_(Zn Oq +Zn Oq+ +Zn Oq)

—_ N4 N1 (q;l 49 +...+ gN- 1—1) N N1 (1+q+q%+.+qN"1)-N _ qN(]f) . qN(NE:) +
q-1 g-1  g-1 q-1 q-1 q-1 q-1 (q-1)
holds

(q- 1)2 ’

(_1)M+1 1)g (_1)M+1

__a
When N = 1, right = Zg o(—1)8 (q- 1)g+1 (q-DM+ — Zg O(q e T (oM
Use ("t = (") + ("H17Y), inductive proof.

g-ed.

11.2) X0 q (n+K =q" ZgM=o(_1)g

=1=left

(N+§:;_g) N (—1)M+1gM-K
(g-19+1t (q-1)M+1
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Define AY = ¥\L,(1 — @M *q*S,(M,k)k!,q # 0,1,M € N,AY = 1,A, = q

Table 11. 1 : A

M=0 M=1 M=2 M=3 M=4 M=5 M=6 OEIS

A1 2 6 26 150 1082 9366 A000629
AY 1 3 12 66 480 4368 47712 A123227
AY 1 4 20 132 1140 12324 160020 A201355

11.3)AY = g M 4(q — DMKS, (M, k)k!

[Proof]

A DS (1 — MG T, (~ 1) g1 S, (M, ) (9
_Zg=0( M- gg!SZ(M,g) Yheo(1 — QMx k(k_l

= 2g=0o(~D"9g!S,(M, ) (1 — M Eq TE_,(1 — Q) " (7]
g.e.d.

28 (-F kg1 (21)=1

11.3)

M=V SUM(n, (111,12 .. M]) = ZHeo (M, 9)g! (}) = Shoo(-DM95,(M, 9)g! ("8 =

ZM 0<M> (n+g)

9=0\g M
N-1 n,M M 13'N-1 n (n M 1) Nye e (i) | cngrige
N2 qmn = S, (M, 909! N3 0" () = Zheo S: (M, 9)g! 0" Do (- D" e + o

N-1-k - DM 3052 (M.g)g!(1-)M 9 g9
== MHEg 052 (M, 99 {ZRo(-D* (1K) (0 - DM + e
K ( 1)M+1AM
= - 1)M+1Zk o(@ = DM (=1 {ZF0 52 (M, ) 9! (N N )}"‘((IT)MJ
M-k k 7k M, Y +1AM
= (q 1)M+1Zk O(q_l) ( 1) \% (N 1) (q- 1)M+1 ( )

NG g™ = T (—1)M9S,(M, g)g! ZN " ("ET)
N - -
= o Lo (C DI, (M, g H{EL (- D (MEET) (g - DM +
MR S, (Mg)g!(1-)M~9q

(q 1)M+1
(- 1)M+1{ } compare with (¥)

e 1)"’”1 Yicolg = DD VEN =DM + (q—1)M+“1. 11.3)

- _ M M N— n+
nZg gt = Zg:o<g> noat("yg) -

11.4)AY = Zﬁf=o<“;> Q9 =3, <1;1> it

M =V SUM(n, [1,1 ...1],[1,2 .. M]) = $4_, S,(M, g + 1)(g + 1)! (“;1) N
11.5)AY = ¥4 (1 — QM~*qK*+15,(M + 1,k + 1)k!, M > 0

S(M+1,k+1) = (k+1)‘

By definition
_—

Zk+1( 1)]+k+1 (k+1) = Z] o(— 1)]+k( )(] + 1)M—1

)
V(N =DM S () N =1 =" = T -0 (§) Zhoo (§) NG +
M9 (~1)M~

- Hoo(=D 0 (V)N (-1 (§) G+ M) =
Tho (=M= (MY N (T (-1 () G + 1)M-g)

S o(—~1)M 97 (M)NOS,(M — g + 1k + Dk!
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M+1 M
-1 A

FON) = g q = () = S (g = DM R(-DF TE (N - Y +
(- 1)M+1AM

N
= i Ihlo(a = DM DHERL (1M (V) NIS,(M — g + Lk + DY o
(M

N
= L SN — DI (=10 (M) NI o(q — DMK S, (M — g + 1k + Dk + LA
)
0=0og=0o-C00a _ DY — MRS, (M + 1,k + Dk!
fO) =0-g =0Tl = - S (T (g — DMTES,(M + Lk + DY -

11.6)AY = T2 (q — DM7*S,(M + 1,k + 1k!

AM_g =Y (q— 1)M_k‘95 M —g+1,k+ 1Dk! > From (xx) -
(—1)M+1AM

M-g
117) N q'n = L 3 (g — 1)9(-1)"70 (M) Ay —oNg + L
Table 11. 1 : ¥N-1 q"n™

4" ((q-1)N-q)+q

N-1_n ;
_ 1=
n=0 q (q_l)Z

Yii2t=2" -1

YN12ij = 2N(N —2) +2

z{vzlzl 2 =2V(N2—4N +6) — 6

YN120i3 = 2N(N3 — 6N2 + 18N — 26) + 26

zN-lzi 4 = 2V(N* — 8N3 + 36N? — 104N + 150) — 150

Z 1205 = ZN(N5 — 10N* + 60N3 — 260N? + 750N — 1082) + 1082
N-1 1_3 -1

Yi=o 3 >
—14i;: _ 3N(@N-3)+3

N3 l=—

3N(4N2-2x3x2N+12)-12

TH-i3i2 = 2x3x2=3-1"A3(]), +12 = (-D’G - 1)°43(;)
ZN 13073 — 3N(8N3—4><3><3N21-;2><12><3N—66)+66 Ax3x3=(3— 1)2A ( )

Z 1304 3N (16N*—8x3x4N3+4x12X6N?—2X66X4N+480)—480

e _41\,3__1 32

ZN 140 _4 (31\; 4)+4

V1442 = 4N(9N2—3*42}>;2N+20)—20

FN14i3 = 4N (27N3-9+4+3N2 +3+20+3N-132)+132

81

= Tt - QM KS, (M 0K = a ZHo(a — DM, (M, )k = B4, () 1o =

YM (1 - QM kKIS, (M + Lk + Dk!,M >0 =YY (q — DM *S,(M + 1,k + 1)k!

AY = T (—DME2KS, (M, KK! = 234, S, (M, kk! = ¥, <”;> 219 =

M (MRS (M 4+ 1,k + Dk!,M >0 =Y S,(M + 1,k + 1)k!
These expressions can validate 2.2).2.3).2.4).2.8)

We know that Eulerian polynomials Ay (t): Y2t iM = tAm () Ay() = X550 <Z> t9

(1 t)M+1’
AM
O<q<111m2n0qn 4

(1 q)M+1 -
11.8)AY = tAM(t)
So there are five expressions for Ay (t).This can also be obtained from 11.4).

To calculate YN=3 q™*(a + (n — 1)d)M , investigation (a + (n — 1)d) =V
SUM(n,[a,a..a]:d,[1,2..M])

= TH o Hy(9) ("5") = Zoo Ha(g) ("*E7) = Zh_o Ha(g) (") = Sho Ha(M — g) (57
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N3 a(a+ (n— DM = BH_o Hy (9) N3 a* (")) = B0 Hi (9) {q Yi=o(— 1" ( gl‘)‘fﬁ)ﬁ

(_1)g+1qg+1
(g-DI+t

N-2-K _ (-)MEM  Hi(g)1-q)M~9qI*1
= — 1)M+1 Ao Hy (9) {Zho (-1 (N22F) (0 - DMK + i
(—1)M+1AM(CL d)

= g Dhola = DD Tt (0) (MZD+

( 1)M+1AM(a,d)
= WZk olg = DM H(=D* VK (a+ (N - 2)d)" + —aoh -

Ad (a,d) is defined as ¥.f_oH,(g,[a,a..al:d,[1,2 .. M]D)(1 — @)"~9q9*". Similarly:
11.9) Af(a,d) = Lg_o H1 () (1 — @)"79q9** = gl H2(9) (1 — )" ~9q = Xglo H3(9)q ™

V SUM(n,[d,d ..d]:d,[1,2 ..M]) = (nd)" = T4 Hy (g,[d,d ...d]: d, [1,2 .. M]) (")
Matrix rule

Hy(g[d,d..dl:d,[1,2..M]) = g!d9f (M, g) ——— ZE(-1)&+141 (&) v SUM())

= TE=DE I (8) )" = BE (-1 (3) [G + D]
f(M, g) can be defined as some kind of General Stirling Numbers of the second kind.

By definition
—_—

VE (a+ (N — 2)d)™ “o(=1) (1) (a+ (N =2 = a™

= 2017 (¥) 2o (V) (@ + (N = DAYI[G + D9 (-1)M

= SMo(—1)M=97% (M) (@ + (N = DI (TE_(— 1)/ (¥) [G + 1d]"9)
= ZM (1M~ (M) (¢ + (N = Dd)H, (k [d,d ...d]:,[12 ..M — g])

11L10) E373 a7 (@ + (0 — D)™ = —Se 5 ((— 1) (M) (@ + (N = DA (EMo(q -
DMKH, (k, [d,d ..d]: d, [1,2 ..M — g])} 4 Ml

(q—1)M+1
A (aa)

(1- t)M+1

111D Y2 ti(a+ (i — DM =

11.12)AY (d, d) = Xio(q — DM Hy(k, [d,d ...d]: d,[1,2 .. M]) = dMAY
N _ M+14M (g g
11.13) NS q (nd)™ = —7 Y (g —1)I(—1M9 (“;[) AY9(d, d)(NdY9 + M A @a)

(q- 1)M+1 (q- 1)M+1
General Eulerian Numbers and Polynomials [11] are similar to H;(g) and A’g(a, d) of H;(g)

We can handle Y¥N-}q" VP SUM(n + Y,PS,PT),X =Ty, —M—P
=yM H (9) (n+Y+X) M H( ) Zx+1+g( 1)k ("}Ei‘gik) + qitg-Y
— 4g=0"11 ) n 0 q X+1+g g=0""1 9)314 (g-1)k+1 (1-q)X+2+g

(n+Y+X+g—1—k) -y
X+1+g-k q }

_Zg o H2(9) n S q" (n;:(_if;g) Zg on(g){q ZX+1+g( I (q_l)k_ﬂ +(1_q)x+2+g

n+Y+X+M—g—1—k)

° 1+g-Y
= Tt @ B () = Sl o s CRRA )y e

11.14)Y =0 - Zg=0H1(9)(1 - M 9q9*" = qu=O Hy(9)(1 —)"9 = ZQ/I:o Hy(g)q9* &
Aq(PS,PT)
Here q can take any value, which is magical.q = 0.5 - 2.4) ;g =2 - 4.7)

N
11.15) TIN5 q" V SUM(n, PS, [1,2 .. M]) = {5 BLo(g = DM (= DF V¥ SUMN - 1) +

(~1)M*+1A,(PS,PT)
(q—l)M+1
o i . Ay (PS,PT)t™Y
11.16) X2, t* VP SUM(i + Y, PS,PT) = @‘Z_t)TW

© tt VP SUM(i + Y, [1], [1]) = T2, t (i+y+1_p

_ t M=2-p
2-p

T tY(1-1)3-P
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11.17) B2, tt (M) = W 2ot () = m.matchllZ)

%z;*;o ti VISUM@i + Y, [1,2 .. M],[1,2..M]) =
©ott (l;dy:ff;l) can also reach the same conclusion.
® oq" VESUM(G,[1,1..1,2,2...2,k k..kK],[1,2 ..kM]) = X2 q" (n+ DM (n+ 2)M...(n + k)M
Aq(PSPT)

R is its limit value.

H;(g) solved with matrix is the General Eulerian Numbers of [12]

11. Generalization of Wolstenholme Theorem

In this section, p is a prime number,p>3.

x)Wolstenholme Theorem: (p— 1)), _ - = p

(*)Wolstenholme Th -1 1:1 0MOD p?

P-DP-2).(p—p+ 1) =pP ' —ApP 2+ + Ap_3p® — Apop' + Ay = (p — 1)!

—-11
Ap_y=(p-1)! PlA1p|4..plAp—3 and Ap_p=(p-1)!Th_ 1=
_—

PP = ApP 4 A, 3pt — Ay, =0 (*)[13]

12.1) XPZ1nP=2 = 0 MOD p?
[Proof]
PP+ $PTinP? = $P_ nP~2 = SUM(P, [1,1 .1}, [1,2 .p — 2))= 202 ¢! S, (p — Lg + 1) (,2,)

M(p—l

- 1S 2 g-1
=Shie- DS, (p - 1,8) () = pZi EEE (07 =

) is an integer

g-1
P—1\_(_q1)8-1
Yh_ nP2 p-18!S2(p-18) 38)_ p-1 (—1)g+1 p-1 (8—1)_( DE pm11 _wp-1 g
% Z —(g 1) —= Zg=1 g2 (g—l) =Zg=1g_2= Zg 18" = 0MODp
g.e.d.

()=SUM(2,[1,2...p-2],[1,3...2(p-2)-1]); 12.1)=SUM(p-1,[1,1...1],[1,2...p-2])
They are two extremes and their proof methods are special.Reconsidering shape:

PS starts from [1,1 ... 1], ends at [1,2 ...p — 2], K, = 1, {Ki f i1_=1§<i;11’,c<§izzglr:ltli?uity
T; + 1 = T;,4, continuity
T; + 2 = T;,4, discontinuity
12.2) ey vcprrcqmp-zemo kiks? kg = OMOD p%K; # K1 < K, < P —1
[Proof]
If A = OMOD p? and A + B = O0MOD p?, then B = OMOD p?.
The Sum has symmetry.For Y. A'B®~3, pair each product A'BP~2 with another (p —
A)'BP~3 to pxBF~3
symmetry
(p —A)'BP~3 € Y A'BP~3 or ¥ BP"2 ———5 ¥ (Paired products) = x Y, A'BF™3 + y ' B2 =
p Z BP 3
Y BP~3 = OMOD p - p ¥ BP~3 = OMOD p? Y A'BP-3 = OMOD p?
For Y. A’BP~*  pair A2BP~* with (p — A)'ABP~*to pxAB"™*,(p — A)'AB"~* ¢
Y A2BP~* or Y ABP3
¥ (Paired products) = x Y A2BP~* + y ¥ ABP~3 = p ¥ ABP~* = OMOD p? - Y A2B"~* = OMOD p?
Use the same way = ¥.q4p=p_2.4%51245<p—1 A*B? = OMOD p?

PT starts from [1,2...p — 2],ends at[1,3...2p — 5], T; = 1,{

obviously:0<x,y<p
- - 5

Y A'BPC¢, pair with (p —A)'B?C¢to pxB?C¢, (p — A)'B’C° €
ZAleCC or ZBb+1Cc or ZBbCC+1

Use the same way — conclusion

g.ed.

12.3) Y same shapey=p—2 SUM(p — 1 — PB(PT), PS,PT) = 0MOD p?,0 < PB < p — 3

SUM(3,[1,1,2],[1,2,4])+SUM(3,[1,2,2],[1,3,4])
=D(12)+3(124+22)+4(12422432 )+ 22 (1)+ 32 (142)+ 42 (1+2+3)=200=0MOD25
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(#) SUM(5,[1,1,1,1,2],[1,2,3,4,6]) + SUM(5,[1,2,2,2,2],[1,3,4,5,6])=
2(14)+3(14424)+4(144244+34)+ 5(14+24+34+44)+6(14+24+34+44+5%)+
24(1)+ 3* (1+42)+ 44 (1+2+3)+ 5* (1+2+3+4)+ 6* (1+2+3+4+5)= 35574=0MOD49

(##) SUM(5,[1,1,1,2,21,[1,2,3,5,6]) + SUM(5,[1,1,2,2,2],[1,2,4,5,6]) =
22(13)+ 32 (13+423)+ 42 (13+23+33)+ 52 (13423+33+43)+ 62 (13+23+33+43+53)

23(12)+ 35 (12422)+ 43 (12422432)+ 53 (12422432442)+ 63 (124224324+42+52) =27930=0MOD49
(#)+(#4)=12.3)

12.4)EE=3 = S,(2p —3,p — 1) = 0 MOD p% E/_, = 5,(2p — 2,p) = 0 MOD p?
S,(7,4) = 350 and S, (8,5) = 1050 = 0 MOD 52; 5,(11,6) = 179487 and S, (12,7) = 627396 =
0 MOD 72

Generally, PS starts from [K,, K5 ... Ky ], ends at [K, + 1,K; + 2 ...Ky, + M — 1],K; €N

_ _ I[; = 1;,4, continuity
PS=[K, +,,K; + 15 ..Ky + 1yl 1; =0, {Ii +1 = 1I,,,, discontinuity

PT starts from [K, + 1,K; +2...Ky, + M —1],ends at [K, + 2,K; + 4 ... Ky, + 2(M — 1)]

= _ J; + 1 = J;41, continuity
PT - [Kz +]2; K3 +] KM +]M]:]1 - 0; {]l + 2 = ]i+1,diSC0ntinuity

F(PB) ¥ ¥same shape,PB(PTx)=PB,0sPB<M—1 SUM(N, PSx,PTx) =
Zsame shape thol Hl (g' PSx, PTx) (XI_Y_I_):g)
= S0 Ssame snape H (9, PSx, PTx) (1% ) & 302 1y (g, PB) (445
12.5)H,(g, PB) = H,(PB, g)
[Proof]
2.14) def
K; X H;(g,0) — MINy([Ky, K; ... Ky]) — Ky X H;(0, g)
2.14 def
Ky X Hy (g, M — 1) 23 MINg ([Ky, Ky + 1. Ky + M — 1) 5 Ky x Hy(M — 1, 9)

K; X H;(g,PB) = ZleHl(g,O)zMINpB([Kl,KZ...KM]) H (g) = ZleHl(g,O)zMINpB([Kl,KZ...KM]) MINg(PS)

Ky X H;(PB,g) = ZKl><H1(g,0)=M1Ng([K1,K2...KM]) MINpg (PS)
M-1

g ) and they are paired one by one

Their quantity is (1\;—; (
q.e.d.

g from M-1 to 0, list H1(PB,g) of F(M-1),F(M-2)...F(0) row by row, the matrix will be symmetrical

diagonally.
Table 12. 1 :Hi(PB,g) of PS=[1,1,1],PT=[2,3,4].
&=3 g=2 g=1 g=
SUM(N,[2,3,4],[3,5,7]) 3x5x7 3x5x6+ 2x3x5+ 2x3x4
3x4x6+2x4%6 2x4x5+3x4x5
SUM(N,[1,2,3],[2,4,6])+ 3x5x6+ 1x2x4+1x3x4+ 1x2x3+
SUM(N,[2,2,3],[3,4,6])+ 3x4x6+ 2x3x44+2x2 x4+ 2x2x3+
SUM(N,[2,3,3],[3,5,6]) 2x4x6 2x3x4+3x3x4+ 2x3x3=36
2x3x44+2x4x4+
3x4x4=224
SUM(N,[1,1,2],[2,3,5])+ 2x3x5+ 2x3x4+2 X2 x4+ 1x1x2+
SUM(N,[1,2,2],[2,4,5])+ 2x4x5+ 1x2x442x4x4+2x3%4 1x2x2+
SUM(N,[2,2,2],[3,4,5]) 3x4x5 +1x3x4+ 2x2x2=14
3x4x4 +3x3%x4+
2x3x4=224
SUM(N,[1,1,1],[2,3,4]) 2x3x4 36 14 1
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12. Possible future research directions

The proof process of formal calculation needs to meet f(at+b)=f(a)f(b), so it cannot be further

generalized through the method of this article.

1) Can Formal Calculation be extended to other functions ?

Examining various products,SUM(3,[1,1],[1,4])=1x1+2x{(1+2)+1} +3x{(1+2+3)+(1+2)+1}
2)PT =[1,4,7 ....], PT =[1,5,9 ...] are rarely studied.

3)Find some calculations to extend PT to C, especially to rational fractions.
4)Other expressions for Eg O ([T, T, ...]1,0).

From 2.2) and 2.3), there exists formulas between S, ,(M, g)and S, (M, g)

5)Are there any formulas between S, .(M, g) and S, (M, g)
From 3.4) and 3.5), there is (:ZI%) in the formulas , but there is also
6) Can Formal Calculation be extended to (rN;Y) ?

7) Find a relationship similar to 2.2) in general H1(g)

1 (rN-rg)! 1 (rN-rg)!
rN=-9 (N-g)! rIN=9 (N—g)!

From 100, W (91,92 - gp [T, To - Torl) = T T3 (5, o, ).

We want to use it ,which leads to the generation of Multiparameter Formal Calcution. But it was still not usec
8)Find some calculations to use W(gl, 92 - Gps [T1, T3 .. TM])

Even 2-parameters Formal Calcution are complex.
9)Using Multiparameter Formal Calcution for analysis
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