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Abstract: Let S5 denote the class of normalized analytic functions f in the open unit disk D satisfying the
zf'(2)
f(z)

initial coefficients a3, a4 and a5 and the sharp upper bound for module of the Hankel determinant |Hp 3(f)|

subordination

< cosz. In the second section of this article we find the sharp upper bounds for the

for the functions from the class SZos. The first result of the next section deals with the sharp upper bounds of
the logarithmic coefficients 3 and 4 and we found in addition the sharp upper bound for ‘HZ,Z (Ff / 2) ‘ For
obtaining these results we used the very useful and appropriate Lemma 2.4 of N.E. Cho et al. [Filomat 34(6) (2020),
2061-2072], and the technique for finding the maximum value of a three variable function on a closed cuboid.
All the maximum found values were checked by using MAPLE™ computare software, and we also found the
extremal functions in each cases. All of our present results are the best ones and give sharp versions of those
recently published in [Hacet. J. Math. Stat. 52, 596618, 2023].

Keywords: starlike functions; subordination; cosine functions; initial coefficient bounds; Hankel determinants;

logarithmic coefficients
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1. Introduction and Preliminaries

Let A denote the class of all analytic and normalized functions f having the Maclaurin series
expansion as follows

flz)=z+ i amz™,z € D, (1)
m=2

where D := {z € C: |z| < 1} represents the open unit disk in the complex plane C, and let consider a
subclass of S C A containing all the univalent functions of A.
The subclass of A defined by

- Re L@
S§* = {fE.A.Re ) >0,z€]D>}

is called the class of starlike functions (with respect to the origin) in D, and it’s well-known that S* C S.
Let B denote the family of functions w which are analytic in D, such that w(0) = 0 and |w(z)| < 1 for
z € D. Such functions are referred to as Schwarz functions.

Consider two analytic functions f and g in D. Then we say that f is subordinated to g, written as
f(z) < g(z) if there exists a Schwarz function w such that f(z) = g(w(z)) forz € D. If f(z) < g(z) then
f(0) = ¢(0) and f(D) C g(D), and if g is univalent in D then f(z) < g(z) if and only if f(0) = g(0)
and £(D) C g(D).

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Based on the geometric properties of the image of I by some analytic functions, the functions
can be categorized into different families. Thus, in 1992 Ma and Mind a [19] introduced a generalized
subclass of S* denoted by S*(¢) which is defined in terms of the subordination as follows:

2f'(2) }
S* = { eA: < ¢(z) ¢,
@)= f e A 5 =90
where ¢ satisfies the conditions ¢(0) = 1 and Re¢’(z) > 0 in D and ¢ maps the unit disk D onto a

star-shaped domain. Several subclasses of S* can be obtained by varying the function ¢. For example,

1+ 1Lz 1+ Lz
= -1< L <1, th he cl *[L = &
T M < M < L <1, then we get the class S*[L, M| S<1+Mz>

which is called the Janowski starlike functions class and was investigated in [12]. Sokél and Stankiewicz
[30] defined and studied the class S} := §*(v/1 + z), where the function ¢(z) = /1 + z maps D onto

if we choose ¢(z)

the image domain bounded by |w? — 1| < 1. The class S¢ := S* (1 + %z + §ZZ> was studied by

Sharma [29] and it’s related to the cardioid function.

In case of ¢(z) = coshz the class S was defined and examined in [1], whereas the class
8¢ := §*(e?) is presented and studied in [21] by Mendiratta et al. For ¢(z) = 1 + sinz the class S,
was introduced and investigated in [2,10], while if ¢(z) = 1 + tanh z the class S;, , was defined and
studied in [31]. Recently, the class S7,; defined by

Slps 1= {f cA: ZJZS) =< cosz}

was introduced and investigated in [5], and to determine sharp results connected with those of [20]
represent the main goal of the present paper.

The following part of this section is necessary for the motivation of this work. Thus, in 1916
Bieberbach presented the well-known Bieberbach conjecture which was proved by de Branges [7] in 1985.
Prior to de Branges proof of this conjecture numerous mathematicians exerted considerable effort to
prove it, leading to the establishment of coefficient bounds for some remarkable subclasses of the class
S. They also developed new inequalities related to coefficient bounds for some subclasses of univalent
functions, and those related to the Fekete-Szegd functional, that is |a3 — /\a% , is one of those inequalities.
Another coefficient problem closely related to Fekete-Szeg6 functional is the Hankel determinant as we
will see below.

Like we could see in Pommerenke’s [24], for a function f € A the Hankel determinant Hy, ,,(f) is

as follows:
an Ap+1 *° Opt+m—1
Ap+1 Apy2 - An4m
Hm,n (f) = . . . ’
Ap+m—1 Gn+m  *°°  Ou42m—2
where m, n > 1. We remark that
Hyi(f) =a3—a3, Hop(f) = aray —a3, Has(f) = azas — a3, 2)
2 2
H3,1 (f) = 2axa3a4 — ay — ng — a5as + asds, 3)

where |Hp1(f)| is the classical Fekete-Szegé functional obtained for A = 1. Several authors have
determined the maximum value of |H 1 (f)| and the upper bound for |Hp»(f)| for various subclasses
of A, see for example [13,14,22]. Results regarding the second Hankel determinant H 3(f) could be
found also in the recent papers like [23,28,32]. The determinant Hj3(f) is not much studied in the
literature. Babalola [3] studied first time a non-sharp bounds for the determinant Hj 1 (f) for various
subclasses of S, while in 2017 Zaprawa [33] improved the results of Babalola by using a new technique.
We mention that the sharp bounds of the modulus of Hz(f) for the class S* are recently obtained
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by Kowalczyk et al. [17], whereas for the class C and bounded turning functions sharp bounds were
obtained in [15,16], respectively. For sharp inequalities results of the determinant Hz 1 (f) for some
subclasses of $* we refer to [4,18,26-28].

Very recently Marimuthu et al. [20] have determined the coefficient bounds, the upper bounds for
the second, third and fourth order Hankel determinants for the functions of the class S, but most of
the results presented in this paper are not sharp.

Motivated from the aforementioned study, in this paper we have established the sharp results for
the upper bounds of the coefficients, the inverse coefficients and the logarithmic coefficients of the
functions of the class 8. Also we have developed the sharp upper bounds for the modulus of the
second and third order Hankel determinants for the functions of this class.

The well-known Carathéodory class P is the family of holomorphic functions / in D which satisfy
the condition Re(z) > 0, z € D, and having the power series expansion of the form

h(z) =1+ i cnz", z € D. 4)

n=1

The study of some coefficient problems in different classes of analytic functions revolves around
the idea of expressing function coefficients in a given class by function coefficients that have a positive
real part. Thus, inequalities known for the class P can be used to study coefficient functionals. We
require the following results about the class P for our discussions.

We will recall the well-known Carathéodory lemma [8] (see also [25, Corollary 2.3, p. 41], [11,
Carathéodory’s Lemma, p. 41]):

Lemma 1. If h € P has the form (4), then

len] <2, n>1. (5)
. . . ) 1+ Az
The inequality holds for all n > 1 if and only if h(z) = T s Al =1.

The next result represents the relations (2.7), (2.8) and (2.9) of Lemma 2.4. from [6]:

Lemma 2. [6, Lemma 2.4] Let D := {z € C : |z| < 1} be the closed unit disk, and h € P be given by (4).
Then,

g =2k,
¢ =28 +2<1 - |t1|2)t2,

c3 =28 +4(1 - |t1|2)t1t2 - 2(1 — |t1|2>Et§ +2(1 — |t1\2) (1 _ |t2|2>t3,

for some t;, € Dand k € {1,2,3}.

Note that the extension of this lemma for the coefficients ¢4 and c5 may also be found in Lemma
2.1. of [9].
The next lemma represents the first part of the result from [19, Remark p. 162]:

Lemma 3. If h € P is given by (4), then

1
‘cz—vcﬂ <2—vleg)’, 0<v< 5
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2. Initial Coefficients Sharp Upper Bounds

The next main results gives us the sharp upper bounds for the initial coefficients of the functions
from the class 8.

Theorem 1. Let f € SZ g be given by (1). Then,

1 2 1
<z < = < Z
|ag| < 1 lag| < 27\/5, |as| < g’

and these bounds are sharp.

Proof. If f € S, then by the definition of subordination there exists a Schwarz function w that is
analytic in D and satisfies the condition w(0) = 0 and |w(z)| < 1 for all z € D such that

zf'(2)
=cosw(z), z € D. (6)
f) oo
Therefore, the function / defined by
h(z):Lw(z):1+clz+czzz+... zeD (7)
1—w(z) ’ !

has the property h € P.
Using the relations (6) and (7), by equating the first four coefficients we get

1 1 1
a3 =0, a3=—ccf, a4=5.0]— 500, (8)
1 4 2 2 1
a5 = *@Cl — 33C2 + 33C1C2 — EC1C3. (9)

(i) From the second relation of (8), according to the inequality (5) if follows that
] < 4
31 S 3
and this inequality is attained for the function f. from the Remark 2.2. of [20]. Thus, the above upper
bound is sharp, that is the best possible.

(i) To find the upper bound of |a4|, we see that the third equality of (8) could be written in the
form

1
and using Lemma 3 for v = 5 we obtain

|c1] a1
< E2 - .
sl = 35 2

Denoting ¢ := |c1], from Lemma 1 we have 0 < ¢ < 2, hence
|u|<i 2—f =:F(c), c €[0,2] (10)
=1 2) T\ el
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It’s easy to check that the function F attained the maximum value at ¢ = \%, and according to the
above inequality we get
2 2
<F|l—=)==V3.
i <#(5) =573
For the prove the sharpness of this upper bound, let = 2 hi(z) = i and
P P PP ’ N 1—tz 422

hi(z) =1  z(3z—+/3)
hz)+1 /3z-3

thus w (0) = 0. To prove that |w;(z)| < 1in D, we remarks that the function w; could be written in
the form w;(z) = z¢(z), where

,zeD,

wi(z) =

32—\@
=——,z€D.
¢(z) N

Since |¢(z)| <1,z € D, if and only if Re H(z) > 0, z € D, where

zeD,

o oo (V33)6
1+ ¢(z) (\/§—|—3)(z—1)’

is a circular transform. It’s easy to check that

3-3 - (3-va)i
>0, H(-1)=0, H(i)=-~—"—"%, ="

V3+3 V3+3 V3+3

Using the fact that every circular transform maps the circles (in the large sense, that are circles or lines)

of Co := C U {00} into circles of Ce, from the above values of H it follows that Re H(z) > 0,z € D,

which implies |¢(z)| < 1in D, hence

H(0) =

[w1(z)| = [zl lo(2)] <1, z € D.

Therefore, the function

fi(z) ::Zexp</02cosw1t(t)—ldt> —z—%z + 5 \fz +...,z€D, (11)

belongs to the class S, hence |ay| = % \/3 for the above function f; that proves the sharpness of the

second inequality of this theorem.
(iii) To determine the upper bound of |as|, using the relation (9) combined with Lemma 2 we
obtain

a5 = 91? {4#{ +24|6 2B (1 - |n[?) —128(1 - |t1|2>2 — 24t (1-|n?) (1- |t2|2)t3} .

Setting x := |t1| € [0,1], y := |t2| € [0,1] and u := |t3] € [0, 1], from the triangle’s inequality we obtain

os] < g 14+ 652 (1= 2)2 +3(1-22) v 6x (1= 47) (147

1
= ﬂl-"(x,y,u), x,y,u € [0,1], (12)
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where )
F(x,y,u) := x* + 6x2 (1 - xz)yz + 3(1 - x2> y:+ 6x(1 - xz) (1 - yz)u. (13)
Denoting by Q) := [0,1] x [0,1] x [0,1] the closed unit cuboid, we have to find the maximum

value of F in Q).
I. First, let’s consider that (x, y, u) belongs to the interior of ), denoted by int (). Differentiating
(13) with respect to u we obtain

W :6x<1 —x2> (1 _yz) #0, (x,y,u) €intQ),

therefore the function F have no extremal values in int Q).

II. Next we will discuss the existence of the maximum value for F on the open six faces of ), as
follows.

(i) On the face x = 0 the next inequality holds:

F(0,y,u) =3y> <3, y,u € (0,1). (14)

(ii) On the face x = 1 we have the equality

F(l,y,u) =1, y,u e (0,1). (15)
(iii) On y = 0, let denote
o _ A 2
w1(x,u) := F(x,0,u) = x +6<1 —x )xu, x,u e (0,1), (16)
and because
Iy (x, 1)

= :6x(1—x2) £0, x€(0,1),

it follows that the function x; has no extremal values on (0,1) x (0,1).
(iv) On the open face y = 1 the function F reduces to

2
s(x) == F(x,Lu) = ¢+ 652 (1-2%) +3(1-22)", x € (0,1), (17)
Since 57 (x) = —8x < 0, x € (0,1), therefore s, is a strictly decreasing function on (0, 1), hence
F(x,1,u) <3, x,u € (0,1). (18)

(v) For the open face u = 0 we get

2
k2 (x,y) == F(x,y,0) = x* + 657 (1 — xz)yz + 3(1 - xz) v?, x,y € (0,1),

therefore a2, ) 32, )
K2(X%Y) i 3(a2 R\ Yy) _ _ 2
P 4x (33/ 1), 3y 6(x 1)(x+1)y<x —1—1),
hence the system of equations W = 0and aKZéj;’y) = 0 has no solutions in (0,1) x (0,1).

(vi) On the open face u = 1 the function F becomes

w3(x,y) = x* 4 6x2 (1 - x2)y2 +3y2 (1 — x2>2 +6x(1 - xz) <1 —yz), x,y€(0,1),
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w =0and M = 0 has no solutions in

and it’s easy to check that the system of equations 3y

(0,1) x (0,1).
ITI. Now we will investigate the existence of the maximum of F on the edges of ().
(i) From (13) we obtain
F(x,0,0) =x* <1, x € [0,1].

(ii) Also, from (16) we get sp(x) := F(x,0,1) = x* + 6x(1 — x?). We may easily see that the zero
of s in [0,1] given by xp = 0.621924 ... satisfies s (xp) < 0, thus

F(x,0,1) < F(x0,0,1) =2.437828..., x € [0,1].
(iii) Putting x = 0 in (16) we have
F(0,0,u) =0, u € [0,1].
(iv) Since (17) is independent of u, similarly as we obtained the inequality (18) we deduce
F(x,1,1) = F(x,1,0) <3, x € [0,1],
and putting x = 0 in (17) we obtain
F(0,1,u) =3, u € [0,1].
(v) The function given by (15) is independent on the variables y and u, thus
F(1,4,0) = F(1,y,1) = F(1,0,u) = F(1,1,u) =1, y,u € [0,1].
(vi) Since the function defined by (14) is independent of the variable u, we have
F(0,y,0) = F(0,y,1) <3, y € [0,1].
From all the above reasons we conclude that

max{F(x,y,u): (x,y,u) € Q} =F(0,1,u) =3,

1
and according to (12) we finally obtain that |a5| < g This upper bound for |as| is sharp for the function

o zeos(P) -1\ 15
f2(z) .-zexp(/o tdt>_z_82 +...,z€D, (19)

that completes our proof. [

1 11
Remark 1. 1. In [20] it is proved that |ay| < 3 and |as| < 51 and the authors gave in the Remark 2.2. a

function of the class S for which |as| = 0 and |as| = 21—4 In the above theorem the results are sharp by giving

the best upper bounds.
2. The maximum value of the function F defined by (13) could be easily found using the MAPLE™ software
with the code

[> maximize(F,x=0..1,y=0..1,u=0..1,location=true);

that gives the same result as above.
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In the following two theorems we determined the sharp upper bounds for the Hankel determi-
nants , respectively, over the class S%.

Theorem 2. If f € Sk is given by (1), then

3115 671

ees T aeva7s V1342 = 0.018446 ...,

[Hs (f)] < -
and this result is sharp.

Proof. Using the relations (8)—(9) in (3) we obtain

7 5 1 23 .,
Hs(F) = ~ 365863 + 260812 T 35651 ~ 30861

and replacing all the variables of the above relation with those of Lemma 2 it follows that

Hsa(f) = %[3# 36t |t1|2t2<1 — |t ) —46t§t§(1— \t1|2)2

+3613 (1 - |1 2) (1= [2? ) ta] .

If we set x := |t1] € [0,1], y := |t2| € [0,1] and u := |t3| € [0,1], using the above relation and the
triangle’s inequality we get

|Hz1(f)| < 16{3" +36x ( )y + 46x (1 )2y2+36x3(1fx2) (1y2)u]

576F(x y,u), x,y,u € [0,1], (20)

where

F(x,y,u) := 3x° 4 36x* (1 - x2>y2 + 46x° (1 - xz)zyz + 36x° (1 - x2) (1 - yz) . (21)

With the same notations and method like in the proof of Theorem 1, next we will find the
maximum value of F in Q).
I. If we consider that (x,y, u) € int(), differentiating (21) with respect to u we obtain

W = 36x° <1 - xz) <1 — y2> #0, (x,y,u) €intQ),

it follows that the function F have no maximum value in int Q).

IL In the sequel we will study the existence of the maximum value of F in the interior of six faces
of Q).
(i) On the face x = 0 we have

F(O,y,u) =0, y,u € (0,1). (22)
(ii) On the face x = 1 we get

F(1,y,u) =3, y,u e (0,1). (23)
(iii) On y = 0, the function F can be written as

kr (x, 1) == F(x,0,u) = 3x° + 36x3(1 - xz)u, xue (0,1). (24)
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Since %, (x, 1)
K1(X, U - 3 2
FLED — 36x (1 x ) £0, x€(0,1),
it implies that the function x; has no maximum point in this face of ().
(iv) On y = 1, the function F reduces to
4 2 2 2\?
s1(x) := F(x,1,u) = 3x° + 36x (1 —x ) + 46x (1 —x ) ,x€(0,1). (25)
Since s (x) = 78x° —224x3 4+ 92x, x € (0,1), it follows that s} (x) = 0 has the zero xg = 2184 _3939 V1342 _
0.704685. .. € (0,1), that satisfy the inequality s} (xp) < 0, we obtain
49840 2684
F(x,1 < ————+ ——=Vv 1342 = 10.625427 ... 1). 2
(x,1,u) < 1563 +4563\/ 3 0.625 , x,u€(0,1) (26)
(v) On the face u = 0, the function F becomes
r2(x,y) := F(x,,0) = 3x% + 36x* (1 — x?)y* +46x%(1 — x2)%y%, x,y € (0,1),
thus
o2 (x,y) 2 5 3,2 2 I(ny) 0 4 2
T - (60y +18)x — 248 4027, SIS — y<5x — 28x +23).
d 2]
It’s easy to see that the system of equations % = 0 and w = 0 have no solutions in
(0,1) x (0,1).
(vi) On u = 1, the function F takes the form
K3(x,y) = 3x° 4+ 36x* (1 — x2)y? 4 46x2(1 — ¥*) 2y +36x°(1 — x%) (1 — v?), x,y € (0,1).
Similarly, the system of equations W = 0and 8K3§;,y) = 0 have no solutions in (0,1) x (0,1).

ITI. Now we will investigate the existence of the maximum of F on the edges of ().
(i) From (24) we obtain
F(x,0,0) =3x° <3, x € [0,1].

(ii) The relation (24) at u = 1 becomes s(x) := F(x,0,1) = 3x° +36x3(1 — x?), x € [0,1]. The
solution of s5(x) = 18x%(x® — 10x2 + 6) = 0is xg = 0.807920.... € [0,1] and satisfy s5 (x) < 0, hence

F(x,0,1) < F(x0,0,1) =7.427102..., x € [0,1].
(iii) Putting x = 0 in (24) we have
F(0,0,u) =0, u € [0,1]

(iv) Since (25) is independent of u, similarly as above we obtain

49840 2684
— < —_ -
F(x,1,1) = F(x,1,0) < — == + 2= V1342, x € 0,1],

while if we take x = 0 in (25) it follows

F(0,1,u) =0, u € [0,1].
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(v) The relation (23) is independent on the variables y, u € [0, 1], hence
F(1,y4,0) = F(1,y,1) = F(1,0,u) = F(1,1,u) =3, y,u € [0,1].
(vi) Finally, since (22) is independent on the variable u € [0, 1], we have
F(0,4,0) = F(0,y,1) =0, y € [0,1].

All the inequalities we obtained above show that

max{F(x,y,u): (x,y,u) € Q} = F( 2184 ;939 1342,1,u>
49840 2684
= —— 1342 = 10.625427 ..
4563 * 1563 4563 3 0.625

and using (20) our inequality is proved.

For proving the sharpness of this inequality, let consider t = 2184 — 39 1342, hs(z) =

~ 39
14 (1+1i)tz +iz?
1—(1—i)tz —iz?

and

_1 z( V2184 —39v1342 + 39iz
ws(z) = ZZ(Z) = ( ), z € D.

2(z) +1 39 + /2184 — 391/1342iz

We can see that w3(0) = 0, and let’s write the function w3 as w3(z) = zy(z), where

V2184 —-39 V1342 + 39iz
39 + /2184 — 39v/ 1342iz

From the same reasons regarding the circular transforms like in the proof of the sharpness of Theorem
1(ii), we will show that |¢(z)| < 1in D by proving that Re H(z) > 0, z € D, where

Hee) o 129 (V2184 —39V/1342 - 39) (z + i)

z € D.

= ,zeD,

S 1+9(2) (\/2184 — 391342 + 39) (—z+i)
is a circular transform. Since

—\/2184 — 39/1342 :
H(0) = 84— 39VIBR2 439 _ 136 s, H(—i) =0,

/2184 — 391/1342 + 39
— (\/2184 — 391342 — 39)1' (\/2184 391342 — 39)i

, H) =
V2184 — 391/1342 + 39 V2184 — 391/1342 + 39

like in the above mentioned proof, these values of H lead us to Re H(z) > 0, z € D, which implies
[¢(z)| < 1in D, therefore

H(-1) =

[wa(2)| = 2] [9(2)| <1, z € D.
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Thus, the function

f3(2) :zexp</oz Cosw?,(t)—ldt> — (_14+ \/@>Z3

t 39 156

1 o (23135 1631342 s
4563( 17+\/1342) 2184 — 391/13422 +<36504— S15s )z +...,zeD,

belongs to the class Sk, with the initial coefficients

14 Vi3®2
a =0, ﬂ3:—@+4156 ’

23135 163v/1342
4y = — 4563(( 17 + V1342 )\/2184 39\/134> 85 = St — o

3115 n 671
164268 = 657072

From the relation (3) we get |H31(f3)| = —
complete. O

V1342 = 0.018446 ... and the proof is

1
Remark 2. In [20] it is proved that |Hz1(f)] < % = 0.241319... forall f € St but that result wasn’t

the best possible. If we compare the upper bounds of |Hs 1 (f)| for f € S&, obtained here with those of [20], the
result of Theorem 2 is a significant improvement of the previous one. Moreover the inequality obtained in above
theorem is sharp, thus the found upper bound for |Hz1(f)| if f € Sk cannot be improved.

Theorem 3. If f € Sk has the form (1), then

77 29

< 1EEEN P = . oo
[H23(f)] < {zg5 + 15552\/5@ 0.019152.. .,

and the result is sharp.

Proof. Replacing in (2) the values of a3, a3, 42, and a5 given by (8)-(9) we obtain

1 5 1 4 2B .,
H23(F) = ~ 33551 + 260812 T 75613 ~ GgogC12

According to the Lemma 2, from the above relation we deduce that

1 2
Hy3(f) = 788 [ — 38 — 1845|1115 (1 - |f1|2) — 2335 (1 - |t1|2)

+18t§’(1 - |t1|2> (1 - |t2|2>t3}.

Setting x := |t1] € [0,1], y := |t2| € [0,1] and u := |t3| € [0, 1], then using the triangle’s inequality, the
above relation lead us to

|Has(f)| < 228[33{ +18x* ( )y + 23x ( )2y2+18x3<1—x2) (1y2)u]
2281-“(3( y,u), x,y,u € [0,1], (27)

where

F(x,y,u) :=3x% 4 18x* (1 - x2>y2 + 232 (1 - x2)2y2 41843 (1 - xz) <1 - y2>u. (28)
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With the same notations like in the proofs of the two previous theorems, we have to find the
maximum value of F on int (), on the six faces, and on the twelve edges of ().
I. First we consider the arbitrary interior point (x,y, u) € int Q). Differentiating (28) with respect

to u we obtain 3E( )
oFX Y, u) 10 3(1 2\ (1 _ .2 .
” = 18x (1 x )(1 y ) #0, (xv,y,u) €intQ),

therefore we have no maximum value of F in int Q).

II. Next we will study the existence of the maximum value of the function F in the interior of six
faces of Q).

(i) On the face x = 0 the function F reduces to

F(0,y,u) =0, y,u € (0,1). (29)
(ii) On the face x = 1 it takes the form

F(1,y,u) =3, yu € (0,1). (30)

(iii) On y = 0, the function F can be written as
x1(x,u) == F(x,0,u) = 3x% + 18x° (1 - xz)u, x,u € (0,1). (31)

Since
or1(x,u)
ou

it follows that x; has no maximum point in this face of Q).
(iv) On y = 1, the function F reduces to

- 18x3(1 - xz) £0, x€(0,1),

2
s1(x) := F(x,1,u) = 3x° + 18x* (1 — xz) + 23x? (1 — xz) ,x€(0,1), (32)

thus
s (x) = 48x° — 112x° +46x, x € (0,1).

Hence s} (x) = 0 has the zero xp = V4A2-3V58 0.7293% ... € (0,1) and s{(xg) < 0. Therefore,
6
77 29
P(x,1,u) < F(xo,1,u) = 57 + =, V/58 = 5515878...., x,u € (0,1). (33)

(v) On the face u = 0 the function F becomes
6 4 2\. 2 2 2\2 2
k2(x,y) :== F(x,y,0) = 3x° 4+ 18x (1 —x )y + 23x (1 —x ) y5, x,y € (0,1).
Therefore,

o (xy) 4.2 4 2.2 2 I (xy) . o 4 2
=AY = 2x(15%"y? + 9x' — 56x%y? + 23, TR y(5x* — 2827 +23),

oKz (x,y) — 0and oK (x,y)
X

and the system of equations ———* oy = 0 have no solutions in (0,1) x (0,1).

d
(vi) On u = 1, the function F takes the form

x3(x,y) = 3x° + 18x* (1 - x2)y2 + 232 (1 - xz)zy2 +18x° (1 - xz) (1 - y2), x,y € (0,1),
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hence

W = 6(52 +3)x% = 90(1 — )t — 12672 4 54(1 — ) ¥ + 463y,

3K3§; y) O(xl)z(x+1)y(x+253)x2.

Therefore, the system of equations w =0and 8K3§;,y) = 0 have no solutions in (0,1) x (0,1).

III. Now we investigate the maximum of F on the edges of ().
(i) From (31) we obtain
F(x,0,0) =3x° <3, x € [0,1].

(ii) Also, from (31) at u = 1 we get sp(x) := F(x,0,1) = 3x® + 18x%(1 — x?). The solution in [0, 1]
of the equation s} (x) = 18x> — 90x* + 54x% = 0 for which s} (x) < 0is xo = 0.850256 ... € [0,1], thus

F(x,0,1) < F(x0,0,1) =4.199005..., x € [0,1].
(iii) Putting x = 0 in (31) we have
F(0,0,u) =0, u € [0,1].

(iv) Since (32) is independent on u, according to (33) we obtain

F(x,1,1) = F(x,1,0) < 5—4+ \/§ x € [0,1].
(v) If we take x = 0in (32) we get
F(0,1,u) =0, u € [0,1].
Using the fact that the relation (30) is independent on the variables y and 1, we deduce
F(1,y,0) =F(1,y,1) = F(1,0,u) = F(1,1,u) =3, y,u € [0,1].
(vi) Since the relation (29) is independent of the variable 1, we have
F(0,y4,0) = F(0,y,1) =0, y € [0,1].

Consequently, from the above reasons we conclude that

max{F(x,y,u): (x,y,u) € Q} = F<42_63\/%,1,u>

77

29
== +5—4\/%_5.515878...,

and combining with (27) it follows

77 29
— =0.019152....
IH25(f)] < 15552—‘_15552\/578 001915
14t
To prove the sharpness of the above result, let us consider t* = \/ 42 — 3+/58, hy(z %

and

hy(z)—1  =(vVe2-3 +6z)

= z € D.

w0a(2) = hy(z) +1 6+ /42 — 3./58
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First, w4 (0) = 0, and we will write wy(z) = zx(z), where

V42 —3+/58 —|—6z
6 + /42 — 31/58,

Using the same property of the circular transforms like in the proof of the sharpness of Theorem 1(ii)
and Theorem 2, we will show that |x(z)| < 1in D by proving that Re H(z) > 0,z € D, where

x(z) =

1—xz)  (V22-3V58-6)(z—-1)
1+x(z) <\/42—73\/5>8+6)(z+1),

is a circular transform. Computing the below values

H(z) :=

_ V42-3/68-6 _ 7
H(O) = = = 0156472... >0, H(1) =0,
o (V2-3/58-6)i e (Va2-3/58-6)i

V42— 35846 (=)=~ V42— 358 + 6

from the similar reasons as in the above mentioned proofs, these values of H implies Re H(z) > 0,
z € D, that yields |x(z)| < 1in D, therefore

[wa(2)| = |2l [x(2)| <1, z€D.

Consequently, the function

fa(z) = Zexp(/oz Cosw4t(t)_1dt> —z 4 (—274 + 41155@)23

7 5
— 4 L2 5
— o3 (—2+ V38) V42 - 3vB82t + ( 54+216\/58>z +...,z€D,
. . 7
belongs to the class Sg. In the above power series expansion we have a3 = 51 + @\/ 58, a4 =
1
216( 24+4/5 )\/42—3\/58anda5 5—44—%\/ 8, hence

77 29
|Ha3(fa)| = ‘“3”5 ‘21‘ 15552 * 1552 VP

that completes our proof. [

Remark 3. The maximum values of the functions F defined by (21) and (28) could be also found by using the
MAPLE™ computer software codes like in the Remark 1 2., and we obtain the same values like in both of the
above two theorems.

3. Logarithmic Coefficients Sharp Upper Bounds
The logarithmic coefficients v, := v, (f), n € N, for the function f € S are defined by

Ff( z) = log =2 Z nz", (34)
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Since the function ¢(z) := cos z has positive real part in I, and moreover
1
Re(cosz) > 5 2 € D,
it follows that 8%, C S* C S (see [20, p. 610]). Therefore, it is possible to define the logarithmic
coefficients for the functions f € S%.

In this section we give the sharp upper bounds estimates for the third and fourth logarithmic
coefficients of the functions that belong to the class SZ;.

Theorem 4. If f € S5 is given by (1), then

V3 1
< — < —.
73] < 57 74| < 16
These bounds are sharp.
Proof. If f € S} has the form (1), then
2 3
log@ =ayz+ (—0122 +a3>zz+ (—a2a3+u4+ a32>z3 +...,zeD. (35)

and equating the first four coefficients of (34) with those of (35) we get

_n _ LY, o _Lrs
Mm=5 =g (2113 ﬂz), =g (112 3asa3 +3a4), (36)
1
=g (wg + 4aday — dazay — 203 + 4115). (37)

With the same notation like in the proof of Theorem 1, replacing in (36) and (37) the values of ay, a3, a4
and a5 from the relations (8) and (9), we obtain

1 1 1
,)Il = 0/ ’Y2 = _372C%/ ,)/3 = EC% - ﬂC1C2/ (38)
_ 35 4 1, 2 1
Y4 = —3072c1 6—4c2 + 64C1C2 32C1C3 (39)

For the upper bound of |3/, using (38) we write

1
and according to Lemma 3 for v = -~ we obtain

2
el (e
73] < 2= )

Denoting ¢ := |c1], from Lemma 1 we have
73| < 1 2 =F(c), c€10,2]
’)/3 = 2 2 7 7 .

Using the result we got for the computation of the maximum F given by (10) we get |y3| < g
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To prove the sharpness of this bound let consider the function f; given by (11), were a; = 1,

1 2
a=0,a3 = — E and a4 = ﬁ\ﬁ Therefore, for this function, by using the last of the relations from

(36) we obtain 3 = g

To find the upper bound of |y4|, from (37) combined with Lemma 2 we can write

ya = é [t% +24|6 2B (1 - |n[?) —128(1 - |t1\2)2 — 24ty (1- | ?) (1- |t2|2)t3},

and setting x := |t1| € [0,1], y := |f2| € [0,1] and u := |t3| € [0, 1], using the triangle’s inequality we

obtain
Iyl < 1}@ [x4 +242(1-2) 2 +12(1 - x2)2y2 +24x(1-22) (1~ yz)u]
- EEF(x,y,u), xyue01], (40)
where
F(x,y, 1) := x* + 242 (1 - xz)yz +12 (1 - x2>2y2 + 24x(1 - xz) (1 - yz>u. (41)

Using the notations and the technique from the proofs of the previous theorems, we will determine
the maximum of F on (2 as follows.
I. In the points (x,y, u) € int(), differentiating (41) with respect to u we obtain

31:(3;,7;/,14) = 24x(1 — x2) (1 _ yz) £0, (x,y,u) € intQ,

therefore the function F doesn’t attained its maximum value in int Q).

I1. In the next items we will discuss the existence of the maximum value of F in the interior of six
faces of Q).

(i) On the face x = 0 we get

F(0,y,u) =12y> <12, y,u € (0,1). (42)
(ii) On the face x = 1 the function F takes the form
F(l,y,u) =1, y,u € (0,1). (43)
(iii) On y = 0, the function can be written as
k1(x,u) == F(x,0,u) = x* —|—24x<l — xz) u, x,u € (0,1), (44)

and because
or1(x,u)

u

it implies that the function x; has no maximum in (0,1) x (0,1).

- 24x(1 —x2) £0, x€(0,1),

(iv) On y = 1, the function F reduces to
sp(x) :=F(x,1,u) = —11x* +12, x € (0,1). (45)
Since s} (x) = —44x> < 0, x € (0,1), the function s is strictly decreasing on (0,1), hence

F(x,1,u) < F(0,1,u) =12, x,u € (0,1). (46)
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(v) On the face u = 0, F will have the form

2
r2(x,y) == F(x,y,0) = x* +24x? (1 - x2>y2 +12 (1 - xz) ¥, x,y € (0,1).

Therefore

ok (x,y) 4.3 2 ok (x,y) . . 2
Tl - i (12y 1), S TR LG 1)(x+1)(x +1>,

thus the system of equations 2, y) = 0and 2l y)

ox oy
(vi) On u = 1, the function F will be

= 0 have no solutions in (0,1) x (0,1).

K3(x,y) i= —12x%y + 24x3y? + x* — 2423 — 24y? + 12¢% + 24x, x,y € (0,1).

q or3(x,y)
dy

93 (x,y) = 0 have no
X

Similarly, it’s easy to check that the system of equations B 0 an
solutions in (0,1) x (0,1).
ITI. Now we will investigate the existence of the maximum of F on the edges of ().
(i) From (44) at u = 0 we have
F(x,0,0) =x* <1, x € [0,1].

(ii) Using (44) at u = 1, we get s(x) := F(x,0,1) = x(x® — 24x? + 24), hence s)(x) = 4x> —
72x% + 24. The solution of s5(x) = 0in [0,1] is xo = 0.587000... € [0,1] and s (x() < 0 it follows that

F(x,0,1) < F(x0,0,1) =9.352439..., x € [0,1].
(iii) Putting x = 0 in (44) we get
F(0,0,u) =0, u €[0,1],
(iv) Since (45) is independent on u we obtain
F(x,1,1) = F(x,1,0) <12, x € [0,1],

while for x = 0 in (45) we get
F(0,1,u) =12.

(v) The relation (43) is independent with respect to the variables y and u, thus
F(1,y,0) =F(1,y,1) = F(1,0,u) = F(1,1,u) =1, y,u € [0,1].
(vi) Finally, since (42) is independent on the variable u, consequently
F(0,y,0) =F(0,y,1) <1, z€ [0,1].
The above computations lead to

max{F(x,y,u): (x,y,u) € Q} =F(0,1,u) =12,

and from (40) we conclude that |y,| < 1176
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For proving the sharpness of the above inequality, we consider the function f, given by (19). In

1
thiscaseay =1,ap, = a3 = a4 =0and a5 = g and from (37) we get |y4| = that completes our
proof. O

1
Remark 4. In [20] it is proved that |ys| < = and 74| <
best upper bounds for these coefficients.

85
< 381’ while our above results are sharp and give the

Theorem 5. Let f € S(os be given by (1). Then, for the function Fy given by (34) the next inequality holds

10577 1549
<- V1549 = 0.
122 (Fr/2) | < ~ a7 * arras0q V1529 = 0015678 ..

and this result is sharp.

Proof. Replacing the values of (38) and (39) in the relation 2 we obtain

23 5 1 23

H(P 2): —3=- ~ Tgapcia
22\ Fr/ T2 = T 0049121 T 18430 22+ T3 1024 cics 1843212

Using the Lemma 2 we obtain

1

Taos | 38 — 2RI PB (1 - 1 ?) 9288 (1 - B?)’

+726 (1= |1 2) (1 - |12) 8],

and denoting x := |t;| € [0,1], y := |t2]| € [0,1], u := |t3| € [0, 1], using the triangle’s inequality the
above relation yields

Ha» (Ff/z)

‘H2,2(Ff/2>‘ <L|:3x + 72x ( )y +92x ( x2)2]/2

4608
1728 (1-22) (1-9)u] = 46108 (%), x,yu € [0,1], 47)
where
F(x,y,u) := 3x° 4+ 72x* (1 — x2>y2 + 9242 (1 - x2)2y2 + 7253 (1 - xz) (1 — y2> u. (48)

With the notations used in the proofs of the previous three theorems we will determine the
maximum value of F in Q.
L. For all the interior points (x,y,u) € int(), differentiating (48) with respect to u# we obtain

W =72¢° (1 - x2) (1 - y2) #0, (x,y,u) €intQ,

hence the function doesn’t get its maximum in int Q.

II. Next we will study if it’s possible to obtain the maximum value of F in the interior of six faces
of (.

(i) On the face x = 0 we have

F(0,y,u) =0, y,u € (0,1). (49)
(ii) On the face x = 1 the function F takes the form

F(1,y,u) =3, yuc(0,1). (50)
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(iii) On y = 0 the function F can be written as
xk1(x,u) := F(x,0,u) = 3x° 4 7223 (1 - x2> u, x,u € (0,1). (51)
Since 3%, (x, 1)
Kl x, u _ 3 o 2
T — 7o (1 x ) £0, x€(0,1),
it follows that the function x; has no maximum in (0,1) x (0,1).
(iv) On y = 1, the function reduces to
6 4 2 2 2\?
s1(x) := F(x,1,u) = 3x° + 72x (1 —x ) +92x (1 —x ) , x € (0,1). (52)

Since s7 (x) = 138x° —448x3 + 184x = O has on (0, 1) the root xg = V7728 ~ 138V/1549 =0.694547 ... €

69
(0,1) and s} (xp) < 0, we deduce that

| 676928 | 24784
14283 ' 14283

F(x,1,u) < F(xp,1,u) = 1549 = 20.899268..., x € (0,1). (53)
(v) On the face u = 0 the function F reduces to

2
K2 (x,y) == F(x,y,0) = 3x° 4 72x* (1 — xz)yz + 9242 (1 - x2> v2, x,y € (0,1),

therefore
M5y o, (60x*y? +9x* — 224322 +-9242) I _ g2 (x2—1)y(5:>—23).
dx "oy
Thus, the system of equations W =0and aKZg;'y) = 0 has no solutions in (0,1) x (0,1).

(vi) On u = 1 the function F takes the form

r3(x,y) := F(x,y,1) = 3x° 4 72x* (1 — xz)y2 + 922 (1 - x2)2y2
+72x3 (1 - xz) (1 - yZ), x,y€(0,1).

We get

M = (1200 +18)x° + (360y% — 360) v* — 448x°2 + (2167 +216) 2 + 18417,

X
and 3
ai; = 8yx?(5x +23)(x + 1)(x — 1)%,
hence the system of equations W =0 and aK3§;’y) = 0 has no solutions in (0,1) x (0,1).

ITII. Now we will investigate the maximum of F on the edges of ().
(i) From (51) for u = 0 we have

F(x,0,0) =3x° <3, x € [0,1].
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(ii) From (51) for u = 1, let sp(x) := F(x,0,1) = 3x° — 72x® 4 72x3. The solutions in [0, 1] of the
equation sh(x) = 18x° — 360x* + 216x% = 0 are xy = 0.790371... € [0,1] and x; = 0. Since s/ (xg) < 0
and s,(0) = 0 we deduce that

F(x,0,1) < F(xp,0,1) = 14.073287..., x € [0,1].
(iii) Putting x = 0 in (51) we have
F(0,0,u) =0, u € [0,1].

(iv) Since the relation (52) is independent on u, from (53) we obtain

676928 24784
= < — _— .
F(x,1,1) = F(x,1,0) < — =202 + T2 V1549, x € [0,1]

(v) If we take x = 0 in (52), we obtain
F(0,1,u) =0, u € [0,1]
(vi) The relation (50) is independent on the variables y and u, thus
F(1,y,0) =F(1,y,1) = F(1,0,u) = F(1,1,u) =3, y,u € [0,1].
Similarly, since the formula (49) is independent on the variable u we have
F(0,y,0) = F(0,y,1) =0, y € [0,1].
From the above reasons it follows

676928 24784
max{F(x,y,u): (x,y,u) € Q} = F(xo,1,u) = 1083 + @\/ 1549,

and using (47) we conclude that

10577 1549

~Toos37e T diiasoq ¥ 1949 = 0.015678......

221 12)| <

2
To prove the sharpness of the above inequality, we denote tp = @\/ 7728 — 138+/1549 and

1+tprz+ 2
hs(z) = 16722 such that

hs(z) —1  z(1/7728 — 1381/1549 + 69z2)
ws(z) = = , z€D.
hs(z) +1 694 /7728 — 138/1549z

It is easy to see that w7(0) = 0 and to prove that |wy(z)| < 1 in D we will write the function ws like
ws(z) = zp(z), where

_ V7728 —138V/1549 + 69z
69 + /7728 — 138/1549z

According to the same reasons regarding the circular transforms like in the proofs of the sharpness of
Theorem 1(ii) and Theorem 2, we will show that |p(z)| < 1, z € D, by proving that Re H(z) > 0,z € D,
where

p(z) € D.

1—p(z) (V7728 -138V1589 — 69) (z - 1)
10l (V7728 138V/1509 1+ 69) (2 + 1)

,z€D,

H(z):
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is a circular transform. It’s easy to compute

/7728 —138/1549 — 69

H(0) = = 0.1802561912... >0, H(1) =0,

V7728 — 138+/1549 + 69

<\/7728 —138/1549 — 69)1’ (\/ 7728 — 138+/1549 — 69)1’
H(i) = H(—i) =

/7728 — 138+/1549 + 69 V7728 — 138+/1549 + 69

and these values of the circular transform H implies that Re H(z) > 0, z € D, which leads us to
lo(z)| < 1in D, hence
|ws(2)] = |z|[p(z)] <1, z € D.

Consequently, the function

_ Z cosws(t) —1 B 28 1 3
f5(2) —zexp(/O — dt) =z+ < o 138\/1549>z

1
14283

71467 241 5
+(_114264+14283 1549>z +...,z€eD,

(—43+2v1589) V7728 — 138/1549 2*

belongs to the class S

o+ The initial coefficients of f5 are

28 1 1
ay = — o5+ VIS, my= - (—43 n 2\/1549) \/ 7728 — 1381/1549,
o TM67 21

> 114264 ' 14283
and from (36) and (37) we obtain

14 1 — —43 4 2+/1549)/ 7728 — 1381549

69 " 276 28566
42761 283
4= 111064 T 28566 Y 124
Hence,
10577 1549
_ e
’Hz'z (FfS/ 2)’ - ‘7”4 73‘ 1028376 2113504 ¥ >+

that proves the sharpness of our estimation. [

Remark 5. Like we already mentioned in the Remark 3, the same maximum values of the functions F defined by
(41) and (48) could be also found by using the MAPLE™ computer software codes like in the Remark 1 2.

4. Conclusions

In this article we have obtained the sharp coefficient bounds for the starlike functions that are
connected to the cosine function, and we have also obtained the sharp coefficient bounds for the
logarithmic coefficients of such functions.

The main tools of our results was those of N.E. Cho et al. [6] that seems to be a very efficient for
the estimation of the first coefficients of Carathéodory’s function, and in addition we have determined
the sharp bound for the fifth coefficient. The technique of this paper can be used to determine the
sharp upper bound of the initial coefficients for a variety of classes of analytic functions.

Moreover, we have used these results to determine the sharp upper bounds for the Hankel
determinants up to order three, and we emphasize that all the results we obtained are the best possible,
so there cannot be improved.
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