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Abstract: In large-scale parallel computing and communication systems, an interconnect network
structure is usually modeled as a graph, in which vertices and edges correspond to processors and
communication links, respectively. In a graph, the vertices and edges are likely to fail, so we must
think about the fault tolerance of a graph. Connectivity is an important parameter in the study of
faulty tolerance for a graph. In this paper, we study a special class of connectivity: m-component
connectivity. Let F is a vertex set of G (i.e, F C V(G)), if the following conditions are satisfied, we
say F is a m-component cut: (1) G — F is disconnected; (2) the number of components in G — F is
greater than or equal to m. The m-component connectivity ck,, (G) is defined as min{|F| | F C V(G)
and F is a m-component cut}. Meanwhile, we can get the values: cx3(CFE,) = 3n — 6 (n is odd)
and cx3(CF,) = 3n — 7 (nis even) for n > 3; cxs(CF,) = 25521 (nis odd) and cxg(CF,) = 2524
(nis even) for n > 4; ck5(CF,) = 6n — 16 (n is odd) and cx5(CF,) = 6n — 18 (n is even) for n > 5.
Leaf-sort graph is a special Cayley graph, it has many special properties. So we have to pay attention
to some of it’s special properties when we study it.
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1. Introduction

With the rapid development of technologies, interconnection networks play an important role
in large multiprocessor system. An interconnection network is usually modeled as an undirected
graph G = (V(G),E(G)), where V(G) is the vertex set and E(G) is the edge set. In this graph, the
vertices and edges correspond to the process and communication links respectively. In the large-scale
interconnected network, the failure of vertices or edges is inevitable. Therefore, in order to have an
unimpeded interconnection network, we must think about the fault tolerance of a graph. Connectivity
is an important parameter to measure the fault tolerance of an interconnection network, so the research
of connectivity is very important. Connectivity can be divided into many kinds: maximal connectivity,
local connectivity, maximal local connectivity, generalized connectivity and so on. In this paper,
we study a special class of connectivity: m-component connectivity. Next, we firstly introduce the
traditional connectivity of a graph G.

Let G = (V(G),E(G)) be a simple connected graph, where V(G) is the vertex set and E(G) is
the edge set. Let F C V(G), we use G — F to denote the subgraph of G with vertex set V(G) — F
and edge set E(G) — {(u,v) € E(G)|{u,v} NF # @}. Let x and y be any two distinct vertices, a
path P between them is a sequence of adjacent vertices < x,wy, wy, ..., Wy, y >, where wy, wy, ..., wy
are distinct ones. The vertices w;, i = 1,2, ...,k are called internal vertices of the path P. For any
two vertices {u, v} C V(G), if there exists a uv-path, we say G is connected. Furthermore, if G — F
is disconnected or has only one vertex, we called F is a vertex cut. Meanwhile, we call the biggest
component in G — F a big component. It’s well know that, when G is not a complete graph, the
traditional connectivity x(G) is defined as min{|F| | F C V(G) and F is a vertex cut }. Otherwise, we
say k(G) = n — 1, where n is the number of vertices in G. A graph G is k-connected if k(G) > k.

As an extension of traditional connectivity, let’s look at the m-component connectivity of a graph
G. By referring to the relevant literature, we can find that the notion concerning the number of
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components in G — F was first introduced by Chartrand et al. [1] and Sampathkumar [2]. Furthermore,
the definition of cx,, (G) was first proposed by Hsu et al. [3]. Let F is a vertex set of G (i.e, F C V(G)), if
the following conditions are satisfied, we say F is a m-component cut: (1) G — F is disconnected; (2) the
number of components in G — F is greater than or equal to m. The m-component connectivity ¢k, (G)
is defined as min{|F| | F C V(G) and F ia a m-component cut}. By the above definition, we can easily
get that cx(G) = x(G) and cx,41(G) > ¢k, (G). By referring to the relevant literature, we can also get
there exists a certain relationship between m-component connectivity cx,, (G) and m-extra connectivity.
The m-extra connectivity, denoted by «,,(G), is defined as the minimum number of vertices whose
removal from G results in every component in G — F has at least (m + 1) vertices [4]. Li et al. [5],
Hao et al. [6] and Guo et al. [7] have studied the relationship between extra (edge) connectivity and
component (edge) connectivity in networks. So far, the m-component (edge) connectivity of many
graphs has been studied [8-17]. However, these results most are about small m. If we want to get a
result about a bigger m, we must expend greater effort. Next, we give some definitions that will be
used in the following sections.

For a vertex v € V(G), Ng(v) = {u|(u,v) € E(G)} is the set of neighbors of v. We let deg (v) =
NG (v)| be the degree of v and §(G) = min{degs(v)|v € V(G)} be the minimum degree of G. If
degg(v) = k for every v € V(G), then G is k-regular. A singleton of G is a vertex v with degg(v) = 0.
For a vertex set X, Ng(X) = {UyexNg(x)} — X is the neighbor of X. The distance between any two
vertices u and v, denoted by d¢ (1, v), is the length of the shortest path from u to v. G is bipartite if
there exist two vertex subsets V, V, with V1 NV, = @ such that V(G) = V; U V; and for each edge
(u,v) € E(G), |{u, v} N V1| = |{u, v} N V,| = 1. It is well known that bipartite graphs contain no odd
cycles. We use Bondy and Murty [18] for terminology and notation not defined here.

In this paper, we study the m-component connectivity of CF,, prove that cx3(CF,) = 3n — 6 (n is
odd) and cx3(CF,) = 3n — 7 (n is even) for n > 3; cxs(CF,) = 22521 (nis odd) and cxy(CF,) = 2152
(nis even) for n > 4; cxs5(CF,) = 6n — 16 (n is odd) and cx5(CF,) = 6n — 18 (n is even) for n > 5.

The detailed arrangement of the paper ia as follows: Section 2 introduces the definition of CF, and
gives some properties of CF,. In Section 3, we discuss cx3(CF;). In Section 4, we prove the value of
ck4(CFy). In Section 5, we prove some useful lemmas firstly, and then calculate the value of cx5(CFy).
Section 6 concludes this paper. Next, let’s first introduce the Leaf-sort graph.

2. Preliminaries

Let I3, I be two integers with 1 < Iy < . Set [I3,l;] = {I|l is an integer with [ < | < Ir}.

1 2 .- . . .
In the permutation o p : , i — p;. For the convenience, we denote the permutation
1 P2 o P
<pl Pz o ; by p1p2 - - - pn. In[19], every permutation can be denoted by a product of disjoint
1 P2 0 Pn

123 12 .- n

cycles. For example, ( 931 ) = (123). Specially, 19 ... 17 (1). The product o7 of two

permutations is the composition function 7 followed by o, e.g., (12)(13) = (132). For terminology
and notation not defined here, we follow [19]. Now we give the definition of n-dimensional leaf-sort
graphs CF,.

Let [1,n] = {1,2,...,n}, and let S, be the symmetric group on [1, ] containing all permutations
p = pip2- - pn of [1,n]. It is well known that {(1i) : i = 2,3,...,n} is a generating set for S,,. So
{(1,i):i=2,3,...,n}U{(j,j+1):j=2,4,...,n— 1} (nis odd.) is also a generating set for S, and
{(1,i):i=23,...,n}U{(j,j+1):j=2,4,...,n—2} (nis even.) is also a generating set for S,. The
n-dimensional leaf-sort graph CF, is the graph with vertex set V(CF,) = S, in which two vertices u, v
are adjacent if and only if u = v(1,i),2 <i <m,oru =v(j,j+1),2 <j<n—1whenjisevenand
nisodd, oru =v(j,j+1),2 <j < n—2when jand n are even. By the definition, we can get CF, is
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a ¥-3-regular graph on n! vertices for odd 7, and 3”2—_4—regular graph on n! vertices for even n. The

graphs CF,, CF3 and CF; are depicted in Figure 1.

4321 4231

120——e0 21

CF,

132 123

312 213

321 231

CFy

4213

Figure 1. The leaf-sort graphs CF,, CF3 and CF;.

We can partition CF,; into n subgraphs CF,%, CF,%, ...,CF}! where every vertex u = x1xp- - Xy
€ CF! has a fixed integer i in the last position x;, for i € [1,n]. It is obvious that CF! is isomorphic to
CF,_1 fori € [1,n] [20]. The edges whose end vertices in different CPfl are called cross-edges. Two
edges are said to be independent if they are not adjacent. For any u € CF}, we denote u™ = u(1,n),
u” =u(n—1,n),and N;f = {u",u"}, which are called outgoing neighbors of u. Denote E; ;(CF,) =

Ecr, (V(CEL), V(CEL)) fori,j € [1,n].

Proposition 2.1. ([20]) Let CF. (1 < i < n) be defined as above. Then there are 2(n — 2)! independent
cross-edges between two different CF, when # is odd; there are (n — 2)! independent cross-edges
between two different CF. when # is even.

Proposition 2.2. ([20]) Let v € V(CF}) (1 < i < n) which be defined as above. Then v(1,7) and
v(n — 1,n) belong to two different CF}’s (j # i) when n is odd; v(1, ) belong to CF}, (j # i) when n is
even.

Proposition 2.3. For any u,v € V(CF}), N;f N N7 = @ when nis odd; u™ # v when n is even.
Proof. Letu = ujup---uy 1iand v = V103 - v, 1i, where u; # v; for some j € [1,n — 1]. Then
ut = iup - uy_quy # vy 0,107 = 0T, uT = ugup -+ -illy_1 # V102 ---iv,_1 = v~ . Moreover,
ut # v and v # u~. Hence when nis odd, N,/ N N7 = @; when n is even, ut # v*.

Proposition 2.4. ([20]) For any integer n > 2, CF, is bipartite.

Proposition 2.5. For any two vertices x,y € V(CF,) (n > 3), [Ncg, (x) N Ncg, (v)| < 3.
Proof. If dcp, (x,y) = 1 ordcp, (x,y) > 3, then |[Ncg, (x) N Neg, (y)| = 0; Otherwise (i.e., [Ncg, (x) N
Ncr, (y)| > 1), there will be a 3-circle or dcp, (x,y) = 2, a contradiction. So we consider dcr, (x,y) = 2.

Next, we proof this result by induction on 7.
For n =3, |Ncg,(x) N Nep, (y)| = 3 as CF; = Kz and dcp, (v, y) = 2.
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Forn =4,if x,y € V(CE}), |Ncr,(x) N Ncg, (y)| = 3 as CFi = CF;and x* # y*. If x € V(CF}),
y € V(CE) (i # j), let x = x1x0x3i and y = y1yoy3j, we know x* # y*. If y* € CF} or x* € CFj,
then Ncp, (x) N Ner, (y) € {x™,y*}. Thus [Ncp, (x) N Neg, ()| < 2. .

Now we assume n > 5 and the result holds for CF,_;. If x,y € V(CF},) fori € [1,n], then by
Proposition 2.3 and the inductive hypothesis, the result holds. So we let x € V(CF.), y € V(CF,];)
(i#£j),x=x1x2 X416, Y = Y12+ Yp—1j. Then xT =ixy---x, 1%, X~ = xyxp -+ ix,_q, y+ =
Y2 Yuo1Y1, Y = yiy2 - jyn—1. We know xt # x~ and y* # y . Sincei # j, xT # y* and
x~ # y . Asdcr,(x,y) = 2 and Ncg,(x) N Neg, (y) € {x",x7,y",y"}, we can assume y* €
Ner, (x) N Ne, (y)-

When 7 is odd. If y© = x7, then jyoys - Yp_1y1 = X1Xp- - iXy_1, X1 = j, Yo = Xp,Y3 =
X3, Yn2 = Xn-2,Yn-1 = i,y1 = Xy_1. Thus x™ = y, 1yoys---yu 2y1j € CFyand y~ =
Xy _1%2%3 - Xp_ox1i € CFi, yxt € E(CF},), xy~ € E(CF}). So |Ncr,(x) N Ncg,(y)| = 3. If
y* € CFi and adjacent to x, then y* = jyo---y,_1i, Ncg,(x) N Ncr,(y) € {xF,y*,x~}. Thus
INcE, (x) N Nek, (y)| < 3. Furthermore, if and only if y~ = x, there will be | Ncg, (x) N Neg, (v)| = 3,
this is similar to the situation y* = x~. Wheny~ # x™, |[Ncg, (x) N Ncr, (v)| < 2. So when 7 is odd,
this result holds. ‘

When 7 is even. Note that x* # y*. If y© € CF} or x* € CF), then Ncf,(x) N Ncr, (y) C
{x",y"}. Thus |Ncp, (x) N Neg, (y)] < 2.

In summary, this proposition is proven.

Corollary 2.6. When n > 4 is even, if x and y belong to two different subgraphs in CF,, then
INcr, (x) N Ncr, ()| < 2.

Corollary 2.7. When 1 > 3 is odd, for any two vertices x,y € V(CF,), where x € V(CF.), y € V(CF,];)
(i # ). Then |Ncp, (x) N Nep, (y)| = 3ifand only if y© = x~ ory~ = x™.

Proposition 2.8. ([20]) Let CF, be the leaf-sort graph. Then the connectivity x(CF,) = # when 1 is
odd and x(CF,) = ¥5* when 1 is even.

Lemma 1. ([21]) Let F C V(CF,) with |F| < 3n — 6 whennisodd (n > 5) and |F| < 3n —7 when  is
even (n > 4). If CF, — F is disconnected, then CF, — F satisfies one of the following conditions:

(1) CF, — F has two components, one of which is a singleton;

(2) CF, — F has three components, two of which are singletons.

The conclusion of Lemma 1 is closely linked to the proof of m-component connectivity of CF;,
that is why we listed it first. Next, we will discuss the component connectivity of CF,.

3. The 3-component connectivity of CF;,

In this section, we will discuss the 3-component connectivity of CF,, and will prove that: when
nis odd, ck3(CF,) = 3n — 6 for n > 3; When n is even, cx3(CF,) = 3n — 7 for n > 3. Before proving
our main results, we prove some useful lemmas firstly. Let S is a subset of V(G) (i.e.,S C V(G)), if
any two vertices x1 and x, in S are nonadjacent, we call S an independent set. For convenience, we can
simply write the independent set as Ind-set.

Lemma 3.1. When 7 is odd, if x; € V(CF}), then there exists only (n — 3) vertices in CF}, which can
satisfy that [Nepi (x1) N Nepi (x2)| = 3; When n is even, if x; € V(CF;), then there exists only (1 — 2)
vertices in CF! such that |Nepi (x1) N Negi (x2)| = 3. In addition, these vertices are all regular.

Proof. Note that CF} = CF,_;. When n is odd, n — 1 is even, {x1,x,} C V(CF}). Since |NCF,';(X1) N
Neri (x2)| = 3, by Corollary 2.6, we know that x1, x, must belong to a common subgraph in CFL;
Otherwise, if x1, x, are in different subgraphs in CF!, then |NCFZ, (x1)N Nepi (x2)| < 2. So we can
assume x1 = iipiz - - - in_ofi, Xp = j1j2j3 - - - ju—2ji. Now we let x| = iyiziz - - -iy_p, X5 = j1j2j3 - ju—2,
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then {x}, x5} C V(Gy), G1 = CF,_2, n — 2 is odd. Since |Ng, (x]) N Ng, (x5)| = 3, by the proof process
of Proposition 2.5, we know x7, x5 have two different situations:
Case 1. x, x} belong to two different subgraphs in G, and (x})" = (x5)~ or (x})™ = (x5) ™.

In this case, we have i, # ju_p. If (X)) = ip_piziz---in_3i1 = (X5)" = jijofz - ju—2jn—3
then ji = iy2,j2 = i2, -+, ju—a = in-4,jn-3 = i1, ju—2 = in-3. Thus xp = iy _2iziz - in_4irin_3 ji. If
(x})” =inigiz -+ iy—2iy-3 = (x5)" = ju_sjojz- - ju—sfr, thenju_o =iy, o =iz, ..., jy—a = in_a,ju-3 =
in—2,J1 = in—3. Thus xp = i, _3izi3 -+ iy_4in_201]i.

Case 2. x/, x} belong to the same subgraph in G;. ,

In this case, we have iy, o = j,_2, X] = i1ipi3 - - iy_p, Xy = j1joj3 - - ~in—2. As Glln’2 ~ CF, 3,n—3

is even, |NG,-,,72 (x7) N Niin (x5)| = 3, we can get x}, x}, belong to a common subgraph in G|"*. Then
1 1

in—3 = jp—3. Let x’l’ = iqipi3 - - iy_4, xfz’ = f1j2j3 * * ju—4a, then {x’l’, XIZ/} - V(Gz), G, = CF,_4 and

ING, (x]) N Ng, (x§)| = 3. As n — 4 is odd, there are two different situations:

Subcase 2.1. x{, x} belong to two different subgraphs in G, and (x])" = (x)~ or (x{)~ = (x§)*.
If (x{)" = (x§) ", wecanget j1 = iy_4,jo = i2, ..., jn-6 = in—6,ju—s = in—5, ju—s = i1. Thus xp =
In_alzi3 - in_eltin_sin3in2fi. If (x{)” = (x3)F, then ji = iy 5,j2 = io, ..., ju—a = i1, jn-5 = in_4

Thus Xy = in,5l.2i3 s in,6in_4i1in,3in,2ji.
/i :
Subcase 2.2. x}, x; belong to a same subgraph in G,.
This case is similar to case 2, this is a finite cycle process.
Finally, when 7 is odd, we can get (n — 3) vertices such that [Nepi (x1) N Nepi(x2)| = 3,
they  are Ip—20213 * * * Iy—4111y-3]1, Ip—31213 * * * ly—4aly-—211]1, lp—41213 * - In—6l1ln—5lp—3ln-2J1,

When 7 is even, n — 1 is Odd, CP,i = CFn_l. Let X1 = i1i2i3 s in_li, Xy = j1j2j3 o 'jn—li/
INcpi (x1) N Nepi (x2)| = 3. Assume x| = iripiz - in—1, X3 = jijofa - - ju—1, then {x3, 53} C V(Gy),
G1 = CF,_1, similarly, we can also divide it into two different situations:

Case 1. x, x} belong to two different subgraphs in G, and (x})" = (x5)~ or (x})” = (x5) ™.

In this case, we have i,,_q # j,—1. If (x])" = (x}) ", thenji = iy_1,j0 =2, ..., ju—1 = in-2, jn—2 =
i1. Thus Xy = in_1i2i3 s in,31‘1in,21‘. If (xﬁ)’ = (x’2)+, then j1 = infz,]'z = iz, .. -/]'n72 = in—lljn—l =
il' Thus Xy = in_zizig ce l‘n_3in,1l’1i.

Case 2. x7, x; belong to a same subgraph in G;.
. . . . i1~
In this case, i,_1 = j,—1. Since G;'""' = CF,_» and |NG;,771 (*)N NG;,H (x5)] = 3, x] and x}

are in a same subgraph in G;”‘l. S0 iy = ju—2. Let x{ = iyiziz---in—3, X§ = j1joj3- - jn—3, then
{xf,x§} CV(Gy), Gy = CF,_3,n —3is odd. As |Ng, (x}) N Ng,(x4)| = 3, we can also consider the
following two situations:

Subcase 2.1. x| and x/ belong to two different subgraphs in G,, and (x})" = (x5)~ or (x])~ = (x§)*.
If (x/1/)+ = (xé’)’, then jl = in_g,jz = iz, .. -/jn—3 = in74/]‘n74 = il- Thus Xy = in_3i2i3 ce in_5
i]in74in_zl’n,1i. If (x{’)_ = (x’z’)+, then jl = l'n,4,]'2 = i2/---;jn—3 = 1'1,]',1,4 = in—3- Thus Xy =

In—4ipl3 - -+ in—5ip—301in—2ip—11.
Subcase 2.2. x{ and xJ belong to a same subgraph in G,.

This case is similar to case 2, this is also a finite cycle process.

Finally, when 1 is even, we can get (1 — 2) vertices such that [Ncpi (x1) N Nepi (x2)| = 3, they are
Ip—11213 * * * Iy 311121 1p—20213 * * * Iy —3ly—1111, 131213 * * * In—5111p—4ly—2lp—11, lp—41213 - *

Corollary 3.2. Let CF, is an n-dimension leaf-sort graph, {x1,x,} C V(CF}). If x; = iyigiz - - -iy_1i,
X2 = j1ifaj3 - - - jn—1i and |NCF£(x1) N NCF;’,(XZ)‘ = 3, then j; # ij.
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Lemma 3.3. Forn > 3,let S is an Ind-set and |S| = 2, then when n is odd, |Ncp, (S)| > 3n — 6; when
niseven, [Ncg, (S)| > 3n —7.

Proof. Let S = {xq,x2}, as S is an Ind-set, so x; and x;, are nonadjacent. By Proposition 2.5
and the definition of CF,, we know that |Ncg, (x1) N Ncr, (x2)| < 3 and CF, is a ¥2-regular
graph (n is odd) or #-*-regular graph (1 is even). So when # is odd, |[Ncf,(S)| = |Ncg, (x1)| +
INcr, (x2)| — |Ncr, (x1) N Ncg, (x2)] > 2x 353 —3 = 3n—6. When n is even, |Ncf,(S)| =

INc, (x1)| 4+ |NcE, (x2)| = [NcE, (x1) N Neg, (x2)| > 2 x 34 -3 =3n —7.

Corollary 3.4. Forn > 4,let F is a subset of V(CF,) (i.e., F C V(CF,)) and whennisodd, |F| <3n—7;
when n is even, |F| < 3n — 8, then CF, — F contains a big component C, which satisfies |V (C)| >
n! —|F| - 1.

Theorem 1. For n > 3, when n is odd, ck3(CF,) = 3n — 6; when n is even, c¢x3(CE,) = 3n — 7.

Proof. For n = 3, since cx;y1(CF,) > cx)(CF,), we can get cx3(CF;) > =3 = 3 = 3n—6 by

Proposition 2.8. For n > 4, by Corollary 3.4, we can also get ck3(CF,) > 3n — 6 when n is odd and
cx3(CF,) > 3n — 7 when n is even. Next, we will prove that: when 7 is odd, cx3(CF,) < 3n —6and
when 7 is even, ¢x3(CF,) < 3n —7. Since |Ncp, (x1) N Ncg, (x2)| < 3, we can choose two different
vertices x1,x, € V(CF,), which can satisfy the condition |Ncg, (x1) N Ncg, (x2)] = 3. From the
definition of CF,, we know that CF, is a #5-2-regular (n is odd) and ¥.-*-regular graph ( is even),
so when 7 is odd, |Ncp, ({x1,x2})| = 2 x 52 —3 = 3n — 6; when n is even, |Ncr, ({x1, x2})| =
2x 34 3 =3n—7. Thuslet F = Ncg, ({x1,x2}), we know CF, — F contains three components and
two of them only has a singleton. So we can get ck3(CF,) < 3n — 6 (n is odd) and cx3(CF,) <3n —7
(niseven).

4. The 4-component connectivity of CF,

Lemma 4.1. When n = 4, let S is an Ind-set and |S| = 3, |[Ncp, (S)| > 6.

Proof. Let S = {x1, xp, x3}, since S is an Ind-set, x1, x3, X3 are nonadjacent with each other. Note that
CF; = CF, CF; = K3 3. Next, we will think about the following three cases.

Case 1. x1, X2, X3 belong to the same subgraph CF..

In this case, since CFj = K33 and S is an Ind-set, |NCF§ (S)| = 3. By Proposition 2.3, we know the
outgoing neighbors of {x1, Xy, x3} are different. Thus, |[Ncp, (S)| =3+ 3 = 6.

Case 2. x1, X, X3 belong to two different subgraphs CF;, CFA{ (i # 7).

In this case, we can let {x1,x,} C V(CF}), x3 € V(CE?). Since x and x, are nonadjacent, we can
get |NCF§ ({x1,%2})] =3, |NCF£(x3)| = 3. By the definition of CF,, we know x; (i € {1,2,3}) only has
one outgoing neighbor. If the structure shown in Figure 2 (a) exists, | Ncp, (S)| > |NCFA} ({x1, 2| +
|NCF§(X3)| = 6. Now we can show that this structure does not exist. As |NCF§ ({x1,x2})| = 3 and
{x1,%} C V(CF41), we assume x; = 2341, then x, = 4231 or x, = 3421. Thus x;“ € V(CFE),
x, & V(CE}), the structure shown in Figure 2 (a) does not exist. Thus [Ncg, (S)| > 7.

Case 3. x1, x2, x3 belong to three different subgraphs CF, i CFi, CFi‘ (1,7, k are different from each other).
In this case, we can let x; € V(CI—Z). By the definition of CF,, we know ‘NCEi (x;)| = 3, thus
INcr, ()| >3x3=9.
Combining the above three situations, we can get [Ncp, (S)| > 6.

doi:10.20944/preprints202311.0847.v1
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Xy X2 X3

CF! CF;*
(a) (b)

CF,! CF}?

Figure 2. The illustration of Case 2.

Lemma 4.2. Whenn =5, let Sis an Ind-setand |S| = 3, [Ncr (S)| > 12.

Proof. Let S = {x1,x2, x3}, since S is an Ind-set, x1, xp, x3 are nonadjacent with each other. Note that
CFl = CF; (1 <i < 5). We think about the following three cases.

Case 1. x1, X2, X3 belong to the same subgraph CF.

Since CF. = CFy, by Lemma 4.1, we can get |NCP§(S)| > 6. By the definition of CF, and
Proposition 2.3, we know the outgoing neighbors of {x1, xp, x3} are different and every vertex has two
different outgoing neighbors. Thus [Ncp, (S)| = |NCF§-(S)| +6>6+6=12.

Case 2. x1, X, X3 belong to two different subgraphs CF;, CP; (i # 7).
In this case, we can let {x1,x,} C V(CE}), x3 € V(CF2). Since CF} = CF;, by Lemma 3.3,
we know that |NCF51({x1,x2})| > 3(n—1)—7 = 3x5—10 = 5. By Proposition 2.8, we can get

INc R (x3)] = w = 4. By Proposition 2.2, we can get x1 and x, have at most two neighbors which

belong to CF2. In other words, there are at least two neighbors of x; and x; belong to CF5 — CF} — CF2.
If the structure shown in Figure 2 (b) exists, then |[Ncp, (S)| > |NCF§ {x1, x2})| + |NCF52(x3)| +2 =
544+ 2 = 11. Furthermore, | Ncp, (S)| = 11 if and only if this structure exists. Now, we can prove
this structure does not exist.

Since {x1,x,} C V(CF}), CF} = CF and |NCF51 (x1) N NCF51(x2)| = 3, by Corollary 2.6, we
can know that x1, x, must belong to a common subgraph in CF51. So we can assume x| = iyipiziyl,
Xy = jij2j3isl. As the subgraph of CF51 is isomorphic to CF;, thus xp = igijipigl or Xy = ipiziqigl
(11,12, 13, i4 are different from each other).

If xp = igiyinigl, then xy = liyizisiz, x5 = izi1inlis. Since x{" = lizizisi1, x; = i1izi3liy and one
of the two outgoing neighbors of x1, x; belong to CFZ, we can get iy = 2. Thus {x],x; } C V(CF2).
As x,x, are adjacent to x3, so x3 = ipi11312 or x3 = i31i112 or x3 = i1i3i212. When x3 = ii1i312,
xy = 2iizli; € V(CF;Z), x; = ixi1i321l € V(CE}), and x5 is adjacent to x,. Since xi” = 1ii32i; €
V(CEY), xj = 1iyin2i3 € V(CER), xi # xi, xf # xf. When x3 = i3ii112, x{ = 2ipi;1i3 € V(CE),
x; = i3ipi121 € V(CE}), and x5 is adjacent to x;. Since x; = 1i2i32i1, x5 = 1i1ip2i3 and 1 # 2,
xy #x), x5 # x;. When x3 = i1i3i212, x§ = 2i3ip1iy € V(CF;l), x; = i1i3i;21 € V(CF}), and x5 is
adjacent to xp. Since xf = 1iyi32iq, x; = lijip2izand 1 # 2, x;“ #* xf, x;r * x;. So this structure does
not exist.

If xp = ipigiyigl, then x; = liziyiain, X, = ipiziylig. Since x| = lipizigiy, X; = i1izi3lis and one
of the two outgoing neighbors of x1, x; belong to CFZ, we can get iy = 2. Thus {x,x; } C V(CF2).
As x,x, are adjacent to x3, so x3 = i3i2i112 or x3 = i113i212 or x3 = izi1i312. When x3 = i3ipi112,
Xy = 2iiliz € V(CF;), x; = iziri121 € V(CF}), and x5 is adjacent to x,. Since x{” = 1ipi32i; €
V(CEY), xj = 1i3i12iy € V(CF2), xi # xi, x§ # xf. When x3 = i1i3i212, x{ = 2i3ia1iy € V(CFL),
x; = i1i3ip21 € V(CE}), and x5 is adjacent to x;. Since x; = 1i2i32i1, x5 = 1i3i12ip and 1 # 2,
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x;’_ # xf, X;_ * x;. When x3 = i5i1i312, X;_ = 2iyi3lip € V(CF;Z), Xy = iri1iz2l € V(CP;), and X5 is
adjacent to x,. Since x;” = 1ipi32iy, x5 = lizi12i; and 1 # 2, x5 # x|, x5 # x5
Thus the structure shown in Figure 2 (b) does not exist, |[Ncr, (S)| > 12.

Case 3. x1, x2, x3 belong to three different subgraphs CF. g CF;, Cl-"éc (1,7, k are different from each other).
Without loss of generality, we canlet x; € V(CF}), x, € V(CF2), x3 € V(CF?). By the definition of
CFy, we can get [Nep; ()] = 2= = 4 (i € {1,2,3}), thus [Ncr (S)] = [Neg (31)] + [Nega ()] +
|NCF53 (x3)] = 12.
Combining the above three situations, we can get [Ncp, (S)| > 12.

Lemma 4.3. When 7 is odd, let S = {x1, x5, x3} is an Ind-set, where {x1,x,} C V(CF}), x3 € V(CF,];)
(i #j) and [Nepi ({x1,x2})| = 3n — 10. Then |Ncp, (S)| # RIS

Proof. When 7 is odd, |Ncp, (S)| = 2252 occurs if and only if the structure in Figure 3 appears. Next,
we will prove that these structures can not appear.

Firstly, we prove that the structure shown in Figure 3 (a) does not exist. Suppose on the
contrary, we assume this structure exists and {x1,x} C V(CF}), then x; = ijiiz-- iy _2in_11,
X2 = jij2j3 -+ jn—2ju-11. As [Nepi ({x1,x2})| = 3n — 10, by the proof process of Lemma 3.3, we
can know that x1, xp must have three common neighbors in CF,}. Note that n is odd, then n — 1 is even,
and CF, = CF,_;. By Corollary 2.6, we can get x;, x, must belong to a common subgraph in CF};
Otherwise, if x1, x, belong to two different subgraphs in CF}, then | N £ ({x1,x2})| < 2, a contradiction.
SO ju_1 = in_1, X, = ligiz---iy_gip_1i1, X = fiziz--ip_oliy_1, X3 = ljajs- " fjn_2in_1j1,
X, = jij2j3- - ju—21iy—1. By Corollary 3.2, we know j; # i;. As one of the two outgoing
neighbors of x; and x, belong to a common subgraph with x3, so {x;,x, } C V(CF,Z;"’l) and
X3 € V(CF,i”’l). Now we assume x3 = kikpks---k,_pk,_1i,_1. As one of the two outgoing
neighbors of x3 belongs to CEl, so x3 = kikyks - - -ky,_p1i,_1 or x3 = 1koks - - -k,_sk,_1i,_1. When
x3 = kikoks - k,_o1li,_q, x; = i,_1koks - -ky,_o1kq, X3 = kikoks - - - ky_»i,—11. In this situation,
x; € V(CE}), xi € V(CES), since iy_1 # 1, we have xy # x7, x5 # x5 . Thus this structure does
not exist. When x3 = 1kzkz - - -k 2k, _1i,_1,as x; , x, are adjacent to x3, we can get x; = x3(1,n — 1),
x, = x3(1,n — 1), this contradicts to the fact x; # x, , thus this structure does not exist.

Next we will prove that the structure in Figure 3 (b) does not exist. Similarly, we know that
i1 # vt = w1, {37, %3} € V(CEP™) and x5 € V(CEP™). We let x3 = kikaks - - - Kok 11,
then x; = iy_1koks - - ky_oky_1k1, x5 = kikoks - - - ky_2in_1kn—1. Thus x; # x| and x5 # x;, the
structure in Figure 3 (b) does not exist.

CF 1 CF in-l
! (b) "

Figure 3. The case of [Ny, (S)| = 252,

Lemma 4.4. When 7 is even, let S = {x1, x, x3} is an Ind-set, where {x1,x,} C V(CF}), x3 € V(CF,];)
(i # j) and [Nep ({21, %2})| = 31 — 9. Then |Ncg, (S)] # 252

Proof. When 1 is even, |Ncp, (S)| = 2252* occurs if and only if the structure in Figure 4 appears. Next,

we will prove that this structure does not exist. Note that CFi = CF,_q,n —1is odd.
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Suppose on the contrary, we assume this structure exists, as [Ncpi ({x1, x2})| = 3n — 9, we know
x1, X2 must have three common neighbors in CF; by Lemma 3.3. Now, we let x1 = iyizi3 - - - ip—2iy 1,
Xy = jij2j3 " " * jn—2jn—1i. By Corollary 3.2, we know j; € [i1,i,_1] and j; # iy. Thus x{ € V(CE}),
Xy € V(CF,];] ), x{ and xJ can not belong to a common subgraph in CF,, this contradicts to this

structure. Thus |Ncp, (S)| # 9"2;24'

Figure 4. The case of [N, (S)| = 9"2;24-

Lemma 4.5. Whenn > 4,let S is an Ind-set and |S| = 3, then when n is odd, |Ncp, (S)| > %,‘ when
nis even, |Ncp, (S)| > 21524

Proof. Let S = {x1, xp, x3}, since S is an Ind-set, x1, X2, x3 are nonadjacent with each other. We proof
this result by induction on n. By Lemma 4.1 and Lemma 4.2, we know when n = 4, 5, this result holds.
Now we assume that 7 > 6 and the result holds for CF,_;. Note that CF} = CF,_;. Next, we think
about the following three cases:

Case 1. x1, X, X3 belong to a same subgraph CF.
When 7 is odd, by induction hypothesis, we have [N¢ri ()| = 9(”7;)724 = 21233 By Proposition

2.3 and the definition of CF,;, we know the neighbors of x1, x3, x3 in CF, — CF,Z‘Z are different and every

vertex has two outgoing neighbors. Thus [Nck, (S)| = [Ngi (S)| + [Ncg, i (S)] = MoB 46 =12

n—1)—21
2

When 1 is even, by induction hypothesis, we have [N (S)| > A = 21230 By Proposition
2.3 and the definition of CF,;, we know the neighbors of x1, x3, x3 in CF, — CF,i are different and every
vertex has only one outgoing neighbor. Thus |Ncg, (S)| = [Ngpi (S)| + [Nep, _cpi (S)] = M0 4 3=
9n—24
712 .
Case 2. x1, X, X3 belong to two different subgraphs CF, CP,]'; (i #J).
In this case, we can let {x;,x,} C V(CF!), x3 € V(CF},). By Lemma 3.3, we can get: when 7 is
odd, |NCF1§({x1,x2})| >3(n—1) —7 = 3n—10; when n is even, |NCF;’({x1,x2})| >3n—-1)—6=

3n — 9. By Proposition 2.8, we know when 7 is odd, |NCF/ (x3)] = S(H_zl)_4 = 31-7; when 1 is even,

|NCP]‘ (x3)| = M = 316 When n is odd, by Proposition 2.2, we know x, x, have at most two

outgoing neighbors can belong to CPZ;, in another word, there are at least two outgoing neighbors of
{x1, 22} can belong to CF, — CFi — CF,. So |Ncf, (S)| > INcpi ({x1,x2}) [+ |NCF£(x3)| +2 =212 By
Lemma 4.3, we know |Ncp, (S)| # 2252, thus |Ncp, (S)| > 252 +1 = 22221 When 7 is even, if the
structure of Figure 4 exist, then |Nck, (S)| = [Nep ({x1,%2})] + |NCFZ, (x3)] = 3n —9 + 376 = 924

By Lemma 4.4, we know this structure does not exist, so |[Ncr, ()| > 2524 +1 = 2122,

Case 3. x1, X, x3 belong to three different subgraphs CF}, CF,];, CFk (i,,k are different from each
other).
Without loss of generality, we can let x; € V(CF}), x, € V(CF2), x3 € V(CE?). By Proposition

2.8, we have when n is odd, |N¢p (x;)| = -7 (i € {1,2,3}); when n is even, INepi (x0)| = =6
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(i € {1,2,3}). Thus when n is odd, |Nc, (S)| > 3 x 257 = 252L; when n is even, |[Ncf, (S)| >
3 x 3n;6 _ 9n£18'

Thus the result holds.

_ 9n-24
- 2

Corollary 4.6. When 7 is even, let S = {x1, xp, x3} is an Ind-set, if [Ncg, (S)| , then x1, x5, x3

belong to a same subgraph in CFE,.

Lemma 4.7. Forn =5, if |F| < 11, then CF; — F contains a big component C, which satisfies the result
[V(C)| > n! —|F| —2.

Proof. We are not going to think about CF; — F is connected for the moment, so we assume that
CF; — F is disconnected. Let F; = FN V(CF;) fori =1,2,3,4,5with |F; | > |F,| > |F,| > |F,| > |F;],
where ij € {1,2,3,4,5}. If |F,| = 0, then |F,| = |F;| = 0 and CE>" — Flis] is connected. By
Proposition 2.2, we know there exists a vertex in CFg' — F;, (resp., CFs? — F;,), which has neighbor in

CFS[is’iS] — Flisis] So CF5 — F is connected, a contradiction. Hence we consider |Fi;|> 1. Since |F| < 11,
we have |F | <2, |F,| <2,1 < |F,| <3,1<|F,| <5,1 < |F,| <9. Firstly, we proof the following
Claim is correct.

]
Proof of Claim 1. By Proposition 2.8, we can get CFé — F; is connected for each j € [}, i5]. On the other
hand, as |F;;| < 2, we can get |E,, i, (CF5)| = 12 > 5 > |Fp| + |F;|, which implies E,, ;s (CF5s — F) # @

for p € [ij, i4]. Hence CF5[lj'15] — Fliiisl is connected.

Claim 1. If |F; | < 3 for some i; € [i1, is], then CFS[lj’is] — Flii#s] is connected.

Since |F | < |F,| < |F;,| <3, by Claim 1, we can get CFS[i3’i5] — Fli3is] js connected. If CI—}Z;1 - F,
and CF;2 — F,, are all connected, we know CF5 — F is connected. As |E;, ;. (CF5)| =12 > 8 > |F;, UF; |,
CFlizis] — Fli2is] js connected. As |Ei, is(CF5)| =12 > 9+2 = 11 > |F;, UF,|, we have CF5 — F is
connected. Since CF5 — F is disconnected, at least one of CF; — F;,i € {iy,i»} is disconnected, which
leads to the following two cases.

Note that if |F;, UF;,, UF;| < 1, by Proposition 2.3, we can get CF; — F; (i € {i1,i,}) has a big
component C; and at most two vertices, which has a neighbor in F, U F;, U F;,. Thus, if Cl—"5i1 —F,
or CF;2 — F;, is connected, then CF5 — F satisfies the condition (1). If CF;1 — F;, and Cl—"Si2 — F;, are
all disconnected, then CFs — F satisfies the condition (2). Hence we only think about this situation:
|F, UF, UF| >2.

Case 1. Both CF;1 —F;, and CF;2 — F;, are disconnected.

In this case, we know |F;, | > |F;,| > 4. Since |F;;, UF;, UF;,| > 2,|F;, UF,| < |F| - |F,UF;, UF| <
11 —2 = 9. Hence |F;,| = 4,4 < |F;,| < 5. By Corollary 3.4, we know Cl—“é2 — F,;, has a big component
C, and a singleton x,. By Lemma 1, CF;1 — F;, should consider the following two situations: (1)
CF5i1 — F;, has two components, one of which is a singleton. (2) CF;1 — F;, has three components, two
of which are singletons. For (1), let C; is the big component and x; is the singleton of CI—";1 — F;,, since
|V(C1)| = |V(Ca)| = |V(CEL) — F,— {x;}| > 4! —5—-1=18 (i € {i1,i}) and |F, UF;, UF,| < 3,
by Proposition 2.3, we can get CF5[V(CF5£i3'i5] — Fliaisl) U V(Cy)] is connected. Similarly, we can also
get CF5[V(CF5[i3’i5] — Fli3s]) U V(Cy)] is connected. Thus the result holds. For (2), let Cy is the big
component and x1, x3 are singletons of CF;1 — F;,. If x5 is nonadjacent to {xy, x3}, then {xq, xp, x3} are
three singletons in CFs — F. By Lemma 4.2, we can get |F| > 12, this contradicts to the fact |[F| < 11. If
xp is adjacent to {x1, x3}, say (x1,x2) € E(CFs — F), then CFs — F only has two components; Otherwise,
we let CFs — F has three components, then x3 is a singleton in CFs — F. By Proposition 2.5, we have
|F| > [Ncr;({x1,%2}) UNcr(x3)] > 5 x 2+ 6 —3 = 13 > 11, a contradiction. Thus the result holds.
Case 2. Only Cl—"é2 — F;, is disconnected.

Since |[F;; UF;, UF;,| > 2,|F, UF,| <9. As CF;2 — F,, is disconnected, we have |F;,| > 4 and then
|F,| <5.1If |F,| =5, then |F;, | > 5,|F| > |F, |+ |F,| +|F, UF, UF| > 5+542 = 12, a contradiction.
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Thus |P1'2| = 4. Since |Ei1,i3 (CF)| =12 >8> ‘Fil U Fi3|/ CF5[V(CF5[i3'i5] — F[i3,i5]) U V(CI{._—Z;1 — Pil)] is
connected. As |F;,| = 4, by Corollary 3.4, we know Cl—";2 — F;, has a big component S and at most one
singleton. By the same argument as that of Case 1, we can get CF5[V(CF5[i3’i5] — Fliafsly y V(CF;;1 -
F;,) UV(S)] is connected. Then CFs — F must satisfies condition (1).

Case 3. Only CF;1 — F,, is disconnected.

In this case, we have |F; | > 4 by Proposition 2.8 and |F;,| < 4 since |F| < 11and |F;, UF;, UF; | >
2. As |y, (CFs)| = 12 > 7 > |F;, UF, |, we have CF?"5 — Flizis] s connected.

If |[F, | <5,by Lemma 1, CF;1 — F;, has a big component S and one single and two singletons. By
the same argument as that of Case 1, we can get CFs [V(CF5[i2’i5] — Fl2isly y v(8)] is connected. Then
CFs — F must be one of conditions (1) and (2).

Now, we suppose |F;, | > 6. Then |F;, U F;, UF;, UF; | <5. Let W be the union of components of

CFs — F, whose vertices, which are totally contained in CFél — F;,, are not connected with CFS[iZ’iS] —
Fli2is]. By Proposition 2.2 and Proposition 2.3, we know 2|W| < |F — F; | < 5, which implies [W| < 2.
Thus CFs — F satisfies (1) or (2).

Combing the above three cases, we know this result holds.

Lemma 4.8. Forn = 6, if |F| < 14, then CF; — F contains a big component C, which satisfies the result
[V(C)| > n!—|F| —2.

Proof. Similarly, we do not think about the situation CFg — F is connected, so we let CF; — F is
disconnected. Let F; = FN V(CF}) fori € [1,6] with |F;,| > |F,| > |E,| > |F,| > |Fi| > |F,|, where
ij€{1,2,3,4,56}. If |F,| = 0, then |F;,| = |F,| = --- = |F,| = 0and CFlizisl — Fliis] js connected.
By Proposition 2.2, we can get CFs — F is connected. So we assume |F;,|> 1. Since |F| < 14, we have
|Fi,| <2,|F,| <2,|F,| <3, |F,| <4,1<|F,| <7,1< |F,| < 13. Firstly, we proof the following
Claim is correct.

Claim 2. If [F; | < 5, then CF6[ij sl _ plijie) s connected.

Proof of Claim 2. By Proposition 2.8, we know CFé — F; is connected for each j € [}, is]. On the other
hand, since |E, ; (CFs)| = (6 —2)! =24 > 7 > |F, U Fy | for p € [i}, is], we can get E,, ; (CFs — F) # @.
Thus Cng el _ Fliie] is connected.

By Claim 2, we know CFé[i?”id — Flizds] is connected. If both CFé1 —F;, and CFé2 — F;, are connected,
we can get CFg — F is connected. As |E;, ;,(CFs)| = (6 —2)! =24 > 11 > |F;, UF;|, |E; ;,(CFs)| =
(6—-2)! =24 >17 > |F, UF;| and CFéiS’ié] — Flisis] is connected, thus CFs — F is connected. Since
CFs — F is disconnected, at least one of CF, — F; (i € {i1,i2}) is disconnected, which leads to the
following cases. ‘

Case 1. Both CFé1 — F;, and CF2 — F;, are disconnected.

In this case, we know 6 < |F,| < |F;| < |F| — |F,| < 8 < 9. By Corollary 3.4, we know that
CI-“é1 — F;, (resp., CFé2 — F;,) has a big component C; (resp.,C;) and one singleton x; (resp.,x2). As
|Ecr,—r(V(Cy), V(CF® —F,))| > 24 —2—8—1=13 > 1. Thus CF, — F[V(CF.*"! — Flisiel) v (Cy)]
is connected. Similarly, we can get CFg — F [V(CF6[i3’i6] — Flisisly U V(C,)] is also connected. Thus the
result holds.

Case 2. Only Cl—"éi2 — F,, is disconnected.

As Cl—"é2 — F;, is disconnected, we have |F; | > 6 and then |F; | < 8. Since |E;, ;,(CF)| =24 > 10 >
|F, UFE;], CF6[V(CF6[i3’i6] — Flisdsly V(CFé] — F;,)] is connected. Since |F;,| < |F;,| < 8, by Corollary
3.4, Cl—"éi2 — F;, has a big component C and one singleton. Since |E;, ;, (CFs)| =24 > 11 > |F;, UF,| +1,
we can get CF6[V(CF6[i3’i6] — Flisdely U V(CFé1 — F;,) UV(C)] is connected. Then CFs — F must be one
of conditions (1).

Case 3. Only CFé1 — F;, is disconnected.

doi:10.20944/preprints202311.0847.v1
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In this case, 6 < |F,| < 13, |F,| < 8. As |E;;,(CFs)| = 24 > 11 > |F, UF;|, we have

CF6[i2’i6] — Fli26] is connected.

If |[F, | <11, by Lemma 4.8, Cl—"é1 — F;, has a big component C with [V(C)| > 5! — |F;, | — 2. By the
same argument as that of Case 2, we can get CF [V(CFé[IZ’ZG] — Fli2del) U V(C)] is connected. Thus the
result holds.

If |F;,| > 12, then |F,, UF;, UF;, UF;, UF; | < 2. Let W be the union of components of CFs — F,

whose vertices, which are totally contained in CFé‘ — F;,, and are not connected with CFé[iz'i(’] — Flizie],
By Proposition 2.2 and Proposition 2.3, we have |W| < |F — F;, | < 2. Thus the result holds.

Lemma 4.9. Let |F| < 252 for odd n (n > 5) and |F| < 2252 for even n (n > 6), then CF, —
contains a big component C, which satisfies that |V(C)| > n! — |F| —
Proof. By Lemma 4.7 and Lemma 4.8, the result holds for n = 5, 6. We proof this result by induction

on n. Assume n > 7 and the result holds for CF,_;. Now we suppose CF, — F is disconnected
for any F C V(CFn ) with |[F| < 2558 or [F| < 252 Let F; = FNV(CF)) fori € [1,n] with

|Fiy| = [Fy| = - = [F, |, where §; € [1,n].

When 7 is odd, if |F;,| = 0, then |E,| = |Fs| = - = |F,| = 0and CFl/] — Fliin] is connected,
and thus, by Proposition 2.2, we can get CF, — F is connected. Now we assume |F;,|> 1; When 7 is
even, if |F;,| = 0, then |F;,| = |F,| = --- = |F;,| = 0 and CF li2in] — Flizn] is connected, and thus, by

Proposmon 2.2, we can get CF, — F is connected. Now we assume |F;,|> 1.
Claim 3. When 7 is even, if |F; | < M8 (i € [ir,in—1]), then CF,L”'Z"]

odd, if |F| < e (ij € [i1,in-1]), then CF,Lif'i”} —F

Proof of Claim 3. By Proposition 2.8, we know CF), — F; is connected for each j € [ij,iy]. On the
other hand, since |E,;, (CF,)| = (n —2)! > 3n—8 > |F, UF,| for p € [ij,i,_1] (n is even) and
|Ep,i, (CEy)| ':'2(71 —2)!'>3n-9> |F,UF,|for p € [ij,i,_1] (nis odd), we can get E, ; (CF, — F) #
@. Thus CF, lyn] _ plijin] i connected.

Since |F| < 22526 (1 is even) and|F| < 2223 (nisodd), wehave 258 > |F, | > |F,| > -+ > |F, |
for even n and 3”2 9 > |F| > |F| > - > |Fi,,| for odd n. By Claim 3, we can get CFJZIS’I”] — Flizin] jg
connected. If CFj! — F;, and CF2 — Fiz are all connected, as |E;, ;, (CF,)| = (n —2)! > 21526 > |F;, UF,|
(n is even) and |E;;,(CF,)| = 2(n —2)! > 252 > |F, UF,| (n is odd), then CP,[liz’i”] — Flzin] g
connected. Similarly, we can also get CF, — F is connected. So at least one of CF,, — F; (i € {i1,i2}) is
disconnected, which leads to the following cases.

Note that, when 7 is odd, if |F;, UF;, UF, U---UF, | <1, by the same argument of Lemma 4.7,
we know CF, — F satisfies condition (1) or (2). Hence we assume that |F;,, UF;,, UF, U---UF; | > 2.
Case 1. Both CF,Z;1 — F, and Cl—",i2 — F;, are disconnected.

When 7 is even, we have ¥5¢ < |F, | < |F,| < |F| — |F,| < 252 — 36 = 31— 10. By
Corollary 3.4, we know Cl—",i1 — F;, and Cl—",il2 — F, all have a big component C1, Gy and one singleton.
As |Ecr,—¢(V(C1), V(CE} — Fy))| 2 (n—2)! =1 =252 > 1, [Ecp,p(V(C2), V(CE — F))| =
(n—2)1 —1— 22526 5 1 Thus CF, — F[V(CF}*™" — Flisin]) U V(C;) U V(C,)] is connected, the result
holds.

When 1 is odd, we have -7 < |F, | < |F,| < |F| - |F,| - |F,UF,U---UF, | < 21528 317 _
2 = 31 —10.50 by Lemma 1, we would consider the following three subcases: (1) Both CF! — F,

— Flivinl is connected; When 7 is

lijin] is connected;

and CF2 — F;, have three components, two of which are singletons; (2) Only one of CF}! —F;, and

CFff — F;, has three components, two of which are singletons; (3) Both Cl—"l1 — F;, and CFl2

have two components, one of which is singleton. Now, we just proof the first subcase and the other
two subcases could be proved by the same argument. Let x1,y1,Cy (resp., x2,y2,C2) be the two
singletons and the other big component of CF;' — F;, (resp., CF2 — F;). Since |V(Cy)| = |V(CE}!) —

E, —{x1,;1}| > (n—1)! = (31 —10) —2and |F, UF,, U---UF; | < 2 by Proposition 2.3, we know
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CF, [V(CP,Li3’i”] — Fliai]y U V(Cy)] is connected. Similarly, we can get CF, [V(CF,Li3’i”] — Flisily U v(Cy)]
is connected.

If xq1,x2,y1,y2 are four singletons in CF, — F, then by Proposition 2.5, we know |F| >
INcpin ({20, y1}) UN i ({02,921 U (B UE, U~ - U, ) 2 Bl w2 3] x24+2=6n—18 >

9"523, a contradiction.

If CF, — F has three singletons, then by Lemma 4.5, we can get |F| > #, this contradicts to the
fact |[F| < 2252 So CF, — F has two singletons or only one singleton.

Claim 4. If (CF, — F)[{x1,y1, X2, 2}] has at least one edge, say (x1,x2) € E(CF, — F), then CF, — F
only has two components.

Proof of Claim 4. Suppose CF, — F has at least three components. Then y; is a singleton or
(y1,¥2) € E(CF, — F). If y; is a singleton, then |F| > |Ncg, ({x1,%2}) UNcg, (v1)| > (352 —
) x2+ 33 3 = 21 5 9B 5 contradiction. If (y1,y2) € E(CF, — F), then |F| >
INcr, ({x1,%2}) UNcr, {y1,v2})] > (3572 —1) x4 -3 x 2 = 6n — 16 > 2523 4 contradiction.
Thus, by Claim 4, the result holds.

Case 2. Only CF2 — F;, is disconnected.

As CE? — F, is disconnected, we have |Fi,| > 3”2_ 6 for even n and |Fi,| > 3”2_ 7 for odd n,
then |F; | < 3n—10 < 3n —9 (n is even) and |F;,| < 3n — 10 (n is odd). Since |E; ;,(CF,)| =
(n—2)! > 2526 > |, UF,| (niseven)and |E; ;,(CF,)| = 2(n —2)! > 252 > |F; UF,| (nis odd),
CE, [V(CF,Li3’i"] — Flisinly V(Cl-",i1 — F;, )] is connected. Since |F; | < |F;,| < 3n — 10, when n is even, by
Corollary 3.4, we know CF2 — F;, has a big component C and one singleton; When 7 is odd, by Lemma

1, we know CF2 — F;, has a big component C and at most two singletons. By the same argument as
that of Case 1, we can get CF, [V (CF¥" — Flisdn) U V(CFl — F,) UV(C)] is connected. Then CF, — F
must be one of conditions (1) and (2).

Case 3. Only CF;' — F; is disconnected.

In this case, 256 < |F; | < 2528 forevennand 257 < |F; | < 252 for odd n. As |E;, ;,(CFy)| =
(n—2)! > 2526 > |F, UF,| (niseven)and |E;, ;,(CF,)| = 2(n —2)! > 2552 > |F, UF,| (nis odd),
we have CF,Liz’i”] — Fli2in] jg connected.

When 7 is even, if |F; | < 9"532, by introduction, we know CFl — F;, has a big component C with
|[V(C)| > (n —1)! — |F;,| — 2. By the same argument as that of Case 1, we can get CFn[V(CFV[liZ’i”] -
Fli2in])y U V(C)] is connected. Thus the result holds. If |F,| > 22530, then |F, UF,,U---UF; | <2. Let
W be the union of components of CF, — F, whose vertices, which are totally contained in C F,il1 - F,
and are not connected with CF,LiZ’i"} — Fli2in] By Proposition 2.2 and Proposition 2.3, we have |W| <
|F — F;; | < 2. Thus the result holds.

When n is odd, if |F; | < 22522, by introduction, CFll — F;, has a big component C with [V(C)| >
(n—1)! —|F;, | — 2. By the same argument as that of Case 1, we can get CF, [V(CFr[,iz’i"] — Flailyyv(Q)]
is connected. Thus the result holds. If |F; | > 9”533, then |F;, UF, U---UF;, | <5. Let W be the
union of components of CF, — F, whose vertices, which are totally contained in CF,i1 — F;,, and are
not connected with CE2"" — Flizin], By Proposition 2.3, 2|W| < |F — F; | < 5. Then we have [W| < 2.
Thus the result holds.

i, i3

Theorem 2. Forn > 4, when n is odd, cx4(CF,) = 9”521; when n is even, ck4(CF,) =

In—24
.

Proof. By Lemma 1, we have cx4(CFy) > 6 = %. Forn > 5, by Lemma 4.9, we can get when n is
odd, cx4(CF,) > % ; when n is even, cxy (CF,) > %. Next, we will prove that cx4(CF,) < 9”2;21
and cxy(CF,) < # Forn =4, if welet F = {2314,3124,1234,4213,4132,4321}, then CF, — F has
three singletons: x1 = 3214, xp = 2134, x3 = 1324. Thus cx4(CF;) < 6 = %. For n > 5, when n is
Odd, letS = {xl, X2, X3}, where X1 = i1i2i3 ce in_43214, Xy = 2i2i3 e in_4i1314, X3 = 2i2i3 ce in_43i141,
then |Ncf, (S)| = 3n — 10 + -7 + 3 = 2121 and there are three singletons {x1,x,x3} in CF, —
Ncr, (S). Thus when n is odd, cxs(CF,) < 2521, When n is even, let S = {x1,x,x3}, where
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X1 = i1i2i3 in 43214j, Xy = 2i2i3 . -in_4i1314j, X3 = 2i2i3 s in_43i141j, then {xl, X2, X3} - V(CF,];)

—21
and | CF]( )| -
we know x1, X2, X3 have different outgoing neighbors. So |Ncr, (S)| = 9” =30 4 3 — 9”224
< 9n 24'

are three singletons in CF, — N, (S). Thus when 7 is even, cx4(CF,) <

9"530. As x1, x2, x3 belong to a common subgraph, by Proposition 2.3,

and X1,X2,X3

5. The 5-component connectivity of CF,

Lemma 5.1. For n = 4, let S is an Ind-set and |S| = 4, then [Ncf, (S)| > 8.

Proof. Let S = {x1,x2,x3,x4}, since S is an Ind-set, x1, X, X3, X4 are nonadjacent to each other. As
CFi = CF; (i € {1,2,3,4}), we know x1, x, X3, x4 can not belong to a same subgraph of CF;. So we
need think about the following cases:
Case 1: x1, X2, X3, x4 belong to two different subgraphs of CF;.

In this case, we can divide it into two subcases:
Subcase 1.1: There are two subgraphs of CF; which contain only two vertices of S. Without
loss of generality, we can let {xq,x} C V(CF;), {x3,x4} C V(CF42). By the definition of CF,,
|NCFZ}({X1,X2})| = |NCP2({X3,X4})| = 3. Now we let x; = 2341, then x, = 4231 or x, = 3421.
Thus x| € V(CF}), xJ = 1234 € V(CF}) or x; = 1423 € V(CFE’). Hence x; and x; can not belong
to a common subgraph of CFy. Similarly, we know x3 and x; can not belong to a common subgraph
of CEy. If x{ or xJ belong to CF; and adjacent to {x3, x4}, meanwhile x; or x; belong to CF} and
adjacent to {x1,x2}, then |Ncp4( )] = 34+ 3+2 = 8. Now, we illustrate this structure exists. Let
x3 = 3142, x4 = 1432, then x;r is adjacent to x3, xI is adjacent to x1. Thus [N, (S)| > 8.
Subcase 1.2: There is a subgraph of CF; which contains three vertices of S. In this subcase, we
can let {xl,xz,xg,} C V(CE}), x4 € V(CFz) We let x; = 2341, x, = 4231, x3 = 3421, then x| =
1342 € V(CF?), x§ = 1234 € V(CF}), x = 1423 € V(CF}). Clearly, INcry ({x1, %2, 03})| = 3,
|NCF§(x4)| =3.1If x4 € V(CF}) and is ad]acent to {x1,x2, X3}, meanwhile x" is adjacent to x4, then
INCE, (S)| =3+ 3+2 =8 Let xy = 1432, then x; = 2431. Thus x;" is adjacent to x4 and x, is adjacent
to x1. Thus |Ncp, (S)| > 8.
Case 2: x1, X7, X3, x4 belong to three different subgraphs of CF;.

In this case, there exists a subgraph CF; i which must contains two vertices of S. Now we can let
{11, 32) € V(CE}), % € V(CE]), x4 € V(CE). Then Ny ({1,521 =3, | N (1) = [N (x1)| =
3, |NCP4(S)| > |Ncpl({x1/x2})| + | CF](x3)| + |Nc1:i<(x4)| =9.

Case 3: x1, X2, X3, x4 belong to four different subgraphs of CF;.

In this case, we can let x; € V(CFF), then |NCF,’,< (xx)| = 3. Thus |Ncp,(S)| > 4 x |NCF,’§ (xp)| =
4x3=12.

Combing the above three cases, we have |Ncp, (S)| > 8.

Lemma 5.2. When 7 is odd, let S = {x1,x2, x3, x4} is an Ind-set and {x1,x,} C V(CF}), {x3, x4} C
(CF]) ( 7é ]) If ’NCFJL({xl’xZ}” | CF] ({X3,X4})| - 37’1 - 10/ then |NCFn—CF£—CFZ, ( >| 2 4

Proof. Since |Nepi ({x1,%2})] = [N ({x3,x4})] = 3n —10, by the proof process of Lemma 3.3,

we know x1,x (resp., x3,%4) have three common neighbors in CF} (resp., CF}). So by Lemma 3.1,
we can let x1 = iyip - iy_2iy_11, X0 = k1ky -+ -k,,_2i,_11, where k; € [il,in 2] and kq 7& i1. Then
x| = dipiy - ig_ply_1i1, X] = iyigi3 - - - ip_2iiy_1, X; = kiky---ky_giiy_1, x3 = ikoks- - -ky_ziy_1k.
By Proposition 2.3 and Proposition 2.2, we have 2 < |NCFn—CF£l—CF,]1({x1’ nh| < 4,2 <
IN CF._CE _CEl ({x3,x4})| < 4. Then we think about the following three cases:

Case 1: |NCF CF CF}'({xsz})| =4

In this case, we can easily get [N i(S)] > 4.

CF,—CF,—CF, =
Case 2: [N CF,—CFi— CPZ;({xl’xZ} | = 3.
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In this case, only one of the outgoing neighbors of {x7,x2} belong to CFj Soip =jork =j.
We assume i1 = j, then x]” € V(CF]) If [N CF,—CFi— Cl_,]({xg,,x4})| = 4, then |N CFy—CFi— CF4(5)| >

4. If [N P ({x3,x4})| < 3, one of the outgoing neighbors of {x3, x4} must belong to CFi,

CF,—CFi—
we assume x3+ or x; belong to CF, then x3 = ijpj3- - ju_aju—1j OF X3 = f1j2j3" " ju—2ij. When
X3 = ij2j3 - - ju—2jn—1J, then by the proof process of Lemma 3.1, we can let x4 = Iill3---1,_2j,—1],
where [; € (Uern—Z] U {l}) and I; # i. Thus X; = jj2j3 - jn—2jn—-1i, X3 = iJ2J3 " jn—2]jn—1, xi =
jlols - ly—oju—1l1, x; = lillsz -+ ly_2jju—1. Then x§ € V(CFL). Since j, 1 # i, x, & V(CFL). Thus
IN CE,—CFi— CF}Jq‘(5)| >4dasx, #x;,x, #%x,,%; #x5. Whenxs = jijoj3- - - ju—2ij, then by the proof
process of Lemma 3.1, we can let x4 = l1lol3 - - 1, 5ij, where [; € [j1,ju—2] and I # j;. Then x3 =
jj2j3 - jn—2if1, Xy = J1if2j3 -+ jn—2ji, xi = jllz -1, _pily, Xy = hLipls -1, _9ji, {x;,x;} - V(CF,D.
Since ji # i, Iy # i, we know {x],x]} C V(CF, — CF, — CF}). Asi # jand ky # j, then x| # xJ,

xy #x3,x3 #x,. Thus [N CF,—CE CF;;(S)|24.

Case 3: | CE, CF’ CF;;({xl'XZ}” =2. 4 '

In this case, two outgoing neighbors of {x1,x,} belong to CF),. Thus {x],x, } C V(CF}) and
{x3,%4} C V(CE]). Now we let x3 = jij2j3 - jn_2jn_1j, then x4 = uqupusz--- t, 2j,_1j, where
u; € []1,],1 2] and uy # j1. If |NCF _CFi—cF] ({x3,x24})| = 4, clearly IN CF,—CFi—CF] (S)] > 4. If
|NCF _CE—CH ({x3,x4})| = 3, the proof process is similar to Case 2, we can get [N CF,—CEi—CEl (8)] > 4.
So we let [N CE,—CEi—CE| ({x3,x4})] = 2, then one of the outgoing neighbors of x3 and x4 belong
to CF,lq, we assume X3 — ijzjg, .. ']'n_zjnflj or X3 — j1j2j3 e ’jn—Zij- When X3 = ij2j3 .. ‘]‘n_zjnflj,
we can get j,—1 # i, SO X4 = iupUz---Uy_pj,—1j. By Corollary 3.2, we know x3 and x4 can not
have three common neighbors in CF,]q, SO X3 = J1J2j3 " * - ju—2lj, X4 = UqUU3 - - - Uy_oij. Since x4 =
juguz - - Uy_oity, X5 = jjoj3- - - ju—2ij and i # j, we have xi # x|, x3 # x5, xf # x, x) # x5
Thus |NCFn—CF,",—CF,];(S)| > 4.

Lemma 5.3. When n is odd let S = {xl,xz,x3, x4} is an Ind set and {xl,xz, X3} - V(CF,Q), Xy €
N -4 _

Proof. Since {xl,xz,xg} C V(CF,ﬁ), CF = CFn_l, n —1 is even and ‘NCF,Q( )| = 238 by
Corollary 4.6, we know x1, x2, x3 must belong to a common subgraph in CF};. So we let x; =
iinis -« in_oiy_1i, Xo = J1j2j3 " * ju—2in—11, X3 = kikoks - - ky_opiy_1i. Then x;" = iiyiz- - - iy_nin_1i1,
X] = irhyiz - ig—olin_1, X3 = ijoj3- " ju—din-1j1, X5 = j1jofa -+ jn—2iin—1, X5 = ikoks -+ kn_2in_1k1,
x5 = kikoks - - - ky_oii,_q. If [N CF,—CFi_CFl ({x1,x2,x3})| > 4, then [N CE,—CEi - CPZ;(S)l > 4. Thus we
assume |N CF,—CEi—CFl ({x1,x2,x3})| = 3, then one of the two outgoing neighbors of x1, x», x3 must

belong to a common subgraph of CF,;, we need to think about the following two situations:
Case 1: {x,x, ,x; } C V(CFZ” and x4 € V(CFZ” h.

In this case, we let x4 = [Lll3-- 1, 5l,_1i,_1, then 364+ = dy_qblz -1, 0l 11, X, =
Liply -+ ly_giy_1ly—1. I x] ¢ V(CFi)and x; ¢ V(CF!), then |N — CF,-( ) > 4asi, g 7& i
and x} # x{, x] # x), x] # x7. If one of the two outgoing neighbors of x, belong to CF},
can assume x4 = 111213 ln72”n—1 or X4 = 11213 ln72ln—11n—1- If X4 = llzlg ln72ln—1ln—1/ since

| CF,( )| = 3”2_7, we know x;,x,, x5 are adjacent to x4, so x; = x4(1,n—1), x; = x4(1,n - 1),
Xy = = x4(1,n — 1), this contradicts to the fact that Xy ,X, ,x; are different from each other. So
x4 = hilz- -1, 5ii, 1, then x4 iy 1lls-- -1, 7ily, X, = hils -1, 21, 1i. Hence X, € V(CF;I),
xy #xi,xf #xf,xf #xf. Thus [N CFy—CEi— CF]( )| > 4.
Case 2: Let iy = j; = ky, {x] ,x2 ,x}} C V(CF}) and x4 € V(CE}).

In this case, x1 = iyipiz - - ip_pip_11, X = i1j2j3 " - ju—2in—1i, X3 = i1koks---ky_2i,_1i. Then
X = digiz -+ - ip_gip_1i1, X3 = ijofa - ju—zin—1i1, X3 = ikoks - ky_piy_1i1, X] = iyipiz- - - iy_iiy_1,
X, = i1j2J3 * * * ju—2lin—1, Xy = i1koks - - ky_oii,—1. We let x4 = lLilz---1,,_5 1,_1i1, then
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xg = ithly - ly_oly_1ly, x; = hLblz - ly_oirl,—q. If xj & V(CF.) and x; ¢ V(CF.), then
|NCFn_CF£_CF£(S)| >4dasx, #x,X # X,% # x3. If one of the two outgoing neighbors
of x4 belong to CF,i, we can assume x4 = l1bl3 - - -iij or x4 = ilplz - - - 1,,_1i7. When x4 = l11bl3 - - - ii1, as
x|, x5, x5 are adjacent to x4, s0 x]” = x4(1,n — 1), x5 = x4(1,n — 1), x5 = x4(1,n — 1), this contracts
to the fact x|, x;, x; are different from each other. So x4 = illz---l,_1i1, x; = i1hlz -1, 1,
x, =ibl3---iily_1. Thenx} € V(CF}), x; # xi,x; # x;,x; # x;. Thus |NCFn_CF£_CF£(S)| > 4.
Lemma 5.4. When nis odd, let S = {x1,x2,x3,x4} is an Ind-set and {x1,x,} C V(CF}), {x3} C
V(CE}), {x3} C V(CF¥) (i, ],k are different from each other). If [Neri ({x1,x2} )| = 3n — 10, then

|NCFn7CF£,7CF,];7CF,’§(S>| =1
Proof. If |[N CF,—CEi—CFi - CP,’:<S)| = 0, the structure in Figure 5 must exists. Now we can proof
this structure does not exist. As |Nppi ({x1,x2})] = 3n — 10, we can get x1,x, must have three

common neighbors in CF,i. So we can assume x1 = iyii3 - - - i,_pji, then by Lemma 3.1, we can let
Xy = j1j2j3 N ~jn_2ji, where ji € [il,in_g] and jl 75 il- Then x{r = ii2i3 e in—Zjilr x;r = ijzjg, s 'jn—ijlr
X; = i1igiz - - ip_2if, X, = j1j2j3 - - ju—2ij. Since iy # jand i # ji, xf can not belong to a common

. —+ — . . . .
subgraph with x5 or x, . Thus the structure in Figure 5 does not exist, | N CF,—CEL—CEL —CFk (S)| > 1.

CF,’ CF,/ CcF,*

Figure 5. The case of [N, =0.

F,—CF}—CF},~CFf (9l

Lemma 5.5. For n = 5,let S is an Ind-set and |S| = 4, then [Ncp,(S)| > 14.

Proof. Let S = {x1, xp, x3, x4}, since S is an Ind-set, x1, X2, x3, x4 are nonadjacent to each other. Note
that CF = CF;. Now we think about the following four cases:

Case 1: S = {x1,x,x3, x4} belong to a same subgraph CF..

By Lemma 5.1, we have |NCP51'(S)| > 8. By Proposition 2.3, we know |NCF5_C1_-§(S)| = 8. Thus
|NCP5(S)‘ = |Ncpé(5)| + |Ncp5fcpé(5)| >8+8=16.

Case 2: S = {1, x2, x3, x4 } belong to two different subgraphs CFSZ', CFé (i #7).

In this case, we need to think about the following two situations:
Subcase 2.1: {xq,x,} C V(CF;), {x3,%4} C V(CF;).

By Lemma 3.3, we can get \NCFé({xl,xz}ﬂ >3n—10 =5, |NCFé-({x3,x4})\ > 3n—10 = 5. By
Lemma 5.2, we have |[Ncg, (S)| = |NCFé({x1,xz})| + |NCFé‘({X3,X4})| + [N (S)| 22x5+
4 =14.

Subcase 2.2: {x1,x,x3} C V(CFi), x4 € V(CFL).

By Lemma 4.1, we have |NCF5,-({x1,x2, x3})| > 6, |NCPé(x4)| = ¥4 = 4 By Lemma
r,—cri—cp (S = 4 Thus [Ncr, (S)| = [Neg ({x1,%2,x3})] + [N (xa)] +
(S)|>6+4+4=14

Fs—CFi—CE]

5.3, we know |NC

N CF,—CFi—CF/

Case 3: S = {x1, x2, x3, x4 } belong to three different subgraphs CE, CFé, CF})c (i,,k are different from
each other).

]
F
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In this case, there exists a subgraph CF!, which contains two vertices of S, we let {x1, %2} C
V(CE}). Clearly, |NCFé-({x1,x2})| >3n—-10=35, INCPé(x3)| = |NCF§(x4)| = 4. Thus, by Lemma 54,
we have |Ncry (S)] = [Negg ((x1,321) |+ [Ny )|+ [Nepsea) |+ INp ey ps (S)] 2 54+
44+1=14.

Case 4: S = {x1, x2, x3, x4 } belong to four different subgraphs.

In this case, we can let x; € V(CFf). Clearly, |NCF§(xk)| = 4, thus [Ncg, (S)] > 4 x |NCF§(xk)| =
4x4=16>14.

Combing the above four cases, we can get [Ncr, (S)| > 14.

]
E

Lemma 5.6. For n = 6,let S is an Ind-set and |S| = 4, then [N, (S)| > 18.
Proof. Let S = {x1, xp, x3, x4}, since S is an Ind-set, x1, X2, x3, x4 are nonadjacent to each other. Note
that CF, = CFs. Now we think about the following four cases:
Casel: S = {xl, X2, X3, x4} belong to a same subgraph CFé.

By Lemma 5.5, we can get [N Fi (S)| > 14. By the definition of CF,, we know every vertex in CF
has only one outgoing neighbor. Thus |Ncr, (S)| = |NCF(§(S)‘ +4>18.
Case 2: S = {x1, X2, x3,x4} belong to two different subgraphs CF, CFé (i #j).

In this case, we also need to think about the following two situations:
Subcase 2.1: {x1,x,} C V(CF}), {x3,x,} C V(CE}).

By Lemma 3.3, we can get |NCPé({x1,x2})| >3n—-9=9, |NCFé-({x3,x4})| >3n—9 =9. Thus
INcr, (S) = INeps ({1, x2}) [ + [Ny ({23, 24})| = 9 +9 = 18.

Subcase 2.2: {x1,x2,x3} C V(CPé), X4 € V(CFé).
By Lemma 4.2, we have |NCFé({x1,x2,x3})| > 12, |NCF,~(x4)| = 323=3 = 6. Thus |Ncg,(S)| >
6

INer ({21,202, x3}) | + [Ny (x4)| = 12+ 6 = 18.

Case 3: S = {x1, x, x3, x4 } belong to three different subgraphs CFé, CFé, CFg (i,,k are different from
each other).

In this case, there exists a subgraph CF!, which contains two vertices of S, we let {x1, %2} C
V(CE). Clearly, INcpi ({x1,%2})| = 3n =9 =9, |NCFé'(X3)| = [Ncgr(x4)[ = 6. Thus, [Ncp ()| =
|NCFé({x1,x2})| + \NCPé(x3)| + |NCF§(X4)| =9+6+6=21>18.

Case 4: S = {x9,x2, x3, x4 } belong to four different subgraphs.

In this case, we can let x; € V(CEf). Clearly, |NCFg(xk)| = 6, thus |[Ncp, (S)| > 4 x |NCFg(xk)| =
4x6=24>18.

Combing the above four cases, we can get | Ncr, (S)| > 18.

Lemma 5.7. Forn > 5,let S is an Ind-set and |S| = 4, then when 7 is odd, [N, (S)| > 6n — 16; when
niseven, [Ncg, (S)| > 6n —18.

Proof. We proof this result by induction on n. By Lemma 5.5 and Lemma 5.6, we know when n = 5,6,
this result holds. Now we assume 1 > 7 and the result holds for CF, 1. Let S = {x1, x2, x3, x4}, since S
is an Ind-set, x1, x, X3, x4 are nonadjacent to each other. Note that CF,i =~ CF,_1. Now we think about
the following four cases:

Case 1: S = {x1, X2, 3, x4} belong to a same subgraph CF}.

By induction hypothesis, we know when n is odd, [Ngg (S)| > 6(n —1) —18 = 6n —24;
when n is even, |NCF£(S)| > 6(n—1) —16 = 6n —22. By Proposition 2.3, we know when n
is odd, [Ncp, _cpi(S)| = 8 when nis even, [Nep fi(S)| = 4. Thus [Ncp, (S)| = [Ncgi(S)] +
INcr, cri(S)] = 6n—24+8=6n—16 (nisodd) and [Ncf, (S)| = 6n —22+4 = 6n — 18 (nis even).
Case 2: S = {x1, X2, x3, x4} belong to two different subgraphs CFi, CF), (i # j).

In this case, we need to think about two situations:

Subcase 2.1: {x1,x,} C V(CFL), {x3,x4} C V(CE]).

doi:10.20944/preprints202311.0847.v1
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By Lemma 3.3, we can get when n is  odd, |NCF£({x1,x2})|

> 3n — 10, |NCFj({x3,x4})| > 3n — 10; when #n is even, |NCF;-I({x1,x2})| > 3n -9,
IN-pi ({x3,%4})] = 3n—9. When n is odd, by Lemma 52, we have |Ncf,(S)| = [Ncg

({x1, x2})] + |NCF},1-({x3,x4})| + |NCFW7CH;7CF£(S)| > 2x(3n—10)+4 = 6n—16. When n is
even, [Ncr, (S)| = [Ncp ({x1,x2})| + \NCFZ;({x3,x4})| =2x(3n—9)=6n—18.
Subcase 2.2: {x1,x2,x3} C V(CFL), x4 € V(CF)).

When 7 is odd, by Lemma 4.5, we have [N ({x1,x2,x3})| = 9("7;)724 = 2133 By Lemma

3x(n—1)—4 _

5‘3’ we knOW |NCF,,7CF},*CF£ (S)‘ Z 4: AS ‘NCFZ; (x4)| = ><(n2 ) = 37’12 7/ SO |NCF;1(S)| =
INepi ({x1, %2, x3})[ + |NCP£ (xq)] + |NCF,,—CF,‘;—CP£(S)| > 238 4 -7 4 4 = 6n — 16. When n is even,
by Lemma 4.5, we have [Ncp: ({x1,x2,x3})| = 9("7;)721 =30 As |NCF£ (xq4)] = 3X(”;1)’3 = 3126
50 [Ncr, (S)| = [Neg; ({21, %2, %3 }) [ + [Ny (xa)| = 730 4 38 — 6n — 18.
Case 3: S = {x1, xp, x3, x4 } belong to three different subgraphs CF,Q, CP,]l, CF,’1c (i, ], k are different from
each other).

In this case, there exists a subgraph CF;;, which contains two vertices of S, we let {x,x,} C
V(CF!). When 7 is odd, by Lemma 3.3, we have INcgi ({x1,x2})[ > 3n —10. Clearly, [N . (x3)| =
INcpx(xa)| = 317 Thus, by Lemma 5.4, we have |Ncf, (S)| = INcp ({x1,2}) [ + |NCF’J;(x3)‘ +
|NCP5(X4)| + ‘NCFn7CF,‘;7CF{;7CF,’,‘(S)| > 3n—10+2x ¥7 +1 = 6n —16. When n is even, by
Lemma 3.3, we have [N¢pi ({x1,x2})[ = 3n — 9. Clearly, |NCF£ (x3)] = [Negr(xa)| = 316 Thus,
‘NCFW (S)‘ Z |NCF71"({X1,JC2})’ + |NCF£ (X3)| + ’NCF,’f(x‘l)l =3n—-9+42x 3n2—6 =6n—15> 6n —18.
Case 4: S = {x1, x2, x3, x4 } belong to four different subgraphs.

In this case, we can let x; € V(CF!). Clearly, when n is odd, INepi (xi)] = 31-7; when 1 is even,
INepi (x:)] = 3-8 Thus when n is odd, |Ncp, (S)| > 4 x [Nepi (xi)] =4 x =T — 6n—14 > 6n — 16;
when 7 is even, [Ncg, (S)| > 4 X |Nepi (xi)| = 4 x 356 = 6n — 12 > 6n — 18.

Combing the above four cases, we know the result holds.

Lemma 5.8. For n =5, if F satisfies the condition |F| < 13, then CF5 — F contains a big component C
with |V(C)| > 5! — |F| - 3.
Proof. In this Lemma, we do not think about the situation CF; — F is connected, so we let CF5 — F

is disconnected. Let F; = FN CF (i € [1,5]). By Proposition 2.8, we know «(CF}) = =14 —

W = 4. Since |F| < 14, we can get there exists at most three vertex set F;, which can satisfies the
condition |F;| > 4. Now we think about the following situations:
Case 1: |F;| < 3foreveryi € [1,5].

By Proposition 2.8, we know CF. — F; is connected for i € [1,5]. Since Eij(CF) =2(n—-2)! =
12 > 6 > |Fj| +|Fj|, CF and CFé are connected. Thus we can get CF5 — F is connected, this contradicts
to the assumption CF; — F is disconnected.

Case 2: There exists only one F;, which can satisfies that |F;| > 4.

In this case, we can let |F;| > 4, then |F;| < 3 fori € [2,5]. Hence by Proposition 2.8, we can get
CF{ — F; is connected (i € [2,5]). Let M = CF5 — F — CF}, similarly to the discussion of Case 1, we
know M is connected. Now we think about the following two situations:

Subcase 2.1: |[F — F| < 7.

By the definition of CF,; and Proposition 2.3, we know every vertex has two outgoing neighbors,
and these outgoing neighbors are different from each other. Thus, if CF} — F is connected and
|CF} — Fi| > 4, there must exists a vertex x1 in CF} — F; such that it has a good neighbor in M.
Thus CFs — F is connected, this contradicts to the assumption CF5 — F is disconnected. If CF51 —Fis
connected and \CF51 — F1| < 3, the result is certainly true. If CF5l — F is disconnected, we can assume
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C; is the vertex set in CF51 — F;, which has no good neighbors in M. As |F — F1| < 7, we can get
|V(C1)| < 3, so the result holds.
Subcase 2.2: |F — F| > 8.

In this case, if Cl—"51 — Fj is connected, similar to the case 1, we can get CF5 — F is connected. Now
we assume CF} — F; is disconnected. Since |F — F;| > 8, we have |F| < |[F| -8 < 13 -8 = 5, by
Lemma 1, we know CF} — F; has a big component C; and one singleton or two singletons. Since
|V(C1)| > |V(CE: —F)|—2>4-5-2=17 > 13 > |, UF; UF, U 5|, C; is connected to M. Thus
CFs — F has a big component C with |V(C)| > n! — |F| — 2.

Case 3: There exists two vertex set F;, F;, which satisfy that [F;| > 4, |F;| > 4.

In this case, we can let |F;| > |F| > 4. Then |F| <3 (i € [3,5]), |F1| < |F| - |F| <13—4=09.
Let M = CF5 — F — CF} — CF2, similarly, we can get M is connected. If CFi — F; (i € {1,2}) is
connected, by the same argument with Subcase 2.2, we know it connected to M. Thus, if CF} — F; and
C F52 — FE, are all connected, then CFs — F is connected, this contradicts to the assumption that CF5 — F
is disconnected. Hence at least one of CF; — F; (i € {1,2}) is disconnected. Now we think about the
following three cases:

Subcase 3.1: |F| = |F| = 4.

By Corollary 3.4, we know if CFi — F; (i € {1,2}) is disconnected, then it has a big component C;
and one singleton. Similarly, we can get C; is connected to M. Thus CF5 — F has a component C with
|[V(C)| > 5! — |F| —2.

Subcase 3.2: |F;| = 5.

In this case, we know 4 < |F| < |Fj| = 5. By Lemma 1, we can get if CF} — F is disconnected,
then it has a big component C; and one singleton or two singletons. If |F,| = 4, by Corollary 3.4,
we can get CF2 — F, has a big component C, and at most one singleton. Similarly, we can also
get C; is connected to M. Thus CFs — F has a big component C with |V(C)| > n! — |F| — 3, the
result holds. If || = 5, then |F — F; — K| < 13—5—5 = 3. By Lemma 1, we know, if CF, — F;
(i € {1,2}) is disconnected, it has a big component C; and one singleton or two singletons. If
one of CF} — F; is connected or has only one singleton, then the result holds. Now we consider
CF5l — F; and CFE? — F, are all disconnected and they all have two singletons, we let {x1,x,} C
V(CE} — R), {y1,y2} € V(CF? — F,). Similarly, we can know that C; must connected to M, then
CFs — F has a big component C with |V(C)| > 5! — |F| — 4. Since |F;| = |F| = 5and x1, x (resp.,y1,Y2)
are two singletons, x1, x, must have three common neighbors in CF! (resp.,y1,y2 must have three
common neighbors in CF52). If x1,x2,Y1,y2 are singletons in CF; — F, then by Lemma 5.2, we can
get |NCF5_CP51_CF§({xl,xz,yl,yz})| > 4. Since |F — F; — F| < 3, we know at least one vertex in
{x1,x2,¥1,y2} must connected to M. Thus CFs — F has a big component C with |V(C)| > 5! — |F| — 3.
If (CFs — F)[{x1,x2,y1,y2}] has at least one edge, we assume (x,y1) € E(CF5 — F), then CF5 — Fhas a
big component C with |[V(C)| > 5! — |F| — 3. Suppose |V (C)| = 5! — |F| — 4, then x1, y; are singletons
in CF5 — F or (x1,y2) € E(CFs — F). If x4,y are singletons in CF5 — F, then |F| > |Ncpg ({x2,y1}) U
Ncps(xl) U NCF5(]/2)| >5x24+6x%x2—3x%x2 =16 > 13, a contradiction. If (xl,yz) S E(CF5 — F),
then |F| > |Ncg, ({x2,¥1}) UNcg ({x1,¥2}) > 5 x 4 —3 x 2 = 14 > 13, a contradiction. Thus CF5 — F
has a big component C with |V(C)| > n! — |F| — 3.

Subcase 3.3: 6 < |F{| <09.

In this case, we can get 4 < |F| < |F| —|F| < 13—-6 = 7. If |K,| = 7, then |Fy| > 7, |F| >
|Fi| + |F2| > 14, a contradiction. Thus 4 < |F| < 6.

If |F;| = 4and CF2 — F, is disconnected, then CF2 — F has a big component C, and one singleton
x4. Furthermore, we have |F| — |F| — |F| < 13— 6 —4 = 3. When |F| — |Fj| — | ;| < 2, since every
vertex in CFs has two outgoing neighbors, there are at most two vertices in CF} — Fy, which can satisfy
that one of the two outgoing neighbors belong to F, and the other belongs to F — F; — F,. Thus the
result holds. When |F| — |F;| — |F2| = 3, CF} — F; has at most three vertices, which can satisfy that one
of their outgoing neighbors belongs to F, and the other belongs to F — F; — F,. We let they are x1, x5, x3.
If CF51 — F is connected or has at most two vertices, then the result holds. Now we consider there are
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three vertices in CF} — Fj, we can get CF5 — F has a big component C with |V(C)| > 5! — |F| — 4. If
|V(C)| = 5! — |F| — 4, the structure in Figure 6 must exists. If there exists one edge between {x1, xp, x3},
then there will be a 5-circle in CFs, a contradiction. So x1, x2, x3 are three singletons in CF51 —F.If x4 is
adjacent to x1, xp, x3, then there exists a 3-circle in CFs. Thus x1, X2, x3, x4 are four singletons in CF5 — F.
By Lemma 5.3, we know |NCF57CF§7CF52<S)| > 4, this contradicts to the fact |F| — |F;| — |Fz| = 3, thus
|[V(C)| > n!— |F| —3.

If5 < || < 6, then |F| — |F| — |F2| < 13—5—6 < 2. When |F| — |F| — |B| < 1, CF5 — F has
a big component and at most two vertices x1, x2, where x; € V(CF}; — F;) and they have common
outgoing neighbor vertex in F \ (F; U F,) and the other outgoing neighbor vertex belong to CF2 or CFZ,
so the result holds. When |F| — |F;| — |F2| = 2, we can get |F;| = 6, || = 5,and if CF{ — F; (i € {1,2})
is disconnected, then it has at most two vertices which has neighbors in F — F; — F,. Thus CF5s — F
has a big component C with |V(C)| > 5! — |F| — 4. Now, we proof |V (C)| = 5! — |F| — 4 can not exist.
Suppose on the contrary, the structure in Figure 7 exists. Since |F,| = 5, we can get x1, x; are two
singletons and have three common neighbors in CFZ; Otherwise, if x is adjacent to x, then |F,| = 6,a
contradiction. So by Lemma 3.1, we let x; = i1ii3i42 and x, = jjj2j3i42, where j; € [i1, i3] and j; # 7.
Then xf = 2i2i3i4i1, xl_ = i1i2i32i4, x; = 2j2j3i4j1, xz_ = j1j2j32i4. Since one of the out neighbor
vertices of x1, x; belong to CF51 and jy # i1, i1 # ig, j1 # ig, we have iy = 1. Thus xf = 2iizliy,
Xy = 2jpj31j1. From the structure of Figure 7, we have (x;")~ = 2ipizi11 = x3, (x5 )~ = 2joj3j1l = x4.
Let x} = 2iyiziy, xjy = 2jpj3j1, then {x5,x,} € V(Gy), G; = CFy. Since j; # i1, xj and x} belong to
different subgraph in G;. As (x§)" = i1i2i32, (x}) T = j1/2j32, we know (x)" # (x})*. Thus x3 and
x4 have no common neighbors in CF2. Clearly, we have x;3 is nonadjacent to x4; Otherwise, there is a
7-circle in CF5 (as shown in Figure 7 by read line). Thus, |F;| > 8, this contradicts to the fact |F;| = 6,
this structure does not exist. So CFs — F has a large component C with |V(C)| > n! — |F| — 3.

Case 4: There exists three vertex set F;, Fj, F, which can satisfy that |F;| > 4, |F;| > 4 and |F| > 4
(i,],k are different from each other).

In this case, we have |F;| < [F| — |Fj| — |F| < 13 —4 — 4 = 5. Similarly, we can get |Fj| < 5,
|Fe| < 5. Let M = CFs — CF{ — CF, — CFf, we can get M is connected. If |F| < 4, |Fj| < 4 and
|Fx| < 4, by Corollary 3.4, we know this result holds. If |F;| = 5, |Fj| < 4 and |F| < 4, then by
Lemma 1, there are at most two singletons in CFt — F;. Thus CF5 — F has a big component C with
|V(C)| > 5! — |F| —4.If |V(C)| = n! — |F| — 4, then CFL — F; has two singletons {x;, x,} and CF} — F,
CI-“éC — Fy only has one singleton. Since |F;| = 5, x; and x; have three common neighbors in CF;. Since
|F| = |Fi| = |Fj| — |[F| <13 —-5—4—4 =0, we know x belong to a common subgraph with x; or
x5 . By the proof process of Lemma 5.4, we know this situation will not exist. So [V (C)| # n! — |F| — 4,
CFs — F has a big component C with [V(C)| > n! — |F| = 3. If |F;| = 5, |Fj| = 5, |K| < 4, then
|F| > |F| — |Fj| — |Fx| > 5+ 5+ 4 = 14, a contradiction. If there are three F, F;, Fy, such that |F;| =5,
|Fj| =5, |Fx| =5, then |F| > |F;| — |F;| — [Fx| > 5+ 5+ 5 = 15, a contradiction.

CFs' CFs?

Figure 6. The illustration of Subcase 3.3 (|F;| = 4).
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1
CFs CF52

Figure 7. The illustration of Subcase 3.3 (5 < |F,| < 6).

Lemma 5.9. For n = 6, if F satisfies the condition |F| < 17, then CF, — F contains a big component C
with |[V(C)| > 6! — |F| — 3.

Proof. In this Lemma, we do not think about CFs — F is connected, so we assume that CF; — F is
disconnected. Let F; = F N CE., note that CF = CFs. By Proposition 2.8, we have x(CF}) = 36 = 6.
Since |F| < 17, we can get there exists at most two vertex set F;, which can satisfy |F;| > 6. Next we
think about the following three cases:

Case 1: |F;| < 5foreveryi € [1,6].

In this case, we know CF! — F; is connected. Since there are (n — 2)! = 4! = 24 cross-edges in
different CFé and 24 > 545 = 10, CFg — F is connected, a contradiction.

Case 2: There exists only one vertex set F;, which can satisfies the condition |F;| > 6.

In this case, we know |F;| <5 (j € [6] \ {i}). So CF, — F; is connected. Let M = CFs — F — CF,
similarly, we can get M is connected. When CF; — F; is connected, since 24 > 17, CFs — F is connected,
this contradicts to the assumption CFs — F is disconnected. When CFé — F; is disconnected, let S be the
set of vertices in CF} — F;, which have no good neighbors in M. If |F| — |F;| < 3, at most three vertices
in CF} — F; such that their out neighbor vertex belong to F — F;. Thus |V(S)| < 3. If |F| — |F;| > 4, then
|Fi| < |F| —4 =17 —4 = 13. By Lemma 5.8, we know the result holds.

Case 3: There exists two vertex set F;, F;, which can satisfy that |F;[ > 6 and |Fj| > 6.

In this case, we have |F;| < |F| — |F;| <17 — 6 = 11. Similarly, we can get |F;| < 11. By Lemma 4.7,
we know CF! — F; and CFé — Fj contain a big component Cy (k € {i, j}) with |[V(Cy)| > 5! — |F[ — 2.
If 6 < |F;| < 8, by Corollary 3.4, we have CF, — F; has a big component C; with [V(C;)| > 5! — |F;| — 1.
Thus CFs — F has a big component C with [V(C)| > 6! — |F| —=3. If9 < |F| < 11, then |Fj| <
|F| — |F;| < 17 —9 = 8. By Corollary 3.4, we can also get CFg — F; has a big component C; with
|[V(C;)| > 5! — |Fj| — 1. Thus CFs — F has a big component C with [V/(C)| > 6! — [F| — 3.

Lemma 5.10. For n > 5, if F satisfies that|F| < 6n — 17 (nis odd) and |F| < 6n — 19 (n is even), then
CF, — F has a big component C with |V(C)| > n! — |F| — 3.

Proof. In this Lemma, we only think about the case CF,;, — F is disconnected. Let F; = FN CF,i, we
proof this result by induction on n. By Lemma 5.8 and Lemma 5.9, we know this result holds for
n = 5,6. Now we assume n > 7 and the result holds for CF,, ;. Note that CF;', = CF,_1. By Proposition
2.8, we know when n is odd, x(CF.) = 3"57; when 7 is even, x(CF}) = #. Since |F| < 6n — 17 (n
is odd) and |F| < 6n — 19 (n is even), we can get there exists at most three vertex set F;, which can
satisfy that |[F;| > -7 (nis odd) and |F;| > #-° (n is even); Otherwise, for n > 7, when 1 is odd,
|F| >4 x 37 = 6n—14 > 6n — 17, when n is even, |F| > 4 x 356 = 61 — 12 > 61 — 19. Next, we
will think about the following situations:

Case 1. When nis odd, |Fj| < 357 — 1 = 322 forevery i € [1,n]; whenn is even, |F;| < ¥56 —1 =
-8 for every i € [1,n).
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By Proposition 2.8, we can get CF; — F; is connected for i € [1,n]. By Proposition 2.1, we
know when 7 is odd, there are 2(n — 2)! cross-edges between CF} and CE] (i # j); when n is even,
there are (n — 2)! cross-edges between CF. and CE} (i #j). Sincen > 7,2(n—2)! > 6n—17 and
(n —2)! > 6n — 19, there are at least one cross-edge between CF/, — F; and CFﬂ; — F. Thus CF, — Fis
connected, a contradiction.
3ﬂ;7

Case 2. When 7 is odd, there exists only one vertex set F;, which satisfies that |F;| > ; when n is

even, there exists only one vertex set F;, which satisfies that |F;| > 3= (i € [1,n]).

In this case, we can assume |Fj| > -7 (nis odd) and |F;| > ¢ (n is even). Then we can get
|Fj| < 352 (nis odd) and |Fj| < 28 (nis even) for every j € [n] \ {1}. By Proposition 2.8, we know
CE, — F; is connected. Let M = CF, — (FU CE}), by the same argument with Case 1, we know M is
connected. Now we think about the following two subcases:

Subcase 2.1: When nis odd, |F — F;| < 7; when n is even, |F — F;| < 3.

By the definition of CF,,, we know when # is odd, every vertex in CF, has two outgoing neighbors;

when 7 is even, every vertex in CF, has only one outgoing neighbor. If CF} — F; is connected with
|CE} — Fy| > 4, since |F — F| < 7 (nis odd) and |F — F;| < 3 (n is even), we can get CF} — Fj is
connected to M. Thus we can get CF, — F is connected, this contradicts to the assumption CF, — F is
disconnected. If CF! — F, is connected with |CF}! — F;| < 3, the conclusion is certainly true. If CF! — F;
is disconnected, we can let S is the set of vertices in CF} — F; which has no good neighbors in M. Since
|F—F| <7 (nisodd) and |F — F;| <3 (nis even), we can get |V (S)| < 3, the result holds.

Subcase 2.2: When n is odd, |F — F;| > 8, when n is even, |F — F;| > 4.

In this case, since |V (CF}!) — F;| — |[F = F| > (n —1)! — (6n —17) > 1 (nis odd) and |V (CF}) —
F|—|F-F|> (n—1)!—(6n—19) > 1 (nis even) for n > 7, we know if CF} — Fj is connected,
then CF, — F is also connected, this contradicts to the assumption CF, — F is disconnected. Now
we assume CF! — Fj is disconnected. Since |F — F;| > 8 (nis odd) and |F — F;| > 4 (n is even), we
can get when n is odd, |F| < |[F|—8 < 6n—17 —8 = 6n —25 = 6(n — 1) — 19; when n is even,
|Fi| < |F|—4 <6n—19—4 = 6n—23 = 6(n— 1) — 17. Thus by inductive hypothesis, we know
CF} — F; has a big component C; with [V(Cy)| > (n —1)! — |F;| — 3. Next, we will prove that C;
is connected to M. Clearly, we can get |F — F;| < 6n —17 —8 = 6n — 25 (nis odd) and |F — F| <
6n —19 —4 = 6n—23 (niseven). As2|V(Cq)| — (6n —25) > 2[(n —1)! — |F;| = 3] — (6n —25) > 1 (n
isodd) and |V(Cy)| — (6n —13) > (n — 1)! — |F{| —3 — (6n — 23) > 1 (nis even) for n > 7, we know
C; must has one vertex which must has a good neighbor in M. So the result holds.

and

3n—7
2

3n—6
2

Case 3. When n is odd, there exists two vertex set F;, E, which can satisfies that |F;| >
|F]-| > 3”2’ 7. when n is even, there exists two vertex set F;, Fj, which can satisfies that |F| >
Fj| > 358 (i # ).

In this case, we know |F| < =2 (nis odd) and |F,| < ¥ (n is even), where k € [n] \ {i, j}.
By Proposition 2.8, we know CFX — Fy is connected. Let M = CF, — (FU V(CF.) U V(CF},)), by the
same argument with Case 1, we know M is connected.

Firstly, we think about 7 is odd. Now we can let |Fj| > |F,| > ¥ thenas |F| > |F| + |B|, we
can get |Fj| < |F| — |R| < 6n — 17 — 37 = 91527 Now, we think about the following three cases:
Case 3.1: 257 < |K| < |F| <3n—11.

In this case, since |F| — |Fy| — |F| < 6n—17 — (3n —7) =3n—10, |V(CF}) — F| > (n —1)! —
(3n—11), [V(CF?) —F| > (n—1)! — (3n — 11) and (n — 1)! — (3n — 11) — (3n — 10) > 1, we can
get if CF} — F; or CF? — F, is connected, then they are connected to M. Hence, if CF} — F; and
CF,% — F, are all connected, then CF, — F is connected, this contradicts to the assumption CF, — F
is disconnected. Now we assume CF} — F; (i € {1,2}) is disconnected. Since CF} = CF,_; and
M7 < |B| < |F| <3n—11=3(n—1) — 8, by Corollary 3.4, we know CF; — F; has a big component
C; with |[V(C))| > (n—1)! — |Fj| = 1. Since (n —1)! — (3n —11) =1 — (3n —10) > 1 forn > 7, we
know C; must connected to M. Thus CF, — F contains a big component C with |V(C)| > n! — |F| — 2.
Case3.2:3n — 10 < |F| < @.

and
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In this case, we can get -7 < |K| < |[F—F| < 6n—17— (31 —10) = 3n—7. If CF} — F
and CF? — F, are all connected, by the similarly discussion with Case 3.1, we can get CF, — F is
connected, this contradicts to the assumption CF, — F is disconnected. Thus at least one of CF}! — F;
and CF? — F, is disconnected. Without loss of generality, we let CF} — F; is disconnected. Since
|Fy| < 2538 = 9("_;)_26, by Lemma 4.9, we can get CF} — F has a big component C; with |V(Cy)| >
(n —1)! — |Fy| — 2. Similarly, we can get C; is connected to M. If CF? — F, is connected, we know
CF? — F, is connected to M, thus CF, — F has a big component C with |[V(C)| > n! — |F| — 2, the result
holds. Now we consider CF2 — F, is disconnected. If |F;| < 3n — 11 = 3(n — 1) — 8, by Corollary 3.4,
we know CF? — F, has a big component and a singleton, the conclusion is certainly true. Now we think
about3n —10 < || <3n—7,then |[F—F — K| <6n—-17—-23n—-10) =3. If [F—-F, — K| =0,
we know the vertices in Cl—"nl — F and CF,% — F, are all connected to M, thus CF,, — F is connected, a

contradiction. If |F — F; — F,| = 1, then CF,, — F has a big component and at most two vertices u, v,
where u € V(CF!), v € V(CF?) and they have a common outgoing neighbor in F \ (F; U F,) and the
other outgoing neighbor of u (resp.,v) belong to F, (resp., Fy).

If |[F — Fy — Fo| = 3, then |Fy| = || = 31 — 10. Since || < || < 2535 = 20=D=28 by T emma
4.9, we can get CF} — F; and CF? — F, have a big component C; with |V(C;)| > (n—1)! — |F| — 2
(i € {1,2}). If one of C; satisfies |V (C;)| > (n — 1)! — |F;| — 1, the conclusion is certainly true. Now we
consider |V (C;)| = (n —1)! — |F;| — 2 foralli € {1,2}, in another word, CF} — F; has a big component
and two vertices. Similarly, we can get C; is connected to M. Since |F;| = |F,| = 3n — 10, we know
CF}, — F; contains two singletons u;,v; and these two singletons have three common neighbors in CF};
Otherwise, if u; is adjacent to v;, then |F;| > (357 —1) x 2 = 3n — 9 > 3n — 10, a contradiction. Thus
CF, — F has a big component C with |V(C)| > n! — |F| — 4. Let S = {uy, up,v1,v2}. If S is an Ind-set,
by Lemma 5.2, we have |NCF,,—CF,%—CF,%(S)| > 4. Since |F — F; — F| = 3, CF, — F can not has a big
component and four vertices. Thus CF, — F has a big component C with |V(C)| > n! — |F| — 3. If there
exists at least one edge in S, say (v1,uy) € E(CE, — F), then |V(C)| > n! — |F| — 3. Suppose on the
contrary, we let |V (C)| = n! — |F| — 4. If there exists only one edge between S and u1, v, are singletons
in CF, — F, then |F| > |Ncp, ({01, u2})| + |Ncr, (u1)| + |Ncp, (v02)| =3 x 2 = (373 — 1) x 2+ 33
2—-3x2=6n—14 > 6n — 17, a contradiction. If there exists two edges between S in CF,, — F, then
(v1,u2) € E(CFy — F), (v2,u1) € E(CF, — F). Thus [F| > [Ncp, ({v1,u2})| + [Ncr, ({02, u1})[ — 3 %
2= (372 _1)x4—-3x2=6n—16 > 6n— 17, a contradiction.

If |F— F — F| = 2, then |F| = 3n —10 or |F| = 3n — 10. We assume |F;| = 3n — 10, then
|F,| = 3n —9. By the same argument with the above discussion, we know if one of C; satisfies
[V(Ci)| > (n—1)! —|F| — 1, the result holds, so we consider |V(C;)| = (n —1)! — |F| — 2 for
all i € {1,2}. Hence CF, — F has a big component C with |V(C)| > n! — |F| — 4. If we want
|V(C)| = n! — |F| — 4, the structure in Figure 8 must exists. Now we proof this structure can not
exist. Since |F;| = 3n — 10, CF! — F; contains two singletons 11, v1 and this two singletons have three
common neighbors in CF,}. Let CF,% — F, has a big component and two vertices u, v, then uy, v, are
nonadjacent; Otherwise, there exists a 7-circle (as shown by the red line in Figure 8). By Lemma 3.1, we
canlet uy; = iyipiz - - - iy_2i,_11, thenvy = jij2j3 - - jn—2in—11, where ji € [i1, l'nfz] and 1 # 11. So U =
Ligi3 -+ - iy—giy_1iy, Uy = i1iaiz - iy_pliy_1, vy = 1joj3- - ju—in—1j1, ¥ = jij2j3 - ju—2lin—1. Since
1 # i1, 11 #iy—1and i,y # j;, wecan geti,_1 = 2, thenu; ,v; € V(CF2) and uy,v, € V(CF?). By
the structure in Figure 8, we know uy = 1ipi3 - - - iy_2i12, v2 = 1joj3 - - - ju—2j12. Let uh = lipiz - - - ip_2iy,
vh = 1jaj3 - - - ju—2j1, then {u}, v} C V(Gy), Gi = CF,_; and u}, v} belong to different subgraphs in G;.
Since n —lisevenand (uh)* = iyiziz - - - i1, (05)" = jijoj3 - - - ju—21, we know (u)™ # (v5) ™. Thus
1/, and v/, have no common neighbors in G;. In other words, u; and v, have no common neighbors in
CF2.So |F,| > 3n — 7, this contradicts to the fact that |F,| = 3n — 9. Thus this structure does not exist,
CF, — F has a big component C with [V(C)| > n! — |F| — 3.

Case 3.3: @ < |F| < #.

By the same argument with Case 3.2, we know if CF! — F; and CF? — F, are all connected, then

CF, — F is connected, this contradicts to the assumption CF, — F is disconnected. Thus we assume
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CF? — I, is disconnected. In this case, we can get |[F — F; — F,| < 6n —17 — 2133 _ 317 — 3

BT < |RB| < |F| - |R| < 6n—17 — 22533 = 31-1 Thys if CF? — F, is disconnected, then it has
a big component and only one singleton; Otherwise, we assume CF2 — F, has two vertices u, v,.
If u; is adjacent to vy, then |F| = 3n—9 > 3”2_ 1 a contradiction. If uy is nonadjacent to vp, then
|F| > 3n—10 > 351, a contradiction. If CF}! — F is connected, the result is certainly true. Now, we
assume CF} — Fy is disconnected. If |F — F; — F,| < 1, be the similarly discussion with Case 3.2, the
conclusion is certainly true. If |F — F; — F,| = 2, then CF! — F; contains a big component C; and at
most two vertices, which have no neighbors in F — F; — F;, the result holds.

When |F — F; — F,| = 3, we have |F| = 22532 and || = #.-7. Thus we can let H is the vertex set
in CF} — F;, which are not adjacent to M, as |F — F; — F»| = 3, we can get |V (H)| < 3. Hence CF, — F
contains a big component C with |V(C)| > n! — |F| — 4. Furthermore, |V (C)| = n! — |F| — 4 if and only
if the structure in Figure 9 exists. Now we can proof this structure does not exist. Let CF} — F; has a big
component and three vertices xy, x3, x4 and CF,% — F, has a big component and one singleton x;. Firstly,
we can get xp, X3, X4 are three singletons in CF,} — F;; Otherwise, there exist a 5-circle in CE, (as shown
by the red line in Figure 9). Furthermore, we can get x1 is nonadjacent to {xz, X3, x4} ; Otherwise, there
exists a 3-circle in CF,. Thus {x1, x2, 3, x4} is an Ind-set in CF, — F. We let x| = ijizi3 - iy_2ip_12,
then x| € V(CF;), x; € V(CE/™). Since |[F —F, — ;| = 3, x| or x; must equal to one of the
outgoing neighbors of {x;,x3,x4} in F \ (F; UF,). We assume x; = x5, then x3 = 2izi3 - - - iy_pi1iy_1.
Thusi,_1 =1, x; € V(CFl). The neighbors of xj in CF? are follows: a; = iyiyiz---i,_212, ...,
p—n = linigiy -+ iy_2012, by_1 = i1iziz - -iy,212, ..., b# = iyipiz - - - iy_2iy_312. In these vertices,

we need to choose three vertices such that one of their outgoing neighbor belong to CE}. Then x7, x3, x4

must belong to A, where A = {“1_' Ry at b

norby 1, b3n2_7 }+. Now, we choose a vertex in A such

that one of it’s outgoing neighbors equal to xf , we assume this vertex is x3, x3 = 2ipigiy - - - i,_oi11. As
9n—33 _ 9(n
>3 =

CF,} & CF,_1, X2, x3, x4 are three singletons, and |F;| = 7;)724, by Corollary 4.6, we can
get x5, x3, x4 must belong to a common subgraph of CF}. From the choose of x5, x3, x4, we know there
have not one vertex which belongs to a common subgraph with x3 in CF}. Thus this structure does
not exist, CF, — F has a big component C with |V(C)| > n! — |F| — 3.

When 7 is even, we can assume |F;| > |F| > 5. Then |F| < |F| — |F| < 6n —19 — 3-8 =
@, we think about the following cases:

Case 3.1: -6 < |G| < |F| < 3n — 10.

In this case, since |F| — |Fj| — |F| < 6n—17 — (3n —6) = 3n — 11, |V(CF}) — F| > (n —1)! —
(3n—10), [V(CF?) —F| > (n—1)! — (3n — 10) and (n — 1)! — (3n — 10) — (3n — 11) > 1, we can
get if CF} — F; or CF2 — F, is connected, then it is connected to M. If CF} — F; and CF? — F, are all
connected, then CF, — F is connected, this contradicts to the assumption CF, — F is disconnected.
Thus we assume CF} — F; (i € {1,2}) is disconnected. Since CF} = CF,_; and 2% < |R| < |F| <
3n —10 = 3(n — 1) — 7, by Corollary 3.4, we know CF, — F; (i € {1,2}) contains a big component
C;, which satisfies that |V(C;)| > (n —1)! — |F;| — 1. Similarly to the above discussion, we know the
big component of CF; — F; is connected to M. Thus CF, — F contains a big component C, which can
satisfies that |V (C)| > n! — |F| — 2.

Case3.2:3n —9 < |F| < @.

In this case, we know |F,| < |[F| — |F| < 6n—19— (3n —9) = 3n—10 = 3(n — 1) — 7. By the
same argument with Case 3.1, we know if CF,} — F and CF,% — F, are all connected, then CF,, — F is
connected, a contradiction. Thus we assume CF? — F, is disconnected. By Corollary 3.4, we know
CF? — F, contains a big component Cp, which can satisfies that |V(C,)| > (n —1)! — |R| — 1. If
CE} — F; is connected, the conclusion is certainly true. Now we think about CF! — F; is disconnected.
Since < |F| < 2532 = 9("_?_23, CF} — F; has a big component C; with |[V(Cy)| > (n—1)! — |Fy| — 2.
Thus the result holds.
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Case 4. When n is odd, there exists three vertex set F;, Fj, Fy, which can satisfy that |F;| > 3”2_ Z

|P]-| > 3”2* z |Fe| > 3”2* 7. when n is even, there exists three vertex set F;, F;, F, which can satisfy that
|Fi| > 356, |Fj| > 3-8, |F| > 3%-8 (i, ], k are different from each other).

In this case, we let M = CF, — (F U CF}, UCF}, U CF¥).

When 7 is even, we have |F;| < |[F| — [F| — |F| < 6n—19 —2 % M6 = 3n—13 < 3n — 10, by
Corollary 3.4, we know this result holds.

When 7 is odd, we have |F;| < [F| — [F;| — [F| < 6n —17 -2 x =7 =3n—10.1f |F| < 3n—11,
|Fj| <3n—11, |F| < 3n — 11, by Corollary 3.4, we know the result holds. If |F;| = 3n — 10, |F;| <
3n — 11 and |F| < 3n — 11. By Lemma 1, we know there exists one singleton or two singletons in
CF! — F;. Thus CF, — F contains a big component C with |V(C)| > n! — |F| — 4. If [V(C)| = n! — |F| — 4,
then CF,i — F; has two singletons x1, x and CFZ; —F, CFlf — F5 only has one singleton, meanwhile, these
singletons are not connected to M, then |F| — |F;| — |Fj| — |F| < 6n —17 — (3n — 10) — 2 x =T = 0.
Since |F;| = 3n — 10, by the proof process of Lemma 5.4, we know x; can not belong to a common
subgraph with x;” and x; . Thus |F| — |F| — |Fj| — |F| > 1, this contradicts to the fact |F| — |F| —
|Fj| — |Fx| < 0. Thus [V(C)| # n! — |F| — 4, CF, — F has a big component C with [V(C)| > n! — |F| - 3.
If |[F| = |F| = 3n—10, then |F| > |F| + |F| + |F| = 2 x (31 —10) + 357 = 1147 5 64 — 17,4
contradiction. If |F;| = |Fj| = |F| = 3n — 10, then |F| > |F;| + |Fj| + |F| = 3 x (3n — 10) = 9n — 30 >
6n — 17, a contradiction.

Thus, for n > 5, if F satisfies the condition |F| < 6n — 17 (nis odd) and |F| < 6n — 19 (n is even),
then CF, — F has a big component C with |V(C)| > n! — |F| — 3.

CcF,! CF,’

Figure 8. The case of |V(M)| = n! — |F| — 4 in Case 3.2.

Figure 9. The case of |V(M)| = n! — |F| — 4 in Case 3.3.

Theorem 3. For n > 5, when n is odd, cx5(CF,) = 6n — 16; when n is even, cx5(CF,) = 6n — 18.

Proof. By Lemma 5.10, we can get when n is odd, CK5(CF,1) > 6n — 16; when n is even,
cx5(CE,) > 6n — 18. Next, we will proof ck5(CF,) < 6n — 16 (nis odd) and cx5(CF,) < 6n — 18
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(nis even). When n is odd, let x; = iyipiz - - - iy_pji, Xp = iy_piziz -« i1iy_3ji, X3 = izipiqiyg - - - iy_2ij,
Xy = ly_pipitiy - - -i3iy—3ij. Then |Ncg, ({x1,x2,x3,x4})] = 6n —16. Let F = Ncp, ({x1,x2,x3,%4}),
then CF, — F has a big component and four singletons x1, x2, x3,x4. Thus cxs5(CF,) < 6n — 16.
When n is even, we let x1 = iyiis - - - iy_ojik, Xxp = i,_pipi3 - - - i1iy_3jik, X3 = i3ipiqis - - - iy_2ijk, x4 =
in_oiaiyiy - - - i3in_3ijk. Then {x1,x2,x3,%4} C V(CFK) and INcpe({x1, %2, x3,x4})| = 6(n —1) — 16 =
6n — 22. In CFk, if we remove N ({x1,x2,x3,x4}), we can get four singletons. From the definition
of CF,, we know any two vertices in CFf have different outgoing neighbors. So, if we remove
NCP,E({xlfof x3,%4}) U {x{r ,x; ,x; ,xZ} in CF,, we can get a big component and four singletons
X1, X2, x3,X4. Thus ck5(CF,;) < 6n—22+4=6n—18.

6. Conclusions

It is very useful to study the connectivity of a graph. In this paper, we study the m-component
connectivity of CF,. The Leaf-sort graph is a special Cayley graph, it has many special properties.
We have shown that for n > 3, ck3(CF,;) = 3n — 6 (n is odd) and cx3(CF,) = 3n — 7 (n is even); for
n >4, ckg(CF,) = 2528 (nis odd) and cxy(CF,) = 22524 (n is even); for n > 5, ck5(CF,) = 6n — 16
(n is odd) and cx5(CF,) = 6n — 18 (n is even). So far, we only get the value of cx3(CF,), ck4(CFy)
and cx5(CF,), for m > 6, this problem is still unsolved. So in the future, this problem is well worth
studying. Furthermore, by referring to the references, we can find that: there is a regularity between
ckm(BS,) and k(™) (BS,). Similarly, cx,(BP,) and k(") (BP,) also have regularity. So we can think
about, is there some sort of relationship between cx,, (CF,) and x(m) (CF,)?
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