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Abstract: This paper has a twofold objective. The first aim is to present a comprehensive bibliographical analysis of journal articles
and book chapters on fuzzy-random option pricing (FROP) over the WoS and SCOPUS databases. It follows PRISMA criteria and
takes special care of developments in continuous time. Thus, we described the principal findings about the research streams, outlets
and authors of this topic and lets us suggest further research. The second contribution is motivated by the fact that the
bibliographical revision has identified a lack of developments on equilibrium models on the yield curve. This question motivates
extending Vasicek’s yield curve equilibrium model to introduce fuzziness in the parameters that govern interest rate movements
(speed of reversion, equilibrium short-term interest rate, and volatility). Likewise, this paper develops an empirical application on
the term structure of fixed income public bonds with the highest credit rating in the Euro area.

Keywords: option pricing; fuzzy-random variables; fuzzy numbers; fuzzy-random option pricing; Vasicek’s model of
term structure

MSC: 62A88; 91G20,91G30

1. Introduction

Option pricing mathematics started its development at the end of the 19th century [1,2] and has been an active
research field since the second half of the 20th century [3]. The Black-Scholes-Merton option pricing model [4,5] (BSM
hereinafter) is commonly considered a milestone, not only in the constrained field of option pricing but also in the
financial arena [3]. The value of the works [4,5] is twofold. From a strict perspective of options on financial asset pricing,
the BSM model provides a very operational formula, as the parameters required for its implementation are easy to
obtain and do not depend on subjective risk attitude. From the more general setting of pricing any asset, valuation
through the so-called "arbitrage argument", which is generalized by the concepts of "risk-neutral valuation" and
"equivalent martingale measure”, allows for valuing any asset as the mathematical expectation of the present value of
its future cash flows [6].

Thus, the BSM model can be applied to options on stocks but also to any asset that includes some type of
optionality. Therefore, it can be used to determine the price of assets such as convertible bonds and develop formulas
for new types of options such as exotic options or novel derivative assets such as catastrophe bonds [3]. Additionally,
that analytical ground has also been applied to traditional assets such as mortgage-backed loans [7], life insurance
policies with guaranteed returns [8], and real assets by using real option theory [9]. In fact, while [4] explicitly state in
their work that their formula can be used to value companies, [10] proposes using the formula to value credit risk.

The analytical framework of BSM has been particularly productive in modelling the term structure of interest rates
with arbitrage-based models, providing a solid mathematical foundation for pricing interest rate derivative instruments
such as bond options, caps, floors, or options but also to assess the dynamics of the yield curve. Following [11], it can
be differentiated into models whose parameters do not depend on time [12-15] and those with time-varying parameters
[16-18]. The first type of development, while providing a valuable analytical framework for conducting economic
analysis on the yield curve, does not capture its empirical shapes especially well. Thus, due to their parsimony, they are
very useful to make a great deal of financial and economic analysis, but in the setting of valuing interest rate derivatives,
their usefulness is limited [11]. On the other hand, time-dependent parameter models are calibrated based on actually
observed prices of zero-coupon instruments, resulting in perfect adherence to the observed temporal structure forms,
but they suffer from a lack of parsimony.
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Option valuation models, since their early stages in the late 19th century, have been grounded in the analytical
framework of statistics and stochastic calculus. Therefore, they assume a strict risk environment where probabilities of
alternative event realizations can be established. Undoubtedly, these models provide a valuable analytical framework.
However, financial activities are conducted with information that involves different degrees of knowledge and can
combine risk with other sources of uncertainty, such as imprecision or vagueness. Fuzzy set theory (FST) has provided
tools for option pricing for modelling nonprobabilistic uncertainty, such as fuzzy measures, fuzzy numbers, or fuzzy
regression [19]. While stochastic models provide rigorous analytical groundwork, the addition of fuzzy tools can
improve their results by allowing for the introduction of additional sources of uncertainty to risk [19,20].

Among the various ways in which FST has been applied to option valuation (FOP), the most fruitful is what we
can label fuzzy random option pricing (FROP) [19]. This set of contributions extends conventional option valuation
models to the hypothesis that knowledge of the parameters governing financial asset price movements is not crisp, as
they could be affected by issues such as fuzziness or imprecision [20]. The uncertainty existing in these parameters, such
as volatility, observed price of the underlying asset, or discount rates, is modelled using fuzzy numbers [20]. Thus,
FROP can be applied to continuous-time models by using the BSM framework or discrete-time models taking as a
groundwork the binomial model by Cox, Ross, & Rubinstein [21]. The first approach, which is the main object of this
paper, will be referred to as FROP in continuous time (FROPCT).

This work has two contributions. It first presents the results of a systematic literature review on FROP from the
first work up to March 2023 in Web of Knowledge (WoS) and SCOPUS. In any case, we focus especially on contributions
related to FROPCT. We feel that this systematic review should provide a useful perspective on the main contributions
and developments of FROPCT. It also serves to motivate the second contribution of the work. We observed that
FROPCT has achieved significant development in the context of equity and real options, but on the other hand,
extensions to the context of fixed income markets and interest rate-sensitive instruments are much scarcer.

Thus, the second contribution of this work is developing an FROP extension of Vasicek's yield curve model [12].
In this regard, we will assume that the uncertainty about the parameters governing interest rates (mean-reverting rate,
long-term mean, and volatility) is modelled with fuzzy numbers. Our extension will be applied to the zero-coupon
curve published by the European Central Bank for bonds with the highest credit rating of the Euro area.

2. Bibliographical Analysis

2.1. Methodology

The bibliographic review was conducted following the PRISMA guidelines [22]. Its implementation requires
specifying the methodology used to search for the documents to be reviewed, the databases where these documents
should be found, the types of documents that will be considered, etc. Subsequently, it must be indicated how the
obtained documents have been compiled. The next step is to classify the papers identifying the sources, authors, and
main areas of application of FROP in continuous time.

Regarding eligible studies, we only considered articles written in English and published as journal articles or book
chapters until March 31, 2023. We did not consider other types of documents that are typically categorized as "grey
literature," such as conference proceedings or documents in digital repositories. The reason is that normally, after a peer
review process, these types of contributions are usually published as articles or book chapters. Additionally, we only
analysed works written in English. We chose to combine two databases, SCOPUS and WoS, in this review, as they are
commonly used in bibliographic reviews, and it is recommended to combine more than one bibliographic source when
the topic is not very broad [22].

The search was executed on titles, abstracts, and keywords using the following search: ("option pricing” OR
"arbitrage model" OR "risk neutral pricing" OR "equivalent martingale measure") AND ("fuzzy sets" OR "fuzzy
mathematics”" OR "fuzzy numbers"). Figure 1 graphically shows how we proceeded.

There were a total of 117 documents reported by SCOPUS and 144 by WoS. We eliminated duplicate works and
examined the title, abstract, keywords, and, if necessary, the full document to ensure that the papers were effectively
related to FROP.

Finally, we identified 104 documents related to FROP. We found 83 documents common to both databases; 7 were
exclusively provided by WoS, and SCOPUS provided 15. At this stage, Meyer's index, which quantifies the level of
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coverage attributable to each database, recorded a rate of 46.15% for WoS and 53.85% for SCOPUS. The degree of
overlap, i.e., the redundancy rate of a database, was 92.13% for WoS and 84.54% for SCOPUS.

Our bibliographic exploration showed that FROPCT was developed in 77 articles. Within these documents, 2 come
exclusively from the WoS database and 11 from SCOPUS. Therefore, 64 documents were common to both SCOPUS and
WoS. At this step, Meyer's index was 55.84% for SCOPUS and 44.16% for WoS. We verified an overlap level of 85.33%
for SCOPUS and 96.97% for WoS.

Consider only
SCOPUS, 112 papers |- contributionsin 1 WoS, 140 papers

journals and book
chapters

- Detect overlapped records
-Analize abstract, keywords and  -------
introduction

Fuzzy random option pricing=104 papers

(common =82, only by SCOPUS=15 and only by WoS=7)
Mevyer’s index: SCOPUS=53.85% and Wo05=46.16%
Overlapping index: SCOPUS=84.54% and W05=92.13%

l

Fuzzy random option pricing in continous time=77 papers
(common =64, only by SCOPUS=11 and only by WoS=2)
Meyer’s index: SCOPUS=55.84% and Wo05=44.16%
Overlapping index: SCOPUS=85.33% and W05=96.97%

Figure 1. Protocol used to select articles on FROP and FROPCT for review..

2.2. Classification

Table 1 displays all the works reviewed in this article. These have been classified, by columns, according to the
stochastic process that serves as the basis for fuzzy extension. It can be observed that the majority of works (45) assume
a single underlying asset and geometric Brownian motion. Thus, the majority is based on the application of the Black-
Scholes-Merton (BSM) model. However, there are several nuances to consider in this regard. For example, [68,69] extend
FROPCT to currency options using the analytical framework provided by Garman and Kolhagen [99], and [73] extends
the Asian option valuation formula of Kemma and Vorst [100]. Additionally, within the framework of geometric
Brownian, there are 6 works that assume that various parameters of the Margabre exchange valuation model [101] and
Geske's compound option model pricing formula [101] are given by fuzzy numbers.

In the framework of more complex stochastic models, Fractional Brownian motion (7 works) and the more general
Levy modelling (11 works) have been extensively addressed. It is also worth mentioning that Merton's jump-diffusion
model [103] and the Heston formula [104] have been objects of attention in the FROPCT literature.

In most cases, the analysed topics are technical aspects that emerge from the juxtaposition of stochastic calculus
with fuzzy mathematics. The most common mathematical issue is the application of fuzzy arithmetic, which quantifies
certain parameters of the generalized option formula. Without being exhaustive, we can indicate that [62,63,70] do so
in the context of BSM, [27,29] in a multiple underlying asset options framework but governed by Brownian motion, [92]
in the framework of a diffusion and jump model, [77] in the fuzzification of the Heston model [104], [75] in fuzzy-
fractional models, or in the fuzzy extension to Levy stochastic processes [85,93]. In some cases, especially in articles that
are based on the standard BSM model, issues associated with fuzzy analysis are refined. These issues may embed, such
as defuzzification [33,36,56,57,68,71] or the construction of membership functions for the inputs of the pricing formula
or the final price of the asset [25,31,32,36,40,50-52].

The first row of Table 1 indicates that the modelling of uncertainty in the parameters of the valuation formula is
usually done by using type-1 fuzzy numbers (i.e., conventional fuzzy numbers). Exceptions are [59,90], which model
uncertain parameters with type-2 fuzzy numbers, and [67], which uses intuitionistic fuzzy numbers. In most cases, the
assumed form of the fuzzy magnitude is linear, i.e., triangular or trapezoidal. However, within type-1 fuzzy numbers,
the literature has also used other shapes, such as adaptive fuzzy numbers [36,56,57], Gaussian fuzzy numbers [35], or
parabolic fuzzy numbers [94]. The parameters that are considered crisp and those that are considered fuzzy are
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established ad hoc depending on the problem being addressed. In options on financial assets traded in financial markets,
volatility (always), risk-free interest rate, and underlying asset value (in most cases) are assumed to be estimated with
fuzzy numbers. However, the strike price and expiration are crisp parameters because they are clearly defined in the
contract. However, in real options, the strike price [33] or even the expiration [19] may not be known with precision
and, therefore, are susceptible to be quantified with fuzzy numbers.

Starting from the second row (included), relevant topics in financial pricing addressed by concrete papers are
indicated. A great proportion of papers price European options. However, other types of options, such as American
[47,71,72,94], binary [47,49,55,89], exchange [26,27,29,61], or compound [60,91,98] options, have been analysed.
Sensitivity analysis of option prices from the perspective of the BSM model has been the subject of attention by various
authors [35,36,41,46,69]. Likewise, while fuzzy Malliavin calculus has been applied in [43,80], [25] shows that the use of
Greeks can be useful in the linear approximation of the membership functions of fuzzy option prices.

We must acknowledge that empirical applications of FROPCP are relatively scarce [19,20]. Within this group of
works, we can highlight [31,32], which propose the use of congruent probability-possibility transformations [105] to
model the volatility of options based on empirical data, and [71-73], which use fuzzy regression models to estimate the
volatility, kurtosis, and skewness of asset returns. Papers [24,25] observe good adherence of the fuzzy version of the
standard BSM formula to traded prices on the Spanish stock index IBEX-35. Furthermore, [77], in its extension of [104],
and [93,94], in their fuzzy-Levy modelling, perform comprehensive empirical applications for options on Standard &
Poor indexes.

Beyond options on stocks or indexes traded on stock exchanges, a very fruitful field of FROPCT has been real
options. In a sense, it is logical since in this type of option, the underlying asset is usually an investment project, and
data on it are often given by subjective estimates from experts that can be well represented through trapezoidal or
triangular numbers [26,33,61]. While the simplest real options can be valued using a fuzzy version of the BSM formula
[33,34,37,39,45,58,59], other works [26,27,29,53,60,61,91,98] extend more complex option valuation frameworks to real
asset-related optionality.

Other residual applications of FROPCT to asset valuation include assessing firms’ value [74], as suggested by the
seminal work of Black and Scholes [4], credit default swaps [66,67], bank deposit insurance [65], catastrophe bonds [88],
and forward contracts in energy markets [84].

Figure 2 shows the evolution of the production of FROPCT by year of publication. The first works were published
in the years 2001-2003, which means that the introduction of fuzzy numbers in option valuation started in the beginning
of the 21st century. We can observe a trend until 2013 that, although not monotonic, is clearly increasing. In that year,
the maximum number of published works (8) was reached. From that year, works on FROPCT remained within a
fluctuation range of 3 to 8 annual contributions. Therefore, although FROP is not a mainstream topic in fuzzy
mathematics, it can be considered a consolidated topic within the applications of fuzzy logic.

Figure 2. Evolution of the papers on fuzzy-random option pricing in continuous time published during 2003-2023.
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Table 1. Revised papers on fuzzy stochastic option pricing in continuous time. 1
Log-normal (more than one Other Brownian Jump- Hesto
Log-normal (BSM) asset) processes diffusion n Fractional  Levy
[76,82-
[75,78,89, 88,
[24,25,28,30-52,54- [26,27,29, [77,79  90,95,97,9 91,93,94
All revised papers 59,62-74] 53,60,61] [67,80] [81,92,96] ] 8] ]
Fuzzy numbers of higher
degree [59,66] [67] [90]
[26,27,29, [91,94,9
Non-European options [47,49,55,71-73] 53,60,61] [89,90] 8]
Hedging [35,36,41,43,46,69] [80]
Application to financial
markets [31,32,50,51,52] [77] [93,94]
[33,34,37,39,45, [26,27,29,
Real Options 58,59] 53,60,61] [80]
Other financial applications [65,66,74] [67] [88,94]
2

Mathematics 2023, 11, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/mathematics


https://doi.org/10.20944/preprints202304.0755.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 April 2023 doi:10.20944/preprints202304.0755.v1

Table 2 shows the main outlets where contributions on FROPCT have been published. We only
include journals with two or more contributions. Undoubtedly, the main journal is Fuzzy Sets and
Systems (10 contributions), which is one of the principal academic references in fuzzy mathematics.
Other journals whose scope is fuzzy logic and where FROP has had significant impact are the
International Journal of Fuzzy Systems (4 contributions), IEEE Transactions on Fuzzy Systems, Fuzzy
Optimization and Decision Making, Journal of Intelligent & Fuzzy Systems (2 contributions). Other
types of journals that collect a large part of the contributions of FROPCP are more generalist journals
dedicated to computing and/or soft computing (for example, Journal of Computational and Applied
Mathematics, 4 contributions; Soft Computing, 3 contributions, or International Journal of Intelligent
Systems, 2 contributions). Likewise, generalist journals of operational research have also been a
vehicle with relevant production on FROPCP (e.g., European Journal of Operational Research with 4
contributions; International Journal of Information Technology & Decision Making and Journal of
Applied Mathematics and Statistics with 2 contributions).

Table 2. Principal outlets of fuzzy random option pricing in continuous time.

Journal Number of items

—_
o

Fuzzy Sets and Systems
Journal of Computational and Applied Mathematics

International Journal of Fuzzy Systems

European Journal of Operational Research
Soft Computing
IEEE Transactions on Fuzzy Systems

Fuzzy Optimization and Decision Making

Journal of Intelligent & Fuzzy Systems

Computers & Mathematics with Applications
Discrete Dynamics in Nature and Society
International Journal of Information Technology & Decision Making
International Journal of Intelligent Systems
International Journal of Applied Mathematics and Statistics

N NN DNDNMNDNMDNDDNDDDND OB &

Journal of Applied Mathematics

Tables 3a and 3b list the most relevant works according to the WoS (Table 3a) and SCOPUS
(Table 3b) databases. We determined the relevance based on the number of citations, and we included
works referenced at least 25 times. We can observe that both databases essentially include the same
works, and the ordering, although not identical, is very similar. It can also be noted that works are
usually more cited in SCOPUS than in WoS, which was expected since the SCOPUS database is more
comprehensive. The most cited works are usually the oldest works that fall between 2001 and 2010
and are all within the framework of the BSM formula.

Within the WoS database (Table 3a), the most cited paper is [33], which applies a fuzzy version
of BSM to real options, followed by [63,70], which develop the valuation of European-style options
with BSM on stocks. The papers [36,56,57,63,64,70,74] also fall within the scope of the BSM model and
value European-style options, but some of them introduce new nuances related to nonlinear fuzzy
numbers [36,57], defuzzification [56], sensitivity analysis of prices [36], or valuation of companies
[74]. It was not until the tenth work, [85], that we observed an analytical framework different from
that provided by the geometric Brownian, specifically a more general Levy stochastic process. In the
eleventh cited contribution, [55], a different type of option from the European binary options is
evaluated. In later positions, there are several contributions in more alternative fuzzy-stochastic
modelling to geometric Brownian, such as [92,96] that addressed jump-diffusion processes and [87]
that uses fuzzy-Levy processes. Additionally, noteworthy are the contributions [52] that apply fuzzy
regression in the adjustment of implied volatility and [20] that provides a review in fuzzy random
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option pricing in both continuous and discrete time. The patterns observed in the SCOPUS database

are very similar to those in WoS, although there may be small changes. Changes in the ranking are
not very pronounced in any case. The top three most cited works continue to be [33], [70], and [63].
However, starting from the fourth work, the order may undergo subtle modifications. For example,
in the SCOPUS database, [74] is the fifth most referenced work instead of the fourth. On the other

hand, [64] goes from being the fifth in SCOPUS to the fourth in WoS.

Table 3a. Papers with at least 25 citations in the WoS database.

Y:a Authors Article Title Source Title Cltastlon
Carlsson, C; A fuzzy approach to real option Fuzzy Sets and
2003 _ 168
Fuller, R. [33] valuation Systems
. . European Journal
2003 | Yoshida, Y. [70] | |1 valuationof Buropeanoptions | L ona) 119
In uncertain environment
Research
Pricing European options based on Computers &
2004 Wu, HC. [63] the fuzzy pattern of Black-Scholes Operations 105
formula Research
Sovai e ey S| uepen o
2001 | Zmeskal, Z. [74] ‘ By 1o appraising of Operational 81
firm value as a European call
. Research
option
R B
2007 | Wu, HC. [64] ¢ arne Mathematics and 80
pricing boundaries of European .
. Computation
options
) Journal of
Chrysafis, KA.; . .. . .
On theoretical pricing of options | Computational and
2009 Papadopoulos, . ) ) 50
with fuzzy estimators Applied
BK. [36] .
Mathematics
oh bilisti
Thavaneswaran, V;/uezlgyﬁ:ﬁgiiiﬁ;ﬁﬁigﬁiﬁg?ﬂgf Mathematical and
2009 | A.; Appadoo, S. S,; . . Computer 50
Paseka, A. [56] to GARCH moc.ie.hng and option Modelling
pricing
T:llai§§La}; gl Option valuation model with Computers &
2007 | - PPATOO 2= pron ¥ Mathematics With | 49
Thavaneswaran, adaptive fuzzy numbers Apolications
A[57] PP
European option pricing under International
2005 |  Wu, HC [62] pean opton pricing Journal of 36
fuzzy environments .
Intelligent Systems
Nowak, P.; Computing option price for Levy European ]F)urnal
2010 Romaniuk, M. [85] rocess with fuzzy parameters of Operational 35
o P yP Research
Thavaneswaran, Binary option pricing using fuzz Applied
2013 | A; Appadoo, S.S.; y°p . pmberf g Huezy Mathematics 33
Frank, J. [55] " Letters
Mugzzioli, S.; A comparison of fuzzy regression
2015 | Ruggieri, A.; De methods for the estimation of the Fuzzy Sets And 31
. . . . Systems
Baets, B. [52] implied volatility smile function
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Insurance
X ¥ 5 | Aj -diffusi 1 £ i
2009 u W.; Wu, C,; ]'u.mp diffusion mode . or option Mathematics & 31
Xu, W.; Li, H. [92] | pricing under fuzzy environments .
Economics
Application of Levy processes and Journal of
2014 Nowak, P.; Esscher transformed martingale | Computational and 29
Romaniuk, M. [87] measures for option pricing in Applied
fuzzy framework Mathematics
Zhang, LH; The double exponential jump
Zhang, WG; Xu, diffusion model for pricing Economic
2012 . . 29
WJ; European options under fuzzy Modelling
Xiao, W] [96] environments
Muzzioli, S.; Fuzzy Approaches to Option Price | IEEE Transactions
2017 . 28
De Baets, B. [20] Modeling on Fuzzy Systems
Table 3b. Papers with at least 25 citations in the Scopus database.
Year Author Tittle Source Tittle Citations
Carlsson, C., Fullér, A fuzzy approach to real Fuzzy Sets and
2003 . . 195
R. [33] option valuation Systems
The valuation of European European Journal of
2003 Yoshida, Y. [70] options in uncertain p' 122
. Operational Research
environment
Pricing European options
C t d
2004 Wu, HC. [63] based on the fuzzy pattern of o e;)?ﬁplrllse;{sezzarch 112
Black-Scholes formula P ©
Using fuzzy sets theory and
Black-Scholes f 1 Appli h i
2007 Wu, HC. [64] ack SC- oles formula .to pplied Mat enTatlcs 76
generate pricing boundaries of and Computation
European options
Application of the fuzzy-
hasti h 1
2001 Zmeskal, Z. [74] stoc_ a'stlc met' odology to Europ§an Journal of 73
appraising the firm valueasa | Operational Research
European call option
Thavaneswaran, A., Weighted possibilistic .
moments of fuzzy numbers Mathematical and
2009 Appadoo, S.S., . . ) 55
with applications to GARCH Computer Modelling
Paseka, A. [56] . . ..
modeling and option pricing
Chrysafis, KA., . . Journal of
theoretical f
2009 | Papadopoulos, B.K. o t(i):ns \?v(i)trli ;Eazzprézlt?ri;)tors Computational and 51
[36] P Y Applied Mathematics
Thiagarajah, K.,
. . . Computers and
2007 Appadoo, S.S., Option Yaluatlon model with Mathematics with 51
Thavaneswaran, A. adaptive fuzzy numbers L.
Applications
[57]
2005 Wu, HC,, [62] European opt10'r1 pricing under Interna’flonal Journal 46
fuzzy environments of Intelligent Systems
Muzzioli, S. A comparlson of fuzzy
. regression methods for the Fuzzy Sets And
2015 Ruggieri, A,; . . . . 31
estimation of the implied Systems

De Baets, B. [52]

volatility smile function
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X - o f
2010 Nowak, P., Cziputj;i;ztx;hpzczez ot European Journal of 36
Romaniuk, M., [85] yP y Operational Research
parameters
Muzzioli, S., De Fuzzy Approaches to Option IEEE Transactions on
2017 . . 32
Baets, B. [20] Price Modeling Fuzzy Systems
g | X W W G, e furry | Mathematioand | 32
Xu, W., Li, H. [92] phon pricing Y :
environments Economics
Thavaneswaran, A., Binary option pricing usin, Applied Mathematics
2013 Appadoo, 55, yquz mfmberg ° Fr Letters 31
Frank, J. [55] y
Application of Levy processes Journal of
Nowak, P., and Esscher transformed .
2014 . . . Computational and 29
Romaniuk, M. [87] | martingale measures for option . .
e Applied Mathematics
pricing in fuzzy framework
Zhang, L.-H., The double exponential jump
2012 Zhang, W.-G., Xu, diffusion m9del for pricing Economic Modelling 29
W.-]., Xiao, W.-L. European options under fuzzy
[96] environments
Guerra, M.L., Option price sensitivities Computers and
2011 | Sorini, L., Stefanini, prion pri M Mathematics with 27
through fuzzy numbers o
L. [41] Applications

Table 4 shows that the authors who, as of March 2023, had the highest indexed production in
WoS and SCOPUS in the field of FROPCT are Nowak (7 contributions), followed by Muzzioli,
Romaniuk, and Guerra (4 contributions). These four authors are followed by 11 authors with 3

papers.

Table 4. Authors with at least 3 items.

Author Country items Author Country  items
Nowak, P. Poland 7 Liu, S. China 3
Muzzioli, S. Italy 4 Pawlowski, M. Poland 3
Romaniuk, M. Poland 4 Sorini, L. Italy 3
Guerra, M.L. Italy 4 Stefanini, L. Italy 3
Andres-Sanchez, J. Spain 3 Thavaneswaran, A. Canada 3
Appadoo, S.S. Canada 3 Vilani, G. Italy 3
de Baets, B. Belgium 3 Wu, H.C. Taiwan 3
Figa-Talamanca, G. Italy 3

3. Fuzzy-Random Extension to Vasicek’s Equilibrium Term Model

3.1. The Equilibrium Model of the Yield Curve by Vasicek

Table 1 shows that the mainstreams of fuzzy-random option pricing in continuous time are
focused on options on stocks, often of European style, and real options. We have not retrieved any
fuzzy-random approach to equilibrium models of yield rates and to the option pricing formulas that
can be derived from these models. We can only outline [68], which assumes a crisp modelling of the
term structure with the model by Cox-Ingersoll and Ross [15] to free the risk interest rate in the
evaluation of credit default swaps, but the observed short rate is a fuzzy number. This fact motivates
the extension developed in this section for the one-factor model for the yield curve model by Vasicek
[12] to the presence of fuzziness in the parameters. As with any one-factor model,[12] it is assumed
that the stochastic variability comes from short-term interest rate (r) fluctuations. The ultimate goal
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of equilibrium models is to obtain the price that would be agreed upon at ¢ for a risk-free zero-coupon
bond that pays one monetary unit (um) at T >t, P(t,T). In term structure models, stochastic
variation does not directly apply to P(t,T), as in the case of stocks, but rather to the interest rate r,
which is directly connected to P(t,T). In general, one-factor models suppose that r follows an Ito
process such as [12]:

dr = m(r,t)dt + o(r, t)dz, 1)

where m(r,t) and of(r, t) are the instantaneous drift and variance, respectively, and dz is a Wiener
process with standard deviation dt. The price of any asset affected by r (bonds, derivatives on fixed
income assets, etc. ), P, must accomplish:

aP 10%P
- - = 2
o +m(rt) dt+2620'2(rt) TP, ()

and thus, to obtain P(t,T), we have to consider the conditionP(T,T) = 1.
Among the many models proposed for dr (see Hull [106]), we extend the classical Vasicek’s
model [12]. It supposes that the fluctuations of the short interest rate follow a mean-reverting process:

dr = a(b —r)dt + odz, 3)

where a > 0 is the reversion rate, i.e., the speed at which interest rates return to equilibrium and the
b equilibrium short rate. By naming 7 to the short interest rate in year T and 7, to thatratein t<T,
the expectation of r in t E,(ry) is:

E.(rp) =b+ (b — r)e a0, (4a)

and the variance V,(ry)

V. (rp) = %(1 —e72am0), (4b)

Note that for — o, E.(rr) = b, i.e., ry is increasing with respect to b. Likewise, (4b) suggests
that the variance of the short-term rate is affected by an exponential decay at rate a. That decreasing
behaviour can be easily checked in the limit because if T — o, Vi (r7) = % and the long-term

variance is decreasing respect a and, of course, decreasing respect o.
Therefore, in a mean-reverting groundwork (3), the general equation (2) becomes:

oP oP 192P
hll _ 52 = 5
at+a(b r)ardt+za c?=rC. )
Thus, for the zero coupon bond, we find
P(t,T,a,b,c,1) =A(t,T,a,b,0)exp(—B(t,T,a) 1), (6a)
where:
1—expl—a(T —t
B(t,T,a) = p(-aT-0) (6b)
a
2 o?
(B(t,T,a)—T‘l't) (a b—T) O'ZBZ(t,T,a)
A(t,T,a,b, 0) = exp — . (60

a? 4q

Note that the fact that b and 7, are the discount rates of the zero coupon bond implies that the

partial derivatives must be z—i <0 and Z_: < 0. Likewise, the price of a bond is a decreasing function
t
of interest rate volatility because its profit is positively linked with volatility [107]. Therefore, g—z <0

and Z—Z > 0 since a basically negatively affects the volatility of the short-term interest rate (see (4b)).
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3.2. An Extension of Vasicek’s Yield Curve with Fuzzy Parameters

In the following, we will suppose that with the exception of maturities t and T, all the
parameters of (6a)-(6¢c) are imprecise and are given by means of fuzzy numbers (FNs). An FN is a
fuzzy set f defined on the reference set R and is normal, (i.e., max ur(x) = 1, where us(x) is its

Xe

membership function) and convex, i.e., all its a-cuts are convex and compact sets. Therefore, they
can be represented as confidence intervals (so-called a-cuts or o-level sets) f, = [fa,E], where f,

(f,) are continuously increasing (decreasing) functions of @ An FN can be interpreted as a fuzzy
quantity approximately equal to the value xe R whose membership functionis 1, f;.

Therefore, the parameters a,b,c and r, are now the imprecise quantities 4, b,& and 7, whose
o-cuts are denoted as a, = [&, @], b, = [b_a, E],Ga = [&, cs_a] and 1y, = [rta,m].

Therefore, under our hypothesis, the mean-reverting process (3) turns into a fuzzy random
process where the parameters that rule interest rate movements are fuzzy numbers. In the fuzzy-
random approach setting of the FOP, the differential equation (5) has fuzzy parameters but a crisp
boundary condition P(T,T) = 1.

FROPCT literature obtains fuzzy option prices by evaluating the crisp pricing formula that
comes from the assumed stochastic process (e.g., BSM after accepting that a geometrical Brownian
motion explains price movements of subjacent asset), with fuzzy numbers, by using the rules in [108].
This procedure is theoretically supported by the concept of the solution of differential equations with
fuzzy coefficients [109]. Thus, in our case, the assumption of fuzzy parameters in (3) leads to the need
to solve (6a)-(6c) with FNs. Therefore, the price of a zero-coupon bond turns into a fuzzy number

B, T) = P(t, T,d, E,B‘,Ft) whose «a-levels P(t,T), = [P(t, T, P(t, T)a] can be obtained by

evaluating (6a)-(6¢) in a,, b, o, and 1y :

P(t,T), = {xlx = P(t, T,a,b, cs,r(t)) = A(t,T,a,b,c) exp(—B(t,T,a) - 1),

7a
acay, beb,, cec,,0e0,, rterta}, (7a)

. aP aP aP
and given thata <0, P <0, P

evaluating (6a)-(6¢) in the extremes of a,, b, o, and 1, as:

<0 and Z—Z >0 we can obtain the extremes of the a-cuts by

P(t,T)o=P(t.T, 00 ba Ta Ty )
(7b)
=A (t, T,aq, b, Fa) exp (—B (t, T, %,) : E)

and:

P(t,T), =P (t.T, 80 ba 0w i, )
o (70)
=A (t, T, g, ba &) exp (—B(t, T, @) - rt_a).

3.3. Empirical Application of Fuzzy Vasicek’s Model in the Public Debt Bond Market of Euro Area

The empirical application developed in this work estimates the theoretical yield curve using the
Vasicek model [12] for European public bonds with the highest rating (AAA) on April 18, 2023. The
data we work with have been obtained from the website of the European Central Bank
(https://www.ecb.europa.eu/home/html/index.en.html). The short-term interest rate considered is
the 3-month interest rate, which is the lowest term published in the public bond market by the
European Central Bank.

We will fit the parameters in (3) as the fuzzy numbers & b,& by following a consistent
possibility of probability-possibility transformation exposed in [110] in which these FN will be
modelled by means of symmetrical fuzzy numbers, which we will also suppose triangular. A
triangular symmetrical fuzzy number (TSFN) can be represented as f = (fo, fr), where f. is the
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Ix—fcl}, and its o-
R

centre of the FN and f; is the spread. Its membership function is us(x) = max {0,
cut representation f, = [f_a, f_a] = [fe — fr(1 — ), fc + fx(1 — a)] . Therefore, its support is f, =
[E,fo] = [fc — fa fc + fr] . For example, the equilibrium short-term rate b = (3%, 0.5%) can be
interpreted that the most reliable value for that rate is 3%, but deviations of approximately 0.5% are
viewed as possible.

To fit the parameters, we use the ground of the conventional AR(1) model that serves as the basis
to empirically estimate (3) [11]. Therefore, the time-series model to fit is [11]:

Teyr = a+ fre+ &40, =1,2,..0 8)

where « is the intercept, f the slope and &, is white noise normally and i.i.d. with mean 0 and
standard deviation o.. A commonly used methodology to adjust (8) is ordinary least squares. In this
regard, it is easy to check that the relations between the parameters of (3), (4a) and (8) are a = —Ing-
hb= fﬁ and o = o,Vh, where h is the frequency of data. Thus, for daily data, h = 252.

To fit the temporal structure in the calendar date m, we adjust (8) in the moments i=1,2,...,m and,
in all cases, by using n observations. Therefore, for the ith adjustment of (8), we obtain point estimates
in(8) 2, 00,6, i=1,2,...,m and, consequently, a®,b®,6®,i=1,2,....,m.

After fitting the m AR(1) models (8), we can fit for every parameter an empirical probability
distribution that for the parameter f, we symbolize as f, whose outcomes are f ®i=12,..,m.
Therefore, we can calculate the mean and the standard deviation of f simply as:

0 (£ — 2
N _ Zlf and de — \]Zl(f() fmean) )

fmean - m m

A natural way to adjust a fuzzy number to a unimodal probability distribution f with mean
fmean and standard deviation f,, is to state an STEM f = (f, fz) with centre f; = fiean and fit
the spread f; by considering the Chebychev inequality [110]. Concretely, given that,

P(x€[finean — K * fsa> fmean t k* fsal) =21 — k=1, )

2.25- k%’
where P(-) is a probability measure, we choose f in such a way that P(x€[fean — fr> finean +

friD 21— 2.2;-k2'

In our empirical application, to implement the set of regressions (8), we have considered n=50
and s=25 so that all the observations from the year 2023 until April 18 have been used. The data used
have a daily periodicity, so h=252. Figures 3a-3c show the estimated empirical distribution functions
for the parameters ruling the model. Table 5 shows the centre of the @b y & and their possible
spreads for k=2,3,4 taking into account (9). Table 6 shows the observed prices of zero coupon bonds
(with facial value 100) from 3 months to 20 years and the fuzzy estimations of these prices by the
proposed extension to Vasicek’s model [12]. At that date, the 3-month interest rate was 170=2.877%. We
can observe that despite the few parameters needed to build the model (only 3) is able to produce
predictions of zero coupon bonds containing the observed prices. That is, [12] could be useful to
explain term structure equilibria and to develop economic analyses that need a parametric and

parsimonious estimation of yield rates.

Therefore, after fixing: k,fz = k - f;q.
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Table 5. Estimates of d@, b and & on April 18t 2023.

k a b Gl
mean 1.117 0.02882 0.0067075
std. dev. 0.245 0.00174 0.0002121

a b 3
centre 1.117 0.02882 0.0067075
2 spread 0.491 0.00349 0.0004242
3 spread 0.736 0.00523 0.0006363
4 spread 0.982 0.00697  0.0008484
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Table 6. Spot prices of zero coupon bonds with face value 100 monetary units on April 18% 2023, in
the European Union public debt market and a-cuts of the estimates (a=0,0.5,1) with fuzzy Vasicek’s

model.
Estimated by Vasicek’s model
Observed 1-cut 0.5-cut 0-cut
T P(,T) PO,T), PO  POT),; POT,  PQOT),

3 months 99.29 99.28 99.27 99.29 99.25 99.29

1 year 97.04 97.16 97.00 97.26 96.79 97.28
2 years 94.62 94.40 93.96 94.72 93.44 94.81
3 years 92.57 91.72 90.98 92.31 90.16 92.52
4 years 90.56 89.12 88.09 89.98 86.99 90.37
5 years 88.49 86.59 85.29 87.72 83.93 88.32
6 years 86.36 84.13 82.58 85.53 80.98 86.35

7 years 84.20 81.74 79.96 83.39 78.14 84.45

8 years 82.02 79.42 77.42 81.31 75.39 82.61

9 years 79.86 77.17 74.96 79.28 72.74 80.82
10 years 77.73 74.98 72.57 77.30 70.18 79.07
11 years 75.64 72.85 70.27 75.37 67.72 77.37
12 years 73.61 70.78 68.03 73.48 65.34 75.70
13 years 71.64 68.77 65.87 71.65 63.04 74.08
14 years 69.73 66.82 63.78 69.86 60.82 72.49
15 years 67.90 64.92 61.75 68.12 58.69 70.93
16 years 66.13 63.08 59.79 66.41 56.62 69.41
17 years 64.44 61.29 57.89 64.76 54.63 67.93
18 years 62.82 59.55 56.05 63.14 52.71 66.47
19 years 61.27 57.86 54.27 61.56 50.86 65.05
20 years 59.79 56.22 52.54 60.03 49.07 63.65

Note: The spread of parameters used in the estimation of prices has been stated with k=4. Likewise, the 3-month
rate at that date was 2.877%.

4. Conclusions and Further Research

This paper presents a double contribution. On the one hand, it has systematically reviewed a set
of contributions that we can label as fuzzy-random option price in continuous time (FROPCT), which
is the dominant approach within fuzzy option pricing [19]. On the other hand, we have extended the
fuzzy-random approach to model the term structure with an equilibrium model. We have concretely
extended the classical model [12] to the existence of imprecise parameters in the mean-reverting
process.

We have checked that journals of soft computing and fuzzy mathematics are the most
burgeoning outlets of FROPCT. However, journals devoted to the wider fields of computational
mathematics and operational research have also actively published papers on FROPCT. We have
checked that the contributions to FROPCT grew continuously from early 2000 to 2013. From middles
2010 contributions by literature has reached a no growing constant production in such a way that
FROPCT can be labelled as a small but well stablished branch of fuzzy mathematics.

The mainstream of FROPCT models imprecise knowledge of parameters that govern subjacent
random movements of subjacent assets with type-1 fuzzy numbers that are often triangular and
trapezoidal. More complex forms of uncertain quantities such as type-2 fuzzy numbers or
intuitionistic fuzzy numbers are rarely applied. Of course, the application of such more complex
fuzzy numbers in FROPCP may be a natural and fruitful research field. However, it must also be
taken into account that the introduction of these more sophisticated forms of imprecise quantities
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could also be a source of drawbacks. Note that defining their shape requires estimating more
parameters than for conventional fuzzy numbers, and their arithmetical handle is less parsimonious
in such a way that the developments of FROPCP with this type of uncertainty may be more difficult
to put into practice.

The main applications of FROPCP have focused on the development of the valuation of stocks
on stock and stock market indices. Most developments take as a reference the analytical framework
of the Black-Scholes-Merton (BSM) formula [4,5], which is based on the consideration of a geometric
Brownian motion of the subjacent asset price. However, the literature has also provided other
approaches with more complex stochastic processes such as jump-diffusion [81,92,96], stochastic
variance [77,79], fractional stochastic movements (e.g., [75,78,89]) or Levy-processes (e.g., [76,82,93]).
The development of real options with fuzziness in the parameters has been another relevant stream
of FROPCT. The reviewed developments of fuzzy real options are based on the assumption of
conventional geometric Brownian motion. Thus, in the modelling of the simplest options, the
FROPCT literature uses the BSM framework (e.g., [33,32]), but in the case of options on options or for
compound options, the analytical frameworks that support contributions such as [26,27,29,53,60,61]
are option pricing models [101,102].

The no-arbitrage approach to option valuation initiated in [3,4] has been particularly fruitful in
modelling the term structure of interest rates [11,106]. Surprisingly, we have observed that
developments by the FROPCT literature in this setting have been scarce, if not nonexistent. In this
regard, we can outline [111] it does not use a fuzzy random approach but rather uncertain Liu
processes. This lack has motivated the second contribution of the paper, in which we have extended
the equilibrium model of the yield rate curve by Vasicek [12] to fuzziness in the reverting rate, long-
term equilibrium short-term rate and volatility. The fuzzy-random extension of the model [12] has
been applied in an empirical application in the European market for public debt bonds with the
highest credit rating. We are aware that one of the main criticisms of [12] is that it allows negative
interest rates that, from an economic perspective, have no meaning. However, the empirical evidence
in European fixed income markets, such as that of public debt assets, contradicts this alleged
disadvantage because in 2010, the internal rate of returns was consistently negative.

The empirical application developed in the European public debt market suggests that the
extension of model [12] can reasonably capture the prices of zero-coupon bonds for all analysed
maturities (up to 20 years) using only the fuzzy-random modelling of the 3-month interest rate as the
input with a fuzzy-stochastic process with mean reversion and constant volatility. Of course, there
are better alternatives to equilibrium term structure models if the only objective is to obtain the best
adjustment of the yield curve. For example, econometric models usually provide better results, and
some of them have been implemented with fuzzy regression [111,112]. However, in our empirical
application, we were interested in demonstrating that the extension of the FROPCT in [12], which is
a parsimonious parametric model, can be useful in further analytical developments, not only because
of its good properties and ease of interpretation but also because it is coherent with empirical
evidence.

A key aspect in the fuzzy-random modelling of asset prices is the calibration of the fuzzy
parameters that govern their variation [11]. Naturally, since the parameters that govern the
movements of short-term interest rates have a clear economic interpretation, it could be assumed that
they can be set intuitively by experts. Alternatively, following [31,32,36,52,77,94], we can adjust the
parameters that are assumed to be fuzzy numbers based on existing evidence in financial markets.
Likewise, it should be noted that the existence of studies that empirically apply FROPCP
developments is relatively scarce [19,20]. Both considerations motivate the parameter adjustment
methodology of the mean reversion process outlined in this study. The speed of return to equilibrium,
the asymptotic short-term interest rate, and the volatility are fitted using symmetric triangular fuzzy
numbers that are obtained by combining the conventional autoregressive modelling of the Ornstein-
Uhlenbeck process [11] and the application of a consistent probability-possibility transformation
criterion [110].
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A natural extension of this paper involves extending the possibility of fuzziness in the
coefficients that govern the movement of interest rates to other yield curve models based on arbitrage
arguments, which can be either single-factor [14,15,16,17] or multifactorial [18], and in continuous
time, such as [12], or in discrete time [16-18]. It should be noted that while models with fixed
parameters such as [12,13,14,15], which are built simply on the basis of a no-arbitrage argument, do
not necessarily provide a perfect fit for the term structure, they are very useful in a wide variety of
economic and financial analyses. Conversely, models referred to as consistent, with variable
parameters [16-18], require estimating a greater number of parameters, allowing them to perfectly fit
the zero-coupon yield curve existing on a particular date; however, they are less parsimonious, and
their application is usually limited to the valuation of interest rate-sensitive instruments such as
swaptions, options on bonds, cap and floor options, etc.
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