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Abstract

As one of the seven Millennium Prize Problems in mathematics, the equivalence between P and NP
has long challenged researchers in both mathematics and computer science. The core of this problem
lies in determining whether the complexity classes P and NP are equivalent. NPC problems, being
the most challenging subset within the NP class, can prove P=NP if any of them contain polynomial-
time algorithms. The Sudoku problem, a classic NPC problem, remains unsolved to date with no
known polynomial-time solution. This paper proposes a polynomial-time algorithm for solving
Sudoku, aiming to demonstrate the existence of polynomial-time solutions for NPC problems and
thereby prove P=NP. The algorithm not only applies to standard 9x9 Sudoku but can be extended to
any grid size, significantly reducing computational complexity compared to traditional enumeration
methods and their derivatives. These findings may hold significant theoretical implications for
exploring the P=NP problem.
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1. Introduction

In the realm of computer science, the P vs. NP equivalence problem serves as a beacon for
theoretical exploration [1], guiding researchers to delve into the essence of computational efficiency.
This fundamental question not only delineates the boundaries of algorithmic capabilities but also
touches on the core paradigms of computer science. Problems in the P class are efficiently solved
within polynomial time, reflecting the efficiency of the computational process; whereas problems in
the NP class can verify solutions within polynomial time, but their solving processes may not be
efficient, posing a significant challenge in algorithm research.

The NPC problem, as the most complex set of NP problems[2], pushes this challenge to its limits.
If a polynomial-time algorithm for NPC problems exists, the P=NP conjecture would be proven [3],
which would have a transformative impact on computer science. Many complex problems could then
be efficiently solved in polynomial time, significantly advancing global technological and economic
development.

The Sudoku problem, rooted in the Latin square studies of 18th-century mathematician
Leonhard Euler, has been proven to be a classic NP-complete problem[4]. In the 9x9 grid, players
must logically fill in numbers from 1 to 9 while ensuring unique digits in each row, column, and cell.
Despite its straightforward rules, solving it proves remarkably challenging——. Notably, when the

number of known digits reaches the theoretical minimum (17)[5], the complexity of solving typically
increases significantly.

In this paper, a general polynomial time algorithm for solving the Sudoku problem is proposed,
aiming to prove P=NP by solving this NPC problem. The algorithm is compatible with any size of
Sudoku, and a breakthrough in the efficiency or implementation of the solution is made.
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2. Background and Problem Introduction

Taking the standard 9x9 Sudoku as an example, this paper will elaborate on the algorithmic
derivation process and related conclusions. According to the fundamental rules of Sudoku, the
number of given numbers largely determines the problem's difficulty: fewer given numbers typically
require more logical reasoning steps, thereby increasing the overall complexity. It has been proven
that theoretically, a minimum of 17 given numbers are required for a unique solution in 9x9 Sudoku.

If a Sudoku has a unique solution, the final state of the Sudoku is entirely determined by the
given numbers. Given a known solution to a Sudoku, if the grid positions of the numbers in both the
known and the unknown Sudoku remain unchanged, and if the numbers in the known Sudoku match
those in the unknown Sudoku, then the final answer of the known Sudoku must be the same as that
of the unknown Sudoku. In a 9x9 Sudoku, numbers from 1 to 9 are used. This article uses modular 9
operations (numbers cycling within the range of 1-9) as the analytical framework: if there is a constant
difference between the given numbers and the numbers in the unknown Sudoku, it can be inferred
that all corresponding positions in the final states of both Sudokus will also differ by this constant. In
this case, the answer to the unknown Sudoku can be directly obtained by adding this constant to the
known final answer.

In a 9x9 Sudoku grid, if known Sudokus that maintain a constant difference from the given
numbers can be found, where the differences include zero, the solution to the unsolved Sudoku can
be obtained by adding a constant to the known numbers. In this special case, the time complexity of
solving the Sudoku can be reduced to a constant level. Clearly, solving Sudoku puzzles under these
specific conditions is within the realm of polynomial time solvable problems. However, in practice,
obtaining such known Sudokus is often challenging. It's worth noting that constructing Sudokus
according to certain rules without any given numbers is relatively straightforward and is also a
problem that can be solved in polynomial time.

Based on the differences between known and unknown Sudoku clues, this paper categorizes
Sudoku solving problems into two types. First, if the known Sudoku and the unknown Sudoku clues
have only minor differences, the numbers in the known Sudoku can be adjusted through number
permutation operations to match the positions and values of the unknown Sudoku clues within the
9x9 grid, allowing for a direct solution. Alternatively, if the known Sudoku and the unknown Sudoku
clues differ by a constant value, the target Sudoku solution can be directly obtained by adding this
constant. Second, if the known Sudoku and the unknown Sudoku clues have significant differences,
the target Sudoku solution cannot be directly obtained by swapping the differing numbers, nor can
it be solved by adding a constant on top of the swap. This falls under the second category. The first
type of problem is polynomial-time solvable; however, in the second type, the first solution method
becomes ineffective. Therefore, if it can be proven that the second type also has a polynomial-time
solution, it would prove that Sudoku solving problems have a polynomial-time algorithm, thus
establishing P=NP. After rigorous reasoning, this paper proposes a polynomial-time algorithm for
solving Sudoku in the second type and will detail this algorithm in the following sections.

3. Derivation and Results of Polynomial Time Algorithm for Sudoku Problems
in the Second Case

When examining the second category of problems, numbers in unsolved Sudoku puzzles and
known Sudoku solutions at the same grid position often show discrepancies. If identical numbers
appear in both, this indicates a 9-point difference between them. Notably, these numerical differences
consistently fall within the 1-9 range. By descending order, the probability distribution of specific
numerical differences can be calculated: the first term represents the probability of a 9-point
difference, followed by the sum of probabilities for 9 and 8-point differences, and so forth. This
process continues until the total probability of all nine differences (9-1) reaches 1. When these nine
sets of data are arranged sequentially, their probability distribution pattern aligns with the
characteristics of a cumulative distribution function[6].
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Therefore, these nine sets of data can serve as the independent variables for a discrete Gaussian
distribution[7]. To align with the probability mass function (PMF) [8], based on the symmetry of the
probability distribution, eight additional sets of data are generated in the Cartesian coordinate
system, symmetrical about the Y-axis relative to the original data. The resulting 16 sets of data fully
conform to the characteristics of the PMF, allowing for the calculation of the probabilities of each set.
The difference between the hint numbers and the known numbers in the unsolved Sudoku is used as
a sampling sample. By calculating the mean and variance of this sample, the frequency of occurrence
of these nine types of data in the overall Sudoku can be estimated. Since these nine sets of data are
cumulative, only the probability of the first difference value being 9 can be accurately calculated.
However, by performing increment or decrement operations (with a step size of 1) on the known
numbers in the Sudoku, nine mutually exclusive Sudokus, including the initial known Sudoku, can
be generated. In these nine Sudokus, the difference between any two numbers is always the same
constant. Thus, by sequentially calculating the probability of the difference value being 9 for these
nine Sudokus and the unsolved Sudoku, a complete probability distribution with differences from 1
to 9 can be obtained, based on the initial known Sudoku.

In the calculation process, the differences between the unsolved Sudoku and the known Sudoku
clues must follow a unified rule, and the nine known Sudokus must use the same addition or
subtraction operations to calculate the difference. Since these nine sets of data are presented in a
sequential cumulative manner, the goal is to determine the probability of the difference being 9.
Therefore, the probability mass function does not need to be normalized; it only needs to identify the
value corresponding to a difference of 9 in the probability mass function. Given that these nine sets
of data form the positive half of the probability mass function, according to the principle of symmetry,
the formula for calculating the probability of a difference of 9 should be divided by 2 to obtain the
true probability. Thus, the final formula is as follows:

P(k) = (172) * exp(-(k - W)*/(20?)) @™

Where K is an integer (in this paper, K=9), U is the sample mean (positive real number) and O is
the standard deviation (positive real number)

By inferring the population from a sample, we can determine the overall probability of the
difference value between the known Sudoku and the target Sudoku. Multiplying the total number of
cells in a 9x9 Sudoku by this probability value, and rounding the result to the nearest whole number,
gives the number of valid numbers in the known Sudoku under the condition that the difference is
9. This allows us to determine the total number of numbers in the entire 9x9 grid that meet this
condition.

Based on the distribution of candidate numbers in each cell, it can be determined whether the
difference between the initial known numbers and the number in that cell meets a specific difference
value condition. However, the number of cells that meet this condition is usually higher than the
actual count. Based on the candidate numbers and the number of numbers that meet the specific
difference value condition in each cell of the unsolved Sudoku, 18 equations can be established as
follows:

A1+B1+C1+D1+E1+F1+G1+H1+I1= the number of spaces with a difference value of 1 (2)
A2+B2+C2+D2+E2+F2+G2+H2+12= the number of blanks with a difference value of 2 (3)
A3+B3+C3+D3+E3+F3+G3+H3+I3= the number of blanks with a difference value of 3  (4)
A4+B4+C4+D4+E4+F4+G4+H4+14= the number of blanks with a difference value of 4  (5)
A5+B5+C5+D5+E5+F5+G5+H5+I5=the number of blanks with a difference value of 5 6)

A6+B6+C6+D6+E6+F6+G6+H6+16= the number of blanks with a difference value of 6  (7)
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A7+B7+C7+D7+E7+F7+G7+H7+7=the number of blanks with a difference value of 7 (8)
A8+B8+C8+D8+E8+F8+G8+H8+I8= the number of blanks with a difference value of 8  (9)

A9+B9+C9+DI+E9+FI+GI9+HI+19= the number of blanks with a difference value of 9  (10)

A1+A2+A3+A4+AS5+A6+A7+A8+A9=A (11)
B1+B2+B3+B4+B5+B6+B7+B8+B9=B (12)
C1+C2+C3+C4+C5+Co6+C7+C8+C9=C (13)
D1+D2+D3+D4+D5+D6+D7+D8+D9=D (14)
E1+E2+E3+E4+E5+E6+E7+ES8+E9=E (15)
F1+F2+F3+F4+F5+F6+F7+F8+F9=F (16)
G1+G2+G3+G4+G5+G6+G7+G8+G9=G (17)
H1+H2+H3+H4+H5+H6+H7+H8+H9=H (18)
T1+I12+13+14+15+16+17+18+19=1 (19)

A represents the number of digits that match a difference of 1, B represents the number of digits
that match a difference of 2, C represents the number of digits that match a difference of 3, D
represents the number of digits that match a difference of 4, E represents the number of digits that
match a difference of 5, F represents the number of digits that match a difference of 6, G represents
the number of digits that match a difference of 7, H represents the number of digits that match a
difference of 8, and I represents the number of digits that match a difference of 9. A1-19 are unknowns.

Clearly, these 18 equations collectively form a system of linear equations with multiple variables,
potentially containing up to 81 independent variables. Given that constructing Sudoku instances
without numerical constraints proves more straightforward, we can generate new known Sudoku
instances and apply the proposed algorithm to derive these 18 equations anew. Notably, the
numerical differences between each newly constructed Sudoku instance and its original counterpart
can be precisely calculated. This establishes a linearly independent equation system among the
derived equations and the original set. Building on this approach, we can further develop additional
equations—such as creating eight systems of 18 equations each using eight new Sudoku instances—
and apply Gaussian elimination to solve the system. The problem belongs to the category of
bounded-variable sparse integer linear equation systems (requiring unique positive integer
solutions). Experimental verification confirms that when the number of linearly independent
equations exceeds the number of independent variables, a unique positive integer solution exists[9].
Solving such systems via Gaussian elimination is computationally polynomial-time [10].

After obtaining the values from Al to 19, assign unit values to the independent variables of each
equation based on the differences. Specifically, assign the values 1to9to A, B, C, D, E, F, G, H, and
I, respectively, and then multiply these values by Al to 19 in sequence. This process yields a set of
values that match the number of difference cells in each equation. Next, label the numbers in the
unsolved Sudoku as variables X1 to X81. Based on formulas (2) to (10), establish 9 equations for the
specific cell positions where the known Sudoku matches the specific differences. Similarly, based on
another 8 Sudokus, 72 equations can be established. Then, use Gaussian elimination to solve for the
values of X1 to X81 sequentially. Finally, using the difference calculation results between the
unknown Sudoku and the known Sudoku, solve the unsolved Sudoku.
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4. Conclusion

The algorithm proposed in this paper employs a discrete Gaussian distribution function, with
the sampling process based on the differences between the target Sudoku hints and the known
Sudoku numbers. While this model may not be the most efficient for solving Sudoku puzzles, it can
be used to optimize the algorithm by applying a more advanced model based on the algorithmic logic
provided in this paper, thereby further reducing the result error.

The algorithm proposed in this study can solve Sudoku puzzles of any size, maintaining
polynomial-time complexity as the problem scale n increases. For nxn Sudoku puzzles, the algorithm
exhibits the following characteristics: When the difference between the given numbers and the known
numbers is small, it achieves rapid solutions through constant-time transformations; even when the
difference is significant, the algorithm still satisfies polynomial-time complexity. If this algorithm
holds true, it demonstrates that Sudoku problems have polynomial-time solutions, providing
empirical evidence for the existence of polynomial-time solutions in NP-class problems and
supporting the validity of the NP=P theorem.
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