
I. INTRODUCTION

As a strange celestial body, the study of black holes has always attracted the
attention of physicists. Last year, through a project called Event Horizon Telescope
(EHT), mankind got the first image of the shadow of the M87 supermassive black
hole (SMBH) [1–6], which led us into a new era of black hole physics. It is foreseeable
that with the improvement of the level of observation and the acquisition of more
experimental data, we will have a deeper understanding of the nature of black holes,
which will also provide scientists with feasible methods to test different gravitational
theories.

In order to study the nature of black holes, we must determine the photon regions
firstly. In Schwarzschild case, the black hole remains stationary, photons with critical
angular momentum will form a stable spherical photon sphere near the black hole
at this time [7, 8], which is an area filled with null geodesics. But in Kerr case, the
black hole starts to rotate, and the null geodesics no longer remain spherical. The
spherical photon sphere is split into photon regions [9, 10], and these approximately
circular null geodesics describe the boundary of the black hole shadow. So the nature
of photon regions take great significance to the research of black hole shadow.

The black hole shadow is one of the important conclusions of the general gravi-
tational theory. It is formed by the null geodesics in the strong gravitational region
near the black hole. A photon with a large angular momentum flying from infinity,
due to the influence of the strong gravitational force of the black hole, the path of
motion will be deflected and eventually fly to infinity. There is evidence that a mas-
sive black hole exists in the center of the galaxy. Since the galaxies are rotating, it
is very likely that the black hole is also rotating. Spin and mass are two important
parameters for studying the properties of black holes, and black hole shadow is one
of the effective methods to observe the spin and mass of black holes. The existence
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of black hole shadow was first studied by bardeen [11]. The black hole shadow in
Schwarzschild case [12–15], the rotating black hole with electric charge [9] or gravito-
magnetic and other spherically symmetric black holes have been extensively studied.
It has been demonstrated that the black hole shadow in Schwarzschild case is a per-
fect circle [16] in vacuum [17] or in plasma [18, 19]. But in rotating case, since the
black hole has angular momentum, the shadow will be deformed [20–27]. Shadows
of Kerr-Newman black holes were obtained in [27], while the naked singularities with
deformation parameters was discussed in [28], multi-black holes [29] and Kerr-Taub-
NUT black hole in [30]. These works are also used to study other black hole or
wormhole backgrounds [31–40].

There is no clear evidence that black holes cannot exist in higher dimensions,
and in dimensions higher than four, there are more degrees of freedom, so the unique-
ness theorems do not hold. And the braneworld is an interesting high-dimensional
cosmological model [41–43], which motivated by string theory (M-theory). The
braneworld model has been proposed in which the standard fields are confined to
a four-dimensional (4D) world viewed as a hypersurface (the brane) embedded in a
higher-dimensional space-time (the bulk) through which only gravity can propagate
[44, 45]. The apparent shape of rotating braneworld black holes were investigatedin
[46, 47], and we have found a topologically charged rotating braneworld black hole
in [48]. This black hole has two typs of charge, one arising from the bulk Weyl ten-
sor and one from the gauge field trapped on the brane, which will cause interesting
results.

This paper is organzied as follows. In section II, we briefly introduced the
solution of the topologically charged rotating black hole and discussed the horizon.
The geodesic equations and orbital equations of photons are given in section III.
Further, we drew the photon region of the charged topological black hole and the
black hole shadow in the section IV and section V respectively. In addition, we also
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discussed the deformation of the black hole shadow and studied the energy emissivity.
Finally, we summarize the work of the article in the section VI.

II. TOPOLOGICALLY CHARGED ROTATING BRANEWORLD BLACK

HOLE

The metric of a topologically charged rotating black hole in the Boyer-Lindquist
coordinates reads

ds2 =
∆− a2 sin2 θ

Σ
dt2 − Σ

∆
dr2 − Σdθ2 + 2a sin2 θ

(
1− ∆− a2 sin2 θ

Σ

)
dtdφ−

sin2 θ

[
Σ + a2 sin2 θ

(
2− ∆− a2 sin2 θ

Σ

)]
dφ2,

(1)

with ∆ and Σ given by

∆ = r2 − 2Mr + a2 +Q (r) , (2)

Σ = r2 + a2 cos2 θ, (3)

and
Q (r) = β + q2 +

κ 4
5 q

4

240r4
, (4)

here a is spin paramter, β can be considered as a five-dimensional mass parameter, q
is the electric charge, and κ 4

5 is the five-dimensional gravity coupling constant. For
the sake of calculation, we have chosen κ 4

5 = 1. The solution reduce to Schwarzschild
solution when a = 0, β = 0 and κ 4

5 = 0.
As we can see,the metric is singular when ∆ = 0.

∆ = r2 − 2Mr + a2 + β + q2 +
κ 4
5 q

4

240r4
= 0. (5)

It can be seen from the above equation, the radii of horizons depend on the
rotation paramter a and the five-dimensional mass parameter β. Obviously, this
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equation is unable to solved. However, the numerical analysis of Eq. (5) suggests
the possibility of two roots of a set of values of parameters, which correspond the
inner horizon r−(smaller root) and the outer horizon r+ (lager root), respectively.
The variation of ∆ with respect to r for the different values.

The variation of ∆ with respect to r for different values of parameters a,with
fixed β and q is depicted in Fig. 1. As can be seen from Fig. 1, for fixed parameters
β and q, the radii of outer horizon decrease with the increasing a while the radii of
inner horizon increase when a < aE. By calculating ∆ = 0 and d∆

dr
= 0, we can

obtain the critical rotation parameter aE and the corresponding critical radius rE.
Eq. (5) will have no root if a > aE, inner horizon and outer horizo will disappear, in
other words, the black hole will not exists any more.

We can analyze the other two parameters, β and q, in the same way. And we
can see the variation of ∆ with respect to r for different values of parameters β (or
q) with fixed a in Fig. 2. Similar to changing parameter a, as β (or q) increases, the
distance between two horizons gradually decreases, when β = βE (or q = qE), two
horizons overlap and horizon will disappear if β > βE (or q > qE).

III. PHOTON ORBITS

In this section, we will give a brief introduction to the photon orbits in the
topologically charged rotating black hole. In the black hole background, the geodesic
equation can be governed by the Hamilton Jacobi equation,

∂S

∂λ
= −1

2
gµν

∂S

∂xµ

∂S

∂xν
, (6)

where λ is the affine parameter, xµ is expressed as the 4-vector, and the action S

which can be decomposed as a sum:

S =
1

2
m2λ− Et+ Lϕϕ+ Sr (r) + Sθ (θ) , (7)
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where E and Lϕ are, respectively, the energy and the angular momentum in the
direction of the axis of symmetry. Substituting (7) into (6), one can obtain the
equations of motion

Σ
dt

dλ
=

−EΣ2 + aLϕ (−∆+Σ) + a2 (aLϕ + E (∆− 2Σ)) sin2 θ − a4E sin4 θ

∆
, (8)

Σ
dϕ

dλ
= − Lϕ

sin2 θ
+

a
(
aLϕ + E∆− EΣ− a2E sin2 θ

)
∆

, (9)

Σ
dr

dλ
=

√
R, (10)

Σ
dθ

dλ
=

√
Θ, (11)

where R and Θ are given by

R = −K∆−∆(Lϕ − aE)2 +
(
aLϕ −

(
a2 + r2

)
E
)2

, (12)

Θ = K + L2
ϕ + a2E2 cos2 θ −

L2
ϕ

sin2 θ
, (13)

with K denoting the Carter constant. Since the spacetime is asymptotically flat,
the photon path is a straight line at infinity. However, when there a black hole is
placed between the observer and the light source, the light will reach the observer
after deflecting due to the strong gravitational field of the black hole. And now, we
are going to discuss the radial motion of photon.

The motion of photon is determined by two impact parameters ξ = Lϕ/E and
η = K/E. From Eq. (10), we can obtain the circular photon orbits, which are very
useful on determining the shape of black hole shadow. The conditions for these orbits
are

R = 0,
dR
dr

= 0, (14)

from above questions, we get

ξ = a+
r2

a
− 4r∆

a∆′ , (15)
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IV. PHOTON REGIONS

Now, we are interested in spherical null geodesics, i.e., null geodesics that stay
on a sphere r =constant. Inserting these expression (15) and (16) into (13), which
gives us an inequality that calculation the photon region K :

K : 16a2r2∆sin2(θ) ≥ (4r∆− Σ∆′) . (17)

A spherical null geodesic at r = rp is unstable with respect to radial perturba-
tions if R′′(rp) > 0, and stable if R′′(rp) < 0. From Eq. (12), we can calculate the
second derivative R′′

R′′

8E2
∆′2 = 2r∆∆′ + r2∆′2 − 2r2∆∆′′. (18)

When drawing according to the above formula, we used the coordinate trans-
formation in [49], so that the entire space-time can be displayed. And we show the
photon regions of the topologically charged rotating black hole in Fig. 4, Fig. 5 and
Fig. 6, the meaning of the different areas in these images is explained in Fig. 3.

In Fig. 4, we show the effect on the photon regions when the parameter a takes
different values. Due to coordinate transformation, the photon regions are divided
into two parts, interior photon region (r < r−) and exterior photon region (r > r+),
and they are symmetrical about the coordinate axis. It can be seen that when the
value of a is very small, the photon regions degenerate into photon spheres. If the
parameters β and q are zero at this time, the image describes the Schwarzschild case,
and the radius of the photon spheres is r = 3M , that is, the coordinates marked on
the figure are (±4, 0).

When a ̸= 0, the exterior photon region gradually changes from a spherical
shape to a crescent shape, and grows with increasing a. The interior photon region
consists of two connected components that are separated by the ring singularity.
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region with ∆ ≤ 0

unstable spherical light-rays in K

stable spherical light-rays in K

region with gϕϕ < 0 (causality violation)
region with gtt > 0 (ergosphere)
throats at r = 0

• ring singularity

Figure 3: Legend for Figs.4, 5 and 6

Unlike the case where there is only unstable spherical light-rays in exterior photon
region, there are two regions of stable and unstable in interior photon region at the
same time. With a increased, the distance between the internal and external horizon
gradually decreases. When β = q = 0, the shape of the photon region is similar
to Kerr case. If β or q is not zero, the shape of the region with gϕϕ < 0 will be
significantly deformed. In Figs. 5 and 6, we show the influence of parameters β and
q on the shape of various regions, respectively. As shown in Fig. 5, when β ̸= 0, the
shape of the region with gϕϕ < 0 are not deformed. But in Fig. 6, as q increases, the
deformation becomes more obvious.

V. SHADOW OF BLACK HOLE

A. The shadow shape

As mentioned earlier, if a black hole located between a light source and an
observer, due to the strong gravity of the black hole, the light path will no longer
be a straight line. There will be three situations for this impact, when a photon is
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(a)β=q=0 (b)β=q=0.1 (c)β=q=0.4

Figure 4: The shapes of the photon regions for different values of the parameters.
The first line, a = 0.02. The second line, a = 0.5. The thrid line, a = aMax.

emitted from a light source at infinity and bypasses the black hole. In first case,
with a large enough orbital angular momentum, the photon will turn around and
reach the observer at infinity. For the second case, the orbital angular momentum of
the photon is too small to resist the gravity and the photon will fall into the black
hole, thus the ovserver cannot see the light source. If there are countless evenly
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(a)β=0.2,q=0 (b)β=0.5,q=0

Figure 5: The shapes of the photon regions for different values of β. The first line,
a = 0.5. The second line, a = aMax.

distributed light sources at infinity, because of the second case, the observer will see
a dark zone, which is the shadow of the black hole.The third case, the orbital angular
momentum is in a critical state, which makes the photon always move around the
black hole instead of escaping or falling into the black hole. This critical state will
help us define the boundary of the shadow.
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(a)β=0,q=0.2 (b)β=0,q=0.5

Figure 6: The shapes of the photon regions for different values of q. The first line,
a = 0.5. The second line, a = aMax.

For depicting the shadows, we use a stereographic projection from the celestial
sphere onto to a plane with the Cartesian coordinates [50]:

x = −ξ csc θ,

y = ±
√
η + a2 cos2 θ − ξ2 cot2 θ,

(19)

the angle between the line of sight of observer and the black hole’s rotation axis is θ.
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Figure 7: Shadows cast by black holes. (a) The non-rotating case (a = 0).
(b)a ̸= 0, β = q = 0.

defined as

Rs =
(xt − xr)

2 + y2t
2 (xr − xt)

. (20)

We numerically calculate these observables, and the radius Rs is clearly shown
in Fig. 10. In Fig. 10(a), we can find that for fixed q, Rs increases with the spin
parameter a and decreases as the five-dimensional mass parameter β. Fig. 10(b)
further shows this trend. This is because parameter β makes the shadow shape
smaller, and parameter a increases the deformation of the shadow shape as shown
above. At the same time, we show that for fixed a, Rs will also decreases as the
electric charge parameter q, just like β. Interestingly, the result shows that the
shadow of a topologically charged rotating black hole is smaller.

The distortion parameter δs are clearly shown in Fig. 11. As shown in Fig.
11(a) and Fig. 11(b), when the parameter a is fixed to a larger value, the shape of
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Figure 8: The shapes of the black hole shadow for different values of the
parameters. (a) a = 0.9, q = 0.1, θ = π/2. (b) a = 0.9, q = 0.1, θ = π/4. (c)

a = 0.9, β = 0.1, θ = π/2. (d) a = 0.9, β = 0.1, θ = π/4.
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Figure 9: The observable parameter, the radius Rs(red line), and the distortion
parameter δs = Dcs/Rs are described as the apparent shape of the black hole.

the shadow is obviously deformed, regardless of the parameters β or q, their increase
will exacerbate the deformation of the shadow shape, and the effect of q is more
obvious. And in Fig. 11(c), for fixed the parameters β and q, δs increases with the
spin parameter a.

From [51], the authors proposed that the area of the black hole shadow is ap-
proximately equal to the high-energy absorption cross-section for an observer at the
equatorial plane at infinity. According to this assumption, the energy emission rate
of the black hole in high energy case is

d2E (ω)

dωdt
=

2π3R2
s

eω/TH − 1
ω3, (21)

where Rs is given in Eq. (20), and TH is the Hawking temperature, which in [48]
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Figure 10: (a) The radius Rs of the black hole shadow against a for different values
of parameter β, q = 0.1. (b) Rs against β for different values of parameter a,

q = 0.1. (c) Rs against q tfor different values of parameter β, a = 0.9.

given by

T =
r+

4π (r2+ + a2)

(
1− a2

r2+
− β + q2

r2+
− 1

48

κ4
5q

4

r6+

)
, (22)

then, we discribe the energy emission rate against the frequency ω for different pa-
rameters respectively, a, β and q, in Fig. 12. For each parameter, the curve has a
peak. And the peak will decrease as the corresponding parameter increases, when
the other two parameters are fixed.
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Figure 11: The distortion δs of the black hole shadow for different values of the
parameters. (a)a = 0.9, q = 0.1. (b)a = 0.9, q = 0.1. (c)β = q = 0.1.

VI. CONCLUSIONS AND DISCUSSIONS

In this paper, we have obtained the solution of a topologically charged rotating
black hole. Through this solution, we have discussed horizon of the black hole. It
can be seen that as the parameter increases, the distance between two hroizons will
gradually decrease.

Then we studied the photon region, which is a standard circle in the Schwarzschild
case, and splits in the rotating case. This is also the reason for the deformation of
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is equal to the high-energy absorption cross section, based on this assumption, we
studied the energy emission rate. From the figure, one can find that with the incerase
of parameters a, β and q, the peak decreases and moves to the low frequency.

With the improvement of the observation level, it is believed that more observa-
tional data of the massive black hole in the center of the galaxy will be obtained in
the future. These data will help scientists verify the existing gravitational theories,
so our work may provide a tool for observation of braneworld model or charged black
holes.
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