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Abstract

This study aims to prove the Riemann Hypothesis and the Generalized Riemann Hypothesis by
extending the Riemann zeta function and Dirichlet L -functions to the elliptic complex domain, based
on a newly constructed system of elliptic complex numbers C, (A < 0) . The core challenge addressed
is the inherent difficulty in resolving these conjectures within the traditional "circular complex domain"
framework (A = —1); the author posits that a complete proof is unattainable strictly within this
conventional setting. The primary innovation of this work lies in the formulation of the theory of
elliptic complex numbers, specifically identifying the limiting case as A — 0~ as the key to the proof.
Through rigorous deduction, a bijective correspondence between zeros across different complex planes
is established. By employing proof by contradiction and leveraging the correspondence between C,
(as A — 0) and the circle complex plane C, the Riemann Hypothesis and the Generalized Riemann
Hypothesis are ultimately proven. This paper is organized into three parts: (1) Construction and
Geometric Properties: The first part details the construction of elliptic complex numbers and their
fundamental geometric properties, laying the necessary foundation for subsequent analysis and the
proof of the conjectures. (2) Analytic Extension: The second part introduces elliptic complex numbers
into mathematical analysis, deriving numerous results analogous to those in classical complex variable
function theory. (3) Proof of Conjectures: The final part presents the formal proofs of the Riemann
Hypothesis and the Generalized Riemann Hypothesis.

Keywords: the Riemann hypothesis; elliptic complex analysis

1. Introduction

In the 1740s, Euler first revealed the connection between prime numbers and functions, establish-
ing the famous Euler product formula:

© 1 1\ !
=Y = I (1-5) -
n=1 pEprime p
This formula transformed an additive problem (summation) into a multiplicative one (product
over primes), for the first time building a bridge between prime numbers and analytic functions [1].
In 1859, the 32-year-old Bernhard Riemann, in his seminal paper "On the Number of Primes Less
Than a Given Magnitude” (originally Ueber die Anzahl der Primzahlen unter einer gegebenen Grosse) [2],
treated the zeta function as a function of a complex variable. He proposed two revolutionary ideas:

(1)  Using analytic continuation, the domain of the zeta function can be extended to the entire
complex plane (except for a simple pole at s = 1). This continued function is what is now known
as the Riemann zeta function.

(2)  The non-trivial zeros of this analytically continued zeta function determine the precise law
governing the distribution of prime numbers [3].
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Riemann’s paper, a mere eight pages long, contains profoundly deep insights and opened up
entirely new paths for research into the distribution of prime numbers. The function {(s) was formally
named the Riemann zeta function in his honor.

1.1. The Formulation of the Riemann Hypothesis

Riemann reached the following conclusion in his 1859 paper: the zeros of the Riemann zeta
function {(s) are divided into two parts:
(1)  Real zeros are all negative even integers, i.e., the trivial zeros [1];
(2)  There also exist complex zeros, which are distributed in the critical strip 0 < Re(s) < 1. Actually,
Riemann originally proposed that the non-trivial zeros lie in the critical strip 0 < Re(s) < 1;
later mathematicians refined this conclusion [4].

In his paper, Riemann presented three propositions [2].

Theorem 1.1. If we define N(T') as the number of non-trivial zeros of {(s) with 0 < Im(s) < T, then

T T T

1)
Theorem 1.2. If we define No(T) as the number of non-trivial zeros of {(s) on the critical line R(s) = % with
0 <Im(s) < T, then

T)~—1 .
No(T) 27 8on  2m

These were Riemann’s first and second propositions, which seemed so certain to him. However,
the first proposition was only proven 46 years later (in 1905) by the mathematician von Mangoldt [5].
The second proposition was not proven until nearly a century later (in 1942) by the mathematician

Atle Selberg [6].
Combining numerous "pieces of evidence," Riemann boldly conjectured: All non-trivial zeros of
1
the function {(s) lie on the critical line R(s) = = [3].

When the Riemann Hypothesis was first proposed in 1859, it did not immediately create a sensa-
tion [1]. On one hand, Riemann’s paper was exceedingly brief, with many crucial steps "omitted from
the proof," making it difficult for mathematicians of the time to fully grasp its profound implications.
On the other hand, its conclusions were so ahead of their time that some mathematicians even viewed
it with skepticism [7].

However, there was one mathematician who was full of confidence in it, believing that it would be
solved within 50 years. This optimist was Charles Hermite [8]. According to some historical sources
on mathematics, Hermite expressed this view in letters to friends, showing great optimism about
the prospects of the Riemann Hypothesis. History proved him overly optimistic, however, as the
conjecture remains unproven to this day.

In 1900, Hilbert delivered his famous lecture at the International Congress of Mathematicians in
Paris, presenting the influential "23 Mathematical Problems" that charted the course for 20th-century
mathematical research [9]. The Riemann Hypothesis was included as part of Problem 8, alongside
other number theory challenges such as the Goldbach Conjecture [10]. It was due to Hilbert’s enormous
influence that the Riemann Hypothesis was elevated to an unprecedented status, becoming a towering
peak that mathematicians aspired to conquer [11].

Today, of Hilbert’s 23 problems, apart from Problem 8, the remaining 22 problems have either
been completely or partially solved, or have been proven to be untenable in certain formulations
[10,12]. The Riemann Hypothesis has thus become the most influential and perhaps the most difficult
unsolved mystery of all [3,13].
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In May 2000, the Clay Mathematics Institute (CMI) officially announced the seven Millennium
Prize Problems at the College de France in Paris [14,15]. The Riemann Hypothesis was prominently
included in this prestigious list [16-18].

1.2. Important Milestones in the Study

Since Riemann first proposed the hypothesis in 1859, mathematicians have engaged in continuous
attempts to prove it [1]. Here we will list only those results that have played a decisive role, hold
significant meaning, or even represent the current state-of-the-art conclusions .

1.2.1. The Prime Number Theorem

In 1896, Hadamard and de la Vallée-Poussin independently proved the crucial result that the
Riemann zeta function has no zeros on the line R(s) = 1 [19,20]. From this zero-free region, they
were able to prove the Prime Number Theorem, which describes the asymptotic distribution of prime
numbers [4]:

m(x) ~ ﬁ ~ Li(x), x— oo,

where 77(x) denotes the number of primes less than or equal to x, and Li(x) = [5 % is the logarithmic

integral function [21].

1.2.2. The Number of Zeros on the Critical Line

In 1905, von Mangoldt proved and obtained the exact formula for the zero-counting function][? ],
namely the Riemann-von Mangoldt Formula [1,4]:

T T T
N(T) = Elnﬂ o +0(InT).
Furthermore, in 1914, Hardy utilized the function Z(t) = etz (% + it) to obtain a proof of

Hardy’s Theorem [22,23]:

No(T) — 00, T — oo.

That is, {(s) has infinitely many zeros on the critical line Re(s) = %

Of course, at this time, this was still a non-quantitative result. By 1921, Hardy and Littlewood
proved that the number of zeros of the Riemann zeta function on the critical line is at least proportional
to the height T [24], i.e.,

N()(T) >T,

laying the foundation for subsequent research on zero-density estimates [6,25-27].

1.2.3. Riemann-Siegel Formula

In 1932, the German mathematician Siegel discovered an astonishing secret from Riemann’s
manuscripts, which had lain dormant for 73 years [1,28]: Riemann not only proposed the hypothesis
based on intuition, but he also personally calculated several zeros, such as 1/2 +i14.134... and
1/2+121.028.. . ., using computational methods far ahead of the mathematical community of his time
[23]. From these cryptic manuscripts, Siegel reconstructed a highly efficient formula for computing
zeros [7]:

Z(t) =2 i cos[G(t\)/% tinn]

whose computational complexity is only O(#'/2), far superior to the Euler-Maclaurin formula’s O(t) [29].

+O(t7 %),

Building upon this foundation, mathematicians have employed an efficient "double-counting”
strategy [30,31]:
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(1)  Zeros on the Critical Line: Using the Riemann-Siegel formula, we can compute the sign changes
of the real function Z(t) [6]. Whenever Z(t) changes from positive to negative or from negative
to positive, a zero is captured. In this way, we can count that within the range of imaginary parts
0 <t < T, atleast N zeros are found on the critical line.

(2)  Total Zeros in the Critical Strip: Using another known mathematical theorem (the argument
principle), we can precisely calculate the total number M of all non-trivial zeros within the
rectangular region {0 < R(s) < 1,0 < ¥(s) < T} [33]. This calculation does not depend on the
specific locations of the zeros.

If the number of zeros N found on the critical line in the first step exactly equals the total number
M of zeros in the entire region calculated in the second step, then an irrefutable conclusion can be
drawn: Within this region, all M non-trivial zeros, without exception, lie on the critical line! [3].

In fact, as of 2004, scientists had verified the first 10 trillion zeros, finding that they all lie on the
critical line and are all simple zeros [30,31,34].

1.2.4. Theorem on the Density of Critical Zeros

In 1942, the Norwegian mathematician Atle Selberg achieved a major breakthrough in the study of the
Riemann zeta function [6,35]. Using the mollifier method, he carefully constructed the mollifier function

Mo = T B2 (5% ).

n<X

where j1(n) is the Mobius function and f is a smooth cutoff function [4]. The parameter X is chosen
optimally as a power of T.
Using this mollifier function, Selberg further constructed the core inequality [1,23]:

/OT M(; +it>§<;+it>

where the notation >> T means that the left-hand side is at least a constant multiple of T for sufficiently

2
at>T,

large T.
From this inequality, Selberg obtained his celebrated theorem [6]: There exists a constant ¢ > 0
such that
No(T) > c-N(T),

where N(T) is the total number of non-trivial zeros with imaginary part between 0 and T, and Ny(T)

is the number of such zeros lying on the critical line (s) = 1

This result was revolutionary because it was the first time mathematicians could prove that a
fixed positive percentage of zeros (not just infinitely many) lie on the critical line [35]. Selberg’s original
constant ¢ was very small, but subsequent work by Levinson, Conrey, and others has significantly
improved this proportion [25-27].

In 1974, Norman Levinson achieved a major breakthrough in the study of the Riemann zeta
function [25,36]. Building upon Selberg’s mollifier method, he proved that more than one-third of the

non-trivial zeros lie on the critical line % (s) = = [1,23].

Levinson considered a deformation of the ¢ function [25]:
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with y = T? for some 6 > 0, he constructed two core integrals [26]

I:/OT C(;+it>M<;+it)
]:/OT§<;+it>M(;+it>§’<;+it>M(;+it>dt,

and obtained the key inequality

2
dt,

No(T) 1. (1
N 2R ) o

where R is a parameter related to the choice of y [25].
Through precise estimates of the integrals I and ], Levinson proved that

No(T) _ 1
NT 23

+o(1),

and with more careful calculations, he obtained the numerical value 34.74%.
This result improved significantly upon Selberg’s earlier work, which had only established the
existence of a positive proportion without giving a specific numerical value [6]. Levinson’s work

opened the door for subsequent improvements by Conrey and others [26,27].

In 1989, Conrey significantly improved this result to lim infr_, AII?((IT";) > % = 40%; In 2020, Pratt,
Robles, Zaharescu, and Zeindler further raised it [37,38] to > % ~ 41.67%.

In summary, this is the Critical Line Density Theorem: At least 41.67% of the zeros lie definitively

on the critical line, and this portion of zeros is of the same order as the total zeros.

1.2.5. Ingham Bound

In 1940, Albert Ingham proved the classical result on zero-density estimates, known as Ingham'’s
Theorem [39,40]:
3(1-0)
5t 1
N(o, T) < T 2—-0 ;5 <0<, T oo

where N(0,T) :=#{p =B +iv:{(p) =0, > 0,0 < ¢ < T} is the zero-density function [4,23].
3
4

For o = — in particular [40],

=to(1
N(Z,T) <157 e

The Ingham bound is a foundational result in zero-density estimates, used to control the number

of zeros that may deviate from the critical line ¢ = 5 [1]. This bound remained essentially unimproved
for over 80 years [3,41].

In 2025, MIT mathematician Larry Guth and Oxford mathematician James Maynard (2022 Fields
Medalist) published a paper achieving the first substantial improvement to the Ingham bound [42,44],
obtaining the Guth-Maynard Theorem:

30(1—0)

NeT <T 13 W
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3. . .
Foro = 0 particular, this improves the exponent to

15
N(i'T> < 126 & T0577+0(1),

which is superior to Ingham’s g = 0.6 [42,43].

The Guth-Maynard result represents the first substantial progress on zero-density estimates
since Ingham’s original work [44,45]. The key innovation lies in deriving new bounds for Dirichlet
polynomials, which in turn control the large values that lead to improved zero-density estimates [42].

1.3. Comparative Study of Leading Research Approaches

From the perspective of analytic number theory, mathematicians can directly improve zero-density
estimates, gradually pushing the proportion

.. No(T)
= liminf N(T)

towards the ultimate goal of 100% [3,4]. The current best result is ¥ > 0.4173 obtained by the Levinson-
Conrey method [26,27,46].

However, the limit of current methods is approximately 50-60% [3,47], and even advancing by a
small fraction may consume decades or even centuries of research effort from the academic community
[48]. Even if new methods could be found and eventually push the result to 99%, the final 1% might
still be an insurmountable chasm [13].

In fact, even if one could push the result to 100%, i.e., prove that 100% of zeros lie on the critical
line, this would not be equivalent to proving the Riemann Hypothesis [1,23].

This is because one would still need to exclude the possibility of exceptional zeros at infinity;
such zeros could exist at least one, or even infinitely many [6,25]. Current methods cannot eliminate
"sparse but infinite" zeros deviating from the critical line, and therefore entirely new nonlinear or
global methods are needed to provide a solution [42,44,45].

The distinction between "100% in density" and "all zeros" is crucial: density results only control
the proportion of zeros up to height T, but they do not rule out the existence of a sparse set of zeros off
the critical line that grows more slowly than N(T) [40]. Such a set could still contain infinitely many
zeros, each of which would be a counterexample to the Riemann Hypothesis [3].

Beyond the classical analytic methods, several profound alternative approaches to the Riemann
Hypothesis have emerged, drawing connections to algebraic geometry, noncommutative geometry,
random matrix theory, and quantum physics [1,3,13].

1.3.1. The Algebraic Geometry Analogy: Weil Conjectures

Another direction is the algebraic geometry analogy, namely seeking possible proof patterns over
number fields through the Weil conjectures over finite fields [49,50]. The Weil conjectures over finite
tields were proved by Deligne in 1974 [50], and the Riemann hypothesis part of the Weil conjectures is
precisely the Riemann hypothesis over finite fields [51].

However, it should be noted that although Deligne’s proof represents the pinnacle of 20th-century
mathematics, the essential differences between number fields and finite fields make generalization
extremely difficult [52]. This is the fundamental difference between characteristic p and characteristic
0, and the Frobenius endomorphism has no direct analog in number fields [53,54].

1.3.2. Noncommutative Geometry: Connes’ Approach

Another promising direction is noncommutative geometry, which transforms number-theoretic
problems into space-spectrum problems [55,57]. Connes conjectured a global trace formula, which
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is the sum of contributions from local trace formulas; this conjecture is equivalent to the Riemann
hypothesis [55,58].

Currently, the local formula has been rigorously proved, but the convergence of the global
summation remains unresolved [54,58]. It can be seen that Connes” method provides the deepest
conceptual framework, but the technical details are not yet complete. This may require the development
of new tools beyond current noncommutative geometry [54,59].

1.3.3. Random Matrix Theory

In fact, random matrix theory is also a promising approach to studying the Riemann hypothesis
[60,61]. Mathematicians use GUE eigenvalue statistics to predict zero distributions and seek deeper
structures [62,63].

However, although random matrix theory provides powerful heuristic evidence, it has not yet
provided a rigorous path to proving the Riemann Hypothesis [3,13]. This is because the statistical
correspondence may be a "coincidence” or "universality" phenomenon, lacking a bridge from statistics
to determinism [64].

1.3.4. The Hilbert-Pélya Operator

Another intriguing research direction is the Hilbert-Pélya operator method, whose core strategy
is to find a self-adjoint operator H whose eigenvalues correspond to the zeros of the { function
[65,66]. Scientists hope to construct a concrete quantum Hamiltonian operator and prove a one-to-one
correspondence between its spectrum and the zeros; if the operator is self-adjoint, this could further
prove the Riemann hypothesis itself [62,66].

Although this method promises that finding the Hilbert-Pélya operator would immediately prove
the Riemann hypothesis, no concrete construction has yet been achieved [13]. Moreover, this approach
lacks a rigorous correspondence from classical chaos to quantum spectra, requiring an entirely new
quantization framework [64,66].

These diverse approaches—algebraic geometry, noncommutative geometry, random matrix theory,
and quantum physics—each offer profound insights into the Riemann hypothesis [1,13,54]. While
none has yet provided a complete proof, they continue to inspire new mathematical developments and
deepen our understanding of the connections between number theory and other areas of mathematics
and physics [64,67].

1.4. The Undecidability of the Riemann Hypothesis

In fact, there is a view, which is not mainstream in the mathematical community, that the Riemann
Hypothesis (RH) is unprovable. The core idea of this view is that if RH is unprovable, then it must be
true. This makes it a potential candidate for the most dramatic instance of Godel’s Incompleteness
Theorems in number theory.

Godel’s Incompleteness Theorems state that in any sufficiently powerful axiomatic system that
contains basic arithmetic such as ZFC , there exist propositions that can neither be proven nor disproven
i.e., "independent” propositions . The history of mathematics indeed contains important number-
theoretic statements that have been proven independent . For example , the Continuum Hypothesis
is independent of ZFC, but is not an arithmetic statement; while Goodstein’s theorem and the Paris-
Harrington theorem are arithmetic statements independent of the Peano axioms but provable in ZFC .
This invites speculation about whether RH might also be independent of ZFC.

Gregory Chaitin, the founder of algorithmic information theory, is one of the most prominent
mathematicians to publicly discuss the idea that the RH might require new axioms.

Chaitin argues that the distribution of prime numbers exhibits a certain "randomness" (pseudo-
randomness). In his books and papers, he proposes that the truth of RH may stem from this arithmetic
randomness, which, to some extent, resembles the intrinsic randomness of quantum mechanics and
cannot be fully captured by a finite, deterministic axiomatic system [32,84]. He speculates that proving
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RH might require introducing "new axioms," analogous to physical laws, or acknowledging that
certain mathematical facts are "accidentally true" rather than logical necessities.

Yuri Matiyasevich proved the undecidability of Hilbert’s Tenth Problem (the solvability of Dio-
phantine equations). He demonstrated how to transform RH into a question about the existence of
solutions to a massive Diophantine equation. Matiyasevich suggests that since the general problem
of Diophantine equations is undecidable, a specific, extremely complex equation (such as the one
corresponding to RH) might also be undecidable within the current axioms [56,85].

As one of the leading figures in contemporary analytic number theory, Brian Conrey holds a more
pragmatic attitude towards RH but also acknowledges this possibility. In his renowned survey article,
he points out that while the numerical evidence overwhelmingly supports RH, we cannot rule out
the possibility that it is unprovable in ZFC. If RH were undecidable, it would be a groundbreaking
discovery because it would mean RH is true (as argued above), but we could never prove it within our
existing framework [3].

The idea that RH might be unprovable is a fascinating philosophical possibility and a logical
fallback, especially in light of the long-standing failure to find a proof. It serves as a reminder that
our system of axioms might be insufficient to capture all mathematical truths. However, in practical
research, this is more of a "last resort." The current direction of effort remains focused on finding new
mathematical tools (such as noncommutative geometry, random matrix theory, and new developments
in algebraic geometry) to prove it, rather than proving its unprovability.

1.5. Research Objectives

Regardless of perspective, we must first reach a consensus: it is impossible to obtain a complete
proof of the Riemann Hypothesis using only the basic tool of complex numbers.

In fact, looking back at the history of mathematicians’ research on the Riemann Hypothesis, we
can observe the following fact: ever since Riemann introduced the { function into the complex domain,
studied the zero distribution of the function, and proposed formula 1 and the Riemann Hypothesis,
mathematicians have become inextricably trapped in the path suggested by Riemann’s formula 1
, embarking on the so-called research journey. However, following this direction, our research is
doomed to fail. As analyzed in Section 1.3 , a proof of the Riemann Hypothesis itself is still considered
‘miles away’ even if the results are optimized to their theoretical limit . Although it is undeniable that
the new tools developed during this research may advance the field of mathematics, I believe that no
matter how much progress we make in this direction, it is ultimately meaningless for the Riemann
Hypothesis itself.

Although scientists have attempted to find other possible directions, such as using new methods
like random matrix theory to study the Riemann Hypothesis, these efforts are largely approached in a
spirit of "verification" rather than proof itself. Such approaches seem more like an act of helplessness
when unable to find a genuine proof.

Returning to the very beginning of Riemann’s work, i.e., "introducing the { function into the
complex domain," it might be considered to expand the complex domain, finding algebraic systems
parallel to the complex domain, studying the zero distribution of the ¢ function in these algebraic
systems, and thereby gaining insight into the essence of the Riemann Hypothesis as a whole?

This is the fundamental research approach of this paper. No argument is made regarding whether
the Riemann Hypothesis is provable in the complex domain; instead, algebraic systems with properties
similar to those of the complex domain—namely, elliptic complex numbers—are directly constructed .
Subsequently, the geometric, algebraic, and analytic properties of elliptic complex numbers will be
investigated, given their role as essential foundational material for the proof of the Riemann Hypothesis
. It should be noted that elliptic complex numbers do not refer to a specific algebraic system, but rather
a collection of algebraic systems with properties analogous to complex numbers. In a sense, all elliptic
complex numbers, inclusive of ordinary complex numbers, would be regarded as 'variables” within
the scope of this study.
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Regarding the proof of the Riemann Hypothesis, this paper will investigate the correspondence
of the zero distribution of the Riemann { function across the complex planes corresponding to all
elliptic complex numbers. From this correspondence, we discover that on one particular complex
plane, the Riemann Hypothesis is "self-evident," and this naturally corresponds to all other complex
planes, ultimately providing a proof of the Riemann Hypothesis.

Of course, the proof of the Generalized Riemann Hypothesis will also be presented at the end
using the same method .

2. Elliptic Complex Numbers and Their Geometric Significance

As a special kind of algebraic system, complex numbers are introduced out of necessity when
solving algebriaic questions in the 16th century [68,69].In the mid-16th century, the Italian mathe-
matician Cardan, when solving cubic equations in 1545, first conceived the idea of taking square
roots of negative numbers [70,71]. To make square roots of negative numbers meaningful, it was
necessary to extend the number system once again, thus introducing the imaginary number /—1.
Euler systematically established the theory of complex numbers in 1777, using i to replace v/—1 as the
unit of imaginary numbers [72,73].

In fact, in a broad sense, mathematicians have discovered (invented) three types of binary
numbers: complex numbers (hereafter referred to as circular complex numbers to distinguish them),
hyperbolic complex numbers (hereafter referred to as equilateral hyperbolic complex numbers to
distinguish them), and dual numbers [74-76]. Remarkably, all three types of complex numbers satisfy
the commutative law and associative law of multiplication; however, only circular complex numbers
form a division algebra, while equilateral hyperbolic complex numbers and dual numbers are not
divisible [77-79].

This chapter will construct a series of generalized binary complex numbers and study their
algebraic properties and underlying geometric properties .

2.1. Construction of Generalized Complex Numbers

Based on the three types of binary numbers given by mathematicians [74-76], we present the
construction of generalized binary complex numbers [77,78,80].

Definition 2.1 (Generalized Complex). For Vx,y € R, a number of the form z = x + iy is called a
generalized (binary) complex number, where i satisfies

i=i=A AeR.

The set of all generalized complex numbers is denoted by C, [79,81]. Here x is called the real part of z, and y is
called the imaginary part of z.

In particular, when A = 1, this corresponds to equilateral hyperbolic complex numbers; when A = —1,
this corresponds to circular complex numbers; when A = 0, this corresponds to dual numbers [76,77].

The addition and scalar multiplication operations of generalized complex numbers are defined as
follows: Let zy = x1 +iy1, z0 = xp +iyp € Cy,

z1+ 2o = (x1 + XQ) + i(y1 +y2), kz1 == kxq1 + i(kyl), ke R.

Two generalized complex numbers z; and z; are equal if and only if their corresponding real and
imaginary parts are equal, i.e.,

Z1 = 2p <= X1 = X2, Y1 = Yo.
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Thus we have the zero element of generalized complex numbers
0:=z1—2zp:= (v —x2) +i(y1 —y2) = 04 0.

If the imaginary part of a generalized complex number is 0, i.e., z = x, then it is a real number;
if the real part of a generalized complex number is 0, i.e., z = iy, then it is called a pure generalized
complex number, or pure imaginary number [70,72]. These definitions are consistent with those of
circular complex numbers [68,69].

2.2. Operational Rules of Generalized Complex Numbers

This section mainly discusses the rules of multiplication. The rules of addition, through the
definitions of addition and scalar multiplication given above, can easily be seen to satisfy associativity,
commutativity, and distributivity with respect to real numbers; division operations will be discussed
subsequently [76,77].

From Definition 2.1, we obtain the multiplication operation of generalized complex numbers [78,80]

21Zp = X1X2 + Ay1y2 +i(x1y2 + x2y1)

X1 A 1 X2
= Y = M2(21)22
1 x| Y2 2)
X2 A 2 X1 ’
= Y = M2(22)21
Y2 X2 | | V1]

where (x,y)T is the vector form of generalized complex numbers, and

X A ’ X A
1 yll M2(22)= 2 Y2

i xn Y2 X2

M2 (Zl) =

are called the multiplier matrix and inverse multiplier matrix with respect to the product z;z,, respec-
tively [79,81].

It is easy to see that the multiplication operation of generalized complex numbers satisfies
associativity and commutativity [77,78]. This is because

!
2921 = My(z1)zp = Mp(21)z0 = 2120, V21,25 € C),

in view of Equation 2, so commutativity holds. On the other hand,

X1 )Lyl X2 )Lyz X1X2 + )\ylyz )\X1y2 + )\}/19(2

Ma(z1) My (z3) = = ,
y1 x| Y2 x| | x1y2 +Ay1x2 Ayiyz + x1x2 |
, X Aya| |x1 Ayg x1X2 + Ay1y2  Axyys + Ayixo
M;(z2)Ma(z1) = = ,
2 X2 | |1 X | X1y2 +Ayixa Ay +x1x2 |

so M» (zl)M/2 (z2) = M/2 (z2)M2(z1), Vz1,2z2 € C), and thus associativity holds [79,80].
Furthermore, it can be determined that generalized complex numbers satisfy the distributive law
of multiplication [77,81].
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2.3. Elliptic Complex Numbers

In comparison, we prefer the most familiar real numbers, so no matter how complex the algebraic
system we encounter, we tend to find the simplest mapping from that algebraic system to the real
numbers [76,77]. Thus,

Definition 2.2 (Conjugate Complex Number). Let z = x +iy € C,, then z* = x — iy is called the
conjugate complex number of z [78,80].

Obviously,
zz" = x% — Ay

Definition 2.3 (Norm). Let z = x + iy € C,, then N(z) = zz* is called the norm of the complex number z, ie.,

N(z) = x* — A\y2 3)
When A < 0, we always have N(z) > 0, and in this case |z| = /N(z) is called the modulus of
the complex number z [79,81]. In this case, let A = —p, from Equation 3 we obtain
2 2
NG) + NG 1, p>0.
p

This equation represents an ellipse, showing the geometric interpretation of generalized complex
numbers with A < 0 [76,77]. It can be seen that this is a general equation of an ellipse, whose

1-1, p>1
eccentricity is e = P . Substituting p = —A gives
% -1, 0<p<1
1
= = 4
e '1 + )\’ 4)
When A = —1, which corresponds to circular complex numbers C, the eccentricity e = 0 [78,80].

Therefore, we have the following definition:

Definition 2.4 (Elliptic Complex Numbers). In general, generalized complex numbers with —co < A < 0
are collectively called elliptic complex numbers [79,81].

This classification unifies the geometric interpretation of generalized complex numbers with
negative A values, with the special case A = —1 corresponding to the familiar circular complex
numbers (ordinary complex numbers) [76,77].

When A > 0, from Equation 3 we see that its norm is not positive definite [76,77], and its norm
corresponds to

> ¥y _
NG N}(\Z)_l, A >0,

which is the equation of a hyperbola [78,80], with eccentricity consistent with Equation 4. The
equilateral hyperbolic complex numbers C ; correspond to A = 1, with eccentricity e = v/2, taking
the form of an equilateral hyperbola [76,79].

In general, generalized complex numbers with 0 < A < 4oc0 are collectively called hyperbolic
complex numbers [77,81]. Obviously, hyperbolic complex numbers cannot represent points on the
asymptotes x = ++/Ay in the complex plane, because the norm (or modulus) of points on these
asymptotes is zero; this is precisely the geometric reason why hyperbolic complex numbers do not
form a division algebra [78,80].
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To distinguish between them, we stipulate that the imaginary unit for elliptic complex numbers is
denoted by i, so they take the form

z=x+iyeCy, (A<0);
and the imaginary unit for hyperbolic complex numbers is denoted by j, so they take the form
z=x+jyeCy (A>0).

Subsequent research will mainly focus on the more "perfect” elliptic complex numbers, as they
possess positive definite norms and form division algebras, making them more suitable for various
applications.

2.4. Euler’s Formula for Generalized Complex Numbers

One might doubt whether the generalized complex numbers defined in this way are meaningful
[76,77]. Next, we will further explore the algebraic properties of generalized complex numbers and
reveal more of their elegant properties [78,80]. Using methods similar to those for complex numbers
(i.e., circular complex numbers), we have the following conclusion.

Proposition 2.5 (Euler’s Formula). Let ¢ € R, and i2=—-)A= —qz, q € R*, then we have
¢? = cos(q¢) + ésin(qq)),

where e is the base of the natural logarithm, and sin 6, cos 0 are the sine and cosine functions of 6, respectively [79,81].

Proof. From the Maclaurin series expansions [69,82], we have

2 X"

X __ X X n
e _1+i+§+”'+ﬁ+o(x )
2 4 6 2n
— 73(7 x7,x7 _1\" x 2n+1
cosx =1— o0+ 7 at +(-1) ) +o(x).
Thus it follows that
ip  (ip)? (ip)"

ip __ N}
e‘P—l—i—ﬁ—i— TR +o((ip)")

—-1— (qq))2 + (qq))4 _ (qqo)é N (_1)71 (qq))z'n +0((qq))2n+l)

2! 4l 6! (2n)
i 3 5 7 2n+1
+1 (ql(f)_(q;) +(qg;) _(q;;;) +___+(_1)ng:f)+l+)!+0((q¢)zn+z)

i
= cos(q¢) + asm(qu),

which proves the proposition [78,80]. O
Similarly, this leads to the following results [76,77].

Proposition 2.6 (Hyperbolic Euler Formula). Let ¢ € R, and j> = A = g2, q € R*, then it gives

el? = cosh(q¢) + % sinh(q¢),

where e is the base of the natural logarithm, and sinh 6, cosh 0 are the hyperbolic sine and hyperbolic cosine
functions of 6, respectively [78,80].
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Corollary 2.7. From the meaning of scalar multiplication of elliptic complex numbers and Proposition 2.5, we
deduce

eF ="t = ¢ (cos(y) + i% sin(y)).

This is Euler’s formula in the generalized sense for elliptic complex numbers [79,81].

Following the same procedure, it follows that

, 1
eF = e Tl =¢* (cosh(qy) +]; sinh(qy)),
which is Euler’s formula in the generalized sense for hyperbolic complex numbers [78,80].
Proposition 2.8 (Exponential Additivity). Let z,z; € Cy, A <0, then e*1e®2 = #1122,

Proof. Letz; = x1 +iy1,22 = x2 + iy2. Then from Corollary 2.7 [78,80] we conclude that

e%le?2 — exﬁ-iyl ex2+iy2

— ¢ <cos(qy1) +i % sin(qyl)> e (coswyz) + i% sin(ti}/z))
= e"72[(cos(qy1) cos(qy2) — sin(qy1) sin(qy2))
+i%(sin(qy1) cos(qy2) + cos(qy1) sin(qyz))]

1.
— pftx |:COS(Q(]/1 +y2)) + 15 sin(q(y1 ‘H/Z))]
— eX1+x26i(]/1+y2)

x1+x2+i(y1+y2) Zl-l-ZZ.

= e = e
Hence proving the proposition [79,81]. [
In the same way, for z1,z, € Cy, A > 0, it leads to e*1e?2 = ¢#1722 [78,80]. Furthermore,

Corollary 2.9. From Proposition 2.5 and Proposition 2.8, we can arrive at the multiple-angle form of Euler’s
formula for elliptic complex numbers [79,81], namely,

ei<§(’)) = cos(ne) + ésin(ngo), ne N*.

Analogously, it follows that

ej(g(”) = cosh(ng) + ésinh(n(p), ne N

From Corollary 2.9, we easily obtain [78,80]

eim+1=0, = —¢%, 9 € R, (5)
where, when g = 1, Equation 5 becomes the most beautiful mathematical formula in the eyes of
mathematicians [69,83].
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2.5. Division Operations for Generalized Complex Numbers

The definition of division operation is obviously based on the multiplication operation [76,77].

Definition 2.10 (Division for Elliptic Complex Numbers). Let z1 = x1 +iy1,20 = x2 +iyp € C), A < 0.
Define

z1 212y Z1Z5  Z1Z

zp 2z  N(z) x5 —Ay3’

A=—p
as the division operation for elliptic complex numbers [78,80].

Since N(z) = 0 < z = 0, elliptic complex numbers have no non-zero zero divisors and form a
division algebra [77,79]. As the same way,

Definition 2.11 (Division for Hyperbolic Complex Numbers). Let z; = x1 +iy1,2z20 = X2 + iy € C),
A > 0. Define
Z1  Z21Zy  Z1Z5,  Z1Z

2 2
= = = , X A
z 2z N(z2) x5 —M\y3 27 A2

as the division operation for hyperbolic complex numbers [78,81].

It is worth noting that the division definition is meaningless when xp? = Ayzz [76,78]. The reason
is, from the Euler formula for hyperbolic complex numbers, that it will lead to

x22 = AyZZ =N Slnh(qu) = :l:cosh(qyz) R e]/Z — 0’

which obviously contradicts the fact that Vy, € R, e¥2 > 0[80,81].

This explains geometrically why hyperbolic complex numbers do not form a division algebra:
there exist non-zero elements with zero norm lying on the asymptotes x = ++/Ay, for which division
is undefined [76,77].

2.6. Vectors on the Elliptic Complex Plane

Similar to the circular complex plane C, we define the vector corresponding to the complex
number z = x + iy in the elliptic complex plane C, as Z = (x,y) [76,77]. For convenience, unless
otherwise specified, in the following we always assume i = A = —g? .

This vector representation allows us to study elliptic complex numbers geometrically, with the
real part x and imaginary part y serving as coordinates in the elliptic plane [79,81]. The parameter
g = ++/—A determines the geometry of this plane, with the special case 4 = 1 corresponding to the
ordinary complex plane C [76].

Consider the unit complex number. According to Euler’s formula e* = cos(qa) + 7 sin(qa), it is

easy to see that for a point z = (x,y) in the complex plane C, compared to a point on the unit circle in
1

the circular complex plane C, its abscissa remains unchanged while its ordinate becomes — times the

original [76,77]. As shown in Figure 1, here we take |A| < 1 as an example.
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Figure 1. Points on the elliptic complex plane C,

tan p

. t . . .
It is easy to see that tana = . From an ordinary geometric perspective, the modulus of the

q
vector z in the figure is greater than 1, which is the modulus of its corresponding point on the unit
circle; however, in the complex plane C,, the modulus of the vector z is exactly 1 . Similarly, from an
ordinary geometric perspective, the angle of the vector z should be «, but in C,, its angle is 8.

Corollary 2.12 (the Angle in the Elliptic Complex Plane). In summary, the angle a in the complex plane
an 8

. . . . . t
C,, when measured in the ordinary geometric sense, is B, and they satisfy tana = -

Consider two vectors z1, z in the complex plane C,. Their angles in the ordinary geometric sense
are 31, B2 respectively, while their angles in C, are a1, a; respectively [81]. Then it follows that

tanfy -tanfp _ tanp; -tanpp

tanaq - tanay =
1 2 qz 1

Thus when the angle ||f1 — B2|| is 77/2, it follows that

tanay - tanay = % (6)

This relationship shows how orthogonality in the elliptic complex plane C, (with angle 1, 8, having
difference 7r/2) translates to a specific product relationship of the ordinary geometric angles a1, a5 [76,78].

2.6.1. Length and Angle of Vectors on the Elliptic Complex Plane

In order to correctly describe vectors in the complex plane C, corresponding to the definition of
elliptic complex multiplication [76,77], we can introduce the following definitions.

Definition 2.13 (Inner Product). Let @ = (ay,ay) and b = (by, by) be two vectors in the complex plane C,.
Define
i-b= ayby + qzayby (7)
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as the inner product (or scalar product) of @ and b in C, [78,80]. Furthermore, define |d| = \/d - as the
modulus (length) of the vector @ [79,81].

By the same token,

Definition 2.14 (Vector Angle). Define the angle § = (@, b) between @ and b in C, by

—

= |@||b| cos 6. (8)

Now let us analyze the reasonableness of this definition . Let the angles between the vectors i,b
and the positive direction of the X-axis in the coordinate system corresponding to the elliptic complex
plane C, be , B respectively [78,80]. Then when || # 0, |b| # 0,

Ax . ay by . by
cosxy = —, sina=g—; cosB=—=, sinf=g=. 9)
a Ty OP=gp P

Obviously, Equation 9 satisfies the trigonometric identity cos? 6 + sin® 6 = 1[79,81]. Furthermore,
from Equation 7 it is easy to obtain the unit vectors of 7 and b as

a), &y = <cos/3, Si;‘s). (10)

According to Equation 8 combined with Equation 7, we have cos 6 = cos(é,,€,) = cosa cos  +
sina sin B, that is

5 sin
€; = | cosa,
q

cos(a — B) = cosw cos B+ sina sin p.

This is consistent with the result in trigonometric identities [76]. It can be seen that such a definition is
reasonable.

Based on Equation 6, the vectors 7 = (x,y) and 7 = (—4y,x) in the complex plane C, are
perpendicular to each other [78]. In this case, from Definition 2.13 we know that 7- 7 = 0, thus we
have the conclusion:

Proposition 2.15 (Vector Perpendicularity). In the elliptic complex plane C,, two vectors i,b are perpendic-
ular to each other < @-b = 0 [80,81].

This result is the same as the conclusion in the circular complex plane C, which further demon-
strates the reasonableness of the above definition [77,79].

2.6.2. Right Angles on the Elliptic Complex Plane

As mentioned above: from an ordinary geometric perspective, the angle of the vector 4@ should be
«, but in C,, the magnitude of this angle « is 5 [76,77]. The angle between two vectors in the complex
plane C, defined above is precisely the magnitude 8 of « in C, [78,80]. Now we determine the value
of the aforementioned « in the ordinary geometric sense, i.e., the value of « in the circular complex
plane C, denoted as 0¢ [79,81].

For the unit vectors 4., Ee in Equation 10, their angle in C satisfies

cos & cos B + sina sin B/ ¢?

cosOc = .
\/coszzx + sin? a/qz\/coszﬁ +sin? B/q2

(11)

Based on Equation 11, when cos f = cosa, i.e,, B = a + 2km, it can be shown that cosf¢c = 1.
This means
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Corollary 2.16 (Invariance of Straight Lines). Assuming A1 # Ay, a straight line in the complex plane
C,\, remains a straight line in the complex plane C),; that is, the geometric property of being a straight line is
invariant between complex planes [76,78].

If the vectors @, b, are mutually perpendicular in the elliptic complex plane C,, then from equation
(1.18) we know that cos a cos B + sina sin § = 0 [80]. Substituting this into Equation 11 yields

1— 1/q2
1/42 1/q% ’
\/COSZIX +1- 1/q2\/coszl3 +1- 1/q2

It can be seen that even for two vectors @, b, that are mutually perpendicular in the complex

cosfc =

plane C,, their angle in the circular complex plane will vary with changes in « or B [79,81]. Therefore
it leads to

Corollary 2.17 (Non-Congruence of Right Angles). In the complex plane C, with A # —1, the axiom that
“all right angles are congruent” does not hold [77,78].

This result highlights a fundamental difference between elliptic complex geometry (with A # —1) and
Euclidean geometry: while straight lines remain straight under the transformation between different A
planes, the measure of angles, particularly right angles, is not preserved in a uniform way [76,80].

In fact, when cos = sing, i.e., B = « + 71/2 + 2km, Equation 11 transforms into [76,78]

tana(g? — 1
cosf, = 7{72 —l-(fc]anz a) . (12)
In this case, if || # 1, cos 6. is not identically zero, meaning 6, is not identically equal to 71/2 + k7t
[79,80].

It is well known that one of the five postulates of Euclidean geometry states: "All right angles are
congruent to one another" [68,69]. Clearly, the geometry corresponding to elliptic complex numbers
does not satisfy this postulate [77,81]. This result demonstrates that the geometry induced by the
elliptic complex plane C, with A # —1 (i.e., |g| # 1) is non-Euclidean [76,78].

2.7. Geometric Significance of Elliptic Complex Numbers

For a point A(x,y) in the elliptic complex plane C), let the coordinate origin be O [76,77]. Then
the corresponding vector is OA = x + iy, with i> = A = —p [78,80]. Now consider the vector

OB = iOA = i(x + iy) = —py + ix,

so the coordinates of point B are B(—py, x) [79,81]. As a result,

1 1
koa-kop=(-1)x —=—,
o4 -kop = (=1) X pA
which yields the same result as Equation 6 [78]. In particular, if we set y = 0, then A is exactly a point
on the positive X-axis, and B is exactly a point on the positive Y-axis. It can be seen that when A # —1,
the angle between the positive X-axis and the positive Y-axis in the complex plane C) is no longer a
right angle [80]. Consequently,

Corollary 2.18 (Non-Rectangular Coordinate Plane). When A # —1, the complex plane C, describes points
on a non-rectangular coordinate plane [76,81].
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Furthermore, consider the vector (f = ;(ﬁ = —qy + éx [76,77]. Obviously, in the complex
plane C,, we have OC L OA and |Cf[ = |Cﬁ| = /x2 + ¢%y? [78,80]. Consequently,

Corollary 2.19 (Orthogonal Equal-Length Vectors). Two vectors @, b in the complex plane C, are mutually
orthogonal and of equal length if and only if

i+-b=0.

o | =

This is the geometric interpretation of the correspondence between a complex number (or vector)

z and the complex number (or vector) ;z in the complex plane C, [79,81].

2.7.1. Normal Ellipse

Just as the definition of a "circle" in the circular complex plane C, we also need to find analogous
geometric elements in the elliptic complex plane C, [76,77].

From the definitions of norm and modulus for elliptic complex numbers Cy,A = —p = —q2 <0,
we have [78,80]
2 2 2 2
X Y X Y
pr— 1 — —
No ™2 T T RR Ty
7 (5)

whose geometric interpretation is an ellipse centered at the coordinate origin in the complex plane

[79,81]. When 0 < |g| < 1, the semi-major axis length of this ellipse is m = ;;, and the semi-minor

axis length is n = |z|; when |q| = 1, this ellipse degenerates into a circle with radius r = |z|, which is

the geometric interpretation of circular complex numbers; when |q| > 1, the semi-major axis length is

m = |z|, and the semi-minor axis length is n = 2l [76,78].

This type of ellipse, which can define the norm or modulus in the complex plane C,, possesses
very essential characteristics [77,80]. To fully characterize this geometric element, we first give the
following definitions:

Definition 2.20. When 0 < |q| < 1, the direction of the minor axis of the ellipse is its principal axis direction,
and the direction of the major axis is its secondary axis direction; when |q| > 1, the direction of the major axis of
the ellipse is its principal axis direction, and the direction of the minor axis is its secondary axis direction [78,79].

Definition 2.21. The length of the major axis (or minor axis) in the principal axis direction is called the principal
axis length of the ellipse. Half of the principal axis length is called the principal radius [81]. An ellipse with
principal radius 1 is called the unit ellipse [S80].

Combined with Equation 4, The following definition is established.

Definition 2.22 (Normal Ellipse). In the complex plane C,, if an ellipse has eccentricity satisfying e =

1
1 _
)

C, [76,78].

and its principal axis direction is parallel to the X-axis, then this ellipse is called a normal ellipse in

In particular, the normal ellipse of the circular complex plane C is a circle [77]. Unlike circles
in the circular complex plane C, normal ellipses in the complex plane C, have directionality [79,81].
When A # —1, a normal ellipse in C,, if rotated slightly, is no longer a normal ellipse [80].
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2.7.2. Representation of Normal Ellipses on the Complex Plane
We know that the equation of a straight line in the plane in real coordinates is [76,77]
ltax+by+c=0,4a,bceR.
, z+z* z—2z* z—z* .
Letz=x+iy e Cy, A = —p < 0[78,80]. Then x = 5 y= Thial 2 -i. Hence it

leads to the complex equation of a straight line [79,81]

/s pa—zbz+ pa+zbz*

2 2 +c=0,
that is
l:B'z+Bz"*+7v=0,veR,
pa+ib . . . . L .
where = ——— € C,. This is the equation representation of a straight line in the elliptic complex

plane [76,78].
Now we discuss the representation of a normal ellipse in the complex plane [77,80]. Since

|z — 202 = (z — 20)(z* — 2§) = 22* — 2*20 — 22} + 202},
= (¥ + %) + (05 + P°¥5)
= [(e+iy) (x0 — iyo) + (x = iy) (x0 + iyo)]
= (x = x0)* + p*(y — y0)?,
S0 |z — zg| represents a normal ellipse centered at zg = (xq, yo)" [79,81].
Let a normal ellipse in the complex plane be |z — zg| = s. Squaring both sides and expanding

gives
—2z" 4+ 220 + Z5z + (2 — 2028) = 0.

That is, the equation of a normal ellipse in the complex plane C, is
Crazz" 4+ B2+ Bz +7=0,a,7v€R, B€C,,

where when a = 0, the equation degenerates into the form of a straight line equation [78,80]. Therefore,
the normal ellipses and the straight lines in the complex plane are unified, with a straight line being a
normal ellipse with infinite principal radius [76,79].

2.7.3. Limiting Cases of Elliptic Complex Numbers

Proposition 2.23 (Conjugate Equality in the Limit). Let z € C,. Then when A — 0, we always have z* = z
[76,77].

Proof. Since z can be written as z = Re'? [78,80]. When R = 0, clearly z* = z holds [79]. When R # 0,
if \ = —gq% — 0, then according to Euler’s formula on the elliptic complex domain [81],

Z = lim ¢ = lim[cos(246) + i sin(246)] = 1+ 2i6,
z A—0~ q—0

where because |z/z*| = 1, it yields z/z* = 1, which proves the proposition [78,80]. [

From this, we can see

Corollary 2.24 (Oblique Coordinate Plane). When A — 0, the corresponding complex plane represents an
oblique coordinate plane where the angle between the positive Y-axis and the positive X-axis tends to 0 [76,79].
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It should be noted that, as shown in Figure 2, the angle tending to 0 does not mean that the
X-axis and Y-axis coincide [76,77]. The region between the positive X-axis and the positive Y-axis,
as shown in (1) of the figure, still contains infinitely many points [78,80], and there is a one-to-one
correspondence with the points in the region between the positive X-axis and the positive Y-axis in
the orthogonal plane shown in (2) of the figure [79,81].

1) 2)
Figure 2. The geometric significance of the complex plane C, (A — 0)

Note that if x = E, then Equation 12 gives cos 6, = 0, i.e., 6 = g, corresponding to case (2) in
Figure 2 [76,77].

Furthermore, the geometric interpretation of the complex plane C, as A — oo is shown in Figure
3 [78,80]: the corresponding complex plane represents an oblique coordinate plane where the angle
between the positive Y-axis and the positive X-axis tends to 7t [79,81].

o]

(1) (2)
Figure 3. The geometric significance of the complex plane C, (A — o0)

In fact, it is difficult to determine the exact angle between the positive Y-axis and the positive
X-axis for the coordinate system corresponding to each complex plane C, [76,77]. What we can
determine is that as A — 0, the plane C, reaches a "sufficient limit" that allows us to glimpse the
essential properties within the "black box" of elliptic complex numbers [78,80].

The two limiting cases, A — 0 and A — oo, represent extreme geometric configurations where the
axes become nearly parallel (angle approaching 0) or nearly opposite (angle approaching 7) [79,81].
These limits help illuminate the fundamental nature of elliptic complex geometry.

2.8. Conclusion

It should be noted that mathematicians have already given certain special "elliptic complex num-
bers" in the algebraic sense, such as the integral domains Z[v/—5], Z[v/—3], etc., as well as imaginary
quadratic fields k = Q(+/d), where d is a negative square-free integer. However, mathematicians tend
to study the algebraic properties corresponding to these special "elliptic complex numbers," and even
more so, to explore the properties of divisibility at present .

In a sense, this behavior of mathematicians is more like studying the discrete mathematical
structures of "elliptic complex numbers." But the Riemann Hypothesis itself belongs to the realm of
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analysis. We naturally hope to construct a series of "continuous" algebraic structures, and even treat
these algebraic structures as parameters, to study the zero distribution of the Riemann { function
holistically using the tools of mathematical analysis.

From a purely algebraic perspective, elliptic complex numbers are algebraically isomorphic
to circular complex numbers. From a geometric perspective, however , elliptic complex numbers
Ci(A # —1) represent geometric elements in a Cartesian coordinate system that have been transformed
from an oblique coordinate system.

It is important to note that we require A to be a constant. The reason is that to solve the proof
of the Riemann Hypothesis itself, letting A be a constant is sufficient. As for further research on the
distribution of zeros on the critical line, it may require designing special elliptic complex numbers
to resolve. In fact, if A is a function of one or more variables ;(i = 1,2, ... ), then it corresponds to a
curved or even surface coordinate system. This would then correspond to geometry in curved spaces.

On the other hand, we consider the case A — 0, which does not mean that A is a variable. Its true
meaning is that A equals a constant approaching 0. It can be seen that the elliptic complex numbers C,
with A — 0 also form a number field, corresponding to an oblique coordinate plane where the angle
between the positive Y-axis and the positive X-axis tends to 0. However, it is particularly important to
note that the elliptic complex numbers at this point still represent geometric elements in a Cartesian
coordinate system.

In fact, using elliptic complex numbers allows us to appreciate the unique charm of observing a
geometric object from different geometric perspectives. As is well known, the world in our human
eyes is completely different from the world as seen by other creatures such as cats, dogs, etc. Are there
civilizations in the universe that are similar to us or even more advanced than us ? What differences
would there be between the physical world observed by these civilizations and that observed by us
humans? Elliptic complex numbers are precisely what we need to predict our physical world from all
these possible perspectives.

As demonstrated, elliptic complex numbers essentially provide an alternative formulation for
calculating vector lengths within the defined space. While this definition is fundamentally simple,
it possesses the potential to profoundly reshape our conceptual framework for understanding the
physical world. The author posits the significant value of this approach and anticipates its validation
and further exploration by the broader scientific community.

Part I
Mathematical Analysis on Elliptic Complex
Numbers

3. Theory of Elliptic Complex Functions
3.1. Ellipsoidal Representation of Elliptic Complex Numbers and the Extended Complex Plane

In the plane, there is no point corresponding to co [76,77]. Of course, we can introduce an "ideal"
point, called the point at infinity [68]. All points in the plane together with the point at infinity form
the extended complex plane [69]. We stipulate that every straight line passes through the point at
infinity; consequently, there is no half-plane that contains this ideal point [78]. Previously, we unified
normal ellipses and straight lines through their equations [80].

In fact, the unification of normal ellipses and straight lines can be achieved by introducing the
point at infinity, which leads to the concept of a complex ellipsoid [79,81].
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Definition 3.1 (Ellipsoid and Polar Projection). Consider in the three-dimensional rectangular coordinate
2Py =1

system O — XYU the ellipse C : 0
u =

. If we rotate C around the X-axis, we obtain a rotational

ellipsoid
Syixt+qyi +qtul = 1.

The vertex (0,0, %)T of Sy is called the X-system pole of the ellipsoid, denoted by nx [78,80]. For any point
P € S1\ {nx} on Sy, draw the line connecting nx and p'y and extend it; it necessarily intersects the
coordinate plane XOY at a point px [79]. We call px the X-system ellipsoidal polar projection of p'y, and the
correspondence p'y — px is called its X-system ellipsoidal polar mapping [81].

Now we find the correspondence relation for p% — px [76,77]. Let p% = (x1,y1,u1) and
px = (x,y,0), with its corresponding point in the complex plane being z = x + iy [78]. From geometric
relations we obtain

1/qg—u 1—q2ud x iy

/g 22 x oy’
Thus
" 1 |z|> — 1 o z+z* o oz—z
T PR T T IR M T iRy
Conversely,
Z:x1+zy1,
1—111
and

x:y:(=1)=x1:y1: (qug —1).

It can be seen that the points (x,y,0), (x1,y1,41), and (0,0, %) are collinear, which again yields

the mapping p% — px [79,80].

Definition 3.2 (Y-System Ellipsoid and Polar Projection). If we rotate C around the Y-axis, we obtain a
rotational ellipsoid
Sy qPysFus =1

The vertex (0,0,1)T of Sy is called the Y-system pole of the ellipsoid, denoted by ny [76,77]. For any point
py € So\{ny} on Sy, draw the line connecting ny and p', and extend it; it necessarily intersects the
coordinate plane XOY at a point py [78,80]. We call py the Y-system ellipsoidal polar projection of p',, and the
correspondence p', — py is called its Y-system ellipsoidal polar mapping [79,81].

Now consider the X-system pole nx (or the Y-system pole ny) [76]. Clearly, nx (or ny) corresponds
to the point at infinity in the complex plane [68,69]. Thus we introduce a new elliptic complex number
oo corresponding to it. The complex plane C, together with this point forms the extended complex
plane, or complex ellipsoid, denoted by C, = C) U {co} [78,80]. The operations for this new elliptic
complex number co are defined as follows:

cotz=00, VzeC,;
z-00 =00, VzeC,)\{0}.

In summary, the mapping from points on the ellipsoid to the extended complex plane is a bijection
[77,79] — this is precisely the geometric meaning of the divisibility of elliptic complex numbers [76,81].
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3.2. The Topology of the Elliptic Complex Plane

As established in Section 2.7.1, the normal ellipse is the fundamental tool for describing the
magnitude and direction of vectors on the elliptic complex plane. Similar to the method for the circular
complex plane, we now use normal ellipses to analyze the topological structure within the elliptic
complex plane [78,80].

Definition 3.3 (Neighborhood). The set of points determined by the interior of a normal ellipse centered at z
with principal radius r = 6 > 0 is called the §-neighborhood of zo, denoted by Uz, ), i.e.,

U(zo,6) ={z | |z—z0| <6,z € C)},

which is an open elliptic disk [79,81]. Furthermore,

®  The set of points determined by the inequality 0 < |z — zg| < ¢ is called the punctured 5-neighborhood of
29, denoted by U(zo,6), i.e., U(z0,6) = {z |0 < |z — 29| < 6,2 € C,};

e The set of points determined by the inequality |z — zo| < ¢ is called the closed 6-neighborhood of zy, denoted
by U(zg,8), ie., U(z,6) = {z | |z— 20| < 8,z € C)}, which is a closed elliptic disk [78,80].

From the properties of neighborhoods around a point, we have:

Definition 3.4 (Limit Point, Interior Point, Boundary Point). Let zg € C, and E C C,. Then,

o IfVr >0, we have U(zo,r) N E # @, then zq is called a limit point (accumulation point) of E [76,77];

o IfVr >0, we have U(zo,r) C E, then zy is called an interior point of E [79];

o IfVr > 0, wehave U(zp, ) NE # @ and U(zg,r) N ES # @, then zg is called a boundary point of E [81].

If zy € E but zp is not a limit point of E, then it is called an isolated point of E [78]. The set of
all boundary points of E is called the boundary of E, denoted by 9E; the set E = E U 9E is called the
closure of E [80].

Definition 3.5 (Open Set, Closed Set, Bounded Set). If all points in the set E are interior points, then E is
called an open set [76]; conversely, if E° = C, \ E is an open set, then E is called a closed set [77]; if IM > 0
such that Vz € E, |z| < M, then E is called a bounded set; otherwise, E is called an unbounded set [79,81].

A bounded closed set is called a compact set [78,80].

Definition 3.6 (Region). Let D be a point set in the complex plane C) satisfying

e Disanopenset[76,77];
e Any two finite points in D can be connected by a finite polygonal line, and all points on this finite polygonal
line belong entirely to D [78,80],

Then D is called a region [79,81].

It can be seen that a region is a connected open set [77]. If a region together with its boundary is
considered, it is called a closed region [76].

Definition 3.7 (Curves). Fora curve C : z = z(t),a < t < b, ie., z(t) = Rez(t) +ilmz(t),a <t <b

[78,80],

e IfRez(t) and Imz(t) are continuous on [a, b, then C is called a continuous curve [79];

e IfVi,t) € (a,b),ty # ty, we have z(t1) # z(tp), then C is called a simple curve [81];

e IfRez(t) and Imz(t) have continuous derivatives on [a, b, and 2z (t) # 0, then C is called a smooth curve
[78].
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A simple continuous curve is called a Jordan curve [76,77]. A simple continuous closed curve
(with its endpoints coinciding) is called a Jordan closed curve (or simple closed curve) [69,78].

Definition 3.8 (Jordan Curve Theorem for C,). Any simple closed curve divides the complex plane into two
regions with no common points [76,80], one of which is a bounded region (called the interior region) and the
other is an unbounded region (called the exterior region) [77,791, and both regions share this closed curve as
their common boundary [78,81].

Definition 3.9 (Simply and Multiply Connected Regions). If for any simple closed curve within a region
D c C,, its interior region is contained in D, then D is called a simply connected region [76,80]; otherwise, D
is called a multiply connected region [77,79].

These definitions establish the fundamental concepts of connectivity in the elliptic complex plane
C,, analogous to those in the standard complex plane [69,81]. The Jordan curve theorem ensures that
every simple closed curve has a well-defined interior and exterior, which is essential for understanding
the topological structure of regions in C, and for the subsequent study of elliptic complex functions,
their continuity, and limits [78,80].

3.3. Elliptic Complex Functions: Continuity and Limits

The definition of elliptic complex functions is, in form, actually the same as the definition of func-
tions in mathematical analysis and in (circular) complex function theory studied by mathematicians
[76,77].

Definition 3.10 (Elliptic Complex Function). Let E be a point set in the complex plane C, [78,80]. If there
exists a rule f such that Yz = x + iy € E, there corresponds w = u + iv € C,, then f is called an elliptic
complex function defined on E, referred to simply as a complex function, denoted by

w=f(z),z€E or f:E—Cy z+ f(z)

Just like circular complex functions, elliptic complex functions also have single-valued and multi-
valued complex functions [79,81]. If there is a uniquely determined w corresponding to it, it is a
single-valued complex function; if there are multiple or infinitely many w corresponding to it, it is a
multi-valued complex function [78]. For now, the complex functions we refer to are all single-valued
complex functions.

From the definition, we have w = f(x +iy) = u(x,y) + iv(x,y) [80]. To describe the graph of
w = f(z), we would need to use four-dimensional space (u,v,x,y) (which is clearly beyond our
imagination) [76]. To avoid this difficulty, we use two complex planes: the z-plane and the w-plane
[77]. We understand complex functions as mappings between point sets in these two complex planes
[79,81].

Definition 3.11 (Function Limit). Let w = f(z) be a complex function defined on a point set E, let z( be a
limit point of E, and let « be a complex constant [78,80]. If Ve > 0, 36 = 6(e) > 0 such that whenever z € E
and 0 < |z —zp| < 6,

f(z) —al <e¢

holds, then as z approaches zq in E, f(z) is said to approach the limit «, denoted by

lim f(z)=a or f(z) >a (z—2zp,z€E)
z—z9,2€E
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Definition 3.12 (Infinite Limit). Let w = f(z) be a complex function defined on a point set E, and let zy be a
limit point of E [76,77]. IfVA > 0,36 = 6(A) > 0 such that whenever z € E and 0 < |z — zo| < 8 [78,80],

f(z)] > A
holds, then as z approaches zq in E, f(z) is said to approach infinity [79,81], denoted by

lim f(z)=o00 or f(z) »00 (z—2zp,z€E)
z—z0,z€E

As a result, we have the following conclusion.

Proposition 3.13 (Limit in Terms of Real and Imaginary Parts). Let w = f(z) = u(x,y) +iv(x,y),
z0 = X + iyo, and « = s + it be a complex constant [76,77]. Then

lim u(x,y) =s;

111’1‘1 f(z) — (xfy)*)(x()ryo)
770 lim  o(x,y) =t
(xy)—(x0.90)

Proof. Since f(z) —a = (u(x,y) —s) +i(v(x,y) —t) [78,80], from the inequality
max{|x], |g] - [y[} < [x+iy| < |x|+]q] -yl (A =g,

it results in [79,81]

max{[u(x,y) sl [q] - [o(x,y) =t} < |f(z) —a] < |ulxy) —s|+[q] - [o(x,y) —¢].

Note that g is a nonzero constant [78]. Hence,
= Since ZlLrgl (f(z) — a) = 0, the first inequality gives the result;
0
<: Since  lim  (u(x,y) —s) = 0and lim (v(x,y) —t) = 0, the second inequality

(xy)—(x0.0) (xy)—(x0.%0)
gives the result [79,80]. O

Definition 3.14 (Continuity of a Function). Let w = f(z) be a complex function defined on a point set E, let
zg be a limit point of E, and zg € E [76]. If

lim f(z) = f(z0),

Z—Z(

then f(z) is said to be continuous at zo [77]. If the function f(z) is continuous at every limit point of E, then
f(z) is said to be continuous on E [78].

Proposition 3.15. A function f(z) = u(x,y) + iv(x,y) is continuous at zy = xo + iy if and only if its real
part u(x,y) and imaginary part v(x,y) are continuous at (xg,yo) [80,81].

Analogously, the four arithmetic operations are closed for continuous functions, i.e., if f(z) and
¢(z) are continuous at zy, then the functions

~

(z

z

~—

f(z) +g(2), f(2)8(2), (8(z0) #0)

%

are also continuous at zg [78,79].

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0383.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 March 2026 d0i:10.20944/preprints202603.0383.v1

26 of 105

Definition 3.16 (Uniform Continuity). Let w = f(z) be a complex function defined on a point set E [76,77].
If for every € > 0, there exists § = 6(e) > 0 independent of z such that for all z1,zy € E with |z — za| < 6,

f(z1) = f(z2)] <€
holds, then f(z) is said to be uniformly continuous on E [78,80].

It should be noted that continuity is a local property, generally concerning a single point, while
uniform continuity is a global property [79,81].

Theorem 3.17 (Uniform Continuity on Compact Sets). If a function f(z) is continuous on a simple curve
or a bounded closed region E, then f(z) is uniformly continuous on E [76,77].

Theorem 3.18 (Boundedness of Continuous Functions). Let the function f(z) be continuous on a simple
curve or a bounded closed region E [76,77]. Then f(z) is bounded on E, i.e., 3M > 0 such that |f(z)| < M for
all z € E [78,80]; and the following equivalent condition holds:

e The function f(z) = u(x,y) + iv(x,y) is bounded on E < u(x,y) and v(x,y) are bounded on E [79,81].

Theorem 3.19. Let the function f(z) be continuous on a simple curve or a bounded closed region E [76,78].
Then f(z) attains its maximum modulus and minimum modulus on E, i.e., 3z1,z5 € E such that

|f(z)l = max|f(z)], |f(z2)] = min|f(z)|

Definition 3.20 (Limit at Infinity). Let w = f(z) be a complex function defined on an unbounded (closed)
region E, and let « be a complex constant [77,80]. If Ve > 0, 3p = p(e) > 0 such that whenever z € E and
z[ > p,

[f(z) —af <e
holds, then as z approaches oo in E, f(z) is said to approach the limit « [79,81], denoted by

lim f(z)=a or f(z) > a (z—o0,z€E)
z—00,2€E

Therefore far , the fundamental theory of limits and continuity for elliptic complex functions has
been established [76,77]. Next comes the corresponding theory of analytic functions [78,80].

3.4. Derivatives of Elliptic Complex Functions and Analytic Functions

Based on the above discussion, we begin to explore the differential structure of elliptic complex
functions [76,77].

3.4.1. Basic Concepts of Analytic Functions

Definition 3.21 (Differentiability). Let w = f(z) be a single-valued complex function defined on a region D,
and let zg € D [78,80]. If the limit

o £2) = F(20)

z—20 Z— 20

exists and equals «, then f(z) is said to be differentiable at z, and w is called its derivative or differential

coefficient, denoted by f'(zo) or % f (z)‘

z=z2
The quantity f'(z)Az is called the differential of w = f(z) at z, denoted by dw or df(z), ie.,
dw = f'(z)Az [79,81]. In fact, from the properties of differentials, the function f(z) is differentiable at
zq if and only if
f(z0+Az) — f(z0) = f'(z0)Dz +0(|Az|), Az —0
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Definition 3.22 (Analyticity). Let w = f(z) be a single-valued complex function defined on a region D, and
let zg € D [76,78]. If there exists a neighborhood U (zo, ) of zo such that f(z) is differentiable at every point in
this neighborhood, then the function f(z) is said to be analytic at zq [77,80]. If the function f(z) is analytic at
every point in the region D, then f(z) is said to be analytic in the region D [79,81].

It can be seen that differentiability is a local concept, while analyticity is a global concept [76,77].
A function may be differentiable at a point without being analytic there, but if it is analytic at a point,
it must be differentiable there [78,80]. Analyticity in a region is equivalent to differentiability in that
region [79,81].

Similarly, the four arithmetic operations are closed for analytic functions, i.e., if f(z) and g(z) are
analytic in a region D, then the functions

~~

(z

z

~—

f(z) +g(2), f(2)8(2), (8(2) #0)

AN

are also analytic in the region D, and it is obtained that

[f(2) £8(2)] = f'(2) £ §'(2);
[f(2)8(2)] = f'(2)8(2) + f(2)g'(2);

f@)] _ f(2)8(2) - f(2)8'(2)
[3(2)} - 3(2)]? (8(z) #0).

Elliptic complex functions also have a corresponding chain rule [76,78]: If the function w = f(z)

is analytic in a region D of the z-plane, and the function W = F(w) is analytic in a region E of the
w-plane, with f(D) C E, then the composite function s = F(f(z)) is analytic in the region D, and we

have
TrE) = (1) Lpea)

w V4

These properties demonstrate that the theory of analytic functions in the elliptic complex plane
C, parallels that of ordinary complex analysis [77,80].

3.4.2. The C.-R. Equations for Analytic Functions

We know that a real-valued function of two variables u(x, y) is differentiable at a point (x, y) if
there exist numbers A, B independent of Ax, Ay such that [76,77]

Au=u(x+ Ax,y+ Ay) —u(x,y) = AAx + BAy +o(p),

d d d d
where p = \/Ax? + Ay? — 0[78,80]. In this case, A = %, B = %, and du = %Ax + %Ay [79,81].
Let f(z) = u(x,y) + iv(x,y) be a complex function defined on a region D [76]. When u(x, y) and
v(x,y) are given, the function f(z) is also determined. However, in general, if u(x,y) and v(x, y) are
independent of each other, even if the partial derivatives of u(x, y) and v(x,y) with respect to x and y

exist, the function f(z) may not be differentiable [77,78].

Theorem 3.23 (Cauchy-Riemann Equations for Elliptic Complex Analytic Functions). Let f(z) =

u(x,y) +iv(x,y) be a complex function defined on a region D in the complex plane C, [79,80]. Then f(z) is
differentiable at z = x + iy € D if and only if the functions u(x,y) and v(x,y) are differentiable at (x,y) and
satisfy

M N _pd 13)

ax  dy’ oy T ox

where q satisfies i> = —A = —q° (q € R*) [81]. Equation (2.11) is called the Cauchy-Riemann equations
(abbreviated as C.-R. equations) for elliptic complex analytic functions [76,78].
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Proof. *  For the necessity : Let f'(z) = a + ib and Az = Ax + iAy [77,80]. From the definition of
the derivative, we have f(z + Az) — f(z) = f/'(z)Az + 0(|Az]) as Az — 0, i.e.,

[u(x +Ax,y + Ay) +iv(x + Ax,y + Ay)] — [u(x,y) +iv(x, y)]
(a+ib)(Ax + iAy) + o(|Az])
=(adx — g*bAy) + i(bAx + aAy) + o(|Az]).

Comparing the real and imaginary parts on both sides, we obtain [76,77]
u(x 4+ Ax,y + Ay) —u(x,y) = ahx — g*bAy +o(p), p —0,

v(x + Ax,y + Ay) —v(x,y) = bAx +aly +o(p), p— 0.

From the definition of differentiability for real-valued functions of two variables, we know that
the functions u(x,y) and v(x, y) are differentiable at (x,y) [78,80], and

_ du 2, ou v _Jv
a==" —qb—ay, b_ax’ a—ay.
Hence it follows that g—z = g;, g; = —qz g—z, which proves the necessity [79,81];
e For the sulfficiency : Since the functions u(x,y) and v(x,y) are differentiable at (x,y), we have

[77,78]
ou ou
u(x+ Ax,y + Ay) —u(x,y) = Eacs @Ay +o(p), p—0,

0 ]
v(x+ Ax,y + Ay) —o(x,y) = Pnx+ —vAy +o(p), p—0.
ox oy
Combining these two equations, we obtain [79,80]

[u(x + Ax,y + Ay) + iv(x + Ax,y + Ay)] — [u(x,y) + iv(x,y)]

ou ou [ 0v v
—Ax + yAy) —i—z(axAx + ayAy) +o(|Az])

(substituting the C.-R. equations)

[0V v
—<axAx—q axA]/> +z<axAx+ ayAy) +o(|Az])
<6u l,al

B ax>(Ax+iAy)+o(|Az|)

Therefore, f(z) is differentiable at z = x + iy € D, and its derivative is [76,81]

ou .Jv
/ _ .
f (Z) - ox +lax (14)
This proves the sufficiency of the proposition [78,80].

O

Substituting Equation 13 into Equation 3.5.1 yields other forms of the derivative f'(z) of the
complex function [76,77]. If we set A = —p, the C.-R. equations can also be written as [78,80]

oo
ox dy’ dy Pox
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Since differentiability in a region is equivalent to analyticity in that region [79,81], we have the
following conclusion.

Theorem 3.24 (Differentiability in a Region). Let f(z) = u(x,y) + iv(x,y) be a complex function defined
on a region D in the complex plane C) [76,78]. Then f(z) is differentiable in the region D if and only if the
functions u(x,y) and v(x,y) are differentiable at (x,y) and satisfy

Ju _dv  du _ 500

x oy ay - Tow
where q satisfies i> = A = —q? (q € R*) [77,80].

3.5. Elementary Univalent Elliptic Complex Functions

Next, several fundamental elementary functions in elliptic complex analysis shall be derived
based on the Cauchy-Riemann equations.

3.5.1. Exponential Function

Similar to the exponential function in real analysis, the exponential function in elliptic complex
function theory should satisfy the following conditions [76,77]:

(1)  When restricted to the real numbers, for z € R, f(z) = €%;
(2)  f(z) is analytic in the complex plane C, [78,80];
(3)  Vz1,22 € Cy, f(z1+22) = f(z1)f(22).

From (1) and (3), f(z) = f(x +iy) = f(x)f(iy) = e*f(iy) = e*(A(y) + iB(y)) [79,81]. Then from
(2), we know that u(x,y) = e*A(y) and v(x,y) = ¢*B(y) must satisfy the Cauchy-Riemann equations
[76], giving
Aly) =B'(y), A'(y)=-7B(y),

with particular solutions A(y) = cos(qy), B(y) = ; sin(qy) [78,80]. Thus we have the definition of the

exponential function:

Definition 3.25 (Exponential Function). Let z = x +iy € C,. The exponential function in the elliptic
complex function domain is defined as

¢ = exp(z) := ¢* |cos(qy) + é sin(qy) |,

where q satisfies i> = —A = —q* (g € R*) [77,79].

Obviously, the elliptic complex exponential function possesses properties as elegant as those of
the (circular) complex exponential function [76,81].

Proposition 3.26. For z1,z; € C,, e*11%2 = %122,

Proof. Letz; = xq + iy, zp = X + iyy. From the definition of the exponential function [78,80],
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Atz — px1txati(y1+y2)

1 1
= ¢"1e™2 [cos(qyl) + z; sin(qyl)] . [cos(qyz) + ia sin(qyz)}

= "2 [cos(qy1) cos(qy2) — sin(qy1) sin(qy2)]
+i[sin(qy1) cos(qy2) + cos(qy1) sin(qy2)]
1.
= et cos(glyn +2) + i3 sin(q(vn + 1)
— Mt i(yity2)  pritxeti(yity) gzt
Thus the proposition is proved [79,81]. [

Proposition 3.27. Vz € C,, ¢* # 0. The function w = €* is analytic in the entire complex plane, and
Lz 2
o=
Proof. Since [76,78]

6] = |e¥+¥] =

e (cos(ay) + - sin(ay) ) \ - |eX|\/ cosgn) + 5 sin(qy>)2 )

it follows that e* = 0 [80].
From the definition of the exponential function, let * = u(x,y) + iv(x,y) [77]. Then the functions
u(x,y) = e*cos(qy) and v(x,y) = % sin(qy) are differentiable [79], and

ou ou .. v et . v
3 ¢ cos(qy), - qe’* sin(qy), x g sin(qy), y = e* cos(qy).

As is evident from the above, the C.-R. equations are satisfied, which implies the analyticity of the
function in the entire complex plane, and

dz_au ‘a’(]_x ,ex. 4
¢ = o +is_ = e cos(qy) tis sin(qy) = €*.

In summary, the proposition is proved . O

i
Proposition 3.28 (Periodicity). The function w = e* is a periodic function with fundamental period %

[76,78].
Proof. For any integer k € Z, it yields [77,80]

2kri 2kri
ez+ 7

O

3.5.2. Trigonometric Functions

From the Euler formula for elliptic complex numbers [76,77], it is obtained that
iy 1. i 1,
e zcosy—klasmy, e 1 :cosy—zasmy,

giving [78,80]
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Consequently,

Definition 3.29 (Trigonometric Functions). The cosine and sine functions for elliptic complex numbers are
defined as [79,81]

1/ 2 _iz
cosz = E(e’q +e ’q),
N O B
siInz = 21,(6 7T —e ‘7),
where q satisfies i> = —q* (g € R*) [76,77].

Proposition 3.30 (Analyticity and Derivatives). The functions sinz and cos z are analytic in the entire
complex plane, and [78,80]
(sinz)) = cosz, (cosz) = —sinz.

Proof. Since wy = ¢'i and Wy = ¢ ' are analytic in the entire complex plane C, [79,81], and

. / - . 12 H .
iz 1 iz iz 1 _jz
(¢7) = i, (eh) ==L,
q q

the functions sin z and cos z are analytic in the entire complex plane [76], and

jz —iz\\/ [ iz 0z 1/ iz —iz
(sinz)’ = (% (elq —e lq)) = Z(;elq + ;e lq) = E(elﬂ +e 1#) = Cos z.
Similarly, we obtain (cosz)’ = —sinz [78,80]. O
Proposition 3.31 (Symmetry and Trigonometric Identities). The functions sin z and cos z are odd and even

functions, respectively, and satisfy the trigonometric identities [77,79]

2

sin?z + cos?z = 1,

sin(z1 + z3) = sinzp cos zp + cos z1 sin zp,
cos(z1 + z2) = €oszy oSz — sin zy sin zp,

and other standard trigonometric identities [76,81].

Proposition 3.32 (Periodicity). The functions sinz and cos z are periodic functions with fundamental period
27 [76,77].

Proof.

» 242k i 242k ‘z .z
sin(z + 2kmr) = Zqi(el T e > = i(ela — eilﬁ> = sin z[78,80].

The case for cos z can be proved similarly [79,81]. [

Proposition 3.33 (Zeros of Sine and Cosine). The zeros of the function sin z in the complex plane C, are:
krt (k € Z); the zeros of the function cos z in the complex plane C, are: (k + %) (ke Z)[76,77].

Proof. Setting sinz =0, i.e., [78,80] % (eié - eii%) = 0, hence

ig : 2kt
q

i =1=¢1 (keZ),

so the zeros of the function sin z in the complex plane C, are: k7t (k € Z) [79,81];
The case for cos z can be proved by the same token [76,77]. O
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Therefore, when extending the sine and cosine functions to the elliptic complex domain, their
zeros do not increase [78,80].
Furthermore, let k € Z, we have the following formulas [79,81]:

Proposition 3.34. (1)  sin(z+ (2k+ 1)) = —sin(z), cos(z+ (2k+1)7) = — cos(z);

(2)  sin(z+ F) =cos(z), cos(z+ %) = —sin(z).

Proof. Here we only prove sin (z + g) in (2) [76,77],

. T iz I _iz  _;nm
sm(z—i— —) = i(elﬂ e —e e ’24)
2 2i

R YT AN
=5 (e 174+e q) = cos z[78,80].
The other formulas can be verified similarly [79,81]. O

From the definitions of the sine and cosine functions [76,77], we can further define other trigono-
metric functions.

Definition 3.35 (Trigonometric Tangent, Cotangent, Secant, and Cosecant Functions). The tangent,
cotangent, secant, and cosecant functions for elliptic complex numbers are respectively defined as [78,80]

sinz cosz 1 1
tanz = ——, cotz= ——, secz= , CSCz = ——.
Ccosz sinz Ccos z sinz

The functions tan z and cot z both have period 7 [79,81]. Taking tan z as an example,

sin(z+7m)  —sinz

= = tanz.
cos(z+m)  —cosz

tan(z + ) =

It can be seen that the singularities of the function tan z are precisely the zeros of sin z, and the
singularities of the function cot z are precisely the zeros of cos z [76,77]. Furthermore, we have

/ sinz\’  cos?z+sin’z 1 >
(tanz)" = = 5 = —— =sec z.
Cos z cos? z Cos? z
By symmetry, we conclude [78,80]
(cotz)' = —csc?z.

L . . — e —e*® e +e* ,
Definition 3.36 (Hyperbolic Functions). Define sinhz = — and coshz = — the hyperbolic
sine function and hyperbolic cosine function of z, respectively [76,77].

It is easy to see that the functions sinhz and cosh z, like €%, both have period 27ti [78,80], are
analytic on C, [79,81], and satisfy

(sinhz)’ = coshz, (coshz)’ = sinhz.

There is an important conclusion [76,77]:
cosh(iz) = cos(qz), cos(iz) = cosh(gz),

sinh(iz) = ésin(qz), sin(iz) = ésinh(qz).

These two formulas have many applications in the derivation of relevant formulas in subsequent
series of articles on the Riemann Hypothesis in the elliptic complex domain [78,80]. The proof of the
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formulas can be obtained from the basic definitions; readers are encouraged to attempt it themselves
[79,81].

3.6. Elementary Multivalent Elliptic Complex Functions

The preceding discussion has focused exclusively on single-valued complex functions; we now
turn our attention to multivalued complex functions.

3.6.1. The Argument and Logarithm Functions

It can be seen that the definition of the argument function in the field of elliptic complex functions
is consistent with that in the field of circular complex functions [76,77], namely:

Definition 3.37 (Argument Function). When z € C\ {0}, we call
w=Argz = argz+2kn (k€ Z)

the arqument function of z, where argz is called the principal value of Argz, generally specified as: —m <
argz < 7t [78,80].

The above region D = C\ {0} can be viewed as a region obtained by cutting the entire complex
plane along the negative real axis [79,81], where the negative real axis is called a cut line, serving as the
boundary of the region D. In general, we take an unbounded simple continuous curve K connecting
the origin O to the point at infinity co as a cut line, obtaining a region C \ K, called a slit region, whose
boundary is the curve K [76,77].

Let z1,zp € E, with z; # 2z, take Argz; = 61, and consider a simple continuous curve - in
E connecting z; and z; [78,80]. As z moves continuously from z; to z; along 7, argz also changes
continuously from 6; to 6. Thus, starting from the value 6; of Argz at z;, we can determine the
values at any other position in E, thereby obtaining a single-valued continuous functionin E, i.e., a
single-valued continuous branch [79,81].

In fact, for a fixed k € Z, w = argz + 2k is also a single-valued continuous branch of the
argument function, showing that the argument function w = Argz is a multi-valued function [76,77].

Proposition 3.38 (Addition and Subtraction Properties). Let z € C\ {0}, then

Arg(z1zp) = Argzy + Argzp,

Argi—1 = Argz) — Argz.
2
Now we study the "inverse function" of the exponential function [76,77].

Definition 3.39 (Logarithmic Function). For a non-zero complex number z € C,, if there exists z = €%,
then w is called the logarithm of z, denoted by log z [78,80].

Now we need to derive the formula for the logarithmic function .
fargz
q

Let z = |z|e (this definition is chosen for the convenience of later definitions of power

functions and root functions) [76,77], and w = u + iv. Then from z = e% it can be shown that

iargz

|zle 7

— equzv — euezv,

argz

q

sou =loglz|, v= ,ie.,
w = logz = log |z| _H,arq%z' (15)
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Equation 15 is called the logarithmic function of z [78,80]. Due to the (infinite) multi-valuedness of the
argument function, the logarithmic function is also multi-valued [79,81]. In fact, the inverse function
of the logarithmic function, namely the exponential function, is periodic, so the logarithmic function is
multi-valued [76,77]. ‘ ‘

From w = log|z| + i% = log |z| + é(argz +2km), k € Z, we call log z = log |z| + éargz the
principal value of the logarithm of z [78,80]. Then

ki

wzlogz:Logz—i-2 ,ke€Z,

which shows that non-zero complex numbers have infinitely many logarithms, and any two values

differ by an integer multiple of qu [79,81].

Proposition 3.40 (Addition and Subtraction Properties). Let zq,z, € C, be non-zero complex numbers.
Then [76,77]

Log(z12z2) = Log(z1) + Log(z2),

Log(21) = Log(e) ~ Log(z2)

It can be seen that for the logarithmic function w = Logz = logz + qum,k € 7 [78,80], taking

each fixed k, the function f;(z) = logz + % is a single-valued continuous branch on the slit region
E =C, \ {0,00} [79,81]. Thus we have the following property:

Proposition 3.41 (Analyticity and Derivative). Let f(z) be a single-valued continuous branch of w = Logz
in a region G [76,77]. Then f(z) is analytic in the region G, and

Proof. From the definition of the logarithmic function, when z,z + h € G [78,80],
Z:ef(z), Z+h:ef(z+h)
For h # 0, we have [79,81]

flz+h) = f(z) _ flz+h) = f(2) 1

h (Z —+ h) —z o of(z+h) _of(z) *
flz+h)—£(2)

Therefore,
rin . flz4+h) = f(z) 1 1 1
£ _11135 h L(f@)  ofD 2z

Thus the proof is complete [76,77]. O

3.6.2. Power and Root Functions

Definition 3.42 (Power Function). Let a be an arbitrary complex number, and let z be a non-zero complex
number. Then [76,77]

2kmai

« _ palogz etx(logz+¥) — ologz, g

w =2z

2kmai
is called the power function of z [78,80]. Here, for a fixed k € 7, w = e*1°8%¢” 0 is a single-valued branch of
w=2z*[79,81].
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For different types of «, it can be shown the following cases [76,77]:
2k
(1) Ifa=n¢€Z",thenthe power function is the usual n-th power [78,80]. In this case,e 7 =1,
so w = z* is a single-valued function [79,81].
1
2 Ifa= oy n =2,3,4,..., then the power function is the n-th root of z, i.e.,

1 1 i i
¥ =z = e”(ln‘ZH’?Argz) = /2| e"ﬂ(argZHk”), k=0,1,2,...,n—1.

In this case, w = z* is a finitely multi-valued function [76,77].

3) Ifa= %,m € Zt,n = 2,3,4,..., the situation is similar to the case of the n-th root, since
% = (zm)% [78,80]. Thus w = z* is also a finitely multi-valued function [79,81].

(4) If « is an irrational number or a complex number, then the function w = z% is an infinitely
multi-valued function [76,77], because

w=z" = ealogze q
When ki # ky (with ki, k, € Z),
2wk rti 2wk 71i 2u(kq —kp)7ti
e 1 +e 1 —=e¢ q #1,

so different values of k correspond to different values, making it an infinitely multi-valued
function [78,80].

From the single-valuedness of the logarithmic function and the analyticity of rational expressions,
it follows that the single-valued transformation branches of the power function are also analytic [79,81].

Proposition 3.43 (Derivative of Power Function Branches). Let f(z) be a single-valued continuous branch
of the power function w = z* in a region D [76,77]. Then f(z) is analytic in the region D, and

()= L2 (16)
(ie., f'(z) = az*~1) [78,80].

l, where k € Z is fixed [79,81], we have

. 1 2kart
Proof. Since f(z) = e*'°8%¢ 4

f/(Z) :ealogz.g,e% :zx-@. (17)

The function w = f(z) is called a single-valued analytic branch in the region D [76,77]. O

4. Integral Theory of Analytic Functions

In the previous articles, we studied some fundamental theories of elliptic complex functions,
including analytic functions, elementary analytic functions, and the Cauchy-Riemann equations. Build-
ing on this foundation, this chapter delves into another very important theory—contour integration.

4.1. Fundamental Theory of Contour Integration
4.1.1. Basic Concepts and Conclusions of Integration

Let C be a simple curve (smooth or piecewise smooth) in the complex plane C, connecting z to z,
and let the function

f(z) = u(x,y) +iv(x,y)
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be continuous on C. Insert n 4 1 partition points on the curve C: zg, 21,2y, . ..,2-1,2n = 2 [79,81]. Let
zr =X, + iy (k=0,1,...,1n), Axg = Xk — Xk, DAYk = Ygy1 — Yk Arbitrarily take

gk = €k+ilpk (S ZkaJrl(k:O,l,Z,.../n_l),

and form the sum:

n—1 n—1
Su=Y f(C) (21— zx) = Y (w8 i) + iv(8k, Y] (Axg + i)
k=0 k=0
n-1 n—1
= Y (@ ) Ax — 70 (E, P Ayl +i Y [1u(Ek, i) Ay + 0(Ek, i) Axi],
=0 =0

where g satisfies i> = A = —g%(q € R*).
Denote x = max{|zxzx;1]| : k=0,1,2,...,n —1}. Thenas xy — 0,

Su —>/Cu(x,y)dx—qzv(x,y)dy—i-i/cu(x,y)dx+v(x,y)dy.

The above limit is defined as the (contour) integral of the function f(z) along the curve C, denoted
by [ f(z)dz [76,77]. That is,

/Cf(z)dz = /Cu(x,y)dx — q*v(x,y)dy +i/cu(x,y)dx +v(x,y)dy. (18)
. . . , . x = x(t)
Consider expressing the curve in parametric form. Let the simple curve C : 0 t € (to, t).
y=ylt
Then ,
| f@dz= [ fe®)z vt (19)
to

In summary, it yields the following conclusion.

Proposition 4.1 (Integrability). If the function f(z) = u(x,y) + iv(x,y) is continuous along the curve C,
then f(z) is integrable along the curve C, and the integral is of the form 18 (with the corresponding parametric
form shown in 19) [78,80].

4.1.2. Basic Properties of Integrals

According to the definition of the integral of elliptic complex functions, its general properties can
be easily derived [79,81].

Corollary 4.2 (Properties of Integrals). Let the functions f(z), g(z) be continuous on the curve C. Then
(1) / af(z)dz = oc/ f(z)dz, where a is a complex constant;

) /[f tolz dz_/f dz+/
(3) /Cf( z)dz = /C1 f(z)dz + /sz z)dz+---+ /Cn f(z)dz, where the curve C is composed of smooth
curves Cq,Cy, ..., Cy, connected together;
(4) /Cf(z)dz = _/C* f(z)dz;
(5)  Ifon the curve C we have |f(z)| < M, and L is the arc length of the curve C, then we have the integral
(estimation) inequality
|z <ML (20)
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Proof. Here we only prove Item 5. From the definition of the integral,

n—1 n—1
Su=Y f(C) (21— 2z6) < Y 1F () (kg1 — 20|
k=0 k=0

n—1
<MY [z —z) <ML
k=0
Let x = max{|zxzx41| : k=0,1,2,...,n — 1} — 0, which proves Equation 20 [76,77]. [

Proposition 4.3 (Fundamental Integral). Let C be the ellipse |z — «| = p, oriented counterclockwise. Hence,

271
1 oa=1
/7dz: q (1)
c(

— n
z—a) 0, nt1l,nez
Proof. OwingtoC: |z —a| =p,ie,C:z=u +pel% (0 <t <2m), wehave
dz = iCel1dt,
q

When n = 1, the integral is

ot
/ 1 dZi/‘ZT[ 1§elﬁdt727n
cz—a Jo it q

When n # 1, the integral is

1 27 igeiédt i 27 i (1)t
/ ﬁdz = / lit = n—1 / e 1 dt == 0
c(z—w) 0 gy qp" T Jo

Thus the proposition is proved [78,80]. O

Formula 21 is extremely important and serves as the foundation for deriving subsequent integral
formulas [79,81].

4.2. Cauchy Integral Theorem

Definition 4.4 (Primitive Function). Let f(z) and F(z) be functions defined in a region D, and suppose that
F'(z) = f(z) in D. Then F(z) is called a primitive function (antiderivative) of f(z) in the region D [76,77].

If F;(z) and F,(z) are both primitive functions of f(z) in the region D, then

[Fi(z) ~ ) = f(z) - f(z) =0, z€D.

Hence F;(z) — F2(z) = c with ¢ € C, and ¢ € D. From this, if a function defined in a region has a
primitive function, then it necessarily has infinitely many primitive functions, and any two differ by a
constant ¢ [78,80].

Let F(z) be a primitive function of f(z) in the region D. Then its indefinite integral is expressed as

[fedz=F@) +e, ceCy
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4.2.1. Three Lemmas

Lemma 4.5 (Polygon Boundary Integral). Let the function f(z) be analytic in a simply connected region D,
and let C be any polygonal boundary in D. Then

%:f(z)dz =0.

Proof. The proof is similar to the case of circular complex functions, except that the disk is replaced by
a normal elliptic disk finally [79,81]. O

Lemma 4.6 (Existence of Primitive Function in Convex Regions). Let the function f(z) be analytic in a
convex region D. Then f(z) necessarily has a primitive function in the region D.

Proof. Since D is a convex region, for any two points z, zg in D, the line segment zpz connecting them
must lie entirely in D. Define

F) = [ fd

Letz,z+h € D. By Lemma 4.5, if the function f(z) is analytic in a simply connected region D
and C is any polygonal boundary in D, then §. f(z)dz = 0. Hence

Be+n - R = [ r0a- [ o= [

The function f(z) is analytic in D, i.e., f(z) is continuous in D. Thus Ve > 0, 36 > 0 such that
U(z,6) C D, and when { € U(z, ) there exists |f({) — f(z)| < € [76,77].
When 0 < |h| < 4, ityieldsz+h € U(z,). Then

Hlath) —Fz) _f(z)‘ _ ‘F<+h;—F<> _ ;/z”hf(z) dg'

~ |3 [ - rena < e =

Therefore, F'(z) = lim E(z+h) — F(z)

lim = f(z), Vz € D. This completes the proof [78,80]. O
=

Lemma 4.7 (Integral with Primitive Function). Let f(z) be a continuous function in the region D, and
suppose it has a primitive function F(z) in D. If two points a, p € D, and C is a simple curve in D connecting
« and B, then

@)z = F@) - F(B)

Proof. Since C is a simple curve z = z(t),t € (a,b), with z(a) = a,z(b) = B, it can be seen that
b
| f@dz= [ ) b,
C a

where %F(z(t)) = f(z())Z(t). Hence [ f(z)dz = F(z(t))|5 = F(a) — F(B) [79,81]. O

4.2.2. Cauchy Integral Theorem and Related Conclusions

Theorem 4.8 (Cauchy Integral Theorem). Let f(z) be an analytic function in a simply connected region D
in the complex plane C,.
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(1) Let C be any simple closed curve in the region D. Then

@)z =

(2)  Let C be any simple curve in the region D connecting zo and z. Then the value of the integral from zg to z
along C does not depend on the path C, but only on zg and z themselves.

This is the Cauchy Integral Theorem. In fact, conclusion (2) is a corollary of conclusion (1); it
suffices to prove (1) [76,77].

Proof. For {y € D, 36y > 0 such that the elliptic disk Ky = U({o,dp) C D. By Lemma 4.6, f(z) has a
primitive function Fy(z) on the convex region Ky, and for any two points zy, z in Ko, by Lemma 4.7,

| f@)de = Fo(z) ~ Fo(eo)

In view of the fact that C is a bounded closed curve (i.e., compact), there exist finitely many
open elliptic disks K;(i = 1,2,...,n —1) in D that completely cover C [78,80]. Choose points ; €
K,-1NKyNGC,...,0u—1 € Ky—2NK,—1 NC. Clearly, f(z) has primitive functions F;(z) on the convex
regions K;. Let Z1z; denote the line segment, and let C(z1z,) denote the curve segment along C from z;
to zp. Subsequently, by Lemma 4.5,

§ @z = / oo F0E = 2 /é £)dg = 0.

O

Alternatively, Cauchy’s theorem can be proved using Green’s formula and the C.-R. equations
[79,81]:

Proof. Letz = x+iy € D, f(z) = u(x,y) +iv(x,y). Since f(z) is analytic in D, u(x,y) and v(x,y) are
differentiable in D. By Green’s formula

fpdxﬂgdy // ()d xdy,

combined with the Cauchy-Riemann equations, it can be shown that

f u(x,y)dx — g*o(x,y)dy = //( ngz—>dxdy
_//< Za”+qg >dxdy—0

ou dv
/Cv(x,y)dx +u(x,y)dy = //D (ax - ay)dxdy =0.

and

Therefore,
%Cf(z)dz = /Cu(x,y)dx - qzv(x,y)dy + i/c u(x,y)dx +v(x,y)dy = 0.
This proves the proposition. O

Corollary 4.9. Let C be a simple closed curve, and let the function f(z) be analytic in the bounded region with
boundary C. Then f f(z)dz = 0 holds [76,77].
c
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Theorem 4.10 (Existence of Primitive Function). Let f(z) be an analytic function in a simply connected
region D. Then f(z) necessarily has a primitive function in the simply connected region D, i.e., there exists an
analytic function F(z) in D such that F'(z) = f(z) forall z € D [78,80].

Proof. By Theorem 4.8, the integral /C ) f(2)d¢ is path-independent. Define the primitive function
zZp0z
as

F) = [ f@d

Then F(z+h) — F(z) = fzz+hf(§)d§. Hence for Ve > 0,

F(z+h)—F(z) |1 pEth 1 B
S @) = 5 [ @O — G < e lh =
Therefore, F/(z) = limy, o w = f(z). This completes the proof [79,81]. [

Now consider multiply connected regions.

Theorem 4.11 (Cauchy’s Theorem for Multiply Connected Regions). Let there be n + 1 simple closed
curves Cy, C1,Cy, ..., Cy, where each of the curves C1,Cy, ..., Cy lies in the exterior region of the remaining
curves, and all lie in the interior region of Cy. That is, Cy together with C1,Cy, ..., Cy encloses a multiply
connected region D whose closure is D. If the function f(z) is analytic on the region D, then

f(;f(z)dz =0,

where C = Co+ C; +C; + -+ + C, is the entire boundary of region D. This conclusion is equivalent to

s f(z)dz = ﬁlf(z)dz—i— }1{:2 f(z)dz+--- —|—7€:n f(z)dz. (3.7)

Combined with Proposition 4.3, it could be shown as the following conclusion.

Corollary 4.12. Let C be a simple closed curve containing «. Then

27T

1 —, n=1
k== ]
clz—a 0, n*l,neZl

Note that if f(z) is an analytic function in a multiply connected region D, and we define its
primitive function as F(z) = fzzo f(2)dg, then F(z) may be a multi-valued function [76,77]. This is
because two simple curves in a multiply connected region D from zp to z may not be able to be
combined into the same simple curve within D (with the same starting point). Take a simply connected
subregion A in D, where z; € A. Let C; be a fixed simple curve in D from z; to z. Define the function

R = [ f@dc+ [ fe)de

Then each determined F;(z) is a single-valued analytic branch of F(z) in A [78,80].
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4.3. Cauchy’s Integral Formula
We know that |z — zg| represents a normal ellipse centered at z0 = (x0,Y0)" in the complex plane

C, [79,81]. For simplicity, let the normal ellipse be F : + b2 = 1, i.e., the parametric equation

X =acost
F: { ,t € [0,27t]. Then by the symmetry of the ellipse, its perimeter is
y = bsint

_4/ \/x’ 12+ (v'( ))2dt—4/ Va2 sin? t + b2 cos? t dt.

Let A = —g?, and let the principal radius of the ellipse be r. Clearly, ¢ b2 Then when |q| > 1,
r = a, and the ellipse perimeter is

7 b?
L:4a/ (1 —cos?t) + — cos? t dt
0 a

= 41*/07 \/1 — (1 - qlz) cos? tdt =: 4rE(q);

When 0 < |g| < 1,7 = b, and the ellipse perimeter is

L—4b/g \/”zsinZt+(1sin2t)dt
=4 [ /42

:4/7 1—(1—¢?)sin®tdt = 4rE'(q).
PV = )sin? ar = 4 (g)

E(q)z/o7 \/1— <1_qlz) cos? tdt,
%
= 1—(1—g?)sin®tdt
[V

are called the contour coefficients of the normal ellipse in the complex plane C, when |g| > 1 and

Here,

when 0 < |g| < 1, respectively, collectively referred to as the contour coefficients of the complex plane

C, [76,77]. Clearly, for a given complex plane C,, its contour coefficient is a definite constant. When

A = —1, we have the classical complex plane C, and the contour coefficients E(g) = E'(q) = g [78,80].
Now we proceed to derive the integral formula from the integral theorem.

Proposition 4.13 (Cauchy Integral Formula). Let D be a bounded region with boundary consisting of finitely

many simple closed curves C, and let the function f(z) be analytic on the closed region D consisting of D and C.
Then for ¥z € D,

¢

fz) = L § L&)

2 Jc { —z

——==dd¢. (22)
Proof. For any point z in D, draw an elliptic circle C, : | — z| = p such that the closed elliptic disk

enclosed by C, lies entirely within D [79,81].
Since f({) is continuous at { = z, for Ve > 0, 36 > 0(6 < p) such that when { € U(z,9),

f(O) = f2)] <e
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Therefore, when r < 4, if |g| > 1,
1 f(8) 4, 2mi _|.1 f(8) = f(z) ‘
i (L £ 00| = | f, e
1 €
< 3E(9) ;-4rE(q) =g
ifo0<|gl <1,
1 f(9) _@ )‘_‘ 1 f(9) - ’
i (52500 = [ap £, N
1 € roon
4El(q) 7 4rE (q) =€
In summary, since for a given q(gq # 0), E(g) and E’(g) are nonzero constants, it leads to
2
iy f, F50 = S0 o 1) = gL f FEac
9 [ f©)
Finally, it is obtained that f(z) = Tl A d§ [76,77]. O
This is the Cauchy integral formula, which can also be written as
S@) 4p _ 2
frode =00 )

Proposition 4.14 (Mean Value Theorem). Let f(z) be analytic on the elliptic disk enclosed by C, : | — z| = p.
Then
Lo T ) de
= — q
fao) = 5 [ (00 ) .

Proof. By the Cauchy integral formula, f(zp) = a4 fE) dC Let { = zg + pe' I, Then

2mi Jc § —
f(zo + peig) . 2
f(z0) = i]{ —_ 7. Epeigde = i/ nf Zo—l—pei% de.
2mti Jc, i q 27 Jo

pe’
Thus the proposition is proved [78,80]. [

That is, the value of f(z) at the center z( of the ellipse equals the arithmetic mean of its values on
the ellipse. Theorem 4.14 is also called the Mean Value Theorem for analytic functions [79,81].

4.4. Cauchy’s Integral Formula for Derivatives of Arbitrary Order

Now, we need to derive the higher-order Cauchy integral formula based on the above integral
formula, as stated in the following proposition:

Proposition 4.15 (Higher-Order Cauchy Integral Formula). Let D be a bounded region with boundary
consisting of finitely many simple closed curves C, and let the function f(z) be analytic on the closed region D
consisting of D and C. Then f(z) has derivatives of all orders in D, and

271

Fm) =L ”'?{ o Z)ﬂ+1 g (n=1,2,...). (24)

Proof. First consider the case n = 1, i.e., prove f'(z) = % / (gf(gz))z dg [76,77].
c ([ —
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For any z € D, 3d > 0 such that U(z,2d) C D. Let M = maxzcc{|f({)|}, and let L be the arc
length of C. Then when 0 < |h| < d,

fz+h) - f(z) 47{ f(©)

o amife (-2 dé’

il £ 2 o 1] o5 £

gk £(0)
R 8 A e o dg‘

lal || M
P -L—=0 (h—0).

E

theretore fz 1)~ £(2) Q)
W@ g .
7o) = tim LEENIE) 1 ) SO g

Now use mathematical induction to prove the general case [78,80]. Assume the conclusion holds
forn =k, ie.,

k) (5 =
Then forn =k +1,

|f(k)(z+h2—f(k)(z) k+1 ?{(g B g‘
MUY, (gjzf(C)h)kH dg_qz L QO R TCECLY G
- [T £ 10 iy g O] 0 o)
Hence,
640 2) = i L1 = FO) _ g1 L L

The proposition is proved [79,81]. [

Corollary 4.16. If the function f(z) is analytic in the region D, then f(z) has derivatives of all orders in D
[76,771.

The higher-order Cauchy integral formula can also be rewritten as

jé; (g_z)n—&-ldg_ q-n!f (Z) (7’1 = 1,2,...). (25)
We shall invoke equations 25 and 24 in the sequel.

4.5. Applications of Cauchy’s Theorem

Proposition 4.17 (Cauchy’s Inequality). Let the function f(z) be analytic on the closed elliptic disk bounded

by C: |z —zg| = po (0 < pg < +00), and let M(p) = . malx |f(2)] (0 < p < po). Thereafter,

M(p) 2E(q)
JIES T A e
S zv?() 2F(q) (26)
' gl =2 = o< g1 <1
p 7T

Proof. By the Cauchy integral formula 22 and the higher-order derivative formula 25 [78,80],
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f(n)(zo)zq.n!%C(g_fiiiané (n=1,2,...).

271

When |q| > 1,

M(p) 2E(q)

" t

M(p)

" n!
£ o)l < lql- 77 - i - 4pE(e) = lal-

The case 0 < |g| < 1 can be shown in the same manner [79,81]. O

In particular, when || = 1, we have E(q) = E'(q) = g, which is the case of circular complex
functions [76,77]. Formula 26 is also called Cauchy’s Inequality.

Definition 4.18 (Entire Function). A function that is analytic in the entire complex plane C, is called an
entire function (or holomorphic function). A function that is analytic only in some region of the complex plane is
called a meromorphic function [78,80].

Proposition 4.19 (Liouville’s Theorem). A bounded entire function must be constant [79,81].

Proof. Let f(z) be a bounded function, i.e., 3M > 0 such that |f(z)| < M for all z € C,. Then for any
zp € Cy and any p > 0, when |g| > 1,
M(p) 2E(q) _ 2E(q)-M-|gq| 1

! . - .
f(z0)| <14l 0 o= = ;0 (o = +00);

when0 < |gq] <1,

M(p) 2E'(q) _2E'(q)-M-|q| 1
0 T T

' (z0)| < Ial - =0 (p— +oo).

As aresult, f'(zg) = 0forall zgp € C,, ie, f(z) = Cis a constant. This theorem, like in the theory
of circular complex functions, is also called Liouville’s Theorem [76,77]. O

By the same token, in the elliptic complex domain, there is also a corresponding Fundamental
Theorem of Algebra [78,80].

Proposition 4.20 (Fundamental Theorem of Algebra). Any algebraic equation of degree n
apz" +mz" V. 4 a,1z+a,=0 (a9 #0,¥zeCy)
has at least one root [79,81].

Proof. Assume the conclusion is false. Then the function

1
apz" +a1z" 1+ ...+ a,_1z +ay

fz) =

is analytic in the entire complex plane, i.e., it is an entire function [76,77].

Clearly, ZIEEO f(z) = 0; hence f(z) is bounded in the complex plane C,. By Liouville’s Theorem,
f(z) = Cis a constant. However, clearly 3z1,zp € C, with z; # zp such that f(z1) # f(z2), a
contradiction. Therefore, the original assumption is false, and the equation has at least one root
[78,80]. O

Proposition 4.21 (Morera’s Theorem). If the function f(z) is continuous in the region D, and for every
simple closed curve C in D it leads to

?{Cf(z)dz =0,
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then f(z) is analytic in D [79,81].

Z Z
Proof. Let z,zy € D. Define F(z) = / f(2)d¢g. By the hypothesis, the value of / f(2)dg depends
Z0 Z0

only on z and zg, not on the path of integration. Thus F(z) is a single-valued function [76,77].
It can be easily shown that F(z) is analytic in D and that F'(z) = f(z). Since F'(z) is analytic, f(z)
is also analyticin D. [

This theorem, also called Morera’s Theorem, is the converse of the Cauchy Integral Theorem
[78,80].

5. Series Representations of Analytic Functions

Clearly, the definitions of complex series and the related theory of series convergence in the elliptic
complex domain are the same as the corresponding basic theory in the circular complex domain, so
we will not repeat them here (interested readers can refer to relevant materials on (circular) complex
function theory) [76,77]. We will start directly from the theory of Taylor series [78,80].

5.1. Taylor Expansion of Analytic Functions

Definition 5.1 (Power Series). Let a,(n =0,1,2,...) and zo be complex constants in the complex plane C,.
Then

Z tXn(Z—Zo)" = ao—l—txl(Z—zO) 4. +0én(Z—zo)”—|—,,,
n=0
is called a power series in (z — zg) [79,81].

For uniformity, unless otherwise specified, "ellipse" below refers to a normal ellipse [76,77].

5.1.1. Basic Theory of Power Series

Proposition 5.2. (1) If the power series Y ay(z — zo)" converges at z1(z1 # zo), then for any point z in
n=0

the elliptic disk region satisfying |z — zo| < |z1 — zo|, the series converges absolutely [78,80];

(2)  If the power series Y ay(z — z9)" diverges at zy, then for any point z in the region outside the elliptic
n=0

disk satisfying |z — zo| > |za — 2|, the series diverges [79,81].
Proof. In fact, if (1) is true, then (2) must be true [76,77]. Assume (2) is false, then the power series
diverges at zp, and there exists some point zj in the region outside the elliptic disk satisfying |z — zo| >
|z2 — zo| such that the series converges. Then by (1), for any point z in the elliptic disk region satisfying

|z —zo| < |zh — zo| (clearly including z5), the series converges, contradicting the assumption [78,80].
Therefore, we only need to prove (1).
oo
Owing to the series Z ay(z1 — 2z9)" converges, by the necessary condition for convergence:

n=0
lgn an(z1 — 29)" = 0, there exists a constant M > 0 such that
n—o0

lan(z1 —20)"| < M(n=0,1,2,...).

Therefore, for any point z in the elliptic disk region satisfying |z — zo| < |z1 — zg|, it can be seen

n
<M- ('ZZO|> — MK".

n
_pyn. [ 20
D‘W(Zl ZO) (Zl — ZO> = |Z1 — ZO|

that

|an(z = 20)"| =

Clearly, 0 < k < 1, so the series Z MK converges, and thus the series Z ay(z — z9)" converges
n=0 n=0
absolutely [79,81]. O
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Proposition 5.3 (Convergence Principal Radius). Let the convergence radius of the real power series

|ay |x" be R [76,77].
n=0

o
(1) If0 < R < oo, then the power series Y _ an(z — zq)" converges absolutely when |z — zo| < R, and
n=0
diverges when |z — zg| > R [78,80];
(o0}

(2)  If R = +oco, then the power series E ay(z — 2z9)" converges absolutely in the entire complex plane Cy

n=0
[79,81];
(o)
(3)  If R =0, then the power series Y a,(z — zo)" diverges at every point except z = zq [76,771.
n=0
o
In this case, R is called the convergence principal radius of the power series 2 ay(z — z9)". For the case
n=0

0 < R < oo, the region |z — zg| < R is called the convergence elliptic disk of the series [78,80].

Proof. Here we only prove case (1) [79,81]. Arbitrarily take z; satisfying |z; — z9| < R. Then there
must exist r; satisfying
|Zl *Zo| <r <R

o0 (o0}
By hypothesis, the series } _ |a,|r] converges, so the series ) _ a,(z — zo)" converges absolutely

n=0 n=0
atr) =z —zp, i.e, atz = ry + zp. Since |z1 — zg| < 11 = |(z0 + 1) — 20|, by Proposition 5.2, the series
(0]
Z ay(z — zp)" converges absolutely at z; [76,77]. Similarly, arbitrarily take z; satisfying |z, — zo| > R.
n=0

Then there must exist , satisfying
|Zz —Zo| > 1y > R.
(e}

Assume the series Z ay(z — zp)" converges at z,. Then by Proposition 5.2, the series also
n=0

[e9)
converges at z = rp + zg, so the corresponding real power series Z |ay|x" has convergence radius
n=0
rp > R, a contradiction [78,80]. O

Similar to the case of the circular complex plane, we have the following conclusions [79,81]:

Proposition 5.4 (Convergence Radius Formulas). If any of the following conditions holds:

Xn+1
An

7

(1) = lim

n—o0

@ 1= lim {/al;

3) 1= lim /|,
n—oo

1
then the convergence principal radius of the power series Y | ay(z — z9)" is R = 7 [76,771.
n=0

Proposition 5.5 (Analyticity of Sum Function). Let the convergence principal radius of the series Y  a(z —
n=0
20)" be R(R > 0). Then in the convergence elliptic disk |z — zg| < R, the corresponding sum function

[e9)

f(z) = Z ay(z — zo)" is analytic [78,80].
n=0
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5.1.2. Basic Theory of Taylor Series

Proposition 5.6 (Taylor Expansion). Let the function f(z) be analytic in a region D [79,81]. For zy € D,
as long as the ellipse K : |z — zg| < R is contained in D, then f(z) can be expanded into a power series in the
region K:

00
Z Z—ll

where the coefficients (let C : |z — zg| = p,0 < p < R) are

q f(©) f"(z0)
=1 = . 27
" 2mi Jo (- zo) ! 4 n! ©7)
Moreover, this expansion is unique [76,77].
Proof. On account of =Y u"(Ju| < 1), because z — 20 < 1holds forany z € C, itis obtained
=0 — 20
that [78,80]
1 1 1 1 = (z—zp)"

T—z (—z0—(z—20) C—z0 l_g 25 (¢ — zg)"+1’

By the Cauchy integral formula f(z) = % f g(g)zdg , it yields that [79,81]
cl—

£ = 5 1 (f 2 ) - 9)

n=0

Combined with the Cauchy higher-order derivative formula [76,77]

Fm) =L "'7{@2)”“ i (n=1,2,...),

2711

hence we obtain the conclusion [78,80]. [

Equation 27 gives the Taylor coefficients, and Equation 5.6 is the Taylor series expansion [79,81].
From Proposition 5.6, we can arrive at the Taylor expansions (at z = 0) of basic elementary
functions [76,77]:

2 3 A © 1

¢ —1+z+2,+3,+4,+ n;a, (30)

3 5 7 0 2n+1

2z oz z

=z 42 % =Y (-1 ) 31
Snz=z— 4o =t n;()( CEI (31)

2 A 6 o L2
—1-Z 42 2 = Y (~1)" 2
cosz TR n;()( ) 2 (32)

and so on.

d
Proof. For Equation 27, due to —¢* = ¢?, we achieve (ez)(”) |z—0 = 1, which gives Equation 30 [78,80];

dz
For Equation 28, given that sinz = % (elﬁ — eilﬁ), substituting Equation 27 gives Equation 31
[79,81];
For Equation 29, since (sinz)" = cos z, differentiating Equation 28 term by term gives Equation 32
[76,77].

Likewise, we can obtain the Taylor expansion (at z = 0) of the logarithmic function Log(1 + z)
[78,80]. Clearly, Log(1 + z) is an infinitely multi-valued function, with branch points at z = —1,00
[79,81]. Cutting the z-plane along the negative real axis from —1 to co, in the resulting region G,
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the function Log(1 + z) yields infinitely many single-valued analytic branches fi(z) = [log(1 + z)]x
(k=0,41,+£2,...) [76,77]. Taking the principal value branch [log(1 + z)]o, in view of

) = e f0(2) = (- L)

the Taylor coefficients are

so it leads to

2 3

log(1+2)lo=2- 5+ =+ (-1 "= Y (1)

Consequently , the Taylor expansion of Log(1 +z) atz = 0 is

[eo]

Log(l+z) = 2 (-1)

n=0

w2 2k

. (k=0,+1,£2,...).

In the same manner, we can obtain the expansion of the principal value branch of the function
(14 z)* [78,80]:

(1+z)"‘:1+txz—|—<;>zz+~~~+<z>z”+---= i (i)z”.

n=0
O

It can be seen that although we are in different complex planes, most of the Taylor expansions
obtained for elementary functions are the same, except for some periodic functions whose periods are
related to the elliptic coefficient g [79,81].

5.2. Isolation of Zeros and Uniqueness Theorem of Analytic Functions
5.2.1. Zeros of Analytic Functions

In many practical problems, it is often necessary to find points where a function equals zero, i.e.,
to determine roots [76,77].

Definition 5.7 (Zeros of Analytic Functions). If the value of a function f(z) at a point zq in its analytic
region D is 0, then z is called a zero of the analytic function f(z) [78,80]. Suppose the function f(z) has a
Taylor expansion f(z) = Y cu(z —a)" in some neighborhood U of the zero zq [79,81].

n=0

(1) Ifcu =0n=0,1,2,...), then f(z) is identically zero in U [76,77];
(2) Ifcu=0n=0,1,2,...,m—1),and cy, # 0, then z is called a zero of order m of f(z). When m =1,
it is called a simple zero; when m > 1, it is called a zero of multiplicity m [78,80].

Proposition 5.8 (Characterization of Zeros). A necessary and sufficient condition for a non-identically zero
analytic function f(z) to have zq as a zero of order m is

f(z) = (z—20)"¢(2)
where ¢(z) is analytic at zy, and ¢(zo) # 0[79,81].

For example, find all zeros of the function f(z) = sinz — 1 [76,77]. Setting f(z) = 0, we have

1z 1z ¥4 i\ 2 'z 1
i(elﬁ—eﬂﬁ) =1< <el'i—l> =0<:)315:1,
21 q
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so the zeros are z = g + 2k7t(k = 0,+1,...). Due to the fact that

f/(z)|z:%+2k7r =0, f,/(z)|z:%+2k7r #0,
z= % + 2kmt(k = 0,41, ...) are zeros of order 2 of f(z) [78,80].

Proposition 5.9 (Isolation of Zeros). Let the function f(z) be analytic in a neighborhood of zo, with f(zy) = 0.
Then either f(z) is identically zero in some neighborhood of zy, or there exists a neighborhood of z( in which z
is the only zero of f(z) [79,81].

Proof. Let z( be a zero of order m of f(z). Then in a neighborhood U of z,

f(z) = (z=20)"¢(2), ¢(z0) #0

where ¢(z) is analytic in U [76,77].
Thus, there exists € > 0 such that when 0 < |z — zg| < €, ¢(z) # 0, i.e., f(z) #0[78,80]. O

Theorem 5.9 states that for a non-identically zero analytic function, its zeros must be isolated
[79,81].

5.2.2. Uniqueness Theorem

Lemma 5.10 (Analytic Continuation Along a Curve). Let the function f(z) be analytic in a region D. If
f(z) is identically zero in some neighborhood within D, then f(z) is identically zero in D [76,77].

Proof. Suppose at some point zg in D, there exists a neighborhood Kj such that f(z) = 0. Arbitrarily
take z € D, connect zp and z with a finite polygonal line L in D, such that the distance between L and
the boundary 0D of D is greater than § > 0, ensuring that every point on L has some neighborhood
contained in D [78,80]. On L, take successively

20,21,22,-++,2Zp—1,2n = Z,

such that z; € Kj, and the neighborhood Kj of z; contains zy, the neighborhood K of z; contains z3, ...,
the neighborhood K,,_1 of z,_1 contains z,,. Then f(z1) = 0,s0 f")(z;) = 0. Hence

o £(n)(,
fo=y B cymo zex
n=0 '
Thus f(z2) = 0, so f("(zp) = 0, further obtaining f(z3) = 0, ..., finally obtaining f(z,) = 0
[79,81]. O

From Proposition 5.9, for a non-identically zero analytic function f(z), its zeros must be isolated;
if the zero is isolated, then the function f(z) = 0[76,77]. Furthermore , the conclusion below follows.
[78,80].

Proposition 5.11 (Uniqueness Theorem of Analytic Functions). Let the functions f(z) and g(z) be analytic
in a region D, and let z;.(k = 1,2,...) be distinct points in D such that the sequence {zy} has a limit point in
D. If f(zx) = g(zx)(k=1,2,...), then f(z) = g(z) in D [79,81].

Additionally , we have the following corollaries [76,77].

Corollary 5.12. Let the functions f(z) and g(z) be analytic in a region D, and let C be a curve segment in D.
Ifforallz € C, f(z) = g(z), then f(z) = g(z) in D [78,80].
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Corollary 5.13. Let the functions f(z) and g(z) be analytic in a region D. If f(z) and g(z) are equal in some
subregion of D, then f(z) = g(z) in D [79,81].

5.3. Laurent Expansion of Analytic Functions

Consider the power series in (z — zg) [76,77]
Y Bu(z—20)" = Po+P1(z—z0) + -+ + Bulz —20)" + ..., (33)
n=0

and the power series in (z — zp) ~! [78,80]
2 Bon(z—z0) " =PB_1(z—z) 1+ + B-n(z—2z0) " +.... (34)

n=1

Let the convergence radii of the two power series be R and R’ respectively [79,81]. Then series

1
33 converges in |z — zo| < R, while series 34 converges in |z — zg| ! < R/, i.e., in |z — zo| > 1 := T
[76,77].
Therefore , when 0 < r < R < +o0, the series
—+o0
Y. Bu(z—z0)" (35)

n=-—oo

converges in the elliptic annulus U : r < |z — z9| < R [78,80]. Series 35 is called a Laurent series
(expansion), where series 33 is called the analytic part of the Laurent expansion, and series 34 is called
the principal part of the Laurent expansion [79,81].

Proposition 5.14 (Laurent Expansion). Let the function f(z) be analytic in the elliptic annulus U : r <
|z —zo| < R. Then in U, f(z) has the expansion

+00
fl@)= ) culz—=0)",
n=—oco
and this expansion is unique , where
1 f(©) _
=i fo Tz d¢ (n=0,£1,%2,...), (36)

and C : |z — zg| = p, with p any number satisfying r < p < R[76,77].
Proof. Arbitrarily take z € U. Then there must exist r; and R; such that
r<r <lz—zy <Ry <R
Let C; : | —zo| = rpand Cy : | — 29| = R;. By the Cauchy integral formula [78,80],

fo =54 [

2mi Jo,-¢ C—z

We now expand into series form for § € Cp and ¢ € C; respectively [79,81].

For € Cy, itis concluded that | — zo| > |z — zg|, so

1 1 _ 1 1 :i z—zo) )
-z {—z0—(z—2) §—z0 1—27 = (7 —zo)" Y
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For { € Cy, we have |{ — zg| < |z — zg], so

1 -1 -1 1 & (E—=)"
(-z z-z0-(-2) z-z2 1-£2 HE-z2)""

Therefore,
fo) = o f Lo S8 g
= m b Y e
RS s
I L
+ B el

(O (C —zp)"dl,letn = —k — 1. Then whenn =0,1,2,---, we

For the part nz=0 % <, W
—2,-3,---. Hence,
=g f©) nir_ v (4 f©) "
Loam b el = T (o5 ) e

Combined with the Cauchy integral theorem, it follows that

flz)=1) (% fcz %%) (z—z0)"

n=0

havek = —1,

2(2751 i{ fii;n+1 d@) (z —20)"

+ 2 i ) e

L (sl )

n=-—oo

which gives the conclusion [76,77]. Regarding the uniqueness of the expansion, consider another
possible Laurent series with coefficients ch. By formula 36 [78,80],
_ n
— C (g ZO) d

q9 [ f@ Zn_
27mi a6 = 27i ]{ — zg)k+1 ¢

o =
F o Je Tz

- 5 (ﬁfé@_;m@w

n=-—oo

By the basic property of integrals as shown in Proposition 4.3 of Section 4.1.2, ¢; = ¢ holds for all

k. Hence the Laurent expansion is unique [76,77]. O
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5.4. Isolated Singularities of Analytic Functions

Definition 5.15 (Singular Point). If the function f(z) is not analytic at zo, but in every neighborhood of z
there exist points where f(z) is analytic, then zg is called a singular point of the function f(z) [78,80].

5.4.1. Basic Theory of Isolated Singularities

Definition 5.16 (Isolated Singularity). If the function f(z) is not analytic at zo, and there exists a punctured
elliptic disk
D={z]0<|z—zp <R}0 <R < +00),

such that f(z) is defined and analytic in this elliptic disk, then zq is called an isolated singular point of the
function f(z) [79,81].

The difference between a singular point and an isolated singular point is that in any neighborhood
of a singular point, there are points where f(z) is analytic, but the function may not be analytic
throughout that neighborhood. An isolated singular point requires the existence of such a punctured
neighborhood where f(z) is entirely analytic [76,77].

Definition 5.17 (Classification of Isolated Singularities). Let zg be an isolated singular point of the function
f(z). Regarding the Laurent coefficients ¢, (n < 0) being zero, there are three cases [78,80]:

(1)  Ifcy =0forall n <O, then z is called a removable singular point of f(z) [79,81];
(2)  Ifonly finitely many n < 0 have ¢, # 0, then zq is called a pole of f(z). If there exists a positive integer
m such that c_,; # 0 while ¢, = 0 for all n < —m, then zq is called a pole of order m of f(z), i.e.,

“+o00

flz) =Y cu(z—20)".

n=-—m

In particular, when m = 1, z is called a simple pole of f(z) [76,771;
(3)  If there are infinitely many n < 0 with ¢, # 0, then zg is called an essential singular point of f(z)
[78,80].

Proposition 5.18 (Characterization of Removable Singularities). Let zq be an isolated singular point of the
function f(z). Then zq is a removable singular point of f(z) if and only if

lim f(z) = a(a # o).

Z—2Z0

OO

Proof. (Necessity) Let zg be a removable singular point of f(z). Then f(z) Z (z — zp)" for

z€ D ={z]|0< |z—2z| < R}. Hence Jlim f(z) = co [79,81]. -
0
(Sufficiency) Suppose lim,_,, f(z) exists. Since f(z) is analytic in D, there exist M > 0,0 < § < R
such that when 0 < |z —zg| < 6, |f(z)| < M [76,77]. Then when 0 < p < 4, for |g| > 1,
M _ 2[q|E(9) M

|1 _ 2lq1E\g) M,
lenl = ‘27ri% (C zo)’“rl @‘ - 27‘[ p"+1 H4pE(9) T v

for0 < |q| <1,

ool = |51 f L rar] < B aprq) - 2IED Y

_ Zo)n+1 27T pn+1 7T pn’

where E(q), E'(q) are the contour coefficients of the complex plane C,, satisfying E(g) < 7, E'(q) < 7
[78,80]. Hence,

2M
ol <200 0 (p—0)
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forallm = —1,-2,.... Therefore,c, = 0foralln = —-1,-2,...[79,81]. O

Proposition 5.19 (Characterization of Poles). Let zg be an isolated singular point of the function f(z). Then
zq is a pole of f(z) if and only if

Zlgr%f(z) = oo,

Proof. (Necessity) Let zg be a pole of order m of f(z). Then

f@—(l 9(2)

z—z)"
where ¢(z) is analytic at zp and ¢(zg) # 0. Thus Zlgn; f(z) = o0 [76,77].
0

(Sufficiency) Suppose ZlLrgl f(z) = co. Let F(z) = Then lim,,,, F(z) = 0, so zp is a
0

b
f(z)
removable singular point of F(z) [78,80]. Thus, in some punctured neighborhood of z(, F(z) has the

Laurent expansion
[o0]

F(z) = Y du(z - 20)".

n=0

Since F(zp) is not defined at zg, we can define F(zp) = dp, making F(z) analytic at zy. As
do = lim,_,,, F(z) = 0, supposedy =d; = --- =d,;—1 = 0and d,;, # 0. Then

F(z) = (z—20)"(2),
where §(z) is analytic at zg and (zp) # 0. Accordingly,

1 . 1
(z—z0)™ (z)

f(z) =

1
Due to the fact that —— is analytic at zg , zg is a pole of order m of f(z) [79,81]. O

¥(2)
From Propositions 5.18 and 5.19 and the definition of essential singularities , it is found that
essential singularities admit an equivalent characterization [76,77]:

Proposition 5.20 (Characterization of Essential Singularities). Let zg be an isolated singular point of the
function f(z). Then zq is an essential singular point of f(z) if and only if the limit Zlgl;l f(z) does not exist and
0

is not oo [78,80].

Proposition 5.21 (Weierstrass Theorem). Let z( be an isolated singular point of the function f(z), and let
f(z) be analytic in 0 < |z — z9| < R. Then z is an essential singular point of f(z) if and only if for every
finite or infinite complex number vy, there exists a sequence {z, } converging to zg in 0 < |z — zg| < R such
that r}gr(}o f(zn) =y [79,81].

Proof. (Sufficiency) Owing to the fact that y = nlgrolo f(zy) can be any value (including o) , the limit
21137} f(z) does not exist and is not co . By Proposition 5.20, zj is an essential singular point of f(z)
0

[76,77].
(Necessity) Consider the cases y = co and 7y # co separately [78,80]. O

5.4.2. Properties of Analytic Functions at Infinity

Definition 5.22 (Isolated Singularity at Infinity). If the function f(z) is analytic in some neighborhood of
infinity R < |z| < 400 (R > 0), then co is called an isolated singular point of f(z) [79,81].
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1
Clearly, f(z) has co as an isolated singular point if and only if the function f (@) has w = 0 as an

isolated singular point [76,77]. Thus,

Definition 5.23 (Laurent Expansion at Infinity). Let the function f(z) be analytic in R < |z| < +o0
(R >0). Then

+o0 +o0 +0c0
flz)= Z c_pz" = E c_nz" + Z c_nz"
n=0 n=1

n—=—oo

—00 —+o00

where s(z) = Y c,z" is called the analytic part of f(z), and t(z) = Y _ cz" is called the principal part of
n=0 n=1

f(z) [78,80].

Proposition 5.24 (Classification of Singularities at Infinity). Let the function f(z) be analytic in R < |z| <
+00 (R > 0). Then z = oo is a removable singular point, pole, or essential singular point of f(z) if and only if
Z11_r>{>1o f(z) exists, le_)]f& f(z) =00, 0r Zh_r)r(}o f(z) does not exist and is not oo, respectively [79,81].

Similarly, the Weierstrass theorem also holds for the point at infinity [76,77].

Proposition 5.25 (Weierstrass Theorem at Infinity). Let z be an isolated singular point of the function f(z),
and let f(z) be analytic in R < |z| < oo. Then z = oo is an essential singular point of f(z) if and only if for
every finite or infinite complex number vy, there exists a sequence {z, } converging to oo in R < |z| < co such
that nlglgof(zn) = [78,80].

5.5. Entire and Meromorphic Functions

Based on the characteristics of isolated singularities of analytic functions, there exist two classical
families of analytic functions that can be obtained [79,81].

Definition 5.26 (Entire and Meromorphic Functions). A function that is analytic in the entire complex
plane C, is called an entire function [76,77]. A single-valued analytic function that has no singularities other
than poles in the complex plane C) is called a meromorphic function [78,80].

Let f(z) be an entire function. Then f(z) has only z = o as an isolated singular point [79,81].
Therefore ,

Proposition 5.27 (Classification of Entire Functions). Let f(z) be an entire function. As a result [76,77],

(1) the point oo is a removable singular point of f(z) if and only if f(z) is constant [78,80];
(2)  the point oo is a pole of order m of f(z) if and only if f(z) is a polynomial of degree m, i.e.,

f(z) = i cnz" (em #0,m > 1); (37)
n=0

(3)  the point co is an essential singular point of f(z) if and only if infinitely many c, are non-zero, i.e.,

f(z) = i cnz" [79,81].
n=0

Proof. (1)  (Sufficiency) Let co be a removable singular point of f(z), i.e., Zlgrolo f(z) = a(|a] < +o).
Then there exists M > 0 such that |f(z)| < M for all z € C,. By Liouville’s theorem as seen in
Propsition 4.19 , f(z) is constant [76,77].

(Necessity) When f(z) is constant, clearly Zlglgo f(z) = a (Ja| < +00), s0 o0 is a removable singular

point of f(z) [78,80];
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(2)  (Sufficiency) Let oo be a pole of order m of f(z). Then the principal part of the corresponding
Laurent expansion is

8(z) = il & (cn #0).

Let F(z) = f(z) — g(z). Clearly, F(z) is an entire function, and co is a removable singular point
of F(z). Hence

so Formula 37 holds [79,81]. The necessity is obvious [76,77];
O

From the definition of meromorphic functions, rational functions [78,80]

P(z)  ap+mz4apz?+ -+ a,z"

f&) = Qz)  Bo+Piz+poz?+ -+ Puz"

(an, Bn # 0)

are meromorphic functions [79,81].

Proposition 5.28 (Characterization of Rational Functions). Let f(z) be a meromorphic function. Then f(z)
is a rational function if and only if co is a removable singular point or a pole of f(z) [76,77].

Proof. (Necessity) Let f(z) be a rational function. Then when m > n, lim;_,« f(z) exists and is finite,
so o0 is a removable singular point of f(z). When m < n, lim,_,« f(z) = o0, so o is a pole of f(z)
[78,80].

(Sufficiency) Let f(z) be a meromorphic function. Then f(z) has no singularities other than poles
in the complex plane C,, and these poles can only be finitely many. Otherwise, infinitely many poles
would necessarily form an accumulation point, contradicting the definition of singularities [79,81]. O

Now suppose the poles of f(z) in the complex plane C, are z1, 2y, ..., z,, with orders s1, sy, ..., s,
respectively. Then the function

8(2) = (z—21)"(z—22)* ... (2= 24)" f(2)

has at most z = oo as a pole, and is analytic in the complex plane C,. Hence g(z) is a polynomial of
finite degree, so f(z) is a rational function [76,77].

6. Theory of Residues

Residue theory is an application of series theory and another powerful tool for studying analytic
functions [76,77]. It can be used not only to compute complex integrals but also to determine the zero
distribution of functions within a region [78,80].

6.1. Residues and the Residue Theorem

Definition 6.1 (Residue). Let zq be an isolated singular point of the function f(z), and let f(z) be analytic in
the punctured elliptic disk D : 0 < |z — zg| < R. Take C : |z — zg| = r (0 < r < R). It could be seen that

A
Frri %C f(z)dz
is called the residue of the function f(z) at zo, denoted by Res(f,zo) [79,81].

Let the Laurent expansion of f(z)in D : 0 < |z — zo| < Rbe

“+o0

f2)= ) enlz—z0)"

n=-—oo
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Thus Res(f,zp) = c¢_1, because [76,77]

y{f dz—?{ Z cn(z —z9)"dz = Z cnf zZ—29 ”dz—zqmc_l.

n=—oo n=-—oo

Therefore ,

Res(f,zo) me{f z)dz =c_1.

It can be shown that c_1 is the coefficient corresponding to the (z — zp) ™! term in the Laurent
expansion of f(z)in D : 0 < |z —zp| < R. Whence, the residue of a function f(z) at a finite removable
singular point (not o) is zero [78,80].

Proposition 6.2 (Residue Theorem). Let D be a bounded region in the complex plane, whose boundary
consists of one (or finitely many) simple closed curves. If the function f(z) is analytic in D except for finitely
many isolated singular points z1,zy, . .., zn, and f(z) is also analytic on the boundary C = oD, then

n

ff & ZRes f,z). (38)

The integral along C is taken in the positive direction with respect to the region D, i.e., when traversing the
boundary, if g > 0 the left-hand side is always inside the region, and if g < O the right-hand side is always inside
the region [79,81].

Proof. Construct ellipses Cq,Cy, ..., Cy, centered at the isolated singular points z1, z, . . ., z, within the
region D [76,77]. By the Cauchy integral theorem,

72+Cl +Cy +..+Cyp

ie.,
n

Z Res(f, zx).
k=1

2

z)dz = .7{ z)dz =
ﬁf( ) C1+Co+...+Cy f( )
That being said , the proposition is proved [78,80]. O

Proposition 6.2 is also called the Residue Theorem in the elliptic complex domain [79,81].

¢(2)

Proposition 6.3 (Residue at a Pole). Let z( be a pole of order n of the function f(z), and let f(z) = G-z
— Zo

where ¢(z) is analytic at zg and ¢(zp) # 0. Consequently ,

¢ (zo)

Res(f,zo) = TERIR

Note that here p°) (zq) denotes ¢(zg), and ¢~ (zy) = Zlgr; oV (2) [76,771.
0

Proof. From the definition of residues and the Cauchy higher-order derivative formula [78,80],

_ 1 9@, ")
Res(f,zg) = i fe —zo)”dz = 1)? .

This completes the proof [79,81]. [

Specifically , when n = 1, i.e., z¢ is a simple pole of f(z),

Res(f,z0) = ¢(z0) = lim (z — z0) f(2); (39)

Z—2Z0
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when n = 2, i.e., zg is a pole of order 2 of f(z),

Res(f,z0) = ¢/(20).

For example, the function f(z) = i

has two simple poles at z = j:; [76,77]. The residues at

these singular points are

i\ i L er qeed
Res(ﬂq)—hm(z—q)f(z)—hm =

i 1
s L lz"—*
z =y q

q
) 1 iz Y
Res(f,—;) = lim.(z—i-;)f(z): lim e i :_%‘
q

1
z——1L
q

Consequently , by the Residue Theorem, for any region in the complex plane C, containing these
two singular points, it is established that [78,80]

_ g (el—et) i
%:f(z)dz = 5 = sin 7
\ . . . P(z) .
Proposition 6.4 (Residue for Rational Functions). Let f(z) = 0@ where P(z) and Q(z) are analytic at

20, and z is a simple zero (zero of order one) of Q(z). Then

_ P(z0)
Q'(z0)

Proof. Owing to the fact that z( is a simple zero of Q(z), it is found that Q(zp) = 0. Therefore, z is a
simple pole of f(z) [79,81]. By Formula 39,

Res(f,zo)

Res(f,20) = ¢(z0) = lim (2 —20)f(2) = lim @ N 5’@)‘

This completes the proof [76,77]. O

6.2. Argument Principle

Lemma 6.5 (Finiteness of Zeros and Poles). Let f(z) be a meromorphic function in a bounded region D,
analytic at every point on the boundary C of D, and having no zeros on C. Then f(z) has at most finitely many
zeros and poles in D [78,80].

Proof. Let D; be the region obtained by removing all poles of f(z) in D. Then f(z) is analytic in D
and not identically zero. We now prove that f(z) has only finitely many zeros in D [79,81].

Assume that f(z) has infinitely many zeros {z,} : z1,23,...,2n,...in Dy. Since D; is a bounded
region, the sequence {z, } must have a limit point zg. By the Uniqueness Theorem for analytic functions,
zo ¢ Dy, because if zg € Dy, then f(z) would be identically zero in Dy, a contradiction [76,77]. Thus z
may lie on the boundary C or be a pole of f(z).

If zg € C, then there exists a subsequence {zy, } such that z,, — zp as k — co. Hence f(zg) =
klgr()lo f(zn,) = 0, contradicting the assumption that f(z) has no zeros on C [78,80]. If zj is a pole of f(z),

then lim f(z) = o0, s0 klim f(zn,) = o, contradicting f(z,, ) = 0[79,81].
—00

Z—Z0

1
Therefore, f(z) has at most finitely many zeros in D. For poles, consider the function F(z) = —

(z)’
and define F(z) to be zero at the poles of f(z). Then F(z) has only finitely many zeros in D1, so f(z)
has only finitely many poles in D¢ [76,77]. O
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Lemma 6.6 (Logarithmic Residue). (1)  If zg is a zero of order n of f(z), then

Res <§l, zo> =n.

Res (J%, zo> = —m.

/
Here Res <§,zo> is called the logarithmic residue of f(z) at zo, because % log f(z) = J} ((ZZ>) [78,80].

(2)  Ifzgis a pole of order m of f(z), then

Proof. (1)  If zp is a zero of order n of f(z), then in a neighborhood of z ,

f(z) = (2= 20)"g(2),
where g(z) is analytic in a neighborhood of zy and g(zp) # 0[79,81]. In conclusion,

fiz) _n(z=z0)""g(z) + (z=20)"¢'(z) _ _n ¢'(z)

f(z) (z —20)"g(2) Cz-z g(7)’
g . e in & nei 8() _ N . (y 2V This vi
Clearly, is analytic in a neighborhood of zy, so = ) cn(z —20)". This yields the
8(2) 8(z) 3

conclusion [76,77].
(2)  Ifzpis a pole of order m of f(z), then in a neighborhood of z ,

G

flz) = =z

where h(z) is analytic in a neighborhood of zy and h(zg) # 0 [78,80]. Therefore,
(z—20)"H (z) —m(z—z0)" " 1h(z)
FC) N — ___m M@
(z) h(z  z—zy h(z)’
(z—2)™
W(z) . .. . Wz & n -
Clearly, ) is analytic in a neighborhood of zj , so o) Y cu(z —z0)". This yields the
n=0
conclusion [79,81].
O

Proposition 6.7 (Argument Principle). Let D be a bounded region in the complex plane whose boundary C
consists of one or finitely many simple closed curves. Let f(z) be a meromorphic function in D, analytic on C
and having no zeros on C. Then

q [ @, _
2_7_[1}4(; f(Z) dZ—N(f/C)_P(f'C)/

where N(f,C) and P(f,C) are the numbers of zeros and poles, respectively, within the region bounded by C.
Here a zero of order n counts as n zeros, and a pole of order m counts as m poles [76,77].
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Proof. By Lemma 6.5, f(z) has only finitely many zeros and poles in the region [78,80]. Denote them
by ay,az,...,as and By, B, . .., Bt, respectively. Let the residues of f(z) at these zeros and poles be
ni,ny, ..., s and —my, —my, ..., —my, respectively. In view of Lemma 6.6 [79,81],

Y T R (SR [

p:

=Y np— ) mg=N(f,C) - P(f,C)

This completes the proof [76,77]. [

Corollary 6.8 (Argument Principle in Terms of Argument Variation). Under the conditions of Proposition
6.7 , it follows that

N(f,C) —P(f,C) = *Acafgf ZAC arg f(z),

where C1, Cy, ..., Cy, are the closed curves that constitute C, each taken in the positive direction with respect to
the region D (i.e., when traversing the boundary, if g > 0 the left-hand side is always inside the region, and if
q < 0 the right-hand side is always inside the region). Ac, arg f (z) denotes the continuous change in arg f (z)
as z traverses C; once in the positive direction with respect to D [78,80].

Proof. Due to the fact that there are no zeros or poles on C;, we can find finitely many elliptic disks
Ui(k = 1,2,...,m) that contain no zeros or poles of f(z) and completely cover C; [79,81]. It is easy
to see that f(z) is analytic and non-zero on each elliptic disk Uy, so the function log f(z) can be

!
decomposed into single-valued analytic branches log f(z) on Uy, with i log f(z) = '; (( )) [76,77].
Let points on C- be chosenasz; € U, NUy,zo e U3 NUy, ...,z € LI m—1 N Uy [78,80].

arg f(z1)
q

Fix the value of log f(z) at z; as log |f(z1)| + i—2*——=. This determines an analytic branch

21(z) of log f(z) in U;. Similarly, we can determine analytic branches g;(z) of log f(z) in U;. Clearly,
21(z) = g2(z) for all z € Uy N Uy, and in general,

1(z) =g(z), VzelU1NnU (k=1,2,...,m),

l%mnﬂ%mwwf%T4

Accordingly,
9 4@, 9 (2) & f’ o f(2)
27t 7{:]. f(z) 12 = i / f(z) d +/ o o f(2) dz
= % 81(22) — 81(z1) +g2(23) —gz(zz) + -+ gm(z1) — gm(zm)]
_ 177 _ 9 _.argfl(zl) .arg fm(z1)
- 27.“'[ gl(Zl) +gm(21)] = 27_”'{ 1 q +1 .
f’ (z) 1 , )
Thereby, —AC arg f(z). Summing over all C; gives the result [79,81]. [

Z

Corollary 6.8 is also called the Argument Principle in the elliptic complex plane, clearly identical
to the Argument Principle in the circular complex plane [76,77].
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6.3. Rouché Theorem

Proposition 6.9 (Rouché Theorem). Let D be a bounded region in the complex plane whose boundary C
consists of one or finitely many simple closed curves. Let the functions f(z) and g(z) be analytic on the closed
region D consisting of D and C, and suppose

1g(z)| <|f(z)|, vzeC.

Whence , the functions f(z) and f(z) + g(z) have the same number of zeros in D [78,80].

Proof. Since f(z) and g(z) are analytic on D, they have no poles in D [79,81]. On the boundary C,

f(@)]>18(z)| 20, |f(z) +8(2) = |f(z)] = [g(z)| > 0.

Consequently , f(z) and f(z) + ¢(z) have no zeros on C [76,77]. Let N7 and N, be the numbers of
zeros of f(z) and f(z) + g(z) in D, respectively. By the Argument Principle,

1
N; = EAC arg f(z),

Ny = —~Acarg[f(z) + §(2)]

27
= iA ar f(z)—i—LA ar 1—|—@
T ogcE 27 CE fz) |’
Letw =1+ }%Z; Owing to [w — 1| = }%Z; < 1, the function w lies inside a normal ellipse

centered at 1 with principal radius 1, which does not contain the origin [78,80]. Therefore,

Acargw = Acarg{l + g(z)} =0,

f(z)
so N; = Np. This completes the proof [79,81]. O

Proposition 6.9 is also called Rouché’s Theorem in the elliptic complex plane, which is a corollary
of the Argument Principle and can be used to determine the distribution of zeros of a function in a
given region [76,77].

Proposition 6.10 (Fundamental Theorem of Algebra). Rouché’s Theorem can also be used to prove the
Fundamental Theorem of Algebra: any equation of degree n

apz" + a2V 4 ay iz +a, =0 (a9 #0)
has exactly n roots [78,80].
Proposition 6.11 (Zero Distribution of Polynomials). Let the polynomial of degree n
f(z)=apz" +az" a4 day (ag #£0)

satisfy
lar] > laol + -+ |ara| + [apsa] + -+ + |- (40)

Then f(z) has n — t zeros inside the unit ellipse |z| < 1[79,81].

Proof. Take ¢(z) = a;z"~*. Clearly, ¢(z) has a zero of order n — t at z = 0 inside |z| < 1[76,77]. Now
take
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h(z) =apz" +az" 14 a2 g 2

From condition 40 , it can be seen that |¢(z)| > |h(z)] on |z| = 1[78,80]. By Rouché’s Theorem as
shown in Proposition 6.9 , the number of zeros of f(z) = g(z) + h(z) inside |z| < 1 equals the number
of zeros of ¢(z) inside |z| < 1,ie.,n —t zeros [79,81]. [

7. Integral Transforms in the Elliptic Complex Setting

As is well known , a simple periodic motion can be represented as a harmonic function [76,77]
y = Asin(wt + ¢),

where A is the amplitude, w is the angular frequency, and ¢ is the initial phase. A complex periodic
motion can be represented as a superposition of harmonics [78,80]

y=Ay+ 2 Apsin(n - wt+ ¢y),

n=1

a
where A, sin(n - wt + ¢y, ) can be expanded as A, sin ¢, cos nwt + A, cos ¢, sin nwt. Letting ?O = Ay,
ay = Ay sin¢y, by = Ay cos ¢y, and x = wt, then it follows that [79,81]
S i(a cos nx + by sinnx)
y > - n n .
n=1
Theorem 7.1 (Orthogonality of Trigonometric System). The system of functions that constitute trigonomet-
ric series
1, cos x,sin x, cos 2x,sin 2x, ..., cosnx,sinnx, . ..

are mutually orthogonal on [—7t, 71|, meaning that the integral over [—7t, 71| of the product of any two different
functions is zero [76,77].

7T

T
Proof. Clearly,/ 1-cosnxdx = / 1-sinnxdx =0forn=1,2,...[78,80].
—7T —7T
Ifk #n,
7T 7T 1
/ coskx - cosnxdx = / E[cos(k + n)x + cos(k — n)x]dx = 0.

—7T —7T

In the same manner, we arrive at

s
/ sinkx -sinnxdx =0 (k #n),
—7T

7T 7T
/sinkx-cosnxdx:/ coskx -sinnxdx = 0.

-7 —TT

Thus the proposition is proved [79,81]. O

However, the integral of the product of two identical trigonometric functions over [—7t, 7] is not
zero . For example , [76,77]

7T
/ 1-1dx =2m
s n y (41)
/ sinznxdxz/ cos’nxdx=mn (n=1,2,...)
-

—7T
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1+ cos2x
where the second formula in Equation 41 can be obtained using cos® x = % and sin?x =

1—cos2
S cosax [78,80]. Now we use these conclusions to derive the Fourier integral formula in the elliptic

complex domain C [79,81].

7.1. Trigonometric Series and Fourier Series

Theorem 7.2 (Fourier Coefficients). Let f(x) be a periodic function with period 27t, and [76,77]

f(x) = % + ) (aycosnx+ b, sinnx). (42)

n=1
Then [78,80]

T
an:%/ f(x)cosnxdx (n=0,1,2,...)
—T7T
1 g (43)
bn:—/ f(x)sinnxdx (n=0,1,2,...)
T J—m

Proof. Integrating Equation 42 term by term over [—7, 7] gives [79,81]
T ag [T © T T
/ f(x)dx:—/ dx+2(an/ cosnxdx—i—bn/ sinnxdx)
-7 2 J-n =1 -7 -7

0
= — 27T = agTI,
> 0

T
S0 ap = % / f(x)dx. Similarly, multiplying both sides by f(x) - cos kx and integrating term by term
-7
yields [76,77]

T ag [T 0 T
/ f(x)coskxdx = —/ coskxdx+ ) an/ cos kx cos nx dx
-7 2 Jon =1 -7

00 T
+ Z bn/ cos kx sinnx dx
n=1 -

T
= ak/ cos? kx dx = ay .
—7T

7T T

Thus a;, = %/ f(x)coskxdx. By the same token , we can prove by, = %/ f(x)sinkxdx [78,
_ -7

80]. O

Now a, and b, as seen in Equation 43 are called the Fourier coefficients of the function f(x), and
42 is the Fourier series (expansion) of f(x) [79,81].

Theorem 7.3 (Fourier Series for Periodic Functions). Let fr(t) be a periodic function with period T,

T
satisfying the Dirichlet conditions on [—2, z] [76,77] as follows ,

(1) fr(t) is continuous or has only finitely many discontinuities of the first kind;
(2)  fr(t) has only finitely many extremal points.

Then fr(t) can be expanded into a Fourier series, and at points of continuity [78,80],

ao

fr(x) = 5t (an cos nwt + by, sinnwt),

[7e

n=1

where w = 3F, ay, = L [T fr(t)cosnwtdt, by = L [T fr(t)sinnwtdt. At points of discontinuity
[79,81],
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fT(X) _ fT(x + 0) -;fT(x — 0) '

Introducing the forms of trigonometric functions in the elliptic complex domain as given in
Definition 3.29 , it is obtained that [78,80]

; nwt ; nwt ; nwt ; nwt
a =& e e e —e
fT(x)_2+Z<an2 +bu - g— -
n=1

i1
q —
+Z< eﬂ+72

an—i%bn un-i-

Letcg =%, cn = —51—,dy = . Thus [79,81]

=3 [, frin

1 2 1.
Cn = T/ng(t) [cosnwt—zqsmnwt} T/,,fT W dt'

1 [z 17
= ?/ Lfr(t)e T dt =:cp.
-z

Clearly, the formula for ¢, also holds when n = 0[76,77].
In summary, assuming w, = nw, it leads to [78,80]

n=-—oo

> ) _jnmq L)
cheﬂ:— /fT 7ds|e 7.
n—foo -2

This is the Fourier expansion of the periodic function fr(t) with period T in the elliptic complex
domain [79,81]. For a non-periodic function f(t), we can view it as obtained from some periodic
function fr(t) as T — co. Therefore [76,77],

nmq

f(t) = lim 1 i l/ZT fr(s)e T ds]e 7. (44)

It can be seen that for all integers #, the corresponding w;, are uniformly distributed on the real

2
line [78,80]. Let Aw, denote the distance between two adjacent points, then Aw, = w; — wy_1 = Tn,
1 A
ie., T= %, and as T — oo, Aw,; — 0. Hence Formula 44 can be rewritten as [79,81]
f(t) = lim 1 i /oo f (s)e_i%ds dT Aw
T awg027 [ )oe?T v

that is,

f(t) = % /_O:o [/_o:of(s)ei&';sds] &7 dow. (45)

Formula 45 is also called the elliptic complex form of the Fourier integral formula [76,77]. Further-
more, the following result is established.

Theorem 7.4 (Fourier Integral Theorem). If the function f(t) satisfies the following conditions on (—oo, +00)
[78,80]:

(1) f(t) satisfies the Dirichlet conditions on any finite interval;
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(2)  f(t) is absolutely integrable on the infinite interval (—oo, +00) (i.e., the integral fj;o |f(t)|dt con-
verges),

then Formula 45 holds, and at points of discontinuity, f(x) = flx+0) —;—f(x =0 [79,81].

Theorem 7.4 is also called the Fourier Integral Theorem [76,77].
Formula 45 can also be transformed into trigonometric form [78,80]:

IR RINE “fds]ei%w
:%/_m/ f(s)e iy ds]dw
:%/j"’/ £(s)cos =) oy / f(s)sin “q S)ds}dw.

Considering that / ” f(s)sin w(tq_s)ds is an odd function of w [79,81] ,
(1) / U £(s) cos & )ds] dw
—/ [/ f(s) cos & )ds]dw

This is the trigonometric form of the Fourier integral formula [76,77]. Besides ,

/[/ f(s <coscosw—|—sma)tsm>ds]dw
q q q

When f(t) is an odd function, f(s) cos 7 is an odd function of s, so [78,80]

f(t) = %/000 {/Ooof(s) sin a{;sds] sin CL#fclw. (46)

In the same manner , when f(t) is an even function, [79,81]

f(t) = %/Ooo [/Ooof(s) cos at;sds] cos %tdw. (47)

Considering the cases where f(t) is odd or even is useful when f(t) is only defined on (0, +o0)
[76,77]. In such cases, we can extend f(t) as an odd or even function (i.e., perform odd or even
extension), making it much easier to compute the Fourier integral of f(t) [78,80].

7.2. Fourier Transform

From the above integral formulas, we give the definition of the Fourier integral transform and
study its basic properties [76,77].

7.2.1. Basic Theory of Fourier Transform

Definition 7.5 (Fourier Transform). If the function f(t) satisfies the conditions of the Fourier Integral
Theorem on (—oo, +00), the function [78,80]
(e) —l—t
= [ _fie
—o0
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is called the Fourier transform of f(t), denoted by F (f(t)), i.e., F(f(t)) = F(w); and the function [79,81]

£lt) = %T /°° Flw)e' T dw

—00

is called the inverse Fourier transform of F(w), denoted by # ~1(F(w)), i.e., f(t) = F 1 (F(w)).

Thus, the functions F(w) and f(t) form a Fourier transform pair [76,77]. Clearly, F(w) and f(t)
have the same parity. When f(t) is an odd function, from formula 46 , the transform function is [78,80]

R(w) = /0 “ £(t)sin %tdt

called the Fourier sine transform of f(t), and the function [79,81]

f(t) = 72—T/000F5(w) sin%tdw

is called the inverse Fourier sine transform of Fs(w).
Similarly, when f(t) is an even function, from Formula 47, the function [76,77]

Fo(w) = /0 " £(t) cos %tdt

is called the Fourier cosine transform of f(t), and the function [78,80]

2

fiy =2 /O°° Fc(w)cos%tdw

is called the inverse Fourier cosine transform of F,(w).
Similarly, if the function f(t) is only defined on (0, +-c0) and satisfies the Fourier Integral Theorem,
we can obtain the sine or cosine transform of f(t) by odd or even extension [79,81].

7.2.2. Unit Impulse Function and Its Fourier Transform
Definition 7.6 (Unit Impulse Function). For any infinitely differentiable function f(t), if [76,77]

+o00 +oo
/ SNt =tlim [ 6.()f(D)dt,

—00 e—0.J—00
0, t<0,
where 5¢(t) = { then [78,80]

O(t) := lim J¢(t) (48)
€—0
is called the unit impulse function (or é-function) [79,81].

From 48, it can get that [76,77]
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[eS) €1
From the geometric interpretation of J¢(t), it is easy to see that / de(H)dt = Edt =1

Furthermore, taking f(t) = 1, from Definition 7.5, it follows that [78,80]

/+005(t)dt —1.

—00

0

Corollary 7.7 (Sifting Property of J-function). The -function has the following sifting property [79,81].

[ ot t)f()ae = ).

—00

Proof. Letx =t —fyi.e., t = x + ty, dx = dt. Hence, [78,80]

+00 —+00
[ ott—to)f(yat=tim [ ot —to)f(t)at

—00 —00

—+o0
= lim 6.(x) /_oo F(x + to) dx
e—t,

—tim [ F(x o) dx.

e—0 € J—t,

By the mean value theorem for integrals, [; f(x 4 to)dx = ef() for some 6 € (tg, € + to).
Therefore, [79,81]

ot~ t0)f(1)de = tim e + o) = fk).

—00

O

From the sifting property of the J-function, we can find its Fourier transform [76,77]:

F(5(£)) = F(w) = /°° s(he Tt =e |, _ =1,

The inverse Fourier transform of the é-function is [78,80]
5t = 7 1(1) = - /°° ¢ dw,
21 J-w
Consequently , [79,81]
/oo ¢ dw = 27o(t).

It can be seen that 1 and () form a Fourier transform pair [76,77].

<t
Furthermore, 27t6(w — wp) and ¢' 7 form a Fourier transform pair [78,80].

Proof. Consider the inverse Fourier transform [79,81]:

(¢S] - .wpt
F 128w —wy)) = %/ Zné(w—wo)elfda) —T = f(#).
As a result, the conclusion holds [76,77]. [

Setting wp = 0, we have that 1 and 27t§(w) form a Fourier transform pair [78,80]. Consequently,

/ e Tdt = 2mé(w),

(49)

[e) _i(w—wo)t
/ e 7 dt =21 (w — wy).

—00
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Using formula 49 , we can find the Fourier transform of the sine function f(t) = sinwyt [79,81] as

F(w):/ sinwot-¢ ' dt:/ %(elq —e ' >e U5 dt
(e}

— 00 —

=) . (w—wp)t . (w4wg)t
=4 (e_l e )dt
2i J—oo
= % (2716 (w — wp) — 2716 (w + wp) |
in

= [6(w +wo) — 6(w — wp)],

Thus, the Fourier transform of the function f(t) = sin wyt also depends on the elliptic complex
domain itself [76,77].
Proposition 7.8 (Fourier Transform of Derivatives of é-function). If f(t) is an infinitely differentiable
function, then [78,80]
+o0
|6~ ) f(t = (<1 £ (). (50
Proof. First, consider the first-order derivative. Using integration by parts [79,81],
—+o0 +oo —+o0
[ et—tfd=st -t T~ [ el —t)f (1)t
Since f(t) is infinitely differentiable and as |t| — oo, F(t) — oo, it can be seen that [76,77]

—0o0 —0o0

+c0 +o0
[ dt—rrndt=— [ st —t)f (hdt = ~f(to).
Now assume the formula holds for n = k, i.e., [78,80]

|76~ o) = (15O 1),

Then forn =k + 1, [79,81]
400 o0
[ o= ) fyde =60~ t)f() T - [0~ to)f (1) at

o -
_ _/_ 5O (¢ — 1) f'(¢) dt
= (=DM (0 (k)" = (=D)F FE (1),

Whence , the proposition is proved [76,77]. O

In particular, when fy = 0[78,80],
—+o0
[ emwrnat = (-1 ).

Formula 50 can be used to find the Fourier transform of many functions [79,81]. For example, find

the Fourier transform of ¢'(t — 1) [76,77]

F W

0 _jot d/ _jwt W@
9(5'(15—1)):/ §(t—1)e Tt =2 (e lﬂ)|t=1:z;e )

—00
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Definition 7.9 (Unit Step Function and Exponential Decay Function). The function [78,80] u(t) =

0, t<0
is called the unit step function. The function [79,81]

1, t>0
o(t) = e Pu(t) (p>0)
is called the exponential decay function.

The Fourier transform of the exponential decay function is easily found to be [76,77]
_jw
+i% 2
P pe(s)

Proposition 7.10 (Derivative Relationship between J-function and Step Function). The d-function is the

0, t<0
derivative of the unit step function u(t) = { ,ie., [78,80]

F(¢(1))

1, t>0

t d
/_Oo 8(s)ds = u(t), ou(t) = &(¢).

Proposition 7.11 (Fourier Transform of Unit Step Function). The Fourier transform of the unit step function
u(t) is % + 78(w) [79,81].

Proof. This can be proved using the inverse Fourier transform combined with the Dirichlet formula
(interested readers may attempt it) [76,77]. O

7.3. Properties of the Fourier Transform

Further, we need to study some operational properties of the Fourier transform [78,80]. For
convenience, we assume that all functions satisfy the conditions of the Fourier Integral Theorem
[79,81].

Corollary 7.12 (Linearity Property). Let .7 (f1(t)) = Fi(w), Z (f2(t)) = F2(w), and let «, B be constants.
Then [76,77]

(1) F(afi(t) + Bfa(t)) = aFi(w) + BR2(w);
2)  F N aF(w) + BR(w)) = afi(t) + Bfa(t).

Corollary 7.13 (Shift Property). (1) . Z(f(t£ty)) = eiintoﬁz(f(t));
o) F O E@Fw) =T f)

Proof. Letu = t & ty. Then t = u F tg. From the definition of the Fourier transform [78,80],

; w(uFty)

F(f(t+ty)) = /:of(u)e*Tdu — eiintogf(f(t)).

Thus (1) is proved. (2) can be proved similarly [79,81]. O
Corollary 7.14 (Differentiation Property).

F(f'(1) =i—F(f(1)).

w
q
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Proof. Since f(t) is absolutely integrable, f(t) — 0 as |t| — oo [76,77]. Using integration by parts,

Zr®) = [0 o
= e | 4T [T e dw = T2 (7(0)

O

This shows that the Fourier transform of the derivative of a function equals the Fourier transform
of the function multiplied by the factor i % [78,80].

Corollary 7.15 (Integration Property). If the function g(t f f(T)dT satisfies the conditions of the
Fourier Integral Theorem, then [79,81]

Proof. Since % /_:of(r)dT = f(t), we have 9(;/ f(r)dr ) = Z(f(t)) [76,77]. By the differen-

tiation property,
9(2 /tmf(r)dr> - i‘;’gof(/:of(r)dr).

Hence, we obtain the conclusion [78,80]. O

This shows that the Fourier transform of the integral of a function equals the Fourier transform of
the function divided by the factor i % [79,81].

Corollary 7.16 (Product Theorem) Let F (fl( ) = F(w), Z(f2(t)) = F(w). Then [76,77]

/ filt)f(t) 2 / F(w)b(w
) [ a0RDH = o [T B@EB@w,
where f(t) denotes the complex conjugate of f(t) [78,80].

Proof. Assume Fj(w) and F,(w) are absolutely integrable on (—oo, +00) [79,81]. Then the order of
integration can be interchanged:

/_mez(f) dt = /—ZM[; /_0:0 Fz(w)eiw?t dw]dt
- o [ B [T Awe o
- / / f(t) e dtdw

2171 [ B@R® &= o [ R@R@) d

Thus (1) is proved [76,77]. (2) can be proved similarly [78,80]. O

If f1(t) and f»(t) are real functions, the product theorem can be written as [79,81]

[ noawi =5 [~ Bob@do =5 [ R@kide. 61
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Corollary 7.17 (Energy Integral (Parseval’s Identity)). Let . (f(t)) = F(w). Then [76,77]

oo 2 L 2
/ [F(1)]2dt = — / IF(w) Pdw.  (6.28)
—00 27T J oo

Formula 51 is also called Parseval’s identity, which has important applications in estimating zeros
of the Riemann zeta function [78,80].

Proof. In Formula 51, let f1(t) = f2(t) = f(t). Then [79,81]

[ rwpa= o [7 P = 5 [ Fw)Pde.

Therefore , the proposition is proved [76,77]. Here, S(w) = |F(w)|? is called the energy density
function of f(t), which determines the energy distribution of f(t). Integrating over all frequencies
gives the total energy of f(t). Clearly, S(w) is an even function [78,80]. [

The theory and results of convolution and the convolution theorem for Fourier transforms are the
same in the elliptic complex domain as in the circular complex domain, so we will not repeat them
here [79,81].

7.4. Laplace Transform

The Fourier transform requires that the function f(t) satisfy the Dirichlet conditions and be
absolutely integrable on (—oo, +-00) [76,77]. These conditions are somewhat restrictive. Many classical
functions such as the unit step function, sine function, cosine function, and linear functions do not
satisfy these conditions. Moreover, many practical problems only require the function to be defined on
(0, +00) [78,80].

Thus, we wish to modify the Fourier transform. Consider the unit step function introduced in the

u(t):{O, t<0

Fourier transform [79,81]

1, t>0

and the exponential decay function [76,77]

¢(t) = e Plu(t) (g >0).

Clearly, u(t) can transform the integration interval of a function g(t) from (—oo, +0c0) to (0, +0),
while ¢(t) can make it absolutely integrable [78,80]. That is, by modifying f(t) to f(t)u(t)e P! with an
appropriate B > 0, such a Fourier transform will exist [79,81].

7.4.1. Laplace Transform
Taking the Fourier transform of ¢(t)u(t)e P! (with B > 0), we obtain [76,77]

Gplw) = [ ploute Pre Var
T e B g [T et
_/0 f(t)e 90 dt _./O f(t)e *dt,

wheres =+ i and f(t) = ¢(H)u(t) [78,80]. Letting L(s) = G M , it follows that
q U

+oo ,
L(s) = A f(t)e *dt. (52)

Thus, the following definition can be obtained[79,81].
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Definition 7.18 (Laplace Transform). Let f(t) be a function defined on (0,+o0), and let the integral

“+o00

f(t)eStdt converge in some region of the complex plane. Then formula 52 is called the Laplace transform
of f(t), denoted by £ (f(t)) [76,771.

It can be seen that the result of the Laplace transform is the same in the elliptic complex domain
as in the circular complex domain (including the corresponding convolution and convolution theorem)
[78,80]. We will not repeat these here. The difference from the theory in the circular complex domain
lies in the corresponding inverse Laplace transform [79,81].

7.4.2. Inverse Laplace Transform

From the definition of the Laplace transform, the Laplace transform of f () is actually the Fourier
transform of f(t)u(t)e P! (with B > 0) [76,77]. Thus, when f(t)u(t)e P! satisfies the conditions of the
Fourier Integral Theorem, at points of continuity of f(t), we have the integral expression [78,80]

foue = 5 [ [ roume b T eV ao

+oo +o00 cw ‘w
= % / { f (r)e‘w*lq)fdr] T duw
—o0 0

1 oo LW\ jut
= L — T dw, t>0,
27_[/_00 (/H—zq)e w >

=5 /m <[3+1 )(5“ Vdw, t>o0.

Making the substitution s =  + i;’ it can be given that dw = gds ,and [76,77]

Therefore , [79,81]

_ q /[S-i-ioo st
t) = — L t
f(t) el (s)e’ds, >0,
which is also called the Laplace inversion formula [78,80]. Here, the integral is the inverse Laplace
transform of L(s) = Z(f(t)) = O+°° f(t)e~stdt, denoted by .#~1(L(s)). We could say that L(s) and
f(t) form a Laplace transform pair [79,81].

Proposition 7.19. Let s1,5y, . .., sy, be all the singular points of the function L(s) (choose p appropriately so
that these singular points all lie in the region Re(s) < B), and assume L(s) — 0as s — co. Then [76,77]

ft) = q‘/ﬁ“ L(s) Stds—ZRes (s)e’l,s), t>0.

27Ti —ioco

Proof. As shown in Figure 4 ,let C = Lp + Cp4 be a closed curve, where the line segment L4p is
directed from A to B, and the arc Cp4 is directed from B to A [78,80]. Moreover, Cpy4 lies in the region
Re(s) < B and is a (normal) elliptic arc with principal radius r. When r is sufficiently large, all singular
points of L(s) are contained within the region enclosed by C [79,81]. It is easy to see that the points are
r r
A=B—i—andB=p+i-.
q q

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0383.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 March 2026 d0i:10.20944/preprints202603.0383.v1

72 of 105

Figure 4. The closed curve C = Lp + Cpy4 in the complex plane C) where A = —q%.

Due to the fact that e*' is analytic in the entire complex plane C}, the singular points of L(s)e’ are
exactly the singular points of L(s) [76,77]. By the residue theorem in the elliptic complex plane, it is
obtained that

]{CL( YeStds = —— ZRes( ,Sk),
i.e., [78,80]

% (/Hj,, L(s)e’ ds + /CBA L(s)e ds) = kéRes(L(s)eSt, Sk)- (53)

716

It is easy to see that when t > 0, [79,81]

lim L(s)es'ds = 0.

r—oo CBA
Taking the limit as r — oo in Equation 53 yields the proposition [76,77]. O

Using the formula of Proposition 7.19 , it is relatively easy to compute inverse Laplace transforms
[78,80].

Part 11
The Proof of the Riemann Hypothesis

8. Functional Equation and Zero Distribution of the Riemann { - Function

Itis well known that Euler gave the definition of the zeta function in the real domain: {(s) E o

s > 1[76,77]. Riemann extended it to the circular complex domain C, i.e., the form before analyt1c
continuation [78,80]

=1
;l? >1S€(C

called the Riemann zeta function [79,81].
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The purpose of this chapter is to extend the Riemann zeta function to the elliptic complex domain
C,, perform its analytic continuation to the entire elliptic complex plane, and further derive its
corresponding functional equation [76,77].

Unless otherwise specified, in this paper, ellipse refers to a normal ellipse in the complex plane
C, (rather than a general ellipse) [78,80]. In the complex plane C,, suppose A = —p = —g?, g € R*,
where g is called the elliptic coefficient in C, [79,81].

8.1. Riemann Zeta Function and Gamma Function

The Riemann zeta function is closely related to the gamma function [76,77]. We first give the
integral definition of the gamma function

I'(z) :/ =l tdt,
0

where z € {z € C, | Re(z) > 0} [78,80]. Although the gamma function is introduced into a new
algebraic system, namely the elliptic complex domain C,, it is easy to prove that its basic properties in
the elliptic complex domain C, are the same as those in the circular complex domain C [79,81]. Below
we will give, without proof, some properties of the gamma function useful for this chapter [76,77].

Corollary 8.1 (Basic Properties of Gamma Function). (1) T(1)=1LT(n+1)=nl,neN;
(2) T(z+1)=2zI(z),Re(z) > 0.

Corollary 8.2 (Limit Definition and Analytic Continuation of Gamma Function). The gamma function
has its limit definition

li n*n!
ngro}oz(z—i—l)(z—kZ)...(z+n—1)(z+n)’

I'(z) =
and can be analytically continued to the entire elliptic complex plane C, in the form

_ I(z+m+1)
'&) = e o). erm Dt m)’ (54)

where z = —n(n € N) are all simple poles of the function [78,80].

Definition 8.3 (Beta Function). In the complex plane C,, define the beta function as
1
Blr,y) = [ #7101 -pr e
0
where x,y € {z € C, | Re(z) > 0} [79,81].

Corollary 8.4 (Reflection Formula). In the entire complex plane C,, we have the relationship between the
beta function and the gamma function

L) (y)
B(x,y) = =——=.
Furthermore, we have the complement formula
s
I'(z2)I(1—-z) = sin(2)" (55)

Similarly, we can use the gamma function to convert the Riemann zeta function into integral form
[76,77]:

© © 1y O oo s=1 _.d
g(s)l”(s)—kziljs/o ¥ le dx—kzi/o (%) e ?x
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Make the substitution: f = %, dt = % It then follows that [78,80]

Z(s)T(s) Z/ FleHdt = / tlet Y e (i,
k=1

= ) ", we finally obtain the integral form
n=0

According to the property of geometric series

1
1—r
of the Riemann function [79,81]

o0 tsfleft
LON6) = [ Tt
ie.,

1 ) ts—l

Next, we will perform analytic continuation of the zeta function based on Formula 56 [76,77].

8.2. Analytic Continuation of the Riemann Zeta Function

We know that elliptic complex functions have the corresponding Cauchy integral formula [78,80]
= 2mi j{ - z

Combined with Formula 56 , we consider the following integral [79,81]:

as seen in Proposition 4.13 .

27ti 27ti

Y S W B Q!
2(s) = .jie_z_ldz—. FEOL

1
where f(z) = P and the contour v = 1 + 72 + 73 is shown in Figure 5, where the normal

ellipse corresponding to 7y has principal radius r = € [76,77]

Figure 5. The contour y employed for the function g(s) in the complex plane C,.

It is necessary to first show that g(s) is analytic in the entire complex plane, then show that when
Re(s) > 1, {(s) can be expressed by g(s), and finally redefine {(s) through g(s), thereby achieving the
analytic continuation of {(s) [78,80].

For g(s) to be analytic, each part of the contour integral must be analytic [79,81].

iz

7-t=—t,dz= eﬂ%dt. It is established that

s—1 _ T 51 _
/%z f(z)dz=e /et f(—t)dt

With respect to 71 , make the substitution: z = e
[76,77]
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Now estimate this integral [78,80] as

ef’%/ t51f(—t)dt‘ g/ ’e*"§t5*1f(—t)‘dt
€ €

_ eq-nlm(s) /oo tRe(s)flf(_t) dt.
€

1
Regarding € > 1, with e’ —1 > ¢! /2, it could be seen that f(—t) = a1 < 2¢71[79,81]. Thus,

further estimating this integral by means of that

eq-nIm(s) /oo tRe(s)_lf(ft)dt < 2eq'7ﬂm(s) /oo tRe(s)—le—tdt < .

Now examine its derivative [76,77]

i s—1 — 2 s—1 _ o s—1
e /712 f(z)dz /71 557 f(z)dz ﬁnl g(2)z° " f(z) dz

:e‘ZV/ log(e_i%t)ts_lf(—t) dt.
€

Through the following estimate [78,80]

;5/71 27 (z) dz

e /oo log<e_i%t> £ () dt’
€
< 2¢07Im(s) /oo <log(t) - iZ>t51et
€

it can be shown that the absolute value of the derivative is bounded, thus showing that the integral on
71 is analytic [79,81]. Similarly, using analogous methods, we can show that the integral expressions
on 7, and <3 are analytic, finally proving that g(s) is analytic [76,77].

Now let’s examine the relationship between g(s) and the Riemann function [78,80].

dt < oo,

g(s) = s ¢ 2271 f(z) dz

o 27t 0%
= ‘f[e"? /m EF(—t)dt—e' T /m EL () dt+/ 27 f(2) d21-
271 € € T2
%/_/
= [ 27 (z)dz =M
7

Clearly, when r = € — 0, 2 becomes a closed normal ellipse [79,81]. According to the Cauchy
integral theorem in the elliptic complex domain as given in Proposition 4.8, the integral over -, tends
to 0 [76,77]. Combined with the definition of the sine function in the elliptic complex domain, g(s)
further simplifies to

q

;s _jms
q-\e 9 —e ) : co 45—1
lim g(s) = ( T )/ B () dt = 20 ”S>/ i -,
e—0 7T1 0 7T 0o e —

=:A

According to Reflection Formula 55, it follows that A = I’(s)l"zl—s) [78,80]. Then combined

with the previously derived integral expression 56 for the Riemann function, it can be shown that

_ T(s)i(s)  _ L(s)
8) = Tori—s ~T(l—5)
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Therefore , we redefine the Riemann function as {(s) = I'(1 —s)g(s), i.e., [79,81]
B q-l"(l—s)]{ z21
(=T f Femee 7)

where , since I'(1 — s) is discontinuous at s = 1 while g(s) is analytic for all s € C), the analytically
continued Riemann function as established in Equation 57 is everywhere analytic in C,\{1} [76,77].

8.3. Functional Equation of the Riemann Zeta Function

Now we replace the contour of the analytically continued Riemann zeta function with the one
shown in Figure 6 , v = 1 + 2 + ¥3 + Y4, where 77 and 14 are both normal ellipses in the complex
plane C,, with 7, having principal radius € > 0 and -4 having principal radius r = (2k + 1) 7 [78,80].

Consider the integral
s—1

-1 z
88) =55 }ék P

Owing to the fact that the contour is traversed clockwise !, we need to add a negative sign outside the

summation [79,81] when applying the residue theorem . It is easy to obtain that
lim gi(s) = g(s), (58)
k—o0

which means that it is required to be proven that the integral over 4 tends to zero as the principal

radius tends to positive infinity [76,77]. Now we can expand this contour integral using the residue
theorem [78,80].

r=(2k+1)m

T

Figure 6. The contour y employed for the function g(s) in the complex plane C,.

Clearly, the function

8(z) = 725252:1@

has poles inside the contour atz = i Z”T”, n € Z[79,81]. It is easy to see that these poles are all simple

poles. Therefore, the final integral can be expanded as

2nm
Qk(s) = (-1) Z Res(z)
—k<n<kn#0 q

=(-1) i [Res (g(s),i21;n> +Res(g(s),—i2nn)], (59)

n=1

1 Here we consider the case where q > 0, ie., the positive direction is counterclockwise.
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where [76,77]
2 -1 2 _
2nm\ (Z_l%)zs 7 — iRz !
Res( g¢(s),i—— | = lim — = lim —
q z—i 2T er—1 iz e =1
52571 — (5 — 1)i2Ez52
= lim
z—>i2"7” —e
- s—1
s(iZ”T”> (s—l)(zz’m>
- —1
s—1 it(s—
_ _(iZnTC) — —25_17'[5_16 (Zq L) ns 1’
q
ie.,
2 inm(s—1)
Res(i%) =2 lem ol (60)
Likewise, we obtain [78,80]
2 _in(s—1)
Res(—i%) = 2l lem T sl (61)

Finally, combining with the definition of the cosine function in the elliptic complex domain, substituting
formulas 60 and 61 into 59 yields [79,81]

k in(s—1) in(s—1)
gk(s) — Z |:2517.[sle 27 nsfl 4 _25717.[5716*Tn571
n=1
“T(iifl) _“T(iifl) X
— 257.[571 e 9 te 1 2 nsfl
2 n=1
k
s T
=271 cos(— - —) Y st
2 2)4
_ nS..5—1 s K 1
=2 sm(7> r; s
Hence according to Formula 58 ,
=1
g(s) = 257571 sin(%) ) = 2578 1sm(§)§(1 —5s)

Due to g(s) = _4s) , it follows that [79,81]:

I'(1-s)
iy =27 (309,
that is, 2(s) = 251 Sm(ﬁ)r(l —s)¢(1—s). (62
2

Note that sin(%) = 0 when s is an even integer. When s = 2n (n € Z%), from formula 54 ,
I'(1 —s) has a simple pole, so there are no zeros [76,77]; when s = 0, {(1 — s) has a pole (non-analytic),
so there are also no zeros. Thus, we can find many zeros of the Riemann function [78,80]

0(-2)=0(-4) =(-6)==((-20) =0 (keZ")

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0383.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 March 2026 d0i:10.20944/preprints202603.0383.v1

78 of 105

Being obvious and real numbers , these zeros are called the trivial zeros of the zeta function
[79,81]. Zeros other than these are complex numbers and are called non-trivial zeros [76,77].

It can be seen that although the form of the Riemann zeta function in the elliptic complex domain
after analytic continuation differs from that in the circular complex domain, its functional equation
as seen in Equation 62 is the same as in the circular complex domain [78,80]. This will make our
subsequent research very convenient [79,81].

8.4. Symmetric Form of the Functional Equation

Based on the analytic form and functional equation derived above, it is next necessary to derive the
symmetric form of the Riemann zeta function’s functional equation and further analyze the distribution
of its zeros [76,77].

Proposition 8.5. In the entire complex plane C,,

I(25) = 22171 (s) -F(s + ;) (63)

1
Proof. Consider the integral I = / (1 — x?)*~1dx [78,80]. Firstly , make the substitution t = x2. It
-1
follows that

1:2/01(105—123/%0113:/0%—%(1t)s—ldt
1y _T0)re.
—B(z,s) :W’

Now make another substitution 1 4+ x = 2t,i.e,, 1 —x = 2(1 — t) [79,81] for I. Then

I= /01 2(1— B 21) 1 (2dt) = 2251 /01 FETRE—

_ 2 _os1 L(s) - T(s)
=2271B(s,5) = 22 1-W.

Owing to the fact that both expressions equal I, Formula 63 follows by I'(1/2) = /7 [76,77]. O

Next, substituting Reflection Formula, i.e., Formula 55, into the functional equation 62 [78,80],

__n5.5—1 T
l(s)=2°m mf(l—s)g(l—s). (64)
From formula 63 [79,81],
F(s):2s’1n’%r(%) -1"(1;5). (65)

Making the transformation s — 1 — s in 65 gives [76,77]

r(l—s)zzsn%r(lgs> T(l—%). (66)

Now substituting 66 into 64 [78,80], it can be seen that

n—%r(%)g(s) = n—lzsr<1gs>§(1s). (67)
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Equation 67 is just the symmetric form of the Riemann zeta function’s functional equation, also
called the functional equation of the zeta function [79,81]. Through this transformation, we can study
the distribution of zeros of the zeta function more intuitively [76,77].

8.5. Distribution of Zeros of the Riemann Zeta Function

The reason mathematicians are passionate about studying the Riemann zeta function originates
from Euler’s product formula, which reveals the direct connection between the zeta function and the
distribution of all prime numbers [78,80].

8.5.1. Euler Product Formula

t
Proposition 8.6 (Euler Product Formula). Fors = o+ 6 € C,,

[e0] 1 1 -1
) =1 1 PEPrime( PS) (¢

where R(s) = o > 1. This formula is also called the Euler product formula [79,81].

Proof. Itis easy to see that when Re(s) = ¢ > 1, the series

ad 1 1
(p)'=14+=+ + -+ +..
n;(] $ peo(p)? (p°)"
converges [76,77]. Note that 1 i : = Z x". Thus, for X > 1, by the fundamental theorem of

arithmetic [78,80],

o (-3) - 1 (Lo

p<X,pEprime p<X,p€prime \n=0

thatis,

I (1—1)_1: I (1+1+@1)2+"-+@1),1+-~-)=Z,L+R<S;X>,

p<X,pEprime ps p<X,pEprime ps n<X
1 1 X 1 oy
where |R(s; X)| < Y |=| = ) e I [79,81]. Thus, as X — +oo,
n>X n>X

R(s; X) — 0, proving formula 68 [76,77]. O

Furthermore, formula 68 can be rewritten as

I (1—1> = g(ls) Re(s) > 1.

s
pEprime p

According to the convergence of infinite products (an infinite product [ (1 + a,) converges absolutely

n=1
(e}

if and only if the series Z a, converges absolutely) [78,80], since when Re(s) > 1, the series Z pls
n=1 14

1 1
converges absolutely, H (1 — S) converges, so ——~ < o, i.e.,
pEprime g(S)

Corollary 8.7. The function {(s) has no zeros when Re(s) > 1[79,81].
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8.5.2. Distribution of Zeros

From the symmetric form of the Riemann zeta function’s functional equation, i.e., Equation 67, it
can be defined that [76,77]

1 _s S
5(s) = 5s(s = )i (5)8(s), (69)
which means that
£(1—s) = &(s). (70)
Here note that F(%) has poles but no zeros , and s(s —1) = 0 < s = 0,1 [79,81]. However,
1
¢(1) =¢(0) = —¢(0) = 7 Therefore, from Equation 69 , the zeros of {(s) are precisely the zeros of

&(s) [76,771].
Furthermore, the trivial zeros of {(s) ats = —2n (n € Z™) are exactly the poles of 1"(% +1). Thus,

s = —2n (n € Z™) are not zeros of &(s) either [78,80]. In summary,

Corollary 8.8 (Non-Trivial Zeros). All non-trivial zeros of the function {(s) are precisely all the zeros of the
function &(s) [79,81].

Now let’s examine whether {(s) has zeros when R(s) = 1[76,77].

Proposition 8.9 (No Zeros on Re(s) = 1). Forallt € R, (1 + 1q) #01[78,80].

Proof. When R(s) = o > 1, taking logarithms on both sides of the Euler product formula 68 gives

[79,81]
logZ(s)=— ) log<1 - 15), s = t7~|—i£.
pEprime p q
e
Using the expansion of the logarithm —log(1 —z) = ) % [76,771,
k=1

ogels) = T i > z

pEprime m=

#mtlogp

Therefore, the real part of log {(s) is [78,80]

Rllogl(s)l = ¥ i
N

cos(mtlogp).

Thus, [79,81]
Rllog ¢ (o)] + 4% [bgé(cf + i;ﬂ +R {logé(a + 2i;>]

= Z Zp 3+4cos(mtlogp)+cos(2mtlogp)]

pEprime m=

Since [76,77]
2(1+cosf)? =3 +4cosf +cos(20) >0, HER,

(o)

it follows that [78,80]
4

¢(o)

§<a+2i;)‘ > 1. (71)
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t
Now assume there exists m = 6 € R such that (1 + is) = 0[79,81]. Then by the mean value

L R )
=

S Al(U_ 1)/

theorem ,

=|o—1] , 1<o<o

where A; is a constant depending only on t [76,77]. Similarly,

4 (7+2it> < Ap, where Ay is a

constant depending only on ¢ [78,80]. On the other hand, we know that {(s) has a simple poleato =1,
and its Laurent expansion around ¢ = 1is [79,81]

C(s):$+co+c1(a—1)+~--:%+g(0),

where ¢(0) is analytic at ¢ = 1 [76,77]. Hence, in some neighborhood of ¢ = 1, by the maximum

modulus principle in elliptic complex function theory, [g(s)| < Ap [78,80]. Thus, |{(0)] < % + Ap.

Therefore, [79,81]
t t
§<a—|—i> g(a—i—Zi)‘
q q

3
< lim (11 + A0> (Ar(c—1))4A; =0,

4
lim ¢ (o)

o1t

which contradicts formula 71 [76,77]. Hence, for all t € R, { (1 + i ;) #0[78,80]. O
From Proposition 8.9 , combined with formula 70 [79,81] , the following conclusion holds.

Corollary 8.10. All non-trivial zeros of the function {(s), i.e., all zeros of the function &(s), lie in the critical
1
strip 0 < R(s) < 1, and the zeros are symmetrically distributed about the point s = 5 [76,771.

Moreover , when $(s) > 1, it can be found that the series [78,80]

¢ 2) G = - 2780)

converges absolutely [79,81]. Therefore,

1 ) (_1)k+1 1
BT e Dy e A (72)

g(s)

On the other hand, by the Dirichlet test, #7(s) converges when R(s) = o > 0[76,77]. Thus, an expression
for {(s) on 0 < R(s) < 1, i.e., Formula 72 could be obtained[78,80].

9. Proof of the Riemann Hypothesis
In his 1859 paper "On the Number of Primes Less Than a Given Magnitude" , Riemann proposed

the Riemann Hypothesis in C : all non-trivial zeros of the function {(s) lie on the critical line R(s) = 5
[76,77]. Naturally, it could be conjectured that this proposition also holds in the elliptic complex
domain C, [78,80].
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According to the reflection principle for elliptic complex functions that f(z*) = (f(z))*, it can be
shown that {(s*) = ({(s))* [79,81]. Combined with the definition of the gamma function,

g(s™) = (8(s))" (73)

Thus, the following conclusion would be given [76,77].
1
Proposition 9.1 (Imaginary Part on Critical Line). Forallt € R, & (C (2 + 1;) ) =0/[78,80].

Proof. Combining formulas 73 and 70 [79,81],

Therefore the proposition is proved [76,77]. O

It is precisely because of Proposition 9.1 that we can determine the values of t by the sign changes

1 t 1
of ¢ <2 + iq) , i.e., determine the positions of non-trivial zeros on R(s) = 5 [78,80]. Furthermore, if

we define E(t) = §<; + zé) [79,81],

so-s(3-8) o (3-4)) s -=0

1 t
Thus, E(t) = & (2 + iq) is an even function of f [76,77]. Therefore, the zeros of the Riemann zeta

function on the critical line R(s) = 5 are symmetric about the X-axis. Generally, we only need to study
1
the upper half-plane s = 5 +i %, with t > 0 [78,80].
Having laid the groundwork, we proceed in this chapter to demonstrate the Riemann Hypothesis

by exploiting the inherent structure of the elliptic complex domain.

9.1. Mellin Transform on the Elliptic Complex Plane

The proof in this chapter requires the use of the Fourier transform and its "variant," the Mellin
transform [76,77].
From the Fourier series, we can easily obtain the Fourier integral formula in the elliptic complex

domain C, [78,80]
%/ {/ f(s)eiu‘fds] ¢ dew.

Thus, the Fourier transform in the elliptic complex domain is obtained [79,81] .

Definition 9.2 (Fourier Transform). If the function f satisfies the conditions of the Fourier integral theorem
on (—oo, +00), then the function

F(w) = /7 0; O (74)
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is called the Fourier transform of f(t), denoted by .Z (f(t)); and the function
Flt) = - / ¥ F(w)e' T dw (75)
- 271 J oo
is called the inverse Fourier transform of F(w), denoted by # 1 (F(w)), i.e., f(t) = FZ 1 (F(w)) [76,77].
Supposing s = ¢ — éw S W = i(s —¢),dw = éds [78,80]. Consequently ,

q
Fli(s — ¢)] = /_ °; o0 £(£)dt = /_ °:o et e F(1)]dt,

1 c+ico . eCt c+ioo
= (c=)tpli(s — _1 —StpPifa
f(#) 277 /Ciioo e Fli(s —c)]ds - /Ciioo e S'F[i(s — c)]ds.

Next, set t = Inx, dt = x~1dx [79,81]. It follows that

Fli(s — ¢)] = /0 ¥ 2 xf(Inx)]dx,

f(lnx) = q-x° /CHOo x°Fli(s — ¢)]ds.

27Ti —ioco
Now let g(x) = x “f(Inx) and G(s) = F[i(s — c)]. We obtain the formulas for the Mellin transform
and its inverse [76,77].

Definition 9.3 (Mellin Transform). Let s € C,. The function

G(s) = /Ooo ¥ g(x)dx

is called the Mellin transform of the function g(x), denoted by { Mg} (s). Correspondingly, the function

q c+ico *SG d
g0 =5 [ 2 G(s)ds

is called the inverse Mellin transform of the function G(s), denoted by { M~1G}(x), i.e., g(x) = {M~1G}(x)
[78,80]. Note that the real number c appears in the inverse transform formula; appropriate choice of ¢ can avoid
poles in the integration path [79,81].

9.2. An Equivalent Proposition of the Riemann Hypothesis

[e0]
Define the function i (x) = ) P [76,77]. It is easy to obtain that

n=1

2P(x) — xt =1 /%Hoo x‘sn_%r(g)g(s)ds.

1
2—100

Differentiating both sides with respect to x on it[78,80] ,

1 3 %Hm .11 s S
21/1’(x)+§x 2 :_21711'/;—100 x5 1§s7r ZF(E)g(s)ds.

Multiplying both sides by x3/2 and setting x = ¢ [79,81],

1 ptie g1 s
21/)'(@2”)63”+§ = —%/%_ioo et 1)Esn ZF(—)g(s)ds.
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Now differentiating both sides again with regard to u [76,77] ,
i re2uyBur 4 %Jrioo —u(s—1)

zdu [110 (e )e ] - 2711 %—ioo é(s)ds (76)

1
And lets = 5 + ét. Then Equation 76 can be transformed into [78,80]

i ! (2uN ,3uU 7u/2_i/oo —ut 1 1
zdu{lP(e )e}e =5- 7ooeq§2+qt dt
~—_—

¥ (u)

1 i
According to the previous content, we know that ¢ (2 + qt) must be a real-valued even function

[79,81]. As a result, in the above formula,

() = [ (@M )

must also be an even function [76,77].

Now let @ (u) = ) (2m?nte® — 37(11265”)6*””2@2“. Expanding formula 77 yields [78,80]

n=1

d 10 2uy sul,—us2 2 d [ _p2reni3u] —u/2

el = (=2 7[ n-e +u] u/

du|:l[)(€ )e }e ( nn)zdue e
n>1

= (—2n*m) }_(3— 27127162”)e_"z”EZHJ’E’”(E_”/2

n>1
—9 Z an 4,9u/2 3n2n65u/2>efn27re2”
n>1

Y(u) =

thatis, ¥(u) = 2® (%) , which shows that ®(u) is also an even function [79,81]. Therefore, combined

with the inverse Fourier transform formula 74 in the elliptic complex domain [76,77],
@’( t> = 4/ u e'iutdu = 8/ cos (ut)du = 16/ x) cos(2xt)dx.

Now define the function H(®,z) = / e‘D”ZQD(u) cos(zu)du [78,80]. Then it follows that
0

HO2) = 16 (5 + “q) 79)

Combining this with the properties of (s), we obtain an equivalent proposition of the Riemann
Hypothesis [79,81]:

Proposition 9.4 (Equivalent Form of the Riemann Hypothesis). The Riemann Hypothesis in the elliptic
complex domain C, holds if and only if all zeros of H(0,z) are real [76,77].

9.3. Correspondence of Zeros Between Complex Planes

Proposition 9.4 above suggests that we can discuss the real and imaginary parts of the zeros s of
¢(s) separately [78,80].

Consider the region of the critical strip R(s) € (0,1). Let A € (0,1) be a given constant [79,81].
Then formula 76 can be directly transformed into

d

! (L2u 3uT q Actieo
2 [/ (*)e™] =

*”(Sfl)g(s)ds.

271 JA—ioo
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Substituting s = A + ;t into the above formula [76,77],
d 1 At i i
2 ! (023t u(A-1) _ 7/ ut A+l ' 7
du{tp(e )e]e = A_iooeﬂ ¢ +qt dt (79)
%,_/
YA (u)

where , clearly, ¥2 (1) in this formula is no longer necessarily an even function [78,80]. From equation
79 combined with the inverse Fourier transform formula as seen in 75,

f;(A n ;t) - 2/ 8 (u)e T du. (80)
Define the functions [79,81]

R} @, z) :/ @A (11) cos(zu)du
and o
*@,z) :/ @ A (11) sin (zu)du.

—00

According to equation 80 [76,77],
A 1 iz
R(0,z) = Eé A+— )+
1
A - -
17(0,2) = 5

Thus, [78,80] . ‘
C(A + Zz) = RB(0,2) + - - 12(0, 2). (81)
q q
When z is a fixed real number, the functions R*(0,z) and (0, z) have the same values on any
two complex planes C,, and C,,, because at this point R*(0,z) and I*(0, z) are both real functions
[79,81]. .
On the other hand, assuming z is real, { (A + ;z) already accounts for all cases in the region

R(s) € (0,1) of the complex plane [76,77]. Therefore, we have the following conclusion.

Proposition 9.5 (Correspondence of Zeros). (1)  The zeros of the function {(s) on any two complex planes
Cy, and C,, are in one-to-one correspondence [78,80];

(2)  LetAdy=—qand Ay = —q3. If s = A+ qiz (with z real) is a zero of the function {(s) on the complex
1

plane C,,, then s’ = A + qiz must be a zero of the function §(s) on the complex plane C,, [79,81].
2

1
Based on Proposition 9.5, if we set A = 3 + Rcosf and z = Rsinf, where R > 0, then

1 i 0 1 i
s=5 4+ Re'n and s’ = 5 + Re'%2 [76,77]. According to the definition of a normal ellipse, we have the

following conclusion.

Corollary 9.6 (Elliptic Correspondence). If a zero of the function &(s) on the complex plane C,, lies on a

1
normal ellipse centered at s = 5 with principal radius R > 0, then its corresponding zero on the complex plane

1
C,\, also lies on a normal ellipse centered at s = 5 with principal radius R [78,80].
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9.4. Final Proof

In what follows, recourse is had to proof by contradiction, a method readily accessible to the
general reader [79,81]. Assume the Riemann Hypothesis is false, i.e., on the circular complex plane C,

1
the zeta function has a non-trivial zero not on the critical line £(s) = 3 [76,77].

Y

Figure 7. The correspondence of zeros of {(s) between elliptic complex planes.

1 .
According to Lemma 8.10 , assume this zero is s = 5 + Re'*. Then, by Proposition 9.5 and

1 .
Corollary 9.6, the zeta function has a corresponding zero s’ = 5 + Re®/7 on the complex plane C, ,

where A = —¢? [78,80].

Let the angle corresponding to "a" on the complex plane C, in the ordinary geometric sense be

tan
q

B [79,81]. Returning to Proposition 2.12, it is easy to see that tana = as shown in Figure 7 .

Therefore, as A — 0,

tana = lim tan p = 0. (82)
=0 g

It should be noted that as A — 07, the corresponding zeros tend to infinity away from the X -axis by
Proposition 9.5, i.e., B — 71/2 , which implies tan § — oo .
Equation 82 means that the angle « corresponding to the zero s on the complex plane C should

be ig , that is, this zero should lie on the critical line R (s) = % [78,80]. This contradicts the initial
assumption.

Thus, the Riemann Hypothesis is correct [79,81]. In fact, according to the above derivation, the
Riemann Hypothesis holds on all complex planes C, [76,77].

To summarize, in conjunction with Theorem 1.1, the following result is established.
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Theorem 9.7. On the complex planes C , if we define N(T) as the number of non-trivial zeros of (s) with

0 < Im(s) < T, and No(T) as the number of non-trivial zeros of {(s) on the critical line R(s) = % with

0<Im(s) <T,then
T) = N(T T e LT
No(T) = N(T) > log2 o (83)

in which q is subject to the condition A = —q? .
The result regarding the order appearing in Formula 83 may also be established via alternative
methods of greater rigor.

10. Proof of the Generalized Riemann Hypothesis

Dirichlet functions are generalizations of the Riemann zeta function, and the distribution of zeros
of Dirichlet functions is a generalization of the Riemann Hypothesis, which we call the Generalized
Riemann Hypothesis [76,77].

Around 1735, Euler discovered the formula [78,80]

1 1 1 1 1 2
1+272+372+472+572+‘“+ﬁ+.”:7' (84)

In 1673, Leibniz obtained [79,81]

1 1 1 1 —1)n+1
1—7+f——+——---+( )

7T
3'5 79 m+l T (85)

Subsequently, mathematicians successively discovered [76,77]

1,1, 1,1 1 i
T4 — 4 —  — e =
+24+34+44+54+ +n4+ 90’ (86)
1 1 1 1 (—1)n+1 3
1o b — — — ey~ = 7
33+53 73+93 +(2n—|—1)3+ 32’ ®7)
11 1 1 1 1 1 s
=2 Ti 5 7 8 0 T T3 (88)
and the Dirichlet formula [78,80]
1 1 1 1 1 1 1 _ log(1+2)
3 st7ton BTt T T 2 (89)
=1
In fact, according to the definition of the Riemann zeta function {(s) = ) il equations 84
n=1
2
and 86 correspond to {(2) = % and ((4) = 0 respectively, while the other series belong to special

Dirichlet series [79,81].

10.1. Dirichlet Functions and Dirichlet Characters

To consider other series, we introduce Dirichlet characters [76,77]. Noting that the residue classes
modulo m
L =7/mZ=1{1,2,3,...,m—1}

form a ring, and the set of multiplicative invertible elements [78,80]
2y, =Z/mz) ={a|(am)=11<a<m-—1}

forms a multiplicative group of order ¢(m) , the following definition could be established [79,81].
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Definition 10.1 (Dirichlet Character). Let x : Zy, — C3 be a group homomorphism satisfying the multiplica-
tive property

x(@ab) = x(a)x(b), Va,be Z,.
Then x is called a Dirichlet character modulo m [76,77]. For convenience, x can also be denoted as x(n;m).
Furthermore, define

L =3 A ) = x(mm) )

n=1

as the Dirichlet function associated with the character x [78,80].

Since Z, does not contain elements not coprime to m , it always holds that x(n) = x(n;m) =0
while (1,m) > 1[79,81].

On the other hand, because x(1) = x(1 x 1) = x(1)x(1) and x(1) # 0, there invariably holds the
identity x(1) = 1.

Let x be a Dirichlet character modulo n. When (1, m) = 1,, n#(") =1 (mod ) due to Euler’s
theorem [76,77]. Owing to periodicity and complete multiplicativity,

1= x(m?™) = [x(m)*™,  (n,m) = 1.

Thus |x(n)| = 1 when (n,m) = 1, which means that the values of the character x are all ¢(m)-th
roots of unity [78,80]. Consequently, x(—1) = 1. If x(—1) = 1, then yx is called an even character; if
x(—=1) = —1, then x is called an odd character [79,81].

Now re-examining the previous series, we find that the Dirichlet functions corresponding to
formulas 85 and 87 are associated with the Dirichlet character modulo 4 [76,77] as

x:Z; ={1,3} = Cj,
x(1,4) =1, x(3,4)=-1.

3
Therefore , it implies that L(1, x) = % for x = x(n;4) and L(3,x) = % for x = x(n;4) [78,80]. Here
we can seen that x(3,4) = x(—1,4) = —1, so x is an odd character [79,81].
The Dirichlet function corresponding to formula 88 is associated with the Dirichlet character
modulo 3 [76,77] like
x:75={12} - C3,

x(1,3) =1, x(2,3)=-1.

Consequently , we have L(1, x) = 3\% with x = x(n;3) [78,80]. And x is also an odd character in
view of that x(2,3) = x(—1,3) = —1[79,81].

The Dirichlet function corresponding to formula 89 is associated with the Dirichlet character
modulo 8 [76,77] in accordance with

X:Zs=1{1,3,57} — Cj,

log(1+ v/2)

Accordingly, it leads to that L(1, x) = 5

for x = x(n;8) [78,80]. In light of that x(7,8) =
x(—1,8) =1, x is an even character [79,81].

Summarizing the above analysis , the following conclusion is reached [76,77] .

Corollary 10.2 (Properties of Dirichlet Characters). Let t > 1 be a positive integer. The arithmetic function
x(n) = x(n; t) satisfies the following properties [78,80]:
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(1)  When (n,t) > 1, x(n) =0;
(2)  Periodicity: For any integer n, x(n +t) = x(n);
(3)  Complete multiplicativity: For any integers m,n, x(mn) = x(m)x(n).

Given that x(n) is a root of unity, the inverse of the character x is given by x !(n) = [x(n)] ™' =

x(n) [79,81]. As a result, the inverse character x ~! can usually be written directly as X and is called
the conjugate character of x [76,77]. What is more ,

Definition 10.3 (Principal Character). If x(n) = 1 for all n with (n,t) = 1, then x is called the principal
character (or trivial character), denoted by xo(n). That is,

Xo(n) = xo(n;t) = {

All other characters are called non-trivial characters. If the character values are real, it is called a real character;
otherwise, it is called a complex character [78,80].

Obviously, when t = 1, there is only one character, namely the principal character: xo(1;1) =1
[79,81].
When t = 2, since Z; = {1}, there is also only one character, namely the principal character

1, 2¢n | _
Xo(1n;2) = ie., xo(1;2) =11[76,77].
0, 2|n

When t = 3, since Z§ = {1,2} = {£1}, and x(—1) = =£1, we have the principal character
x0(1;3) = x0(1;3) = 1 and the real character x1(1;3) = xo(—1;3) = —1[78,80].
When t > 4, complex characters may appear [79,81]. For example, it could be shown that

x(2;5) = é, x(3;5) = —é [76,77]. Specifically, x(n;5) has the following characters.

(1)  Principal (trivial) character: xo(1) =1, xo(2) =1, x0(3) =1, xo(4) = 1;
(2)  Complex character (also odd character): x;(1) =1, x1(2) = ;, x103) = —%, x1(4) = —1;
(3)  Real character (also even character): x2(1) =1, x2(2) = —%, x2(3) = -1, x2(4) = 1;

(4)  Complex character (also odd character): x3(1) =1, x3(2) = —é, x3(3) = é, x3(4) = —1.

Several other properties of Dirichlet characters are also very important [78,80].

Corollary 10.4 (Additional Properties). (1)  From x(0) = x(tm) = x(t)x(m) = x(0)x(m), it is clear
that x(0)(1 — x(m)) = 0, which shows that x(0) = 0 if x is not identically 1[79,81] .

(2)  Ifged(k,t) =1, then x(k;t) # 0. This stems from the fact that there exist integers x,y such that
xk+yt = 1if ged(k,t) = 1, which means that 1 = x(1) = x(xk +yt) = x(x)x(k). By the
divisibility property of elliptic complex numbers , it follows that x (k) # 0[76,77].

10.2. Analytic Continuation of Dirichlet Functions
10.2.1. Gauss Sums on the Elliptic Complex Plane

It is easy to see that the n-th roots of unity on the complex plane C, are [78,80]

i2kr 2k j 2k
wp=e 7 = <cosn+lsinn>, k=0,1,...,n—1,
n q n

and the conjugate of wy is wy = w,_ [79,81].
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i
Lete(x) := exp = ¢ ) be a function on the complex plane C,. From the properties of roots of

unity on C, [76,77],

h, h
L e<kn> - . 91)
keZy h 0, otherwise

Furthermore, define the Gauss sum for a character x(mod h) on the complex plane C, as [78,80]

= )2 x(k) ( ) (92)

kGZh

which means that multiplying x by the Gauss sum yields [79,81]

XG0 = T e ) = T xtme(§):

keZy, meZLy
If ged(n, h) = 1, then nZy, = Zy, so [76,77]
G x) = x(n)G(L; x). (93)

Therefore, combining formulas 91 and 93 , it holds that [78,80]

G(LxY)|*=G e;k
6052 = EERIGW) = T X6 ie( 5 )

SR < ) 2 ()
= 2 x(m) ) e(k(mhl)) =x(1) Y 1=n,

kEZh

ie.,

G(1;x) = Vh. (94)

Now we can use Gauss sums to perform analytic continuation of Dirichlet functions [79,81].

10.2.2. Two Lemmas

Let x (modh) be a character on the complex plane C,. Corresponding to the parity of the character,

define [76,77]
0, x(-1)=1
e(x) = { A=D=1 (95)

Let Tr(s) = /2T (s/2), and define the completed Dirichlet function [78,80]

L(s, x) = h2Tr(s +€(x))L(s, x)- (96)

Clearly, L(s, x) eliminates the influence of the trivial zeros of Dirichlet functions; the zeros of L(s, x)
are precisely the non-trivial zeros of Dirichlet functions [79,81].

To obtain the symmetric functional equation for Dirichlet functions, appeal is made to the follow-
ing propositions as preparation [76,77] .

Lemma 10.5 (Theta Function Transformation). Define the function

0(x,a) = ) e~ (ntaymx -y 5 0 (97)

n=-—oo
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Then

1 _ = 77'(xn2+Mnu
9<x,a> =Vx Y e g " (98)

n—=—oo

In particular, the result is 6 (%) = /x0(x) while a = 0, where 0(x) = 6(x,0) [78,80].

Proof. Consider the function f(u) = exp(—%(u + a)2>, and set u +a = xy. Then the Fourier
transform of f(u) is [79,81]

o 27
g(v) = /_Oo exp(—g(u +a)2)e_7m’du
_ xefnxszrszva /0o efnx(erév)zdy‘

Another application of the Cauchy integral theorem leads to [76,77],

/oo e—nx(y+iv)2dy — /oo e—nxy2dy _ L

vea
_ 2y 2mi
Hence, g(v) = v/xe TS Now, by the Poisson summation formula [78,80],
1 ) - oo %) _ 2, omi
9(}/1/1) _ Z e—(n—l-a)Z; _ Z g(ﬂ):\/} Z e TTxnS+ 5 na,
n=—oo n=—o0 n=—oo

which proves the proposition [79,81]. [

Theorem 10.6 (Functional Equations for Theta Series). Let x be a primitive character modulo h on the
complex plane C,. When x(—1) = 1, define

[e9)

P = Y x(me
when x(—1) = —1, define
o) = ), mx(m)e "N,
It follows that [76,77]
v(30) =70 (3) v, 99)
1 i X\ 2 .
¢(;,x) == 700x(3) o 1), (100)

where T(x) = G(1; x) [78,801.

Proof. According to Lemma 10.5 [79,81],

B(hx,%)z i ef(nh+m)27tx/h'

n=—oo

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

doi:10.20944/preprints202603.0383.v1


https://doi.org/10.20944/preprints202603.0383.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 March 2026 d0i:10.20944/preprints202603.0383.v1

92 of 105

Accordingly , by virtue of formula 93[76,77] ,

1 h h m U M me? | o
‘P(;"C): <’">'9<z'z>=”/h2x<m>ze e

=1 m=1 m=1

— (%)% nin(n;)() exp(— na;ln2>
_ (%) G(1;x) n;ioo;—((n)exp(_m]i#)
X

= (5) w09 ),

NI=

Nl=

thus obtaining formula 99 [78,80].
Differentiating both sides of formula 98 with respect to a yields [79,81]

i (n+a) exp(—M) = —éx

n=—o0 x

NI

(e .
2, 2mi

—7TXn-—+ na

E ne q .

n—=—oo

Therefore, [76,77]

o(50) =1 Lo £ (1) ew (w5 (1+5)))

|=—00

:_ix(%)% i G(l;x)leXP<_ﬂle>

q |=—0c0

1

i X\ 2 —
=~ Gwx(3) o).
Hence formula 100 follows [78,80]. O

For positive integers m , there follows x(—m) = x(—1)x(m) = x(m) when x(—1) = 1, and
(—m)x(—m) = my(m) when x(—1) = —1[79,81]. Therefore , owing to x(0) = 0,

P = Y x(me " = 2 x), (101)
m=1

P10 = Y mrlmye " = 2o, x). (102
m=1

Now recourse is had to these conclusions for deriving the functional equation for Dirichlet
functions [76,77].

10.2.3. Symmetric Functional Equation and Zero Distribution of Dirichlet Functions

In correspondence, the following conclusion is reached.

Theorem 10.7 (Functional Equation for Dirichlet Functions). Dirichlet functions can be analytically
continued to the entire complex plane and satisfy the functional equation [78,80]

L(s,x) =W(x)L(1—s,%), (103)
where (1)
Wix) = —X
DN

is a complex number of absolute value 1 [79,81].
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Proof. (1) When x(—1) = 1, using the Laplace transform of power series as seen in Definition 7.18 ,

/oo xz—le—(ﬂxdx _ F<Z)
0 @*

Setting z = s/2 and @ = 7tn?/h[78,80],

*© s/2—1 —mn2x/h _ r(S/Z)
/0 X e dx = —(mﬂ/h)s/z'

So ccording to formula 101 [79,81],

/0°° 1 (x, x)x¥> dx = i x(n) /Ooo o PTx /s /2-1 4y
_ i x(n) T(s/2)

ns (/h)s/2 -

L(s, x)T(s/2)r~/2ns/2,
By the definition of L(s, x) as given in Equation 103,

L(s,x) = % /Ooo P(x, x)x/ > 1dx. (104)

Therefore, [78,80]

=~ 1 /1 s_ 1 [ E
L(s,x) = E/O P(x, x)x2 1dx—|-§/1 P(x, x)x2 ldx

_ 1 ®© 1 _5_1 1 1 1 _§_1
_E/l gb(;,)()x 2 dx—i—i/o l,b(;,)()x 27 dx
= %G(l;)()h_lm/ lp(x,)_()x%_ldx.

0

Thus [76,77],
G(Lx)
Vh

(2)  When x(—1) = —1, supposing that z = (s + 1) /2 and @ = 7tn?/h [78,80]

i(SIX) = i(l_le)’

s+1
/oo x(s+1)/2—1e—rm2x/hdx — r( 2 )
0 (7'[112/11)(54'1)/2‘

Hence with the definition of Equation 102 [79,81],

/oo ¢1(X,X)x(s+1)/2_ldx _ i nx(n) /oo P /(5 /271 g
0 n=1 0

(3

— x(n)
ngll ns (n/h)(sﬂ)/z
hl/zL(s,x)l"(s *2“ 1 > (54172 (s+1) /2

= hl/zﬁ(s,)(),

Consequently , pursuant to formula 102 [76,77],

L) = g2 [ ol a2 dx, (105)
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Combining with formula 100 [78,80],
1 )
L(s,x) = %h—l/Z/ ¢(x,x)x(5+1)/2‘1dx+%h‘“z/ o (x, x)xTD/271 gy
0 1
= %hil/z /OO‘P(x*l,X)x*(SH)/z*ldx + %h71/2 /1 P(x71, x)x(FD/2- gy
1 0

— —;h_1/2;G(1;X)h_1/2/ ¢(x,X)x_5/2dx,
0

thatis,
. G(1,x)» -
L(s,x) = — L(1—s,7%).
Vh
In summary, the proposition is proved [76,77].
O

It can be seen that , in sight of that the function I'(s) only has simple polesats = —k,k =0,1,2,- -
, the function L(s, x) corresponding to a primitive character modulo / > 3 has trivial simple zeros at
s=—[2k+¢€(x)],k=0,1,2,- - - according to formula 96 [78,80].

Owing to the fact that [W(x)| = 1, it given that W= (x) = W(x). Thus, making the substitutions
s =+ 1—sand y — x in formula 103 yields [79,81]

L =s7%) = WELsx) =W (X)L x),
which also gives formula 103 , showing that the function L(s, x) is invariant under the substitutions
s—1—sand x — X [76,77].
On the other hand , because [78,80]

) L(b+itx) - (L(+it))

a

1
Im [L(z +it, x

2i
IZ(% +zt,)() - IZ(% — zt,x)
- 2i
(3 +itx) - L(1+itX)
B 2i '

~(1 .t
the function L 5 +i—,x | is a real function if and only if x is a real character [79,81]. In this case,

~ (1 t . (1 t
L( —i,)() = L< —l—i,)().
q 2 q
There follows the conclusion below[76,77] .

Proposition 10.8 (Properties for Real Characters). When x is a real character [78,80],

R 1
(1)  The zeros of the function L(s, x) are symmetric about the point s = >

Al
(2)  The function L (2 +1i 2, X) is a real-valued even function.

Further, pursuant to the conclusion previously set forth in Proposition 2.23 , the following is
established [78,80] .

Proposition 10.9 (Symmetry in the Limit). As A — 0, the zeros of the function L(s, x) on the complex plane
1 . .
C, are symmetric about the point s = 5 ie,L(1—s,x)=L(s x)[79,81].
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For convenience in the following operations, when x(—1) = —1, define &(s, x) = h*/2L(s, x)
[76,77].

10.3. An Equivalent Proposition of the Generalized Riemann Hypothesis

In the following, unless otherwise specified, we assume that x (mod#h) is a character on the elliptic

t
complex domain C), where h > 3,1 = —¢?,and s = ¢ + 1; €C,.

10.3.1. For a Real Character

When y is a real character, Two cases are to be considered, namely odd character and even
character[79,81].

(1) Whenx(—1)=1.
According to equation 104 [76,77],

1 [e9) oo
B2 82T (s /2) L(s, x) = 5/ P(x, x)x*/ > 1dx = / P(x2, x)xs " 1dw. (106)
0 0
It is easy to see that formula 106 is exactly in the form of a Mellin transform [78,80], i.e.,
1252 (s /2)L(s, x) = {Myp (3%, x)}(5)-

Therefore, for all ¢ > 1 which is ensured that R(s) lies to the right of all poles of the integrand ,
using the inversion formula for the Mellin transform as given in Definition 9.3 , it follows that
[79,81]
1iico
p(x%x) = A2 W2 =3/2T (s /2)L(s, x)x°ds.

27‘[1 %—ioo

Consider the case where x = xj is the trivial character [76,77]. Since the residue of the integrand

-1
ats = 1is 7 V/2T <;> % = x(pl(h) , now shifting the integration path to the left and applying
the Cauchy integral theorem and residue theorem in the elliptic complex domain [78,80] ,
1 1/24+ic0
2 _ 9 / s/2_—s/2 —s
x°, - = W e I'(s/2)L(s, xo)x °ds. 107
l/)( XO) X(P(h) 2711 J1/2—ico ( / ) ( XO) ( )

Consider the case where yx is a non-trivial character [79,81]. Since the integrand has no poles for
Re(s) > 0, we can directly shift the integration path to the left to obtain
% +ico

w(x%x) = ZLm L W2 =s/2T (s /2)L(s, x)x°ds. (108)
5 —ioo

Now making the substitution x? = xin 107 [76,77],

-1/2 1/2+ic0

X S —S —S
P(x, x0) — o) = %/1/2400 W2 =5/2T (s /2) L(s, x0)x~*/2ds; (109)

By means of the substitution x — ¢* in 108 [78,80] ,

1ico
1/)(62”,)() _ 9 [z hS/zn*S/ZF(s/Z)L(s,X)e*”sds- (110)

27 J1ieo
Differentiating both sides of 109 with respect to x [79,81] ,

x—3/2

1/2+ic0 s B
lp/(x/XO)_l_ 2([)(h> = _zini/l/z_ioo Esx 2 1h5/27-( S/ZF(S/Z)L(S,Xo)dS,
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Multiplying both sides by x3/2 and setting x = ¢?* [76,77],

1 3+ico 1. s ;
o2\ 3u __ 1 —u(s=1) 2 psepiT( S
P’ (e”™, xo)e -1-24)(;1) 27Ti/%—ioo e 2hzsn zF(Z)L(s,Xo)ds.

Again differentiating both sides with respect to u[78,80] , it given that

1 tico
@ x0)e) = 5L [7 e e (s, xo)ds, (111)

27Tl %—ioo

where ¢(s, x s(s —1)L(s, x0) [79,81].

Now set s = t. Then 111 and 110 can be transformed into [76,77]

Q|N.I\JID—\

0) =
1,
2
d u W 1 [ iy 1
v e et = o [T (G o at (12

¥ (u,x0)

1 f®° _iy. (1 i
2u u/2 _ 1 i o e
P(e™, x)e 5 /_ooe L(2 o+ qt,x) dt. (113)
Y1(5.x)
1 ~(1 .t
According to Proposition 10.8 , ¢ - + ZEI Xo ) and L 3 + za, X | must be real-valued even
functions [78,80]. From Equation 112 consequently ,
d /(,2u 3uy,—u/2
F(u x0) = 3 [¥' (e xo)e™ e (114)
must also be an even function [79,81].
Now define ®(u,h) = Y (2m?n*e® /h — 3rn?e™ )e ™ M /h 176,77]. Expanding Equation 114

n>1

yields

¥(u,x0) = (—2n%7) ¥ % [emoine ] g2

nez;
_ (—ann) Z (3 . 2n27.[62u/h>efn27rez"/h+3uefu/2
nez;
—2 ¥ (2n2n4e9”/2/h _ 3n2ne5u/2)e—n2n62”/h
neZy
u
=22(3h).

which shows that ®(u, &) is also an even function [78,80]. Thus combined with the inverse
Fourier transform formula in the elliptic complex domain [79,81] ,

Q‘(; t)m) = 2/ equtdu —4/ cos(ut)d

= 8/ (x,h) cos(2xt)du.

Define the function H(®, z) = / ew”ZCD(u, h) cos(zu)du, [76,77]. Then it follows that
0

HO.2) = g2 (3 50
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Thus, combining with the properties of (s, xo), we obtain [78,80]:

Proposition 10.10 (Equivalent Form of GRH for Trivial Character). The Generalized Riemann
Hypothesis corresponding to the trivial character x¢ on the elliptic complex domain C, holds if and only
if all zeros of H(0, z) are real [79,81].

Similarly, from Equation 113 , when x is a non-trivial character [76,77],

‘Pl( ) lp(eZu u/2 Z X(” —n2e® /h4-u/2

n=-—oo

is also an even function [78,80]. Therefore, combined with the inverse Fourier transform formula
in the elliptic complex domain[79,81] ,

i(; + ;t,x> = /j:o ¥ (%,X)eé”tdu = 2/0Oo Y1 (g,)() cos(ut)du

= 4/ Y1(u, x) cos(2xt)du.
0

Define the function Ty (@, z) = / e‘””Z‘I’l (u, x) cos(zu)du [76,77]. It can be seen that
0

1./1 iz

Thus, combining with the properties of L(s, x) [78,80] , there follows the conclusion below.

Proposition 10.11 (Equivalent Form for Non-Trivial Even Character). The Generalized Riemann
Hypothesis corresponding to a non-trivial real character x with x(—1) = 1 on the elliptic complex
domain C) holds if and only if all zeros of T 1) (0, z) are real [79,81].

(2) Whenx(-1)=-1.
Similarly, when x(—1) = —1, according to formula 105, it is concluded that [76,77]

hs/zrr(SH)/zl"(S’_lz_l)L(s,)() = %/ d(x, x)xHD/271qy = / o (x?, x)x*du. (115)
0 0
Using a similar method, formula 115 is exactly in the form of a Mellin transform [78,80], i.e.,
K 2T (s/2) L(s — 1, x) = {M¢p(x%, x)}(s)-

Owing to the fact that the integrand has no poles for R(s) > 0, using the inversion formula for
the Mellin transform and shifting the integration path to the left [79,81],

%+ioo
P(x%x) = Zm/ B ns/20(s/2)L(s — 1, x)x~°ds.
’7100

Making the substitution x — ¢* in the above formula[76,77],

%Jrioo

p(e?, x) = zim/l l_ W7 L(s—1,x)e "ds. (116)
5—ico
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Nowsets —1 = 5 + ;t. Then the above formula can be transformed into [78,80]
1 /> _i 1 i
2u 3u/2 _ a2 2
P(e™, x)e zn/_we §<2+qt,x)ds.

Clearly, when y is a real character, the function [79,81]
u — 2u 3u/2 _ - —n?e? /h4-3u/2
¥2(3:%) =90 =} nx(me

is an even function [76,77]. Therefore, combined with the inverse Fourier transform formula in
the elliptic complex domain [78,80] ,

5(; + ;bX) — /_0:0 Tz(%,x)eéutd” = 2/0Oo ‘I’z(g,x) cos(ut)du

= 4/ Y, (u, x) cos(2xt)du.
0

Define the function T(_y(@,z) = /0 "%, (u, ) cos(zu)du [79,81]. Hence it is given that

1,/1 iz
T(—1)(0,z) = 4€<2 + ZL]'X>'
Thus, combining with the properties of &(s, x), The conclusion below is justified[76,77] .

Proposition 10.12 (Equivalent Form of GRH for Non-Trivial Odd Character). Let x be a primitive
character modulo h > 3 on the complex domain C, with x(—1) = —1. Then the corresponding
Generalized Riemann Hypothesis holds if and only if all zeros of T(_1(0, z) are real [78,80].

10.3.2. For a Complex Character
When y is a complex character, the corresponding ¥4 (g, )() and ¥, (%, X) are no longer even

1
functions. Therefore, we cannot simply consider the critical line R(s) = 5 but must consider the
critical strip R(s) € (0,1).

10.4. Correspondence of Zeros between Different Complex Planes

As stated in Proposition 10.8 , consider the region of the critical strip R(s) € (0,1) . Let A € (0,1)
be a given constant. Two cases are also divided for discussion [79,81] .

10.4.1. For a Real Character
When Y is a real character, formulas 111, 110, and 116 can be directly transformed into [76,77]

d A+ioco o
a[‘/’/(ezu,)(o)eau] = % e uls=D (s, xo)ds (117)

corresponding to the case of the trivial character xo ,

(e, x) = g [ L(s, x)e *ds (118)
’ 27 Ja—ico

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.0383.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 March 2026 d0i:10.20944/preprints202603.0383.v1

99 of 105
with regard to the case of a non-trivial real character with x(—1) =1, and
(%) = 5 / TR s - 100 d (119)
PN = o A—ico T Ne e
as regards the case of a non-trivial real character with x(—1) = —1.
(1) Whenx(-1)=1.
Setting s = A + ét in 117 and 118 , it is given that [76,77]
4 {4”(62” XO)e?’”} pu(a-1) — 1 /oo eﬁ'”té A+ ft Xo |ds, (120)
du ’ 2 q
(u.x0)
(e, x)e'd = 1 / e 1L (A + it, X) ds. (121)
N—_———— 27T J—oo q
¥ (5x)

Clearly, the functions ¥2(, xo) and ¥ (1, x) are no longer necessarily even functions [78,80].
From equation 120 , combined with the inverse Fourier transform formula in the elliptic complex
domain [79,81],

g‘(A—F;t,Xo) = l ( ,Xo “du —2/ (u,x0) e”l (Zt)du.

Define the functions [76,77]

R(Ao) (@,z) = /_O:o €w”2‘I’A(u,X0) cos(zu)du,

I(A())(@,Z) = [mew“Z‘FA(u,xo)sin(zu)du.

Then it follows that[78,80]

0= (o £) o Gu) oo+ )]
o= (o ) o~ )=o)

which leads to that ) )
1 1
g(A T Xo) = Ry (0,2) + . I{(0,2) (122)

When z is a fixed real number, the functions R(AO) (0,z) and I (A)( z) have the same values on

any two complex planes C), and C,,, because at this point R(A )( z) and I (O z) are both real
functions according to their definitions [76,77].

On the other hand, assuming z is real, ¢ (A + éz, X0> already accounts for all cases in the
region R(s) € (0,1) of the complex plane [78,80].

Therefore, the following conclusion follows from the above analysis.

Proposition 10.13 (Correspondence for Trivial Character). (1)  The zeros of the function ¢ (s, Xo)
on any two complex planes C) and C), are in one-to-one correspondence [76,77];
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(b))  LetAy=—giand Ay = —q3. Ifs = A+ qiz (with z real) is a zero of the function (s, xo) on
1

the complex plane C,, then s’ = A + L2 must be a zero of the function &(s, xo) on the complex

q2
plane C,, [78,80].

1
Based on Proposition 10.13 , combined with Proposition 10.8 , if we set A = 5 + Rcos 6 and

1 XA 1 i £
z = Rsinf, where R > 0, then s = 5 +Re'n and s’ = 5 + Re'™ [79,81]. According to the
definition of a normal ellipse, the following conclusion is drawn [76,77].

Corollary 10.14 (Elliptic Correspondence for Trivial Character). If a zero of the function &(s, xo)
on the complex plane C) lies on a normal ellipse centered at s = % with principal radius R > 0, then

1
its corresponding zero on the complex plane C,, also lies on a normal ellipse centered at s = 5 with
principal radius R [78,80].

Using the same method, based on equation 121, define the functions [79,81]

R(Al)(co,z) = /oo ew“2‘1’f(u,;()cos(zu)du, I(Al)(co,z) = /OO e‘””z‘I’lA(u,)() sin(zu)du,

Then it is given that

. i i
Lla+ —z ):RA 0,z)+ - -I12.(0,2).
( 27X 1)(0,2) p 1)(0,2)

The following conclusion has also been reached[78,80].

Proposition 10.15 (Correspondence for Even Non-Trivial Characters). When x(—1) = 1[79,81],

(a)  The zeros of the function L(s, x) on any two complex planes C,, and C,, are in one-to-one
correspondence [76,77];

(b) LetAy = —qand Ay = —q3. Ifs = A+ qiz (with z real) is a zero of the function L(s, x) on
1

the complex plane C,, then s’ = A + qiz must be a zero of the function L(s, x) on the complex
2

plane C,, [78,80].

Of course, a conclusion similar to Corollary 10.14 also holds for L(s, x) when x is an even
character.
(2) Whenyx(-1)=-1.

When x(—1) = —1, setting s — 1 = A + ét in 119[76,77],

4)(€2u,)(>€u(A+l) — % /oo e—é‘utg <A + 1t, X> ds. (123)
——————/™ ™ -
¥2(3x) ‘7

Using the same method, based on equation 123, define the functions [78,80]

R(A_l)(w,z) :/ e A (1, x) cos(zu)du, I(A_l)(a),z) :/ e A (1, x) sin(zu)du,

Then [79,81]

i i
g(A + zqz,)() =R{ 4)(0,2) + . 10 1)(0,2).

The following conclusion has also been reached [76,77].
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Proposition 10.16 (Correspondence for Odd Non-Trivial Characters). When x(—1) = —1[78,80],
(a)  The zeros of the function (s, x) on any two complex planes C,, and C,, are in one-to-one
correspondence [79,81];

(b))  Let Ay = —qiand Ay = —q3. If s = A+ qiz (with z real) is a zero of the function &(s, x) on
1

the complex plane C,, then s’ = A + qiz must be a zero of the function (s, x) on the complex
2
plane C,, [76,77].

Of course, a conclusion similar to Corollary 10.14 also holds for (s, x) when x is an odd character
[78,80].

10.4.2. For a Complex Character
When y is a complex character on the complex plane C) with A = —g?, it can be expressed in the
form cos 6 + ! sin 6 since y is a root of unity [79,81]. Combined with the definitions of the functions

¥(x, x) and ¢(x, x), and the forms of the functions ¥4 (u, x) and ¥2 (1, x), the following conclusion

can also be drawn.

When y is a complex character , the functions Rﬁ.) (0,z) and I é) (0,z) (for i = +1) are complex-
valued functions if z is a fixed real number . However, their real parts have the same value on two
different complex planes, and their imaginary parts are proportional on two different complex planes
[78,80].

This proportionality constant is easy to determine, but it is not necessary to know its specific
value because we only care about zeros. If the functions R(Ai) (0,z) and I 6.) (0,z) are zero on one complex
plane C, , they are also zero on another complex plane C,, [79,81].

Furthermore, The following conclusion is also drawn.

Proposition 10.17 (Correspondence for Complex Characters). When x is a complex character [78,80],

(1) The zeros of the function L(s, x) (or &(s, x)) on any two complex planes C,, and C,, are in one-to-one
correspondence [79,81];

(2)  LetAd=—qiand Ay = —q5. Ifs = A+ qiz (with z real) is a zero of the function L(s, x) (or &(s, x))
1

on the complex plane C,, then s’ = A + qiz must be a zero of the function L(s, x) (or &(s, x)) on the
2
complex plane C,, [76,77].

Of course, a conclusion similar to Corollary 10.14 also holds when y is a complex character [78,80].
In fact, according to Propositions 10.9 and 10.17 , the following conclusion can be obtained.

Corollary 10.18 (Symmetry for Complex Characters). When yx is a complex character, the zeros of the
A 1
function L(s, x) (or &(s, x)) are symmetric about the point s = 5 [76,77].

With these preparations complete, we now turn to the actual proof of the Generalized Riemann
Hypothesis.

10.5. Final Proof

Similarly, proof by contradiction is employed[79,81]. Assume the Generalized Riemann Hypothe-
sis is false, i.e., on the circular complex plane C, there exists a non-trivial zero of the Dirichlet function

not on the critical line R(s) = % [76,77].
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According to Proposition 10.8 and Corollary 10.18 , assume without loss of generality that this
1 .
zerois s = 5 + Re'* [78,80]. Then, by Propositions 10.13 , 10.15, 10.16 and 10.17, on the complex plane

1 ,
C,, the Dirichlet function has a corresponding zero s’ = = + Re®/1, where A = —¢? [79,81].

Let the angle corresponding to "a" on the complex plane C, in the ordinary geometric sense be

np

ta
[76,77]. From geometric relations, it is easy to see that tana = T as shown in Figure 7 .

Therefore, as A — 0,
. tanpf
tana = lim = o0,
=0 g

which means that the angle & corresponding to the zero s on the complex plane C should be & g ; that

1
is, this zero should lie on the critical line R(s) = 5 [79,81]. This contradicts the initial assumption.
Thus, the Generalized Riemann Hypothesis is correct [76,77]. In fact, according to the above
derivation, the Generalized Riemann Hypothesis holds on all complex planes [78,80].
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