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Abstract

By using Littlewood’s oscillatory theorem and a result of Fujii we disprove the Riemann hypothesis.

Keywords: Riemann hypothesis

1. Introduction
The infinite series

ζ(s) =
∞

∑
n=1

1
ns

where s = σ + it is a complex number, converges for σ > 1. The Riemann zeta function is its
meromorphic continuation to the whole complex plane. It is well known that the Riemann zeta function
ζ(s) has zeros at negative even integers which are called trivial zeros. The Riemann hypothesis asserts
that all zeros in the strip 0 < σ < 1 satisfy σ = 1/2. For the basic theory of the Riemann zeta function
one may refer to [2,4,5,8].

While it is widely believed the Riemann hypothesis might be true, in this note we are going to
prove that this is not the case.

Theorem 1. The Riemann hypothesis is false.

The main tools in the proof are Littlewood’s oscillatory theorem and a result of Fujii [3].

2. Hardy-Littlewood Type Results
Let O be the big O notation and o the little o notation. Let Ω = Ω± be the big omega notation.
Let a1, a2, · · · be a sequence of real numbers. Delange [[1], p. 60] noticed, by simple arguments, that

∑
n≤x

an = o(x) as x → ∞ =⇒
∞

∑
n=1

anxn = o
(

1
1 − x

)
as x → 1−. (1)

∞

∑
n=1

anxn = Ω±

(
1√

1 − x

)
as x → 1− =⇒ ∑

n≤x
an = Ω±(

√
x) as x → ∞. (2)

The statements of (1) and (2) are results of Hardy-Littlewood type, though they are not explicitly
recorded in the book [6].

Using the analogous arguments as in Delange [[1], p. 60] we have

Lemma 1. Let a1, a2, · · · be a sequence of real numbers.

∑
n≤x

an =o(x3/2 log log log x) as x → ∞

=⇒
∞

∑
n=1

anxn = o
(

1
(1 − x)3/2 log log log

1
1 − x

)
as x → 1−.

(3)
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∞

∑
n=1

anxn =Ω+

(
1

(1 − x)3/2 log log log
1

1 − x

)
as x → 1−

=⇒ ∑
n≤x

an = Ω+(x3/2 log log log x) as x → ∞.
(4)

Proof. We first prove the implication (3) and thus suppose ∑n≤x an = o(x3/2 log log log x). As in
[[1], p. 60] we set An = ∑k≤n ak for n ≥ 1 and A0 = 0, then

∞

∑
n=1

anxn = (1 − x)
∞

∑
n=1

Anxn = (1 − x) · o

(
∞

∑
n=1

(n3/2 log log log n)xn

)

= o
(

1
(1 − x)3/2 log log log

1
1 − x

)
as x → 1−.

(5)

As for (4), it is a contrapositive statement of (3).

Of course one may also show (4) by Delange’s argument. That is, by the substitution x = e−u

with u > 0. We have
∞

∑
n=1

anxn =
∞

∑
n=1

ane−nu = u
∫ ∞

0
e−ux A(x)dx (6)

where A(x) = ∑n≤x an. Then an inequality on limsup leads to (4).

3. Proof of Theorem 1
Let Λ(n) be the von Mangoldt function. The following is Littlewood’s oscillatory theorem.

Theorem 2 ([7]). As x → ∞,

∑
n≤x

Λ(n) = x + Ω±
(√

x log log log x
)
. (7)

Let
r2(n) = ∑

ℓ+m=n
Λ(ℓ)Λ(m).

In his study of the Goldbach conjecture Fujii proved the following result.

Theorem 3 ([3]). Suppose the Riemann hypothesis is true, then

∑
n≤x

r2(n) =
1
2

x2 + O(x3/2). (8)

In particular the Riemann hypothesis implies

∑
n≤x

r2(n) =
1
2

x2 + o(x3/2 log log log x). (9)

We now return to the proof of Theorem 1.

Proof of Theorem 1. It follows from (7) that as x → 1−,

f (x) :=
∞

∑
n=1

Λ(n)xn =
1

1 − x
+ Ω+

(
1√

1 − x
log log log

1
1 − x

)
, (10)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 21 January 2026 doi:10.20944/preprints202501.0292.v2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202501.0292.v2
http://creativecommons.org/licenses/by/4.0/


3 of 3

and thus as x → 1−,

f (x)2 =
∞

∑
n=1

(
∑

ℓ+m=n
Λ(ℓ)Λ(m)

)
xn

=
∞

∑
n=1

r2(n)xn

=
1

(1 − x)2 + Ω+

(
1

(1 − x)3/2 log log log
1

1 − x

)
+ Ω+

(
1

1 − x

(
log log log

1
1 − x

)2
)

=
1

(1 − x)2 + Ω+

(
1

(1 − x)3/2 log log log
1

1 − x

)
.

(11)

Thus we have as x → 1−,

∞

∑
n=1

r2(n)xn − 1
(1 − x)2 =

∞

∑
n=0

(r2(n)− (n + 1))xn

= Ω+

(
1

(1 − x)3/2 log log log
1

1 − x

)
.

(12)

By (4),

∑
n≤x

(r2(n)− (n + 1)) = Ω+(x3/2 log log log x), (13)

from which we have

∑
n≤x

r2(n) =
1
2

x2 + Ω+(x3/2 log log log x), (14)

which contradicts (9).
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