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Abstract

In the following paper an optimization approach for the optimal design of tuned mass dampers
in structural dynamics is presented. The approach considers uncertain system parameters and the
tuned mass damper performance is measured by means of the total and relative displacements of
the structure. In a first step, a single-degree-of-freedom system is investigated using an analytical
formulation of the amplification function. The uncertainty propagation is implemented by an efficient
linearization approach where each value of the amplification function is considered separately. The
optimization goal functions are the minimization of the damper mass and the minimization of the
maximum displacements by considering mean and standard deviation of the random system responses.
The presented approach is extended for multi-degree-of-freedom systems by an efficient modal
decomposition approach, which will be proven to be sufficiently accurate. By means of several
examples, the overall robust design optimization procedure is discussed and different assumptions for
the optimization goals and different optimization methods are investigated.

Keywords: Tuned mass damper; stationary solution; uncertainty quantification; robust design opti-
mization; reduced order model

1. Introduction
The application of tuned mass dampers (TMD) for the reduction of structural vibrations is a

well known procedure started with the early investigations by Den Hartog [1]. Typically, high-rise
buildings under earth-quake and wind excitations require the TMD technology to reach new heights or
to enable the construction under special loading conditions. An overview of existing famous buildings
with TMD applications is given in [2]. Early studies for structures subjected to wind loads can be
found in [3,4], as well as for earthquake excitations in [5,6].

From the mechanical viewpoint, the original structure is often simplified as an single-degree-of
freedom (SDOF) system and the consideration of the TMD extends the system to a 2-DOF system.
Early analytical investigations on the influence of the TMD parameters with respect to the structural
vibrations can be found in [7] for harmonic and white noise excitation, and in [8–10], where different
design criteria in the time and frequency domain have been investigated analytically. A good summary
of optimal design criteria, with respect to maximum displacements or accelerations, vibration energy
etc. is given in [11]. Recent investigations of this topic can be found in [12], where the maximum
dynamical amplification is considered in the frequency domain via the frequency response functions.

Further extensions to more complex systems appeared later for multi-degree-of-freedom (MDOF)
systems with single TMD [13] and SDOF systems with multiple TMDs [14,15]. In the most investiga-
tions, a white noise excitation or the maximum amplification were considered as design criteria.

With the availability of more general numerical optimization and machine learning methods, the
optimal design of structures with single or multiple TMDs came into the focus of many investigations
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as summarized in [16,17]. Especially, the application of Particle Swarm optimization [18] and genetic
algorithms [19,20] for MDOF structures with multiple TMDs enabled the automatized optimization
of the TMD parameter as mass, stiffness and damping as well as an optimal number and optimal
positions of the TMDs in an MDOF structure. Typical application examples are frame structures and
slender bridges. With help of neural network approximation the parametric optimization of SDOF
system optimization was generalized in [21,22].

Additional to the optimal tuning of the TMDs, the accurate knowledge of the main system
properties as well as the TMD parameters are essential for an optimal performance of the TMDs.
Therefore, the influence of uncertainties on the TMD performance and reliability is a critical issue. One
early investigation on the influence of random input parameters for SDOF systems with stationary
and non-stationary excitation was published in [23]. The application of Reliability-based Design and
Robust Design Optimization methods summarized in [24] came into the focus for the optimal design
of TMDs mainly in the last decade. In [25] an SDOF system plus TMD was investigated considering
parametric uncertainty as random numbers. A stochastic excitation of an SDOF system with maximum
displacements as performance criterion was optimized in [26]. In [27] a multi-objective optimization
approach was presented, where the mean and the scatter of the performance measures were optimized
simultaneously by a Pareto optimization approach. One recent application to the optimal design of
footbridge can be found in [28]. Multiple TMDs applied to an SDOF system have been investigated in
[29,30], whereby the displacement solution of the equation of motion was obtained by a numerical time
integration using the Newmark method. Since a coupled Robust Design Optimization would require
the evaluation of the statistical performance measure for every design parameter combination, the
time integration might be the critical bottle-neck in the numerical analysis. Therefor, approximation
methods have been introduced recently for the optimal design of TMDs considering uncertainties. A
straight-forward Kriging approximation is considered in [31] and a linearization approach is presented
in [32].

In the following study, first the performance of a TMD attached to an SDOF system is evaluated
by means of the dynamic amplification function based on the analytical solution given in [9]. The
robustness of the TMD is assessed by a variance-based approach considering the safety margin of the
maximum amplification function value. In contrast to the reliability analysis, no definition of a limit
state is necessary, we just introduce the required safety level from the definitions in the design code. In
a further step, a perturbation approach is utilized to simplify the uncertainty propagation problem.
We will show, that the linearization of the performance measure or objective itself, as introduced in
[32], is not sufficiently accurate and therefor the linearization is applied for the individual values of
the amplification function. Additionally, the choice of the design parameters for the optimization and
the scattering inputs for the uncertainty analysis is very important and will be discussed in detail.

An efficient extension for MDOF systems with multiple TMDs is introduced by a modal decom-
position of the main system and a decoupled analysis of the individual TMD amplifications. We
will prove a sufficient accuracy of this reduced order model by a comparisson with numerical time
integration methods. The decoupled stationary solution can provide the maximum displacement
solution for all DOFs of the system very efficiently and could be used to consider the maximum
amplification as optimization objective similar to SDOF systems. Additionally, we will show, that the
linearization approach performs quite well for this type of reduced order model. Additionally to the
estimates of the displacement uncertainty of all DOFs, the proposed algorithmic framework offers a
very fast estimate of variance-based sensitivity measures, which could help to identify most relevant
sources of uncertainty and possibly improve the knowledge of the uncertainty of the input parameters.
All together, the presented approach enables an efficient optimization of the TMD parameters under
the consideration of uncertainties.
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2. Materials and Methods
2.1. Single-Degree-of-Freedom Systems

In the following section, we assume an SDOF system, which could be a simplified mechanical
beam model of a pedestrian bridge as shown in Figure 1.

Figure 1. Pedestrian bridge with vibration damper, transfer to a mechanical beam model with attached damper
and abstraction as dynamical 2-degree-of-freedom system (photos [33])

If only a single natural mode of vibration is considered in the analysis, the main system can be
modeled as single-degree-of-freedom (SDOF) system with the following equation of motion [34]

mH · q̈(t) + cH · q̇(t) + kH · q(t) = F(t). (1)

Assuming a harmonic excitation
F(t) = F̂ · sin(Ω · t), (2)

where F̂ is the force amplitude and Ω the circular frequency of the excitation, the particular (stationary)
displacement solution for the equation of motion reads [9]

qp(t) = q̂p · sin(Ω · t − φ1), (3)

with

q̂p =
F̂

kH
V1, V1 =

1√
(1 − η2)2 + (2ζHη)2

,

η =
Ω

ωH
, tan φ1 =

2ζHη

1 − η2 .
(4)

The natural circular frequency of the undamped system and the damping ratio is given as

ωH =

√
kH
mH

, ζH =
cH

2mHωH
. (5)

A performance measure within the design process can be the maximum value of the dynamic amplifi-
cation function V1, as it amplifies the ratio of force amplitude and system stiffness in the resonance
case. Figure 2 shows an example of the amplification function assuming a damping ratio of ζH = 0.5%.

If a tuned mass damper (TMD) is taken into account as the second degree of freedom, as shown
in Figure 1, the following equations of motion are obtained

mH · q̈(t) + cH · q̇(t) + kH · q(t)− cD · ż(t)− kD · z(t) = F(t),

mD(q̈(t) + z̈(t)) + cD · ż(t) + kD · z(t) = 0,
(6)
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where z(t) describes the relative displacement between the main system and the tuned mass damper.
Introducing ωD and ζD as

ωD =

√
kD
mD

, ζD =
cD

2mDωD
, (7)

the equations of motion read

q̈ + 2ωHζH · q̇ + ω2
H · q − 2

mD
mH

ωDζD · ż − mD
mH

ω2
D · z =

F(t)
mH

,

q̈ + z̈ + 2ωDζD · ż + ω2
D · z = 0.

(8)

Assuming a harmonic excitation, the stationary displacements result analogously [9] to

qp(t) = q̂p · sin(Ω · t − φH), q̂p =
F̂

kH
VH ,

zp(t) = ẑp · sin(Ω · t − φD), ẑp =
F̂

kH
VD,

(9)

with the dynamic amplification functions

VH =

√
b2

1 + b2
2

b2
3 + b2

4
, tan φH =

b1b4 − b2b3

b1b3 + b2b4
,

VD =

√
η4

b2
3 + b2

4
, tan φD =

b4

b3
,

(10)

and
b1 = κ2 − η2,

b2 = 2ηκζD,

b3 = η4 − η2
(

1 + κ2 + µκ2 + 4κζHζD

)
+ κ2,

b4 = η
[
2ζH(κ

2 − η2) + 2κζD(1 − η2 − µη2)
]
,

µ =
mD
mH

, κ =
ωD
ωH

, η =
Ω

ωH
.

(11)

Decisive parameters in the tuning of the TMD are the mass ratio µ, the frequency ratio κ and the
damping rate ζD of the attached vibration damper. The natural circular frequencies of the undamped
2-DOF system can be obtained as follows [35]

ω2
1,2 =

1
2

(
kH + kD

mH
+

kD
mD

)
∓

√
1
4

(
kH + kD

mH
+

kD
mD

)2
− kHkD

mHmD

=
1
2

ω2
H

[(
1 + (1 + µ)κ2

)
∓

√
(1 + (1 + µ)κ2)

2 − 4κ2
]

,

(12)

with the corresponding frequency ratios

η1 =
ω1

ωH
, η2 =

ω2

ωH
. (13)
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Figure 2. Dynamic amplification functions of an SDOF-system with a damping ratio ζH = 0.5% without TMD
and with optimal TMD parameters according to Den Hartog for different mass ratios

2.2. Optimal Tuning of the TMD Parameters

The optimal parameters of a vibration damper with deterministic properties are usually formu-
lated as a function of the mass ratio µ [9]. The optimal parameters for minimum displacements are
given according to Den Hartog as

κopt =
1

1 + µ
, ζD,opt =

√
3µ

8(1 + µ)3 . (14)

In Figure 2, the amplification functions from Equation (10) for the displacements of the main system
and for the relative displacements are shown for different mass ratios. The figure indicates, that the
maximum values of both amplification functions decrease with increasing mass ratio.

Alternatively to the Den Hartog formulas, the optimal values can be obtained by mathematical
optimization. If the maximum value of the dynamic amplification function of the main system VH(η)

should be minimized for a given maximum mass ratio µlimit, the optimization task can be defined as a
single-objective optimization problem as follows

max(VH(η, µ, κ, ζH , ζD)) → min, subjected to µ ≤ µlimit. (15)

Since an increase of the mass ratio µ always decreases the amplification function values, the mass ratio
can be considered constant as the limit value µ = µlimit and the frequency ratio κ and the damping
rate ζD can be considered as the remaining optimization variables.

As optimization algorithms gradient-based approaches as Quasi-Newton methods [36] as well as
gradient-free methods can be applied without special adjustments. In this study an extended Nelder-
Mead method is used [37], which is very efficient for a small number of optimization variables. The
advantage of an optimization approach compared to the analytical formulas according to Den Hartog
and others [9], is that additional constraints such as the maximum relative displacement between
main system and the TMD can be considered in a straight forward manner. In the first example in
section 3.1, the amplification function obtained with the optimum parameters according to Den Hartog
is compared to the results of a single-objective optimization. For this purpose, different formulations
of the objective function are investigated.

However, if we want to minimize the mass ratio of the vibration damper and the maximum
values of the amplification function VH simultaneously, the optimization task can be solved either by
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gradually adjusting the limit for the mass ratio within a single-objective problem or as a multi-objective
problem using Pareto optimization. The objective functions can be formulated as follows

max(VH(η, µ, κ, ζH , ζD)) → min,

µ → min,
(16)

where µ, κ and ζD are the optimization variables. In case of conflicting objectives, no unique optimal
solution exists and the optimal designs build a so-called Pareto-frontier as shown in Figure 3. In
our study, we use the Non-dominated Sort Genetic Algorithm (NSGA II) according to [38] as Pareto
optimization algorithm. This algorithm uses a sorting of the Pareto dominance as performance criterion
as shown additionally in Figure 3. In section 3.1 the results of the Pareto optimization are investigated
in detail for an SDOF system.

Figure 3. Pareto optimal designs on the Pareto frontier for two conflicting objectives (left) and the principle of the
non-dominated sort approach used in the NSGA-II algorithm (right)

2.3. Uncertainty Propagation and Quantification

When analyzing the propagation of uncertainty, it is advisable to assume the basic variables of the
system as scattering variables, as the scattering can usually be determined directly for these variables.
This means, that the mass and stiffness coefficients as well as the damping ratios of the main system
and the TMD are considered as random numbers, which could be summarized in a random vector

X = [mH , kH , ζH , mD, kD, ζD]. (17)

Each random number Xi can be defined as a scalar random variable by a distribution function and
statistical moments such as mean value and standard deviation. The values of the amplification
functions for discrete values of the excitation frequency ratio ηi can be represented as scalar random
numbers as well

VHi = VH(ηi, mH , kH , ζH , mD, kD, ζD) = VH(ηi, X),

VDi = VD(ηi, mH , kH , ζH , mD, kD, ζD) = VD(ηi, X).
(18)

The statistical properties of the amplification function values can be investigated by sampling methods
such as the Monte Carlo Simulation [39], where a certain number of random samples is generated
according to the defined distribution of the input parameters. Correlations between the inputs could
be considered by the Nataf model [40]. Further details on sampling approaches and correlation models
can be found in [41]. In our study, an improved Latin Hypercube sampling (LHS) according to [42] is
applied, where the marginal distributions are represented with respect to the probability contribution
and spurious correlations between the inputs are minimized as shown in Figure 4.
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Figure 4. Representation of marginals of random input parameters with equal probability classes and minimized
spurious correlations within the improved Latin Hypercube sampling

The statistical properties of the amplification function values could be analyzed by histograms and
the estimates of statistical moments. Additional to the properties of a single output, the dependence
with respect to the random input parameters might be interesting. A quite common approach for
such a sensitivity analysis is the global variance-based method. In this method, the contribution of the
variation of the input parameters with respect to the variation of a certain model output is analyzed.
The variance contribution of the parameter Xj with respect to a model output Yi can be quantified with
the first order sensitivity measure introduced by [43]

SXj(Yi) =
σ2

Xj
(EX∼j(Yi|Xj))

σ2
Yi

, (19)

where σ2
Yi

is the unconditional variance of Yi and σ2
Xj
(EX∼j(Yi|Xj)) is called the variance of conditional

expectation with X∼j denoting the set of all parameters but Xj. Furthermore, σ2
Xj
(EX∼j(Yi|Xj)) measures

the first order effect of Xj on the model output. Since first order sensitivity indices quantify only the
decoupled influence of each parameter, the total effect sensitivity indices have been introduced by [44]
as follows

ST
Xj
(Yi) = 1 −

σ2
X∼j

(EXj(Yi|X∼j))

σ2
Yi

, (20)

where σ2
X∼j

(EXj(Yi|X∼j)) measures the first order effect of X∼j on the model output which does not
contain any effect corresponding to Xj.

Generally, the computation of Si and ST
i requires special estimators with a large number of model

evaluations [45]. In [41] regression based estimators have been introduced, which require only a
single sample set of the model input parameters and the corresponding model outputs. Based on a
linear or quadratic regression model, the so-called Coefficient of Importance (CoI) is evaluated. With
the Metamodel of Optimal Prognosis (MOP) [46] a more general meta-model based approach for
variance-based sensitivity analysis was introduced, where the quality of the meta-model is estimated
with the Coefficient of Prognosis (CoP) by means of a sample cross-validation. In the MOP approach,
different types of meta-models such as classical response surface models [47], Kriging [48], Moving
Least Squares [49] as well as artificial neural networks [50] are tested automatically for a specific
model output and evaluated by means of the CoP measure. This approach is available with the Ansys
optiSLang software package [51]. Further information on the CoP measure can be found in [52]. An
extension of the variance-based sensitivity measures for correlated inputs was introduced in [53].

Since the scatter of the random response values, e.g. the maximum amplification function value,
for a given nominal design of the input parameters should be considered in an outer optimization loop,
the sampling based estimation of the response scatter might be numerically demanding. Therefor,
another much more efficient approach is investigated in this study: If the individual amplification
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function values will be linearized w.r.t. the random input parameters using a Taylor series expansion
at the nominal values, the mean values and the variance of the linearized response values can be
estimated in closed form without any assumption on the input parameter distributions. By assuming
the optimal deterministic parameter values as mean values

X̄ =
[
m̄H , k̄H , ζ̄H , m̄D, k̄D, ζ̄D

]
, (21)

the random amplification function values in Equation (18) can be linearized as follows

VHi ≈ V lin
Hi = VH(ηi, X̄) +

(
∂VH(ηi, X)

∂X

)T
∣∣∣∣∣
X̄

(
X − X̄

)
. (22)

Based on this linearization, the mean value and the variance of each amplification function value can
be obtained from the standard deviation σXk and the correlation coefficients ρkl of the p random inputs
Xk as follows

V̄ lin
Hi = VH(ηi, X̄),

σ2
Vlin

Hi
=

p

∑
k

p

∑
l

∂VH(ηi, X)
∂Xk

∂VH(ηi, X)
∂Xl

σXk σXl ρkl .
(23)

The required derivatives in Equation (22) could be obtained by the central difference method. In case
of uncorrelated inputs, Equation (23) simplifies as follows

V̄ lin
Hi = VH(ηi, X̄), σ2

Vlin
Hi

=
p

∑
k

(
∂VH(ηi, X)

∂Xk

)2

σ2
Xk

, (24)

and the sensitivity indices can be estimated as

SXk (V
lin
Hi ) = ST

Xk
(V lin

Hi ) =
σ2

Xk

σ2
Vlin

Hi

(
∂VH(ηi, X)

∂Xk

)2

. (25)

2.4. Optimization Under Uncertainty

By considering uncertain input parameters in the optimization task, we have to distinguish
between purely random inputs and design variables, which could be random as well [24]. Let us
consider the design variables for the SDOF-system similarly as within the deterministic optimization
as the nominal values of µ, κ and ζD

d = [µd, κd, ζD,d]. (26)

The corresponding random numbers for the TMD coefficients are

XD = [mD, kD, ζD], (27)

where the mean values are adapted by the design variables

m̄D = µd · m̄H , k̄D = µd · κ2
d · k̄H , ζ̄D = ζD,d. (28)

The standard deviation of each parameter could be assumed either as a constant value or could be
obtained from the current mean value and a given Coefficient of Variation (CoV)

σmD = m̄D · CoV(mD), σkD = k̄D · CoV(kD), σζD = ζ̄D · CoV(ζD). (29)

The statistical properties of the pure random parameters of the main system

XH = [mH , kH , ζH ] (30)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 July 2025 doi:10.20944/preprints202507.1014.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202507.1014.v1
http://creativecommons.org/licenses/by/4.0/


9 of 31

remain constant during the optimization.
In Reliability-based Design Optimization, the objective function is usually formulated in terms of

the deterministic design variables d. Statistical constraints are introduced to consider certain quality
requirements [24]

f (d) → min, subjected to PFi = P[gi(XD, XH) ≤ 0] ≤ Ptarget
Fi

, (31)

where gi(XD, XH) are limit state functions depending on the joint set of XD and XH and PFi is the
corresponding failure probability, which must not exceed a given target value. In Figure 5 a single
random response Y is shown with an indicated limit Ylimit.

Figure 5. A random response with indicated limit and corresponding exceedance probability and the safety
margin between the mean value and the limit

The limit state function can be formulated in this case as follows

gY(X) = Ylimit − Y(X). (32)

The evaluation of the failure probability PF requires an integration of the joint probability density
function fX over the failure domain

PF = P[g(X) ≤ 0] =
∫

· · ·
∫

g(X)≤0

fX(x)dx, (33)

which might be numerically very demanding for the general case [41].
Within the Design-for-Six-Sigma approach, the optimization constraints are typically formulated

in terms of the safety margin of the random output [54]

Ȳ + α · σY ≤ Ylimit, (34)

which is usually formulated by the standard deviation times a required sigma level α. Different
procedures for this so-called Robust Design Optimization (RDO) are discussed in [55] and more
recently in [24]. Typically, a double loop approach is necessary, where the outer loop performs the
optimization and an inner loop estimates the output mean values and standard deviations with respect
to the current nominal values of the design variables.

For the optimization of the TMD parameters, we will apply the linearization approach to estimate
the mean value and the standard deviation of the individual amplification function values VHi and
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VDi. If a certain limit for the dynamic amplification is given, the optimization task can be formulated
in terms of a minimization of the nominal TMD mass ratio as follows

µd → min

subjected to max(V̄Hi + α · σVHi ) ≤ V limit
H

max(V̄Di + α · σVDi ) ≤ V limit
D ,

(35)

where the constraints could be formulated alternatively in terms of the maximum displacements by
using Equation (9). If no limit values for the amplification function or displacements are defined, we
could either minimize the mass ratio and the maximum amplification values within a multi-objective
optimization

µd → min,

max(V̄Hi + α · σVHi ) → min,
(36)

or the mass ratio could be kept fixed and the maximum amplification values are minimized. The
scaling factor α, which defines the safety margin in terms of the standard deviation, is chosen in this
study according to the probability levels for the serviceability limit state β ≤ 2.9 and the ultimate limit
state β ≤ 4.7 according to the European design code [56].

2.5. Extension for Multi-Degree-of-Freedom-Systems

The equation of motion for a linear multi-degree-of-freedom (MDOF) system reads in matrix-
vector notation as follows

MH · q̈H(t) + CH · q̇H(t) + KH · qH(t) = F(t), (37)

where the mass matrix MH , the damping matrix CH and the stiffness matrix KH correspond to an
initial main system without TMD. For the free vibration mode of the undamped system, the natural
circular frequencies and the corresponding mode shapes can be obtained by solving the following
eigenvalue problem (

KH − ω2
Hi

· MH

)
·ϕϕϕi = 0. (38)

Since the eigen-modes are orthogonal to each other

ϕϕϕT
i · MH ·ϕϕϕj = 0, ϕϕϕT

i · KH ·ϕϕϕj = 0 ∀ i ̸= j, (39)

the equations of motion could be decoupled in case of a modal damping [35]

ϕϕϕT
i MHϕϕϕi · ¨̃qHi (t)+ ϕϕϕT

i CHϕϕϕi · ˙̃qHi (t)+ ϕϕϕT
i KHϕϕϕi · q̃Hi (t) = ϕϕϕT

i F(t),

m̃i · ¨̃qHi (t)+ c̃i · ˙̃qHi (t)+ k̃i · q̃Hi (t) = f̃i(t),
(40)

whereby the displacement solution in the n original degrees of freedom can be obtained by a superpo-
sition of the decoupled modal solutions.

qH(t) =
n

∑
i=1

ϕϕϕi · q̃Hi (t). (41)

If we extend the MDOF-system by several tuned mass dampers, which are coupled directly to
certain degrees of freedom of the initial main system, we get a coupled damping and stiffness matrix
in the equation of motion
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[
MH 0

0 MD

]
·
[

q̈H

q̈D

]
+

[
CH + CDH CDC

CT
DC CDD

]
·
[

q̇H

q̇D

]

+

[
KH + KDH KDC

KT
DC KDD

]
·
[

qH

qD

]
=

[
F
0

]
,

(42)

where CDH , CDC, and CDD as well as KDH , KDC, and KDD are sub-matrices which represent the
damping and stiffness coefficients of the tuned mass dampers and their association to the coupled
degrees of freedom of the main system. If an optimization is applied to obtain optimal TMD coefficients,
the corresponding damping and stiffness coefficients could be varied independently of each other.
A specific modal damping matrix, which could be decoupled similarly as for the main system itself,
could not be obtained in the standard case. Therefor, time integration methods as the Newmark-Beta
approach [35] are necessary to solve Equation (42). However, this procedure is very demanding from
the computational point of view. Especially, if the maximum amplification function of a certain degree
of freedom should be considered in the objective function, a sweep over the excitation frequency has
to be considered.

In order to decrease the numerical effort, we assume a decoupled influence of each TMD by
designing it only for a single vibration mode of the main system. For example, if we would assume a
tuning for the first mode shape, we would approximate the displacement solution as the super position
of a 2-DOF-system for the first mode and several SDOF-systems for the higher modes as illustrated in
Figure 6.

Figure 6. Superposition of the displacements of an MDOF-system with a single TMD optimized for the first
vibration mode

The stationary displacements of the original DOFs can be assembled for this assumption as
follows

qp,H(t) =
n

∑
i=1

ϕϕϕi · q̃p,Hi (t), (43)

where the decoupled solution of an individual vibration mode reads in case of an application of a TMD

q̃p,Hi (t) =
ˆ̃fi

k̃i
· VH,i · sin(Ω · t − φH,i). (44)

The modal stiffness k̃i corresponds to the main system and the force amplitudes result from a harmonic
excitation as follows

f̃i(t) = ϕϕϕT
i F̂ · sin(Ω · t) = ˆ̃fi · sin(Ω · t). (45)
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The amplification function and the phase shift have to consider the modal mass and damping as well
as the corresponding undamped circular frequency of the main system for the calculation according to
Equation (9)

VH,i = VH(ηi, µi, κi, ζHi , ζDi ), ηi =
Ω

ωHi

,

φH,i = φH(ηi, µi, κi, ζHi , ζDi ), κi =
ωDi

ωHi

, µi =
mDi

m̃i
.

(46)

The corresponding mode shape ϕϕϕi has to be normalized with respect to the DOF, where the TMD
is applied. For the other vibration modes, where no TMD is applied, the decoupled stationary
displacement solution reads

q̃p,Hj(t) =
ˆ̃f j

k̃ j
· V1,j · sin(Ω · t − φ1,j), ∀ j ̸= i, (47)

where V1,j and φ1,j are the amplification function and the phase shift of a standard SDOF system
according to Equation (4)

V1,j = V1(ηj, ζHj), φ1,j = φ1(ηj, ζHj). (48)

The maximum stationary displacements of the orginal DOFs can be obtained from the assembled
stationary displacements according to Equation (43) for one vibration period while considering the
individual phase shifts in Equation (44) and Equation (47). The relative displacements of TMDs with
respect to the coupling DOFs result for the decoupled stationary solution similar as for the main system
as

zp,Di (t) =
ˆ̃fi

k̃i
· VD,i · sin(Ω · t − φD,i), (49)

with
VD,i = VD(ηi, µi, κi, ζHi , ζDi ), φD,i = φD(ηi, µi, κi, ζHi , ζDi ). (50)

In the second example, we will show, that the approximated displacement solution agrees very well
with the results from a time integration and can be used to estimate the maximum displacements for
the full excitation frequency range very efficiently.

For the uncertainty quantification, we introduce the maximum displacements of the original
DOFs qHn and maximum relative displacements of the TMDs zDi for a given excitation frequency Ωk

as scalar random outputs

QHn,k = max(qHn(t, Ωk)), ZDi,k = max(zDi (t, Ωk)), (51)

where the linearization approach with respect to the random input vector X can be applied similarly
as for the SDOF system

QHn,k (X) ≈ Qlin
Hn,k

(X) = max(qHn(t, Ωk, X̄)) +
(

∂ max(qHn(t, Ωk, X))
∂X

)T
∣∣∣∣∣
X̄

(
X − X̄

)
. (52)

The variance of these outputs and the sensitivity indices with respect to the random inputs X can be
directly estimated using Equation (24) and (25). The random input vector contains the random inputs
of the main system XH , which define the scatter of the MDOF system itself, and the random properties
of the m TMDs

X =
[
XH , mD1 , kD1 , ζD1 , . . . , mDm , kDm , ζDm

]
. (53)

As design variables within the Robust Design Optimization, we consider the nominal values of
the mass ratio µDi , the nominal circular frequencies ωDi and the nominal damping ratio ζDi of each
TMD

d =
[
µD1,d, ωD1,d, ζD1,d, . . . , µDm ,d, ωDm ,d, ζDm ,d

]
. (54)
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The choice of design variables is based on the investigations in [57] and is more suitable as the basic
mass, stiffness and damping coefficients in the equation of motion.

The objective functions within the Robust Design Optimization are defined similarly as for the
SDOF system, but the total mass of all TMDs and the safety margin of specific displacements of the
main system could be considered

m

∑
i=1

mDi → min, max(Q̄Hn,k + α · σQHn,k
) → min . (55)

Additional constraints with respect to the TMDs relative displacements could be formulated in a
straight-forward manner.

3. Results
3.1. Single-Degree-of-Freedom Example
3.1.1. Deterministic Optimization

In the first example we investigated an SDOF system with a TMD as shown in Figure 1. The
parameters for the main system have been chosen exemplarily and are given in Table 1. Additionally,
the optimal parameters according to Den Hartog are given for a mass ratio of µ = 2.0%. In a first step
we performed a single-objective optimization with the objective function

max(VH(η)) → min

for a fixed mass ratio of µ = 2.0%. The parameter bounds for the optimization variables κ and ζD

are given in Table 1. In Figure 7 the function of the maximum value of VH(η) is shown within the
parameter bounds. The figure clearly indicates an unimodal objective function with a single optimum.
As optimization algorithm the simplex method [37] from the Ansys optiSLang software package [51]
was utilized. The optimizer converged within 55 model evaluations. The parameter values of the
optimal design agree very well with the optimal values according to Den Hartog as shown in Table 1.
The corresponding amplification functions drawn in Figure 8 show a very good agreement.

Table 1. SDOF system with TMD: reference and optimization bounds and results of the single-objective optimiza-
tion of max(VH(η)) → min

Parameter Unit Reference Den Single-objective Multi-
Hartog Bounds Optimum objective

mH kg 104 104 104 104 104

kH kN/m 103 103 103 103 103

ζH - 0.005 0.005 0.005 0.005 0.005

µ - - 0.020 0.020 0.020 0.00 − 0.20
κ - - 0.980 0.70 − 1.20 0.979 0.70 − 1.20

ζD - - 0.084 0.00 − 0.40 0.087 0.00 − 0.40

In a second step, we investigated a different objective function by considering the amplification
value at the resonance frequency only

VH(η = 1.0) → min .

The obtained amplification function is shown additionally in Figure 7 and 8. As indicated in the
second figure, the optimized SDOF+TMD system has two significant resonances which have an
amplification close to the original SDOF system. Thus, a different excitation frequency would lead to
similar displacements as without TMD. Even the relative displacements of the TMD w.r.t. the main
system would be very large compared to the values obtained with the Den Hartog parameters. From
this findings, we can summarize, that the consideration of a single specific excitation frequency might
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not lead to optimal amplification functions. Therefor, we consider the maximum amplification function
as an objective in the following investigations.

Figure 7. Objective functions max(VH(η)) (left) and VH(η = 1.0) (right) with the optimum parameters according
to Den Hartog (red dot) for a mass ratio of µ = 2.0%
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Figure 8. Amplification functions with optimal parameters according to Den Hartog and from single-objective
optimization by minimizing VH(η = 1.0) and max(VH(η))

In the next step, a multi-objective optimization was performed with the two objectives

max(VH(η)) → min, µ → min,

by considering the parameter bounds given in Table 1. The NSGA-II method [38] of the Ansys
optiSLang software package was used with 50 generations each having a population size of 50 in order
to assure a good convergence. Figure 9 compares the resulting Pareto front of both objective functions
and the results of several single-objective optimization runs with the optimal values according to
Den Hartog. The relationship between the optimal mass ratio µ and the corresponding values of the
frequency ratio κ and the damping ratio ζD is particularly interesting. The scatter in the parameter
values results from the stochastic nature of the NSGA-II. The optimal damping ratio according to
Den Hartog is visibly lower than that of the optimizations, whereby the maximum values of the
magnification functions hardly differ. As a result of the multi-objective optimization, a suitable choice
for the mass ratio could be made: the range of about 2% to 5% mass ratio represents a good compromise
between the conflicting objective functions. The relationship between the maximum values of the
relative displacement is analogous to that of the main system. However, a limitation of the installation
space and thus of the maximum displacements could be considered directly as a constraint in the
single-objective and multi-objective optimization.
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Figure 9. Results of the multi-objective optimization, several single-objective optimization runs with different
mass ratios and the corresponding optimal parameters according to Den Hartog for the SDOF example

3.1.2. Uncertainty Quantification

In the next step, uncertain input parameters have been investigated. The input parameters were
assumed to be independent and normally distributed as given in Table 2. The mean values were
assumed as the optimal Den Hartog parameters for a mass ratio of 2% as given in Table 1. First, an
improved Latin-Hypecube Sampling [42] with 1000 samples was generated and the corresponding
amplification functions for each sample have been calculated. Figure 10 shows the first 100 samples
which indicate a significant scattering of the magnification function in the range of the two maximum
values corresponding to the natural frequencies.

Table 2. Statistical properties of the scattering input parameters for the SDOF example with mean values according
to the Den Hartog parameters

Parameter Unit Mean value Coefficient of
Variation Distribution type

mH kg 104 1.0% Normal
kH kN/m 103 2.0% Normal
ζH - 0.005 5.0% Normal

mD kg 200.0 1.0% Normal
kD kN/m 19.22 2.0% Normal
ζD - 0.084 5.0% Normal
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Figure 10. 100 Latin Hypercube samples of the amplification functions of the SDOF example compared to the
deterministic functions according to Den Hartog for a nominal mass ratio of µ = 2.0%

The maximum amplification value max(VH(η)) and the amplification values VH(η1) and VH(η2)

at the two natural frequencies ω1 and ω2 have been investigated in more detail. In Figure 11 the
response values of the 1000 samples including the optimal approximation model by using the MOP
are given with respect to the two most important inputs. The figure indicates a significant nonlinear
function for the maximum amplification function value and a slightly nonlinear dependence for VH(η1)

and VH(η2). Furthermore, the figure shows the sensitivity indices based on linear and quadratic
regression models and by using the more sophisticated MOP approximation. For VH(η1) and VH(η2)

the linear and quadratic regression gives already suitable estimates and the explained variation of the
full model is sufficient.

For all three outputs, the scatter of the stiffness values is indicated to be most dominant and the
input scatter of the damping ratio seems minor important w.r.t. the response variation. However, the
linear model can not explain the dependency for the maximum amplification value. For that reason,
the linearization as introduced in section 2.3 was applied directly for the individual amplification
function values VH(ηi) and not for the objective function itself.

In Figure 12 the estimated mean value and standard deviation of the amplification values are
shown for the 1000 samples and for the linearization approach. In the figure a very good agreement
could be observed, which indicates a sufficient representation of the scatter of the individual values
VHi and VDi by the linearization. The derivatives required in Equation (22) have been estimated using
the central difference method, which required only 12 model calls for the 6 input parameters. The
corresponding derivation interval has been chosen as 1% of the nominal parameter values. Additionally,

Figure 12 shows the linearized variance contribution
(

∂VH(ηi ,X)
∂Xk

)2
σ2

Xk
of the input parameters for the

individual amplification values as introduced in Equation (24). Similar to the results in Figure 11, the
scatter of the stiffness values seems most important for the values with the maximum scatter.
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Figure 11. Approximated response functions of the amplification values max(VH(η)), VH(η1) and VH(η2)

including the sensitivity indices using linear and quadratic regression models and the MOP approximation for a
nominal mass ratio of µ = 2.0%
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Figure 12. Mean value (top), standard deviation (middle) of the amplification function values for a nominal
mass ratio of µ = 2.0% estimated from 1000 LHS samples and by using the linearization approach with the
corresponding variance contribution of the input parameters (bottom)

3.1.3. Optimization Under Uncertainty

Finally, the TMD for the SDOF system was optimized considering uncertain input parameters. As
objective function, Equation (36) was considered, whereas the nominal values of κ and ζD were taken
as optimization variables and the nominal mass ratio was kept as µ = 2.0%. The input scatter was
defined by the Coefficients of Variation given in Table 2. The mean values and the standard deviation
of the individual amplification function values were estimated by the linearization approach. Figure 13
shows the corresponding maximum values of the mean and standard deviation as a function of the
nominal values of κ and ζD. The figure indicates, that a decreasing standard deviation correlates
with an increasing mean value. Thus, a combination of both measures forms a compromise between
nominal outputs and the scatter of the results. Similar to the deterministic case, the optimization
was performed with the simplex method [37] from Ansys optiSLang. The α-factor for the standard
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deviation in Equation (36) was assumed with α = 2.9 and α = 4.7. Figure 13 shows the optimal values
obtained for both cases in comparison to the deterministic solution. It is clearly recognizable, that for a
higher weighting of the scattering, the optimal parameters tend towards higher damping values.

Figure 13. Maximum mean value (left) and standard deviation (right) of VH(η) as a function of the optimization
parameters κ and ζD as well as the deterministic optimum (red), the 2.9σ optimum (green) and the 4.7σ optimum
(yellow)

The amplification function values from the deterministic optimization and the 4.7σ optimum are
compared in Figure 14, where the mean value curves and the mean values + 4.7 times the standard
deviation are plotted. The figure clearly indicates an increased maximum mean value of the 4.7σ

optimum compared to the deterministic solution, but the scatter is significantly smaller and thus a
reduction of the statistical limit is possible.
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Figure 14. Estimated mean values and 4.7-fold standard deviations for the function values of VH(η) and VD(η)

for the deterministic optimum and for a safety margin of α = 4.7

As final investigation for the SDOF example, the single-objective robust design optimization was
performed for different nominal values of the mass ratio µ and different safety margins α by using
again the simplex method. In Figure 15 the obtained maximum values for the mean and standard
deviation as well as the corresponding nominal values for κ and ζd are shown, whereby for α = 0, the
nominal values correspond to the deterministic solution presented in section 3.1.1. The figure indicates,
that with increasing safety margin, the mean values increase but the standard deviation decreases.
Furthermore, the damping ratio increases. This effect is most dominant for small mass ratios, where
the influence of the uncertain input parameters is most critical.
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Figure 15. Optimized maximum mean value and standard deviation of the amplification function values and
corresponding nominal values of κ and ζD for an increasing nominal mass ratio µ and different safety margins α

for the SDOF example

3.2. Multi-Degree-of-Freedom Example with Single Tuned Mass Damper
3.2.1. Deterministic Analysis

In the second example, a multi-degree-of-freedom system as shown in Figure 16 was investigated.
The deterministic values for the stiffnesses, masses and damping ratios have been taken according to
the mean values in Table 3. The damping was assumed as modal damping as explained in section 2.5.
The three natural circular frequencies of the main system are ωH1 = 4.45 1

s , ωH2 = 12.47 1
s and

ωH3 = 18.02 1
s . The corresponding amplification functions for a harmonic excitation F(t) are plotted

in Figure 18. The peak values decrease for the larger natural frequencies due to the higher damping
ratios. The TMDs have been designed for the first and second vibration mode and are coupled to the
DOFs having the maximum value of the mode shape. Both mode shapes ϕϕϕ1 and ϕϕϕ2 were normalized
with respect to the coupling DOFs qH3 and qH1 as shown in Figure 17, which results in the modal
masses of m̃1 = m̃2 = 18411.7 kg. The optimal parameters for the nominal mass of the TMDs are taken
according to Den Hartog as µ1 = µ2 = 0.027, κ1 = κ2 = 0.974 and ζD1 = ζD2 = 0.097, which results in
the nominal stiffnesses given in Table 3. The corresponding amplification functions for the first and
second modes including the TMDs are shown additionally in Figure 18.
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Figure 16. MDOF example with 3 main DOFs and 2 TMDs

Mode 1 Mode 2 Mode 3

DOF 1

DOF 2

DOF 3

Figure 17. Mode shapes of the initial 3-DOF system with ωH1 = 4.45 1
s , ωH2 = 12.47 1

s and ωH3 = 18.02 1
s

Table 3. Statistical properties of the input parameters for the MDOF example

Parameter Unit Mean value Coefficient of
Variation Distribution type

m1,m2,m3 kg 104 1.0% Normal
k1,k2,k3 kN/m 103 2.0% Normal

ζH1 - 0.010 5.0% Normal
ζH2 - 0.015 5.0% Normal
ζH3 - 0.020 5.0% Normal

mD1 kg 500.0 1.0% Normal
mD2 kg 500.0 1.0% Normal
kD1 kN/m 9.386 2.0% Normal
kD2 kN/m 73.69 2.0% Normal
ζD1 - 0.097 5.0% Normal
ζD2 - 0.097 5.0% Normal
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Figure 18. Amplification functions for the 3-DOF system with and without TMDs (left) and approximated
stationary displacements for an excitation frequency of Ω = 4.35 1

s (right)

In a first step, the accuracy of the approximated displacement solution using the decoupled
stationary approach according to Equation (43) was investigated. A harmonic excitation at DOF qH3

was assumed as F(t) = 1kN · sin(Ω · t). As benchmark method, the Newmark time integration was
used for the full 5-DOF system including the TMDs within a time range of 100 excitation periods and a
time step of 1

200 of the smallest free vibration period of the initial main system. Figure 18 shows the
displacements of DOF qH3 for the first 25 excitation periods with Ω = 4.35 1

s . The figure indicates a
very good agreement of the approximated stationary solution with the Newmark results in the steady
state. This analysis was repeated for different excitation frequencies and the maximum amplitudes
of the Newmark results have been extracted from the last 25 excitation periods. In Figure 19 the
vibration amplitudes in the steady state are compared for the displacements of all DOFs of the main
system as well as for the relative displacements zD1 and zD2 of the TMDs. Additionally, the maximum
values of the drift displacement at the second floor qH3 − qH2 are plotted. The figure indicates a very
good agreement for the main DOFs. Small deviations could be observed for the drift displacements.
The relative displacements of the TMDs are represented very well for the corresponding first and
second vibration resonance, but larger deviations could be observed at the additional peaks for the
other resonances. This is the case, since no interaction of the TMDs with other vibration modes
was considered in the stationary approach. However, the maximum relative displacements could be
approximated sufficiently.
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Figure 19. Approximated stationary displacements of the MDOF example compared with Newmark results for
the original DOFs, the second floor drift and the relative displacements of the TMDs

3.2.2. Uncertainty Quantification

In the next step the uncertainty propagation was investigated for the MDOF example by using
1000 Latin-Hypercube samples and the linearization approach according to Equation (52). The mean
values and the scatter of the input parameters were taken according to Table 3. As model responses
the maximum displacements of the three original DOFs and the maximum drift between the second
and third DOF were evaluated. In Figure 20 the estimated mean values and standard deviations are
compared for both approaches depending on the excitation frequency. The figure indicates a very
good agreement in the range of the first two natural frequencies, where the TMDs are active. Larger
deviations could be observed in the range of the third natural frequency. The variance contribution
of the inputs indicate a significant influence of the stiffness and mass coefficients of the main system
as well of the modal damping ζ3 on this displacement variation. However, the scatter of the TMD
coefficients is significant only for the variation of the drift displacement for an excitation frequency
around the first and second natural frequency.
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Figure 20. Mean values (left) and standard deviations (right) of the three main DOFs estimated from 1000 LHS
samples and by using the linearization approach
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Figure 21. Mean values and standard deviations of the maximum drift max(qH3 − qH2 ) estimated from 1000
LHS samples and by using the linearization approach with the corresponding variance contribution of the input
parameters

3.2.3. Optimization Under Uncertainty

In the final analysis a Robust Design Optimization was performed with different displacement
measures: first, the maximum displacement qmax

H3
(Ω) = max

t
(|qH3(t, Ω)|) at the third main DOF was

considered as one objective and the total mass of both TMDs as another

max
0<Ω≤15

(q̄max
H3

(Ω) + α · σqmax
H3

(Ω)) → min,

mD1 + mD2 → min .

The evaluated frequency range for the maximum displacement was reduced to 0 < Ω ≤ 15 1
s to

consider only the first two resonance frequencies in the tuning of the TMD parameters.The maximum
displacements for the third resonance frequency remain almost constant if the TMD parameters are
modified within the optimization. In Figure 22 the maximum mean values and standard deviations
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of the displacements are shown dependent on the total mass of the TMDs for the deterministic
optimization with α = 0 and for the optimization under uncertainty assuming α = 4.7. As in the SDOF
example, a significant reduction of the scatter can be observed for the RDO case while the mean values
are slightly increased. The TMD tuned for the second vibration mode gets more mass in the RDO case
since the scatter of the displacements around the second resonance is larger as for the first resonance
frequency as shown in Figure 23 .
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Figure 22. Optimized maximum mean values and standard deviations of the maximum displacement of qH3 for
an increasing mass of the TMDs and different safety margins α for the MDOF example
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Figure 23. Mean values and standard deviations of the maximum displacements qH3 for an increasing mass of the
TMDs dependent on the excitation frequancy and the safety margin

Second, we considered the maximum drift in the upper floor as displacement objective

max
0<Ω≤15

(d̄max
H2,3

(Ω) + α · σdmax
H2,3

(Ω)) → min, dmax
H2,3

(Ω) = max
t

(|qH3(t, Ω)− qH2(t, Ω)|)

In Figure 24 the obtained mass distribution of the TMDs is shown with the mean values and standard
deviations depending on the excitation frequency. The figure indicates, that the TMD for the second
vibration mode obtained much more mass as in the first investigated case. The mean values and the
scatter of the maximum displacements are significantly reduced for the considered frequency range
while the values around the third resonance remain almost constant. For the robust optimum obtained
with α = 4.7 the scatter of the maximum drift displacements are significantly reduced compared to the
solutions of the deterministic optimization.
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Figure 24. Optimized maximum mean values and standard deviations of the maximum drift displacement of the
third floor qH3 − qH2 for an increasing mass of the TMDs and different safety margins

4. Conclusions
In this paper we presented an optimization framework for the optimal design of TMDs considering

uncertain parameters. We considered the mean and scatter of the amplification function in the
optimization goal function of an SDOF system. Since we included the safety margin itself in a variance-
based approach, no definition of the limit state function is necessary to obtain an optimal design. The
uncertainty propagation was simplified by a linearization approach, which is very efficient compared
to a sampling based method. Additionally, the estimated variance of the individual amplification
function values is independent of the input distributions and variance-based sensitivity indices can
be obtained without additional computational effort. Within the optimization, several goal functions
as well as constraints could be considered. We have shown by means of an SDOF example, that the
maximum amplification function value is most suitable to obtain minimum displacements. Multi-
objective optimization was applied to minimize the maximum displacements and the TMD mass
simultaneously. An extension of the presented approach to further constraints e.g. limiting the
maximum relative displacements of the TMD is possible in a straight forward manner. Additionally,
the amplification function for the accelerations could be considered.

The extension of the presented approach for MDOF systems was introduced as second main
contribution of the paper. Instead of using numerically demanding time integration methods, we
presented an approximate solution by a decoupled stationary modal approach. Of course, the presented
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approach is an approximation, nevertheless we could show, that it reaches sufficient accuracy for the
optimal design of the TMD parameters. The variance in the investigated response values such as total
and relative displacements of the physical DOFs could be approximated with sufficient accuracy with
the linearization approach and the robust design optimization could be performed similarly as for the
SDOF system. Again, an extension for different response values such as accelerations and relative
displacements of the TMDs in the optimization goal functions is straight forward.

So far, we could show, that the procedure itself works for rather simple systems. In further studies,
we will apply the presented approach for high rise buildings and pedestrian bridges equipped with
tuned mass dampers.
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Abbreviations
The following abbreviations are used in this manuscript:

CoI Coefficient of Importance
CoP Coefficient of Prognosis
CoV Coefficient of Variation
DOF Degree Of Freedom
LHS Latin Hypercube Sampling
MDOF Multi-Degree-Of-Freedom
MOP Metamodel of Optimal Prognosis
NSGA II Non-dominated Sort Genetic Algorithm
RDO Robust Design Optimization
SDOF Single-Degree-Of-Freedom
TMD Tune Mass Damper
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