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Abstract 

This article discusses the process of spreading harmful impurities from traffic congestion. The process 

of spreading harmful impurities is considered by a three-dimensional model. The simulation of the 

spread of harmful impurities from traffic congestion is given, and algorithms for solving the three-

dime nsional diffusion problem by the recurrent operator method are also given. In previous studies, 

we also used the recurrent operator method. The solution of the three-dimensional linear differential 

diffusion equation is sought in the form of a series. Where this series is inserted into each term of the 

linear differential equation, then making the indices shift in accordance with the recurrent operator 

method and taking out the common multiplier, we obtain the recurrent equation. Based on this 

recurrent equation, the coefficients of the series are searched for. Turning to the procedures for 

finding the coefficients of a series in the Maple software environment, the calculation of finding the 

coefficients was performed. Next, inserting the found coefficients into a series, we get the sum, which 

leads to a simpler solution convenient for differentiation. Further, partial derivatives in spatial 

coordinates are found based on software procedures in Maple. With this approach, the general 

solutions are expressed in terms of arbitrary functions and are not related to the solution of another 

equation.  The obtained simulation results are shown in tables and illustrated in figures which are 

also obtained in the Maple software environment. 

Keywords: pollution; harmful impurities; spread of harmful impurities 

 

1. Introduction  

The problem of air pollution is one of the main problems of the city of Almaty, as harmful 

impurities are released from transports located in the congestion of the road transport network of the 

city of Almaty. Transport is the main link in the city's transportation network. In addition to the 

transport network, there is no communication in the city that could connect the network to one end 

of the city and to the other end, because of this, the main population of the city is faced with the 

problem of traffic congestion, which results in emissions of harmful impurities, which is harmful to 

the health of the population of Almaty. With the development of the city and urban infrastructure, 

the task of managing the transport system is an urgent problem. The city has a metro with a length 

of 8.56 km, but this does not solve the problems with traffic congestion and the emission of harmful 

impurities by transport, which create traffic jams at every intersection in Almaty. To control the traffic 

of the transport network of cities, control systems and algorithms are widely used, the work of which 

is based on traffic flow models. Without transport modelling, it is impossible to plan the construction 

of new and modernization of existing transport facilities, housing and business construction facilities, 

traffic management schemes, emergency response, and solving a number of other practical tasks [1, 

83-89p]. The modern pace of development of the city and urban communication requires more and 

more powerful and industrial facilities, as well as the construction of roads and interchanges to 

improve the movement of vehicles in the urban transport communication network. The increasing 

saturation in the transport network is manifested precisely during rush hour at the beginning of the 
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working day and by the end of the working day. Clusters at the intersections of the city's road 

transport network and the congestion of a large number of cars, on the one hand, emit a large amount 

of harmful impurities into the city's atmosphere, and on the other hand, they are looking for ways 

out of congestion and here, like the physical process of diffusion, the accumulated huge amount of 

transport is dispersed and this process can be attributed to the distribution of these impurities 

[2,47p.]. 

In Almaty, 700 transport units, including public transports, pass through the intersection of large 

streets on average per hour during rush hour. Each car moving around the city emits an average of 

0.001522 g/m3 of carbon monoxide into the atmosphere per second, 0.0000771 g/m3 of nitrogen oxide, 

0.000385 g/m3 of various hydrocarbons. These accumulated transports emit a large amount of harmful 

impurities into the atmosphere. These harmful impurities are heavy in their structure, polluting the 

earth's surface and soil, and in the process of spreading in the atmosphere they enter into chemical 

reactions with water vapor and other components of the atmosphere or pass from one chemical state 

to another. If the impurities released into the air consist of large particles, then spreading in the 

atmosphere, they begin to descend under the influence of gravity at a certain constant speed 

according to Stokes' law. Naturally, almost all impurities eventually settle on the earth's surface, and 

heavy ones mainly under the influence of the gravitational field, and light ones as a result of the 

diffusion process. The legal basis of the environmental protection base has been created and is 

constantly being improved in the republic [3, 16p]. 

The work of the authors Naimanova A. Zh and Beketaeva A.O. [4, 88p] provides studies of 

vortex structures behind a transverse jet in a supersonic flow at a pressure ratio from moderate to 

high. Numerical simulation is performed using three-dimensional Favre-averaged Navier-Stokes 

equations associated with the turbulence model, which are solved using an algorithm based on a 

high-order non-oscillatory circuit (ENO). 

In the work of the authors Makasheva A. and Naimanova A.Zh. [5, 481 p.], numerical studies of 

a quasi-two-dimensional supersonic turbulent mixing layer of gas and particles are performed using 

2D DNS (Direct numerical modeling). The system of Navier-Stokes equations for a multi-species flow 

is solved using the ENO scheme of the third order of accuracy. 

In the work of the authors Beketaeva A. O., Moiseeva Yu. S., Naimanova A. Zh. [6, 101 p.], 

provides a numerical study of a supersonic turbulent multi-species flow with a transverse jet injector. 

Based on the developed model, the picture of the formation of a vortex system is studied in detail. 

As a result, new vortices formed in the recirculation zone in front of the jet are revealed, as well as 

their effect on the mixing layer. 

A number of domestic scientists Naimanova A. Zh., Beketaeva A.O., Makasheva A., Belyaev E. 

K., as well as a number of other scientists are engaged in solving the Navier-Stokes equations. It 

should be noted here that the works of these scientists solve nonlinear problems of turbulent 

transport of the Navier-Stokes equation. In their works, they considered the turbulent transfer of 

liquid and gas flow using the ENO scheme, WENO and DVD schemes. 

The author's work [7, 3p] considers the developed mathematical model of turbulent transport, 

which describes the process of environmental pollution of urban tunnels. The solution of the 

developed model of emissions of harmful impurities from exhaust gases by cars is considered by 

TVD schemes after averaging by Favre. 

The work of the authors [8] examines air pollution and provides an assessment of air pollution 

in Kazakhstan, which is caused by many factors and poses a serious threat to public health. Air 

pollution related to mining and processing of minerals, oil and gas production, gasoline and diesel 

fuel production by motor vehicles, industrial enterprises. The results of atmospheric air monitoring, 

which was carried out in 26 cities. The degree of air pollution was assessed based on the results of 

analysis and processing of air samples taken at stationary observation posts. 

The work of the authors [9] provides approaches to the ecological distribution of traffic flow in 

the transport network in terms of carbon dioxide content. The paper proposes a mathematical model 

of the ecological distribution of traffic flow in the network, as well as a definition of how the amount 
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of harmful emissions for railway transport will be calculated (based on the amount of energy required 

for movement, calculated by the circumference of the wheels). 

The work of the authors [10] presents three-dimensional computational studies of airflow 

transport in nasal cavity models for normal inhalation velocity under various environmental 

conditions. The three-dimensional numerical measurement results are compared with experimental 

data and calculations by other authors. 

The work of the authors [11], a computer simulation of the spread of pollutants formed during 

fuel combustion at Ekibastuzskaya GRES-1 and their chemical reaction in the atmosphere was 

presented. Using the example of a real thermal power plant (Ekibastuzskaya GRES- 1), the dispersion 

of NO, NO2, CO and products of NO2, HNO3, and CO2 during a chemical reaction with oxygen was 

modeled. The numerical method was verified by solving three test problems, and the obtained 

computational solutions were compared with measurement data and calculated data from other 

authors. 

2. Materials and methods of research. 

In this paper, the linear equation is solved using recurrent operator methods.  Determine how 

long it takes for harmful impurities to be distributed from traffic jams during rush hour at 

intersections. A three-dimensional diffusion problem is considered, which describes the process of 

spreading both harmful impurities and diffusion [12, 13, p36-43, 14].  

(𝝏𝒕 −  𝑳 + 𝜸)𝒖 = 𝟎 (1) 

here 𝐿 = 𝐿1 + 𝐿2 + 𝛾, (2) 
here, the terms of equation (1) are rolled up into operators 

𝑳𝟏 = 𝒌∆𝒖, 𝑳𝟐 = 𝒈 ∙ 𝛁𝒖 (3) 

∆𝒖 =
𝝏𝟐𝒖

𝝏𝒙𝟐 +
𝝏𝟐𝒖

𝝏𝒚𝟐 +
𝝏𝟐𝒖

𝝏𝒛𝟐; 𝛁𝒖 =
𝝏𝒖

𝝏𝒙
+

𝝏𝒖

𝝏𝒚
+

𝝏𝒖

𝝏𝒛
 (4) 

here  𝑘 = (𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 ) - are the diffusion coefficients along the coordinate axes, ∆𝑢 − the Laplace 

operator, 𝑔 = (𝑢, 𝑣, 𝑧) - are the transfer rates of harmful impurities along the coordinate axes.∇𝑢 − 

the gradient of the function. Решение уравнения (1) ищем виде ряда  (5) 

𝒖(𝒙, 𝒚, 𝒛, 𝒕) = ∑ ∑ ∑ ∑ 𝑼𝒊,𝒋,𝒌,𝒑
∞
𝒑=𝟎

∞
𝒌=𝟎

∞
𝒋=𝟎

∞
𝒊=𝟎

𝒙𝒊+𝒋+𝒌+𝒑+𝒓)!

(𝒊+𝒋+𝒌+𝒑+𝒓)!
𝝏𝒚

𝒋
𝝏𝒛

𝒌𝝏𝒕
𝒑

(𝒖(𝒚, 𝒛, 𝒕) (5) 

Substituting the series (5) into equation (1) and making an offset, respectively, in each term of 

the equation and taking out the total multiplier 
𝒙𝒊+𝒋+𝒌+𝒑+𝒓)!

(𝒊+𝒋+𝒌+𝒑+𝒓)!
 we obtain the following recurrent 

equation 

𝑼𝒊,𝒋,𝒌,𝒑 = −𝒂𝟏𝑼𝒊,𝒋−𝟐,𝒌,𝒑 − 𝒂𝟐𝑼𝒊,𝒋,𝒌−𝟐,𝒑 + 𝒂𝟑𝑼𝒊−𝟏,𝒋,𝒌,𝒑 + 𝒂𝟒𝑼𝒊−𝟏,𝒋−𝟏,𝒌,𝒑 + 𝒂𝟓𝑼𝒊−𝟏,𝒋,𝒌−𝟏,𝒑 +

 +𝒂𝟔𝑼𝒊−𝟏,𝒋,𝒌,𝒑−𝟏 + 𝒂𝟕𝑼𝒊−𝟐,𝒋,𝒌,𝒑 (6) 

здесь 𝒂𝒏 = 𝒌/𝒌𝒙;  

We find the coefficients of the series 𝑼𝒊,𝒋,𝒌,𝒑 from the recurrence relation (6), provided [15-8p, 

16] 

{
𝑼𝟎,𝟎,𝟎,𝟎 = 𝟏,    𝐰𝐡𝐞𝐧  𝒊 = 𝟎, 𝒋 = 𝟎,   𝒌 = 𝟎,   𝒑 = 𝟎 

𝑼𝒊,𝒋,𝒌,𝒑 = 𝟎,    𝐛𝐲   𝒊 < 𝟎,   𝒐𝒓  𝒋 < 𝟎,   𝒐𝒓 𝒌 < 𝟎, 𝒐𝒓   𝒑 < 𝟎   
 (7) 

applying a software procedure to calculate the coefficients of the series, using a software procedure 

for solving the problem using the recurrent operator method, provided that we obtain the following 

solutions [17, 182p.] 

After obtaining the solution, we substitute the initial and boundary conditions in the program 

procedure [17] 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 December 2025 doi:10.20944/preprints202512.0650.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202512.0650.v1
http://creativecommons.org/licenses/by/4.0/


 4 of 7 

 

𝒖(𝒙, 𝒚, 𝒛, 𝒕)𝒕=𝒕𝟎
= 𝑪 ∙ 𝒆

(
(𝒙−𝒗𝒕𝟎)

𝟐

𝟒∙𝒌𝒙𝒕𝟎
−

𝒚𝟐

𝟒𝒌𝒚𝒕𝟎
−

𝒛𝟐

𝟒𝒌𝒛𝒕𝟎
−𝜶𝒕𝟎)

,   𝟎 < 𝒙 < 𝒍𝟏, 𝟎 < 𝒚 < 𝒍𝟐, 𝟎 < 𝒛 < 𝒍𝟑, 

Where С =
𝟏

𝟐∙𝑽𝒐𝒍∙√𝝅∙𝒌𝒙𝒌𝒚𝒌𝒛𝒕𝟎
;  

where Vol-the volume of the parallelepiped in question; 

𝜕𝑞(𝑥, 𝑦, 𝑧, 𝑡)

𝜕𝑥
|𝑥=0 = 0;

𝜕𝑞(𝑥, 𝑦, 𝑧, 𝑡)

𝜕𝑥
|𝑥=𝑙1

= 𝜑(𝑥, 𝑦, 𝑧, 𝑡),

0 < 𝑦 < 𝑙2, 0 < 𝑧 < 𝑙3; 0 < 𝑡 < 𝑇; 

𝜕𝑞(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
|𝑦=0 = 0,

𝜕𝑞(𝑥,𝑦,𝑧,𝑡)

𝜕𝑦
|𝑦=𝑙2

= 𝜓(𝑥, 𝑦, 𝑧, 𝑡),  0 < 𝑥 < 𝑙1, 0 < 𝑧 < 𝑙3, 0 < 𝑡 < 𝑇; 

𝜕𝑞(𝑥, 𝑦, 𝑧, 𝑡)

𝜕𝑧
|𝑧=0 = 0;

𝜕𝑞(𝑥, 𝑦, 𝑧, 𝑡)

𝜕𝑧
|𝑧=𝑙3

= 𝜉(𝑥, 𝑦, 𝑧, 𝑡),

0 < 𝑥 < 𝑙1, 0 < 𝑦 < 𝑙2, 0 < 𝑡 < 𝑇; 
The volume of the considered live section is equal to 𝑙1 = 100𝑚, 𝑙2 = 7𝑚, 𝑙2 = 3.5𝑚, l=2450m3, 

diffusion coefficients along coordinate axes  𝑘𝑥 = 0.543223 𝑚𝑔 𝑚3⁄ ;  𝑘𝑦 = 0.0204356 𝑚𝑔 𝑚3⁄ ; 𝑘𝑧 =

0.04012 𝑚𝑔 𝑚3⁄ , [ table 1] based on the wind speed of 15 m/s, we find the distribution of the emission 

of harmful impurities. The necessary data for modeling and forecasting are given in the table 1. The 

data in Table 1. are taken from the Newsletter on the state of the environment of Almaty and Almaty 

region [18, 5p.]. 

Here  𝑣 = 15 𝑚 𝑠⁄ – the transfer rates of harmful impurities along the oh axis. 𝛾 = 0.991𝑠−1, 𝛾 − 

nonconservative coefficients (s-1 ),  some additions have been made in this article to clarify the units 

of measurement. 

This unit of measurement is characteristic of substances whose impurities are rapidly destroyed 

in nature and includes the elements listed in Table 1. The exponential decay function is chosen to 

simulate emissions of harmful impurities. It should also be noted that if our model has an exponential 

decay function, this means that after 1.009 seconds the concentration will decrease by about e≈2.718 

times, that is, after 3 seconds the substance will almost completely disappear. 

Table 1. Concentration. 

Impurity mg/m3 The multipl. of MPC mg/m3 The multipl. of MPC 

Carbon monoxide 0.54 0.18 13.03 2.6 

Sulfur dioxide 0.02 0.46 0.32 0.6 

Nitrogen dioxide 0.04 1.3 0.86 4.3 

Nitric oxide 0.003 0.55 0.68 0.68 

3. Results and discussion 

The obtained results of the study of modeling the distribution of emissions of harmful impurities 

from traffic congestion are shown in Figure 1   from a to d. The distribution of harmful impurities 

at the initial moment of time is shown in Figure 1a, where the initial moment of time at t=10s , 

emissions of harmful impurities are spreading along the ox axis. Also in Table 2. a calculation is given 

with respect to time, at t=10.20.30 s. Further, Figure 1b shows the spread of emissions of harmful 

impurities at t=20s; on the earth's surface at z=1.5 m; on the ox axis, x=0..1000, y=0..300; it is shown 

here that after passing a little time, the process of spreading harmful impurities increases slightly 

relative to the initial moment of time. But after a certain time, it begins to dissolve. Further, also in 

Figures 1c and 1d, the results obtained with respect to the initial and final boundaries of the 

calculation of modeling processes along the coordinate axis oy, oz are also presented, the tables from 

show the results of modeling the spread of harmful impurities in the initial boundary and at the end 

of the volume of the living area under consideration. Figure 1d shows the process of resorption of 
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emissions of harmful impurities closer to the final boundary, and here the particles of harmful 

impurities are dispersed over the surface at a distance of 50 cm from the ground, in 6 minutes.  

Table 2. Distribution of harmful impurities at the initial time. 

t,s x·103, m y·103, m z·103m q, mg/m3s 

Study of the process at the initial moment of time 

10 3 3 1.5 1.727887168 ∙ 10−3 

Study of a process with boundary conditions along the x-axis 

10 0 3 1.5 0.6053040391 

20 0 3 1.5 8.527499027 ∙ 10−12 

20 3 3 1.5 2.1013438557 ∙ 10−12 

30 5 3 2 4.151507180 ∙ 10−12 

Study of a process with boundary conditions along the y-axis 

10 1 0 1 0.8736503786 

10 1 0 1.5 0.8729701491 

20 3 0 1.3 2.014206967 ∙ 10−12 

20 5 5 1.7 4.151414470 ∙ 10−12 

30 5 7 2 4.636527879 ∙ 10−24 

Study of a process with boundary conditions along the z-axis 

10 1 1 0 0.8741547157 

10 1 3 0 0.8738329379 

20 3 5 1 2.013481401 ∙ 10−12 

20 5 5 1.5 4.152242334 ∙ 10−12 

30 5 7 2.5 4.634361524 ∙ 10−24 

 

 

 
a) 

 

 
                                     b) 

The initial moment of time at t=0.1 s. the process of spreading harmful 

impurities at z =1.5 along the coordinate axis x =0 to 1000 sm, y=0 to 

700 sm 

 

The process of spreading harmful impurities at t: = 10 s; z:=1.5; on the 

x-axis=0..1000, y=0..300; 

 

 
c) d) 

The process of spreading harmful impurities at  t=20s,  z=0,  

x=0..1000, y=0..700 

The process of spreading harmful impurities t = 6 min, z= 50 sm,  at 

x=0..1000, y=0..700. 
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Figure 1. The process of spreading emissions of harmful impurities along the x,y, z coordinate axes. 

4. Conclusions 

The study revealed the need to adapt Almaty's road infrastructure to the pace of urban 

expansion. Many roads built in the 1990s, such as the section along Zhandosov Street to the 

intersection with Manas Street, do not meet modern standards. Narrow roadways and unregulated 

parking along the roads lead to serious congestion and increased pollutant emissions during peak 

hours. To address these issues, city authorities should prioritize road expansion in both existing and 

new areas, as well as implement stricter parking regulations. Implementing these measures will 

reduce traffic congestion, reduce air pollution, and improve the quality of the urban environment. 
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