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Abstract

In this paper, we introduce and investigate the BT inverse for a ring element. The binary relation BT
order has also been studied. Furthermore, we introduce the generalized BT inverse and present some
presentations of this new generalized inverse. It also be characterized by using system of equations
and Pierce decompositions of ring elements. Many properties of BT inverse for complex matrices are
generalized to a broader context within a ring.
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1. Introduction

An associative ring with an identity 1 is called a *-ring if there exists an involution * : x — x*
satisfying (x +y)* = x* +y*, (xy)* = y*x*, (x*)* = x forall x,y € R. An element a € A has group
inverse provided that there exists x € A such that

xa® = a,ax? = x,ax = xa.
Such x is unique if exists, denoted by a*, and called the group inverse of a. As is well known, a
square complex matrix A has group inverse if and only if rank(A) = rank(A?) (see [13]). An element
a € A has core inverse if there exists some x € A such that

xa? = a,ax* = x, (ax)* = ax.

If such x exists, it is unique, and denote it by a®. Let R(X) represent the range space of a complex
matrix X. A square complex matrix A has core inverse A® if and only if AA® = P, is a projection and
R(A®) C R(A) (see [3,16]). Group and core inverses are extensively studied by many authors from
very different points of view, e.g., [1,3,7,10,13,16].

An element a € R has Moore-Penrose inverse if there exists x € R such that

xax = x, (ax)* = ax, (xa)* = xa,axa = a.

The preceding x is unique if it exists, and we denote it by a'. The set of all Moore-Penrose
invertible elements in R is denoted by R*. Evidently, every square complex matrix has the Moore-
Penrose inverse. In [2], Baksalary and Trenkler extended core inverse and introduced a generalized
core inverse. Recently, Ferreyra and Malik studied such generalized core inverse and call it the
introduced BT inverse for a complex matrix. The matrix A = (AP4)" is called the BT inverse of A.
Many elementary properties of this new generalized inverse are established in [5]. For additional
references on the BT inverse, we refer the reader to [6,8,9,17].

The motivation of this paper is to extend the proposed generalized inverse for complex matrices
to a more general setting within a ring. We introduce the BT inverse for an element in a ring R.
Furthermore, we establish and prove several fundamental properties of the BT inverse within this ring.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In Section 2, we introduce a new generalized inverse as the generalization of BT inverse of a
complex matrix.

Definition 1. An element a € R has BT inverse if there exists x € im(a) such that

2 2

xax = x, (ax)* = ax,axa” = a*, (a*xa 2

)% = a*xa?.

If such x exists, it is unique, and denote it by a®. The set of all BT invertible elements in R is denoted by R®.

In [15], based on the Hartwig-Spindelbock decomposition of a complex matrix, Wang characterize
the BT inverse of a complex matrix by using the system by equations. Replacing the Hartwig-
Spindelbock decomposition, we employ the Pierce representation of a ring element as a tool to extend
the characterization of BT inverse of a complex matrix to a broader context within a ring. We prove that
a € R" has BT inverse if and only if 222 € R*. In this case, a¢ = [a%a’]
the order relation induced by BT inverse. Many characterizations of the BT order are obtained by using

. In Section 3, we investigate

Pierce decomposition for a ring element.
Let
R7™! = {x € R | 1— xr € Ris invertible for any r € R, xr = rx}.

Let A be a Banach algebra. Evidently,

A= {xe A lim | " =0}
= {xe€ A | 1+ Ax € Aisinvertible for any A € C}.

Definition 2. An element a € A has generalized BT inverse if there exist x,y € A such that
a=x4yxy=xy =0,xe A%,y e A

We denote x° by ag and call it the generalized BT inverse of a. The set of all generalized BT
invertible elements in A is denoted by Ag.
Recall that an element a € R has generalized Moore-Penrose inverse if there exists x € R such that

x = xax, (ax)* = ax, (xa)* = xa,a — axa € RT,

The preceding x is denoted by a®. The set of all generalized Moore-Penrose invertible elements
in R is denoted by R®.

In Section 4, we prove that a € Ag if and only if 2 € A® and a?a® € R*. We further characterize
the generalized BT inverse by using the system of equations.

Finally, in Section 5, we present certain characterizations of the generalized BT inverse for a
geometrical point of view.

Throughout the paper, all rings are associative *-rings with an identity. R*, Rt and R® denote
the sets of all group invertible, More-Penrose invertible and generalized Moore-Penrose invertible
elements in R, respectively. Let a € R. Set im(a) = {ax | x € R} and ker(a) = {x € R | ax = 0}. Let
a € R'. Then p, = aa*. We use Pim(a) ker(v) to denote the projection p such that im(p) = im(a) and
ker(p) = ker(D).

2. BT Inverse

The purpose of this section is to investigate the elementary properties of the BT inverse, which
will be frequently utilized in subsequent sections. Our starting point is as follows.

Theorem 1. Let a € RY. Then the following are equivalent:

(1) aeRO.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(2) a2at e R
In this case, a® = [a%a'] '

Proof. (1) = (2) By hypothesis, there exists x € im(a) such that xax = x, (ax)* = ax, axa®> = a?,

a*xa?)* = a*xa®. Write x = az for a z € R. We directly verify that
y y
x[a%a’] = az[a?a'] = aataz[a?a’)
= aa*x[a’a'] = [aa®]*x[a%a")
— [a+]*[a*xa2]a+,
(a%a")x = (a%a%)az = a(aa*a)z = a(az) = ax,
x[aa’)lx = x(ax) = xax = x,
(a%a")x(a?a’) = (ax)(a%a®) = (axa®)a’ = aa’.
Moreover, we see that
(x(aza’r))* — ((a+)*(a*xa2)a+)* _ (a-r)*(a*xaz)*a’r
= (a")*(a*xa®)a’ = x(a2at),
((a%a")x)" = (ax)* =ax = (a%a")x.

Therefore a?a® € R" and [#%a®]! = x. This implies that x is unique, as required.
(2) = (1) Let x = (a%a"). Then

x = (aza-r t (aza+)+(a2a+)(a2a+)+

*

I
S
s:

We further check that

xax =

N N N N N

V. V. [

N N N N N DN

AT TR} h_'_h AN

~— O
&—F

ax = a(a?
2

( atx aZ) -
Therefore x € im(a) is the solution of the system of equations:

2 2

xax = x, (ax)* = ax,axa” = a°, (a*xaz)* = a*xa?

7

as required. O

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Corollary 1. Leta € RY\R®. Thena € R® and a® = a®.

Proof. In view of [16, Theorem 2.6], a® = a*aa®.
Then we have a?a® = a?[a*aa’] = a?a’. It is easy to verify that
[a%a®]a® = a®[a?a®] = aa®.
Then [a2a®]" = a®. This implies that a%a* € R*. In this case, a® = a®. O

Leta € Rt and p, = aa’. Then we have

aat a?(1 —aa")
= o 0 N

3 a*a® a3(1 —aa")
SR 0 N
(@)t = ( aa’ ()" 0 ) ‘
(1—aa*)(@®)t 0 )

Lemma 1. Let a € RY. Then a® € RY and a® = a(a?)*.

Proof. It is easy to verify that

az[a+(a2a+)+] — [a2a+][a2a+]+,
(a+(a2a+)+)a2 — a+((a2a+)+)(u2u+)a,
a2[a+(a2a+)+]u2 — [a2a+][a2a+]+a2 — az/
(a’r(aza’r)f)aZ a’r(aza’r)’r) a+(a2a+)+
Moreover, we have (aZ a+(a2a+)+ )* - a+(a2a+)+ ’
([a-r(aZa’r)-l-]aZ)* a+(a2a+)+]a2

Thus, a* (a?2a)t = (a?)*.
In light of Theorem 2.1, we derive that

Elo_

as asserted. [

We come now to establish the representation of the BT inverse by using certain projections.
Theorem 2. Let a € RO, Then a® = pya*(apsa* +1—pp)~L.

Proof. By virtue of Lemma 2.3, 2> € R*. Further, we verify that

apaa* +1—p,p = a%ata* +1—a%a?)"
= [a%a®][aata*] +1 — aa®
= [a%a%][aata*] + 1 — a[a2a’]?
= [a%a'][a®a]* +1 — a(aa®)[a2a’]t
[a2a+] [11211+]* 41— [ 2a+][a2a+]+ c A1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.1321.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 July 2025 d0i:10.20944/preprints202507.1321.v1

50f18

Furthermore, we check that

a%lapaa* +1—pp] = a®[a2a’)[a?a’])* +a®[1 — aa®]
2

Therefore a® = p,a*(ap,a* +1—pp)~'. O
Corollary 2. Let a € RY. The system given by
ax = a(ap,)’,im(x) C im(paa*)
is consistent and its unique solution is x = a®.

Proof. Clearly, we have aa® = a[a?a’|t = a(ap,)t. In view of Theorem 2.4, a® = p,a*(apaa* +1 —

p,2) L. Hence, a® € im(p,a*). We infer that im(a®) C im(psa*).
Suppose that
ax = a(ap,)t,im(x) C im(paa*)

for some x € R. As paa* = a®(ap,a* +1— p,2), we write x = (ap,)*(z) for some z € R. Then

+
+

x = (apa)'z = (apa)'apa(apa)'z
(apa)apax = (apa)' (ax)

= (apa)(a(apa)’]

)

)

(apa +(“Pa)(ﬂpa)f]
(apa)t = a®,

as required. O
Theorem 3. Let a € R. The system given by
pax = (apa)", im(x) C im(a)
is consistent and its unique solution is x = a®.
Proof. One easily checks that

paa<> = aa'[a?a®)t = [a?a"]T = (ap,)T,
a® = [a%a®)t = aat[a?a’)t Cim(a).

Suppose that p,x; = (ap,)T,im(x;) C im(a) fori = 1,2. Then p,x; = paxo; hence, x| — x5 €
ker(pa) Nim(a) = 0. Therefore x; = xp, as asserted. [

Leta,b,c € R. An element a has (b, c)-inverse provide that there exists x € R such that
xab = b,cax = c and x € bRx (") xRc.

If such x exists, it is unique and denote it by a(?:¢) (see [4]).

Theorem 4. Let a € RO, Then a® = a(““Jr”*’”“Jr“*).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. Obviously, a € R. Let x = a®. We verify that

X

a2a+]+ — [a2a+]+[a2a+”a2a+]+
t 2a"1")"x € [aa*a*]Rx,
2a+]+)* _ x([aza*]Jr)*[aa*a*]

m
=
N A
=
S

xa[aata*] = [d%a

|

—~ T~
x
BY

I
Y
+
iy
*

I
=Y
~~

N

)
1
=

I

+

aa*a*ax = aa'a*ala

I
= 5 =
N

1
i
*

AN

X

)

S
N
=

Y

)

AN

iy

=

|
—~

(au*u*,aa*u*)

Therefore a® = a ,as asserted. [

Leta € Rand T,S C R. We say that 4 has {2}-inverse x provided that xax = x, im(a) = T,

ker(a) = S. We denote x by a(T2 )5 We next consider the relation between the BT inverse and {2}-inverse

in a ring. .

Theorem 5. Leta € RY. Then a® = 11(2)

im (ua*a*),ker(a*)z‘

Proof. Let x = a®. Clearly, we have x = xax.

Step 1. im(x) = im(aa*a*). In view of Theorem 2.1, we have

X [a2u+]+
— [a2a+]+[u2a+][a2a+ t
— ([a2a+]+[a2a+])* a2a+]+
— [aa+a*]([a2af]+)*[a2a+]+
€ im(aata*),
[aata*]* = a?at = [a2a'][a2at]t[a2a"
= [a%at]x[a2a"] = [a2a*][a%at]*x".

Hence, aa*a* = x[a%a*|[a?a®]* € im(x). Therefore im(x) = im(aa*a*).

Step 2. ker(x) = ker(a*)?. If (a*)?r = 0 for some r € R, then

Xr

Hence, r € ker(x).
If x(r) = 0, then
(a*)?r

—
m
N
N—
*
<
I
—
&N
-
1
S—
—
m
N
2
Y
rl
—
2
N
2
1
SN—
B,
*
<

= [a%a"a]"[(a
[?

Thus, r € ker(a*)?, as required.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Therefore we complete the proof. [

3. BT Order
This section is devoted to the BT order for two elements is a ring. Leta,b € Rand a € RO,

Definition 3. We say that a <° b if and only if aa® = ba®,a% = ab.

Let p = aa’. Then we have

[ a*at a(1—aah) b a(a*)? 0
=1 o 0 p” “\ a-ahat 0 )

Moreover, we compute that

B _ (a2a+)+ 0
2 = (a®ah)t = < 0 0 >p.

Theorem 6. Let a € R, b € R. Then the following are equivalent:

1) a<%b.
(2) There exist x,y,z € A such that 2 and b are represented by

S a’a* a(1 —aa")
B 0 0 ’
P

( a2at [(1— (a2a)(a2a")D)x + (a%at)(a%at)ta)(1 — aat) >
2.1

7

il - (") (@at)) 2 )

where p = aa'.

2\t
Proof. (1) = (2) Since 2% = < (a g ) 8 ) , we see that

o ((aza*)(azu*)* 0)

0 0 .
07 — ((aza*)Jf(aza*) (a2a+)+a(1—aa+)>
B 0 0 '
P
Write b = ( bi by ) . Then
bs by
b0 — bi(a%at)t 0
B b3(a%at)t 0 p'
Op — (a?a®) by (a2a®)Tby
B 0 0 p'

By hypothesis, we have

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(a2a+)(a2a+)+ bl(a2a+)+,
b3(a?a®)t = 0,
(a2a+)+ a2a+) — (az +)+b1,
(a?a*)ta(1 — aa®) (aa*) b,
Hence, by = [(a?a")T]t = a2a",b5 = b3[1 — (a%a)T(a2a)], 00 = [1 — (a2a’)(a?a")t]by +

(aa™)(a?a®)Ta(1 — aa®).

(2) = (1) Since a® = ( (a

o ((a2a+)(a2a+)+ 0)
4

0 0
B a’at [1— (a?a®)(a?a™))x + (a%a®)(a?a)ta(1 — aa®)
— - @) : p

( (a2a+)+ 0 _ a0,
0 0 )
00 — ( (a?a™)T(a?a®) (a?a™)Ta(1 — aa®) ) _ < (a?2a™)™ 0 )
0 0 . 0 0 .
a’at [1— (a2a®)(a?a™)t])x + (a%a®)(a%at)Ta(1 — aat)
y[1 - (a%a")*(a%a")] z

= a%p. '

Therefore a §<> b, as desired. [
Corollary 3. Leta € RY,b € R and aa®a = a. Then the following are equivalent:

1) a<%b.
(2) There exists z € A such that a and b are represented by

where p = aa'.

(3) aa®’ =ba',a% = ba.

Proof. (1) < (2) This is obvious by Theorem 3.2.
(2) = (3) By hypothesis, we have aa®a = a; hence, a(aa*)ta = a. This implies that

)2
t_ a(a®) 0

(a%a®)(a?a%)ta = a. Since a (1—aaa' 0

) , we verify that
P

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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ah)2 2.t _
it - < ) 0 ) ( aca 1 aat )
0 0
p
+)2 u(a+)2a 1—
(1 — aat a+a2a+ (1 —aa®)ata( 1 - aa*)
. +)2 0 a’a*  (a’at + (1 —aa")
B 1—aa 0 0
P P
= a'p,
2 a’a* a(1 —aa") [ (a%a")? a*(1—aa®)
B 0 0 B 0 0 ,

a a
0 z 0 0
p
= ba,
as desired.
(3) = (1) Write b = ( Zl ZZ ) . By hypothesis, we have
3 4
P

i a(@)? 0 a’a* a(1 —aa")
= —aahat 0 Ao 0 )

a(a*)?a’a* a(a*)?a(1 — aa®) >

(1 —aa%)ata?at (1 —aa*)ata(1 - aa®)

a(a*)?b, a(at)?b,
(1 —aa")a’hy (1 —aat)ath,

_ a(a®)? 0 by by F’:aer
(1—aa%)a® 0 , by by ) ’

2
2 - a*at a(1—aa")
B 0 0
B (a?a™)?  a®(1 — aa')
B 0 0
B Zl Zz ) < az(;z* a(l Oaa*) ) b
3 0 ) ,
Hence,
a(a*)?h, = a(a")?a(1 —aa"),
(1—aa")a'h, = (1—aa")ata(1l - aa").

This implies that a'by = a(a™)?a(1 — aa®) + (1 — aa®)a’a(1 — aa®); and then

b2 = llu+b2

a?(a")?a(1 —aa®) +a(1 — aa*)ata(1 — aa')
[a%(a")? 4+ a(1 — aa®)at)a(1 — aa')

= aata(1—aa") = a(1— aa').

Since bza’at = 0, we deduce that b3(a2a+)(u2u+)+u = 0. This implies that b3a = 0, and so
b3 = (b3a)a+ =0.
Moreover, we have
a(a*)?by = a(a*)?a?at,
(1—aat)a’hy = (1—aa")a’a’at.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Hence a*b; = a(a")?a?a’ + (1 — aa™)a’a?at; and so

bl = anrbl
a®(a")?a?at + a(1 — aa*)ata?at

aata?at = a2at.

a’a* a(1—aa")

Therefore b =
0 by

> ,as required. O
P

Corollary 4. Leta € R®,b € R and aa®a = a. Then the following are equivalent:

(1) a<®b.
2) b—ac (1—aa")R(1—aa").
B) b—ac (1-aa®)R(1—a%).

Proof. (1) = (2) In view of Corollary 3.3,

b_a:<0 0)/
0 z
14

where p = aa’. Thus, b —a € (1 — p)R(1 — p), as required.
a’at a(1—aa")

(2) = (1) In view of Theorem 3.2, a = ( 0 0

) . Setc = b—a. Thenc €
p

(1-—p)R(1—p),and so

By using Corollary 3.3,a < b.
(1) = (3) By hypothesis, we have

aa® = bao,aou = a%b.

Hence, (b — a)a®a = 0,aa®(b —a) = 0. Thus b —a = (1 — aa®) (b — a)(1 — a®a), as required.
(3) = (1) Since b —a € (1 —aa®)R(1 — a®a) and a®aa® = a®, we derive that aa® = ba®,a% =
a®b, as desired. O

We are ready to prove:
Theorem 7. Leta € RY,b € R,aa®a = a,ab = baand a < b. Ifa®> € R®, then a*> <© V2.

Proof. In view of Theorem 3.2, we have

. ( a’a* a(1 —aa") )
B 0 0 '
P

b ( a’a’ a(1 —aa") )
B 0 z ’
P

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where p = aa’. Since ab = ba, we see that

This implies that az = a(1 —aa®)z = 0.
In view of Lemma 2.3, aa® = a?(a?)*. Therefore

(a2)<> — [114(112 +]+ — [a3a<>]+

a*a® a3(1 —aa") (a?2a®)t 0 +
() (),
p p

0
( [a*a* (a2ah)T]t 0 )
0 0/
p

By hypothesis, we compute that

2 e 3 t 2(1_aa+) [a4a+(a2a+)+]+ 0
a=(a)V = p 0 0 p

2t 0
- (P
—aa az a4a+ ﬂ2ﬂ+ it
bz(a2)<>:< i Zz>+ )([ @y 8)
2a)tt 0 ’ '
- (),
p
(@) = ( 0) <a3a+ az(l—uaJr))
0 0 0
< *(a a3t Ta‘*a*(azu*)*]*uz(l _Mf)p>
= 0 ,
p
at 3.t 201 _ gat
(2)082 ( (a 8 )p( aOa a (1zzaa ) )p
_ ( *(a2a+ tadat [atat (a2aM))Ta2(1 — aat) )
0
p

Therefore
a?(a%)° = b?(a?)°, (a*)9a® = (a®)°1?.
Accordingly, a? <9 b2, O

Corollary 5. Leta € RN\ R*,b € Rand a <O b. Ifa®> <O b? if and only if ab = ba.
Proof. <— Since a2 <% 12, as in the proof in Theorem 3.5, we deduce that

[a*a® (a?a")T)az = 0;
hence, [a*a®(a%a®)"][a*a’ (a?a")t]Taz = 0. This implies that

(az)*[a4a+(a2a+)+] [11411+(a2a+)+]+] =0.
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It follows that (az)*[a*a’] = 0. Thus (az)*a* = 0. Since a € R¥, we have (az)*a = 0; whence, a*az = 0.
Thus a(1 — aa’)z = az = aa’az = (aa")*az = (a")*(a*az) = 0. Accordingly, ab = ba, as required.
<= This is proved in Theorem 3.5. [

4. Generalized BT Inverse

The aim of this section is to introduce the notion of the generalized BT inverse in a ring. For
further use, we formally establish the following lemma:

Lemma 2. Let a € R. Then the following are equivalent:

(1) a€ R,
(2) There exist x,y € R such that

a=x+yx'y=yx =0x€R,yeRM
Proof. (1) = (2) By hypotheses, there exists z € R such that
z = zaz, (az)* = az,(za)* = za,a —aza € Rnil

Set x = aza and y = a —aza. Then a = x +y. We claim that x has Moore-Penrose inverse.
Evidently, we verify that

xzx = (aza)z(aza) = a(zaz)aza = a(zaz)a = aza = x,
zxz = z(aza)z = za(zaz) = zaz = z,
Xz = azaz =az,zx = zaza = za,
(xz)* = (az)* =az=xz,
(zx)* = (za)* =za=zx.

Therefore x € Rt and z = x™.

Moreover, we see that

x*y = (aza)*(1—az)a=a*(az)*(1 —az)a
a*(az)*(1 —az)a = 0.

Since (za)* = za, we have

yx* = (a—aza)(aza)* = a(l —za)(aza)*
a[(1 — za)]*(aza)* = a[(aza)(1 — za)]* = 0.

By hypothesis, we get y = a — aza € R9"!. Therefore there exists the Moore-Penrose decomposi-
tion a = x + y, as required.
(2) = (1) By hypothesis, there exist z,y € R such that
a=z+y 'y =yz* =0,z ¢ Rty € RML

Set x = z'. One easily checks that

xy = z'(zz")y =2 (zz")"y
= Z'(Z")*(z'y) =0,
xa = ztz4axy=7z'z
xax = zlzzt =zt =1,
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Moreover, we check that

vzt = yztzzt = y[z'2)2" = (y2*)[zD)* 2T =0,

and then ax = (z +y)z" = zzt + yzt = zz". Then

Since ]/Z+ = 0, we see that

a—axa=a(l—xa)=(y+z)(1-z"2) =y(1 —z'2) =y € RM

+

Therefore a® = x™ = z, as asserted. [

Theorem 8. Let a € R. Then the following are equivalent:

(1) a€Ry.
(2) a€ R®anda?a® € R

In this case, a§ = [a%a®]*.
Proof. (1) = (2) Sincea € Rg, there exist x, y € R such that
a=x+yxy=uxy"=0x¢eR%yecRM,

Clearly, x € Rt. In light of Lemma 4.1, 2 € R® and a® = x'. It is easy to verify that

a2a® = (x+y)%xt = (x +y)2xtxxt
(x +y)?(xTx)*xt = x2xt € RT.

Moreover, we check that ag = [x?x®]" = [4%a®]*, as required.
(2) = (1) Since a € R®, by virtue of Lemma 4.1, there exist x,y € R such that

a=x+yxy=yx=0xcR,yeRM.

In this case, a® = x. Moreover, we have x2xt = (x + y)2x" = 42a® € R'. Therefore x € R®.
Accordingly, a € Rg. O

As an immediate consequence, we derive
Corollary 6. Let a € R. Then the following are equivalent:

(1) a€Ry.
(2) The system of conditions

x = xax, (ax)* = ax, (xa)* = xa,a’x € RY,a — axa € RT!

is consistent and it has the unique solution.

In this case, a§ = (a%x)*.

Corollary 7. Leta,b € RY. Ifab = ba = 0,a*b=0,thena+b e RY. In this case,
ry g g

(a+Db)J =af +b}.
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Proof. Sincea,b € Rg, it follows by Theorem 4.2 that a,b € R®, a2a®,b2b® ¢ Rt and
ﬂg = (61261®>+, bg = (b2b®)+.

Since ab = ba = 0,a*b = b*a = 0, we verify thata+b € R® and (a4 b)® = a® + b®. It is easy
to verify that
((a+b)*(a+0b)®
(a+b)*[a® +b®]
= a%a® + b2bO.

By hypothesis, we verify that
(a2a®)"[b?b®] = [aa®][a*b][bb®] =0,
(1?6®) [a%a®] = [bb®][b*a][aa®] = 0.
In light of Theorem 4.2,
(a+ b)é,> = [a%a® + b?b@]t
[a2u®]+ + [b2b®]+
= ag + b8,

as asserted. [

We are ready to prove:
Theorem 9. Leta € R. Thena € Rg if and only if

(1) a€R%;,.
(2) there exists x € im(aa®) such that

xax = x, (ax)* = ax, (axa®)a® = a%a®, (a*xa®)* = a*xa®.

In this case, ag = x.

Proof. = Let x = (a?a®)". Then x = (aa®)x € (aa®)R. We verify that

ax = a(a%a®)t = (a%a®)(a?a®)t,
xax = x(a%a®)(a?a®)t = x,
(ax)* = ((a>a®)(a*a®)")*
= (a%a®)(a%a®)" = ax,
a*xa®> = a*(a’a®)ta? = a*[(a*a®)t(a%a®)]a,
(a*xa?)* a*xa®.
Furthermore, we have
(axa®)a® = a(a*a®)ta’a®
= a(a%a®)t(a%a®)(a%a®)ta?a®
= a(aa®)(a’a®)ta?a®
a2a®,

as required.
<= By hypothesis, there exists x € im(aa®) such that

xax = x, (ax)* = ax, (axa®)a® = a%a®, (a*xa®)* = a*xa®.
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Write x = aa®az for a z € R. Then we check that

x[a%a®] = aa®az[a’a®]
1a®x[a%a®] = [aa®]*x[a%a®]
= [a®]*[a*xa?]a®,
(a%a®)x (a%a®)az = a(aa®az = ax,
x[a%a®]x x(ax) = xax = x,
(a%a®)x(a?a®) = (ax)(a?a®) = (axa®)a® = a*a®.

Moreover, we see that

(x(a2a®))" = ((a®)*(a*xa?)a®)" = (a®)*(a*xa?)*a®
= (a®)*(a*xa®)a® = x(a%a®),
((a%a®)x)" = (ax)* = ax = (a%a®)x.

Therefore a>a® € R' and [42a®]" = x. This completes the proof. [
Corollary 8. Leta € R. Then a € RY ifand only ifa € Rt Rg. In this case, a¥ = ag.

Proof. — This is obvious.
<= Since g € RT, we have a® = a'. In view of Theorem 4.5, there exists x € im (aa®) such that

xax = x, (ax)* = ax, (axa®)a® = a%a®, (a*xa®)* = a*xa’.

Hence,

axa* = [(axa®)a®]a = [a*a®]a = a°.

Therefore a € RP. In this case, a0 =x= ag, as asserted. [

5. Characterizations of the Generalized BT-Inverse

The main purpose of this section is to provide new properties of the generalized BT-inverse in a
ring. Consider the system given by

xax = x,xa = [a*a®a]"a,ax = a[a®a®]} (5.1).
Lemma 3. If the system (5.1) of equations has a solution, then it is unique.

Proof. Assume that x1, x satisfy (2.1). Then

xjax; = xj, x;a = [a%a®]ta, ax; = a[a?a®]t
for i = 1,2. Therefore
x1 = (x1a)x; = [a%a®])tax;
= (x2a)x; = xa(axy) = xpa[a®a®]*
= XodXp = X7,

as desired. [
Theorem 10. Let a,x € R. Then the following are equivalent:

(1) ag = Xx.
(2) The system (5.1) of equations is consistent and it has the unique solution x.
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Proof. (1) = (2) Taking x = ag In view of Theorem 4.2, x = [a2a®]". Then

xax [a%a®]ta[a?a®]t
= [a%a®]"a[a%a®] [a2a®][a%a®]*
= [a%a®]"a?a®[aa®]t
= [a%a®]f =x,

xa = [a’a®a]ta,

ax = a[a%a®]’.

By virtue of Lemma 5.1, x is the unique solution of the preceding equations, as required.
(2) = (1) By the argument above, we have x = [a%a®]!. Therefore ag = x by Theorem 4.2. [J

We are ready to prove:
Theorem 11. Let a,x € R. Then the following are equivalent:

(1) af =x.

@ ax = alapy)®, im(x) C im(aps)".

(B) aa®x = [a? 11®] im(x) C im(aa®).
(4) xa = (ap,)®a, ker(aps)* C ker(x).
(5) xa = (apy)®a,ker(a®)* C ker(x).

Proof. (1) = (2) In view of Theorem 5.2, ax = a(ap,)®. We verify that

x = [a%a®]®
[a%a ®]®[a a®][a*a®]®

= ([a%a®]®[a a®])*[a2a®]®
= (aPa)*([ﬂ a®]®)" [a%a®]®
paa* ([*a®]®) " [a*a®]®

€ im(paa*),

as required.

(2) = (1) Write x = (ap,)*z foraz € R. Then

x (apa(apa) ®apa)

((apa)®apa)” (apa) "z .
(apa)®apa (”Pu) z = (apa)®alpa(apa) 2]
(
(
(

apa)® [(”Pa) z] = (apa)® (ax)
apa)®a(apa)® = (apa)®apa(apa)®
)

ap,)® = [a a®]® = ug

as required.

(1) = (3) In view of Theorem 4.2, x = [a?a®]". Then we easily check that aa®x =
[a2a®]t,im(x) C im(aa®).

(3) = (1) Write x = aa®z for az € R. Then

x = aa®[aa®z] = aa®x = [a*a®]’.

By virtue of Theorem Theorem 4.2, ug = x, as desired.

(1) = (4) Obviously, xa = (ap,)®a. If z € ker(paa*), then (ap,)*z = 0. Hence, xz = (ap,)®z =
(apa)®(apa)(apa)®z = (apa)®[(apa)®]*(apa)*z = 0. Thus z € ker(x). That is, ker(p,a*) C ker(x), as
desired.

(4) = (5) We directly verify that ker(a®)* C ker(pqa*), as required.
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= aps, we get (ap,)(apa)'a® = (apa)(apa)' (apaa) = apaa = a*.

(5) = (1) As (apa)(apa)' (apa)
= 0. Since ker(a?)* C ker(x), we have x[1 — (ap,)(ap,)'] = 0. Therefore

Hence, (a%)*[1 — (ap,)(apa)T]

x = x(apa)(apa)t = xa(aps)’
[(apa)®a](apa)?
(apa)®apa(apa)*

(apa)® = [a%a"]®.

Therefore we complete the proof by Theorem 4.2. [
Corollary 9. Let a,x € R. Then the following are equivalent:

(1) ag = x.
(2)  xax =x,aX = Pap,, X0 = P(ap,)* (ap,) D -

Proof. (1) = (2) In view of Theorem 5.1, xax = x. Moreover, we have
a[a?a®]®

— @a®[api]®

= apalapa]® = pap,,

ax

It is easy to verify that

x = [a%a®]®
= [a%a®]®[a%a®][a%a®]®
(apa)*x*x
(2] (2] ®[a?a®])
= [a%a®]®[a%a®]([a%a®])"
x[a%a®] ([a%a®])".

(apa)”

Hence, im(x) = im(ap,)*. Obviously, ker(x) = (ap,)®. Thus, we have

xa = [a%a®])®a = P(apa)* (apa) ® 4
as required.

(2) = (1) By hypothesis, xax = x,ax = pap,, X& = P(ap,)* (ap,)®a- Then ax = pgp, = apa(apa)t
a?a*[a?a’]" = afa®a®]" = a(ap,)®. Moreover, we have x = (xa)x = p wax € im(ap,)*
im(apg)*. According to Theorem 5.3, we complete the proof. [

N

apa)*,(apa)

@ _ @
im(apa)* ker(apg)* im(apg)* ker(a2)*"

Theorem 12. Let a € R®. Then ag a

Proof. Set x = ag. In view of Theorem 5.2, we have x = xax.
Step 1. im(x) = im(ap,)*. In view of Theorem 4.2, we have

x [a2a®]t
= [da%a®]"[a%a®][a%a®]*
— (@a])" (Pa]") [@ao]*
= [aa®a*]([a2a®]")" [a%a®]" € im(apa)*,
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Step 2. ker(x) = ker(apa)*. If (ap,)*r = 0 for some r € R, then
xr = [(apa)®]'r

= [( ) ] [(apa)®][( 2)®]*r

= o1 ([(apa)® ) (paa™*)r = 0.
Thus r € ker(x).
If x(r) = 0, then

(apa)*r = [(a®a®)x(a’a®)]*r
= [a?a®]*[a%a®](xr) = 0.

Thus, r € (ap,)*. As aresult, we have ker(x) = ker(ap,)*.
Therefore x = a°) By the similar way, we check that x = e This

im(apa)* ker(apa)*’ im(apa)* ker(a2)*

completes the proof. O
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