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Abstract: In this paper, we introduce a generalized A-implicit locally contractive condition and give 1
some examples to support it and show its significance in fixed point th eory. We prove thatthe -
mappings satisfying generalized A-implicit locally contractive condition admit a common fixed point, s
where the ordered multiplicative G —metric space is chosen as underlying space. The obtained fixed 4
point theorems generalize many earlier fixed point theorems on implicit locally contractive mappings. s

In addition, some nontrivial and interesting examples are provided to support our findings. To 6
demonstrate the originality of our new main result, we apply it to show existence of solutionstoa 7
system of nonlinear -Volterra type- integral equations. 8
Keywords: ordered complete multiplicative G ,—metric space; closed ball; integral equations; °
locally generalized A-implicit contraction 10
1. Introduction 1

In the subject of functional analysis, fixed point theory (FPT) plays a vibrant, 1=
fascinating, and vital role. Banach (1922) [5] provided a foundational principle that has s
become a significant instrument in the field of metric fixed point theory to ensure the 1.
existence and uniqueness of the fixed point (FP). The Banach fixed-point theorem (also s
known as contraction mapping theorem) is the core principle in the metric fixed point theory. 16
Because of its benefits, numerous authors have demonstrated various improvements and 17
expansions of this theorem in diverse distance spaces (see [2,4-6,8-11,13,17,19-23,25,26,29— 1.
31,34,38]). 19

Bashirov et al. [6] presented the concept of multiplicative calculus and proved its foun- 20
dational theorem with certain fundamental features. Multiplicative calculus has vast area =2
of applications and it deals with only positive functions instead of the calculus of Newton =2
and Leibniz. They showed that multiplicative calculus becomes an important mathemat- =s
ical tool for economics and finance because of the interpretation given to multiplicative 2
derivative. Furthermore, they proved multiplicative differential and multiplicative integral  =s
equations by using the notion of multiplicative distance space. The research work on the =z
properties of multiplicative metric space was done in [7,14-16]. In 2012, Ozavsar et al.
[32] came up with the definition of multiplicative contraction mappings on multiplicative 2

© 2022 by the author(s). Distributed under a Creative Commons CC BY license.


https://www.mdpi.com
https://orcid.org/0000-0002-1274-1936
https://orcid.org/0000-0002-1274-1936
https://orcid.org/0000-0001-6329-8228
https://doi.org/10.20944/preprints202209.0157.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 September 2022 d0i:10.20944/preprints202209.0157.v1

2 of 16

metric space by using the multiplicative triangle inequality instead of the usual triangular 2o
inequality and obtained different existence results of fixed-point beside various topological 3o
characteristics of multiplicative metric space. For other examples of fixed point theorems
in multiplicative metric space, see weak commutative mappings, locally contractive map- ==
pings, £.A-property, compatible-type mappings, and generalized contraction mappings s
with cyclic («, B)-admissible mapping ([2,3,19,42-44]). In 2016, Nagpal et al.[28] introduced  ss
the concept of multiplicative generalized metric space and studied the notion of weakly s
commuting compatible maps and its variants by using (CLR) and (£..A) properties in 36
multiplicative metric space. a7

Rasham et al. [37] recently presented fixed point results for a pair of dominated fuzzy ss
maps in multiplicative metric space on a closed ball and discussed relevant applications to  se
graph theory, integral equations, and functional equations. For additional information on 40
closed ball (see [36,39,40]). a

According to this perspective, the main objective of this paper is to establish some
new fixed point results on a closed ball in an ordered multiplicative é ¢ —metric space a3
that satisfies a new generalized A-implicit contraction. To support new results, we present 44
various nontrivial examples and an application for nonlinear — Volterra type — integral s
equations. The choice of multiplicative J s —metric is based on the concept of generality. 4
The corresponding results in multiplicative metric space are special cases of the obtained 47
results in multiplicative J ys —metric space. We think that any new idea regarding contrac- 4
tion and fixed point theorem should be investigated in a most general metric space so that 4o
corresponding results can be derived as special cases. The paper is organized as follows. In  so
Section 2, we state basic notions related to fixed point theorems and multiplicative metric s
spaces. In Section 3, we present many fixed point theorems and reltaed corollaries and s
examples for explanations of the stated results. In Section 4, we present two applications of  ss
the obtained fixed point results in Section 2, moreover, some numerical examples are given. s

2. Preliminaries 55

Now, we recall some well-known notations and definitions that will be used  se
in our subsequent discussion. 57

Definition 2.1. [6] Consider a non-empty set R and let £ :R x ®#— R be a function ss

satisfying the following properties: 50
(L) L(e0) 21, ViceR; w0
(L2) Lam(6,6) =1 ifandonlyif ¢é=g; o1
(L3) Lm(6,¢) =Lm(g,¢)  (symmetry); o2
(Lg) Lr(&,6) <Lrq(é h).Lrq(h,¢) Vé ¢ h €R  (multiplicative triangle in- e
equality). os
Then, £ is a multiplicative metric on # and the pair (R,£ ) is a multiplicative s
metric space. o6

Definition 2.2. [24] Let % be a nonempty set and the function £ : R — [0, +-c0) satisfies e

the following conditions: o8
(1)£(uez)—Oiff12:é:s', o0
(2) 0 < L(i1,1,¢) forall i, & €R with i =g 70
(3) E(a i,8) < L(i1,¢,8) forall 7,¢,§ eRwithé =§ 7
(4) L(i,¢,38) = L($,1,8) =L é,s’,u‘) 72
(5) L(1,¢,5) < L(#,a,a) + L(a, ¢ s)forall i,¢,5,a eR. 73
Then L is said to be an £L-metric on ® and (R, £) is called a £L-metric space. 78
Definition 2.3. [28] Suppose that R is a non-empty set and 6,4: ®° — R* is a function s
satisfying the following conditions: 76
((SMl)(SM(é,g,h):llfé:g:ﬁ, 77
(Omy) 1 <Op(8,6,6) YV é,¢c eRwithé #g; 78

(Onty) S (8,8,6) <opm(E6, ) Y &cheRwithg £ -
(Omy) OMm(€,6,h) =00 (R, 6) =0p(c, 1 €) = ... (symmetry); 80
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...

(OMms) OMm(€,6,h) <Opm(E,T,T).00m(T,6,h) V&g, h TeR, (rectangular inequality). s
Then, the function ¢ o is called a multiplicative generalized metric or, more accurately, 2
multiplicative J py —metric on R and the pair (R,0 () is called a multiplicative 6 \s-metric s
space. sa

We note that 6,(¢,¢, h) = e£@6M V¢ ¢, €R. The §,-ball with centre & and
radius 7y > 0 is defined by

Oy(é0,7) ={e€R: dp(¢0,00) <7}

Assume that (R, d) is a usual metric space and J(: R® — R¥ is defined by 6, (¢,¢, i) =  ss
ad@Q)+d(ch)+d(he) v/ 5 o B R, wherea > 11is any fixed real number. Then for each a, 6 ss
is a multiplicative J ( —metric on R and (R, ) is called a multiplicative dp;-metric space. s
Note that multiplicative 6 o —metric is not a multiplicative metric space nor a L-metric s
space. Moreover, multiplicative metric space is usually different from metric space (see e

[37D). %0
Lemma 2.1. [28] Let (R, ) be a multiplicative pg-metric space. Then for all U, @, teR, =«
the following conditions hold: 02
1) op(,@,8) =1ifv =d =0; o
(2) S (U, @, 8) < opq(V, %, %) pq (0,1, %) Sq(D, %, 7); o
(3) S (7, 0,8) < Spq(7,7,0) Spq(7,7,0); 95
(4) S (V,0,) < 83,(D,V,7). o6

Lemma 2.2. [28] Let {&} be a sequence in a (R,d,q). If the sequence {&} is multiplicative o7
O pm-convergent then it is multiplicative 6 \q-Cauchy sequence. o8

Lemma 2.3. [28] Let {&} be a sequence in a (R, ). The sequence {&} in R is multiplicative oo

O pm-convergent to p €R iff Saq (&, p, p) — 1ask — 4o0. 100
Now, we start our main results with illustrative examples. 101
3. Main results 102

The requirements for the presence of a fixed-point of mapping S : { — ¢ are stated 103
in the following theorem. 108

Theorem 3.1. Let (&, <,001) be an ordered complete multiplicative 6 n(-metric space. Suppose
that the mapping S : { — ¢ withn € [0,1) v > 0, and m > 1 satisfy the following,

n
You(se563m < [ Yfouwen] 31)

and

S m (80, Sy, S¢9) < (1—1) 7, (3.2)
foré, g, h € ©,(&, 7). If for a non-increasing sequence {&,} — s€®, (&, y) such thats =< &,, 10s
then, there exists a point & in © (&, ) so that &* = I&* and 5 \((&*,&*,&*) = 1. Moreover, if 106
for any three points é,¢ and & in ©., (&, y) and there exists a point t € O (&y,y) such that it < &, 107
il < gand il < g that is every three elements in ©. (&, ) has a lower bound (LB), then, the point  ios
¢ is unique in © (¢, ). 100

Proof. Let ¢y be any arbitrary point in ¢ and ¢;,1 = S¢; < ¢; forall n € N U {0}. From
inequality (3.2), we get

(SM(éO/él/él) S (1 - 17),)/ S Y,
implying thereby &, € ©®, (&, y). By multiplicative triangle inequality, we have 110

VoM (C0,82,8) < X/ (80,81,81) /601 (81,82,82) m
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= %/5r(80,81,81) W/ (S, S, S¢1)
14y
< [Wom@ )]
that is 114
147
Om (8o, 8,8) < [5/\4 (€0, Séo, 350)]
1+
<[@=mr] " <
Then, & € ©, (&, ). Consider &, ¢, ..., & for every g € N. Taking (3.1) in considera- 11
tion, we obtain 117
’</5M @Cplgrnb1) = Vom(S8 1,56, 3¢)
- - 1
< S m (eq,l,eq,eq)
- 172
< _’(/(5/\4(6}72,5,7—1,%—1)]
Uq
S Y JM (éO/ él/ él):| . (33)
Using (3.1) and (3.3), we find 118
/60 (B0, 8011,8011) < /(80,8181 X/O (81,82, 82) (/5 M (83, 8541,8001)
1+n+...4+119
S [m\/éM(éo,él,él)] , 120
that becomes 121
1— qurl
S (80,8011,8011) < {5 (%0, S, %éo)] L=
1— i q+1
<[(1—17)7} 1= <,

Hence, ¢;,11 € ©®+ (&, 7). Thus, ¢ € ®q (&, 7y) for all j € N. Consequently, (3.3)

converts to ]
b4 b4 b4 m b4 b4 ~ 17]
'{/5/\/1 (8,¢41,841) < [\/5/\/1 (60,61,61)] : (34)

From inequality (3.4), we have 124
WM (&, &irier &) 25
< {/OMm(8, &1, 8i41)- ’{/5M (€41, €42, €j42) o ’(/5M (&k—1, &tk &) 120
1—gy*
o
< |:m\/5M(é’0,é’1,él)} 1_17 — 1, j—>—|—00. 127
This means that the sequence {¢;} is a M° § s — C* sequence in (©(€p,7), dr)- 128

Furthermore, there exists &* € ©. (&, v) with

lim  {/o(8,8%,6%) = lim  ¥/op(%,85,8) = 1. 3.5
Mm {om(E, e e) = lm gfopm(E ¢, ¢) (3.5)
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129
Now, assume that ¢* < ¢&; < ¢;_4, 130
VI CAERS \/5M &, 8, ) \/5M (&, S, 3¢%)
= \/(SM e* €],€] \/(SM %é %é é*) 132
< m 77
S (S./\/l é* e], \/‘SM i—1s é*,é )J 133
< tim (/588 [ 1fom@E e e ) =1
< lim Mm(é ,ej,ej) M(e]-_l,e , %) =1, 134
J—>+o0
which is a contradiction. Then, &* = 3¢*. By a similar method, d ¢ (é*, 3%, ¢*) =1
and hence &¢* = &*. Now,
n
Vo, e, 6) = {om (S, 38, 30%) < [{fom(e, o))
which is a contradiction, since 7 € [0,1). Thus, d (&%, ¢*,&*) = 1. 135
Uniqueness: 136

Consider ¢* as another point in ® (¢, ) such that ¢* = Fg*. If & and ¢* are compa-
rable, then

VomE e = {fom(se, 3¢, 3¢%) < [ § 5M(é*,g*,g*)]”,

which is a contradiction and thus,
om(€%,6%,¢") =1 implies €& =¢".
Similarly, we can prove d o((¢*, ¢*, &%) = 1. 137

On the other hand, If &* and ¢* are not comparable then there is a point i € ©, (&), ) 1
which is the lower bound of é* and ¢* thatis # < é* and @ < ¢*. Furthermore, by argument 13
& < ¢,asé, — . Thus,ii <X &* <¢, < .. <X &. 140

w

8

Y6 pq (80, S, 1) < /508,81, 81). WS (81, S, i) 101
= W\VéM (&, ¢y, 3¢p). W\V(SM(%EV Sﬁ,%j 142
U

< \/(SM 60,\960,\360 ['{/5/\4 6o, 1,1 )] , 143

that is .

S (&0, ST, 1) < S pq(8p, S, S¢p). [5/\4 (&, 1, 11)}
< (A =n)[(1-1)7]" <70y (3.1) and (32)
where &), 7 € © (&), ) and this means that 3ii € ©, (&, 7). 145
Now, we show that 3/ if € ®+ (&, 7) by using mathematical induction. 146
Suppose that 321,334, ..., 371 €©,(&,7) forallg € N. As 371 < Y11 << e
1 j &* j én j j é(), then 148
Vo (Egsr, STH 7,394 1) = \/5M(%éq,%(%‘l ), 3(S71))
n qq+1

< {m 5M(éq,%qa,%m)} <. < {m 5M(éq,%qa,%m)}

It follows that

o p(Eya, ST 7,97 0) < [op (o, )| (3.6)
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S (8o, ST a1, ST 1) < 604 (80,81,81)--0 M (8g, 8511, 8g41) O (8gpn, ST, STH T)  ass

,7q ﬂqul
< OG0, 81). [ Sp (e 1, 01) | (G, 7, 1)
VIS R e A ot

< [5/\/1 (o, el,el)} {JM (¢, u,u)} 155

1— ,717-&-1

H_ pi+!

<la-my| 77 [a-ma]

1— ,7q+2
<[(1—f7)’r] =1 <y
It means that 37" i € @, (&, 7) and so I/ 71 € ® (&, ) for every j € N. Further 158
Sm(8%,6%,6%) <o (ST e, 011, ST 1) o0 (S7 1 11, ST g, ST 6¥) 150
= S (S e), (SI724), (I77210)).0 g (S(S77211), I(S 1 g*), S(S 1 6*)) 100

-1 pi—2 o xi—=2 17 =2 7 i1 % oxj—1 ]
< [5M(\d & Fi-2 4,3 u)] [5M(d 1,31 ¢, o1 ¢ )}
163
7 7 ,

< [5M(V*,%ﬂ, %ﬁ)} [5/\4(%&,9*,9*)} — 1, whenj — +oo. 164
Hence, 6 0((&*,¢*,¢*) = 1 = & = ¢*. By a similar method 165
om(c*, 6%, ¢") = 1implies ¢* = &*. 166
Therefore, a point €* is unique in g. 167

Corollary 3.1. Let (&, =,0,¢) be an ordered complete multiplicative 6 pq metric space. Suppose
the mapping S : § — ¢ with 7 € [0,1) and « > 0 satisfying the following,

Sm (S8, 3¢, Sh) < [Gm(Ec, 1)), (37)
foré, g, h € ©, (&, ), with the condition (3.2) . 168
If for a non-increasing sequence {&,} — s€®,(&y,y) such that s < &,, then, there exists e

a point & in @, (&, y) so that &* = I¢* and 6 4 (¢*, €*,&*) = 1. Moreover, if for any three points 17
¢,cand & in ©~(&y, y) then there exists a point ii € (&, y) such thatii < &1 2 gand il X ¢, in
that is every two points in ©., (&, y) has a lower bound. Then, the point & is unique. 172

Example 1. Let ¢ be a set of non-negative rationals with 6 \(: & — & be a multiplicative
6 p—metric on ¢ is defined as follow:

S (8¢, h) = elfslFlehl+ =2l

Also, let & : § —> ¢ be defined as

. ;1 if 26[0,%),
é—% if ée[%,oo)

For é() =

Q=

11 5 — 11
Y= 7,77 =3 and ©(¢p, ) = [0,7},wehave
1
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and 173
o . y 1 .1 .1 1
5./\/1( 0, 3¢, 0) = éM(g’%grgg) = 5M(§/0’0)
= /3 =19477
< (I=n)r.

1 —_— 11
Step 1: (when the points are in a closed ball) If &,¢, 2 € {O, 3 ) C ©4(80,7) = [0, — } , 174
we get 175

S(38, 3¢, Sh) = edllE=el+lo—hl+[h-e)

< edllemel et =) = 5 (x,y,2)] ",

Step 2: (when the points are not in a closed ball) If ¢,¢, h € { %, (%) ), we have 176

Sy, Sz) = elé=¢l +lc—h| + |A—¢]

> eslle—gl+lo—hl+|h-e)) — [bm(Eg, ﬁ)]’ﬁ
Clearly, the contractive condition doesn't satisfy in ¢ and is satisfied in ©, (&, 7). Hence, 7
all the conditions of Corollary 3.1 is verified in case of &,¢, h € ©(éy, 7). 178

Since every multiplicative d3; metric space generates multiplicative dj; metric space, 17
we get the following corollaries. 180

Corollary 3.2. Let (&, =<,d ) be an ordered complete multiplicative d —metric space. Suppose
the mapping S : ¢ — G withy € [0,1) and > 0 satisfying the following,

n
(2 3g) < [z’/dmé,@} , (3.8)

d (&, S&) < (L—1n)7, 3.9)
for é,¢ € ©q (&, 7). If for a non — inc sequence {&,} — s € ©,(&,y) such that s < &,, then, 1a

there exists a point € in ©~(&y, y) so that & = 3I¢* and d p((&*,&*) = 1. Moreover, if for any two ez
points &,¢ in O (&y, ) then there exists a point il € (&, y) such that i < éand @i < g, that is e

every two points in © (&, y) has a lower bound. Then, & is the unique point in ©~(&,y) . 18

and

Corollary 3.3. Consider (¢, <,d ) as an ordered complete multiplicative dy; metric space.
Suppose that the mapping S : & — ¢ withyy € [0,1) and «v > 0 satisfying the following,

dn(S¢,3g) < [du(&¢)]", (3.10)

foré,c € ©,(&, ), with the condition (3.9). 185

If for a non-increasing sequence {&,} — s € ©,(&, ) implies that s = &, then, thereisa  1se
point & in ©(&y, v) such that & = I¢* and d p((&*,&*) = 1. Moreover, if for any two points &,¢  1e7
in O (o, ) then, there exists a point il € (&, y) such that ii < &and 1 < ¢, that is every two s
points in ©~ (€y, ) has a lower bound, then, a fixed point &* is unique in ©~ (¢, ) . 180

Theorem 3.2. Let (&, <,0) be an ordered complete multiplicative §pg-metric space. Suppose
that the mapping S : { — ¢ with n € [0,1) and « > 0 satisfying the following,

016 (S8, ¢, Sh) < M, (3.11)
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since
Vom(E e h), V/om(ESe,Se), 1
M= max ] Vo686, S¢), R/0p(E, S, ),
/min {65 (h, 3¢, %2), 5,2, h, 1)}
and
G (€, S0, Sé) < (1—1) 7, (3.12)

190

for é,¢,h € ©,(&,7). If for a non-increasing sequence {&,} in ©(¢y,y) and {&,} — 1
VE®, (8, 7y) so that v < &,, then, there exists a unique fixed point & such that 5y, (€*,€*,&*) =1 102
and é* = %é* 193

Proof. Consider an arbitrary point & in § and é;1 = 3¢; < & foralln € NU {0}. From
inequality (3.12), we find

Sm(éo,e1,61) < (1—n)y <,
for all j € NU{0}. Now, from inequality (3.12), we obtain 6, (&, ¢1,61) < v and 1ea
Opm(81,62,8) < v, which tends to é1,&; € O (&, ). Similarly &,...,&; € ©,(&,7) for e

all qe N. Now, 106
WO (801, 811) = (/5/\4(%,7,1,%,, 3¢)
[ m 5 5 3 m 5 (§91 (&1 K
Om(85-1,85,87), \/JM (€5-1,3¢5-1,3¢;-1),
< |max VO (8, 38, 3¢), 1/ Mm(8g-1, 38, 3¢), 108
/i {0048, 981,38 1), 00 (8g1,8,8) }
i m > > > m > > > 17
\/5/\/1 (eq,l,eq,eq), \/5/\,1 (eq,1,eq, &),
< max %[0 (2, 8001, 8001), ,</5 M@ 1,801,811),
i t/min { G (8,84, 2), 6 (81, 0,%) }
w5 (8 S 8N mlEa (8 5 3 (
./\/l(eq—ll eq/eq)/ M(eq—ll eq/ eq)r
< |max ’\”/cSM (¢q,8541,8541), (using (dpr,) and (O o
r</5M (21,85, 8)- "\7/(5/\4 (80,8541, 8541),1
201
implying thereby,

7
0 om (g 8i1) < | /O 1,8,80)- §/om(Ey, éqﬂ,éﬁl)] :

thatis , 202
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. o . r . L U\ H
Opm(8g, 8011, 6541) < _5/\/{ (&-1,¢, eq)]
- FZ
< [om(eg28y1,81)]
- . . . Hq
< |omea)] (3.13)
where 0 < u = L 1 . Taking (3.11) and (3.12) in consideration, we get 203
= 1 2 g g

Om(8o,8qi1,8001) < Im(8o,81,81)0Mm (81,82, 82)
Om(€q, 8541, 6541)
1_‘uq+1
{5/\4(50,?1,51)} 1=y
1— Vqul
< [a-ma] T <o

IN

Then, &;11 € ® (8, 7)- Thus, é; € © (&, y) for every j € N. Now, inequality (3.13)

became ,
1,4]
o (8,811, 841) < [5/\4 (6o, &1, el)} : (3.14)
From inequality (3.14), we find 204
OMm (€ 81k Eiak) <OM (&, €141, €141)0M (811,812, €j42) -+ O (€k—1, €1k Ej1k) 208
1—uk
]

< [5M (éo,él,él)] —H 51, j— foo,
This shows that the sequence {¢;} isa M° d ,4 — C*® sequence in (©4 (&0, 7),0 01 ). Then, 207
there exists ¢* € ©, (&, v) with (3.5) is verified. 208
Now, suppose that é* < éj < é]-_l, 200
VS (8,38, SF) < 7{‘/5/\4 (&,¢,,¢) '(/M (&, S, 3¢%)
= \/5/\/1 e* e],e] \/5_/\/[ é Sé*,%é*) 211

< mls S . 3\ | m X v ey
= \/ M(e /ej/ej) \/(SM(E]',l,e ,€ )J 212

| VAN

hm <'{/5M(e e],e] [\/5/\4 &j_1,&* e*)J}7> =1, 213

which is a Contradlctlon Then, &* = 3¢*. By a similar method, (€%, 3%, ¢*) =1
and hence &¢&* = &*. Now,

Ul
Vo, e, 8) = o (S, 38, 30%) < [4/ome o)

which is a contradiction, since 7 € [0,1). Thus, d (&%, ¢*,&*) = 1. 214
Uniqueness: 215
Let ¢* be another point in ®, (&, ) such that ¢* = J¢*. If & and ¢* are comparable,
then

U
’{/M(é*,g*,g*) = *{/5/\4(36“*,39*,‘39*) < { 5M(é*,g*,g*)}
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which is a contradiction that tend us to

*

om(&%,6%,¢") =1 implies €& =¢".

Similarly, we can prove d ¢ (¢*,¢*,¢*) = 1. 216

On the other hand, if é* and ¢* are not comparable then there exists a point # € 217
©®~ (€o,v) which is the lower bound of ¢* and ¢* thatis i < ¢* and ii < ¢*. Furthermore, 2
& =

énasén Hé*,ﬂjé*jénjjéo 210
'{/(5/\/( (éo, i, Sﬁ) < '{/(5/\4 (50, é1, él)' '{'/(SM (él, S, S\Sﬁ) 220
= W\l/éM (éo, ey, S¢p) "\'/5M<%é0,%~,%~> 221
U
< R/ (%o, S0, S%). | ¥/o0 o, 1, )|
thatis,
n
(SM(V(), i, %ﬁ) < O m (éo, RYAP Séo). [5/\4 (Evo, i, ﬁ)}
<@=m[@-n7]" <7 by E12)
where &), 1 € © (¢, ) and this means that 37 € O (&, 7). 224
Now, we prove that 3/il € (&, 7) by using mathematical induction. 225
Suppose 3%, 3%, ..., 371 € ©(8p,y) forallg € N. As 37 = Q9710 < .. 21 <& < 22
én j j éo, then 227
/0 am (éq+1, 9+l %‘7+1ﬁ) = \/5/\4 (Sé’q, S(Sqﬁ), S(Sqﬁ)) 228
7 ,711+1
< [m o (e, 31, 397)| " <. < [m op(E, 18,3, e
it follows that
17!1+1
o (E1, 871,771 7) < [op(e m)] (3.15)
NOW, 230

S (8o, ST, STH L) < 604(80, 81, 81) O 01 (8, Egp1, 8g11) S (Ggan, ST, STHT) e

qu 77q+1
< 0 p1(20,81,81) [5M(é0, él,él)} [(5/\4 (%, uu)]
- oL 1+y+... 477 o ,]q+1

< 5M(eo,el,e1)} {5/\4 (eo,u,u)} 233

1— 17q+1
<la-my| 77 [a-ma]

1— 77q+2
< (1—17)7] =1 <y,
It follows that 37+ € (&, ) and so /il € &, (&, ) for every j € N. Further- a3
more 237
S (&, 6%, ¢*) < oa(STe*, TN, ST 1in).0 0 (ST 11, Sl g, i) 238
= 720)): oM (S(S1720), I(S7167), S(7167)) e

240

IN
—
>
<
(,2
|
%
%
o
=
%
O
3
S,
<
%
N
(,,2
7
@
I
&

241
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7 7
< {csM(é*,%ﬁ,%ﬁ)} {(SM(Su,g*,g*)} — 1, wherej — +4o0.

Hence, d (&%, 6%, ¢*) = 1 = ¢* = ¢*. Similarly,
dm(c*, 6%, ¢") = 1implies ¢* = &*.
Therefore, a point * is unique in ¢.

As illustrated, Theorem 3.1 is a corollary to Theorem 3.6.

Example 2. Consider & = R* U {0} with d: ¢ — & be a multiplicative G, —metric on

¢ is defined by
Sm(8¢ h) = el&—¢l 1ol + ¢

Also, let the mapping S : { — ¢ be defined as

é 5 1
o g if ee(o,g)mg,
e = . )
b w e b
and
YomE o h), /G838, 30), I
M = |max \/5./\/[ (g/ %g/ \5(;), r{/&/\/{ (é/ ggl %g)/

. 1 13 2 13
For &y = Z,'y: ?,17 = gand(Dv(eo,'y) = [0,?},wehave
113 13
l—g)y=-— =" =216
I=mr=37
and
1 1 .1 11 1
N Cxy. Cxy _ ST o _ -
S m (€0, S0, 3¢p) oMl S 87) =omly 12 7¢)

e®/16 — 1.4533
< (A=)

—_— 1
Step1:Ifé,¢,h € (O, 1 NEC Oy, v) =10, —3 , we obtain
P 5 v 2

0o (32, S, Oh) = & edlecl+le—l-+ -2

i Wele—el T lo— A+ el ¥/l
"\1/ e|€‘, \m/ e‘G*ZEL

r{z/mm {ele=2n, 21—}

IN

- 1
- '{/elég+gﬁ|+ﬁé|]

n
= m§M(6v,g,ﬁ)‘| .

U
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1
Step 2: 1f &, ¢, i € [g,oo) N &, we have

R/ ele—cl+|g—h| + [n—¢]

'</5M (Sx, Sy, Sz)

< 3 1
Velt=c[+Ic=Al+1n—¢] ez
m /T

max ez,

r(/min {€2|ﬁ7é+%|,€2 je=hl}

7

g+

v

n
= | Vele—cl+ls—h|+|h—¢| :]

- 5/8
= T/eé€+lgﬁ+ﬁé] .

1 R
Clearly, the contractive condition doesn’t verify in { 5/ ) N ¢ and is verified in ©, (&, 7). 25

Hence, all the assertions of Theorem 3.6 is satisfied in case of &,¢, h € O (&, 7). 252

4. Application for nonlinear Voltera type integral equations 253

Clearly, many researchers justified many kinds of linear and nonliear s
Volterra and Fredhlom type integral equations by using various contractions principle. 2ss
Rasham et al. [35] proved an expressive fixed point results for sufficient conditions to zse
solve two systems of nonlinear integral equations. For further fixed point results with sz
applications related to integral equations (see[12,18,27,33,41]). 258

Theorem 4.1. Let (&, <,001) be an ordered complete multiplicative 6 nq-metric space. Suppose
the mapping S : § — ¢ withn € [0,1) and v > 0 satisfies the following,

n
16 0(38, ¢, Sh) < {m (5M(é,g,ﬁ)} .

Then every non-increasing sequence {&, } in multiplicative &ys-metric space converges to &*. More- s

over, €* is the fixed point of the mapping 3. 260
Proof. The proof of the Theorem 4.1 is similar to the Theorem 3.1. Consider the ze:
nonlinear Volterra type integral equations as follow: 262
i
é(ir) = H1(d, h,¢é)dh, (4.1)
i
¢(a) = A Ha(il, b, ¢) dh, 4.2)
i
(i) = / Hs (i1, h, 1) dh, 4.3)
0
for all @ € [0,1], and Hq, Ha, H3 = [0,1] x [0,1] x C([0,1],R+) — R4. We prove the

existence of solution of (4.1), (4.2) and (4.3). For & € C([0,1], R4 ), define norm as:

el = sup {eP@I}.
ic[0,1]
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Then, define

Sai(E e ) :[ sup {e|é—g|+g—h|+|h—é|H _ ele=cllcHlg—ll + a2l
€[0,1]

where T > 0, for all &,¢ and & € C([0,1], Ry). Whith these setting (C([O,l],R+),5M)
becomes a complete multiplicative J);-metric space.

Now, we prove the following theorem to show the existence of the solution to integral
equations.

Theorem 4.2. Suppose the followings are satisfied:
(i)H1, Ha, H3 : [0,1] x [0,1] x C([0,1],Ry) — R4;

(if) Define
(S9)(@) = OﬁHl(ﬁ,h,é)dh,
SO@ = [ Haahpn
(Sh) (i) = /Oﬁ’Hg(u,h,h)dh
If there exists

( o I (M (B 2)—Ha ) |+ (Mo 6) M (o) + M ()~ s (ﬁ,h,é)|)dh> 7

i = —\ 7
< / <e"</eg+gh|+he> dh.
0

For every ii,h € [0,1] and &é,¢,h € C(]0,1], Ry). Then, the integral equations (4.1), (4.2) and (4.3)
have one solution in C([0,1], R4).

Proof. By (if)

060 (S¢, S¢, Sh)

o VIS (198-S¢|+[S¢— Sl +|3h—3¢1) dn

_ < o NI (i (802) = Ha () |+ [Ha (@)~ Ha ()] + | Ha (2, h) —Hy (a,h,a)dh) !

IN

i Ul
/” (e’"\/éwgmmé) h
0

(”(/(SM(é,g,h)>ﬂ.

So, all the conditions of Theorem 4.1 are satisfied. Hence, the integral equations (4.1), (4.2)
and (4.3) have unique solution.

IN

d0i:10.20944/preprints202209.0157.v1

271

272

274

275
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Example 3. Take E = [0,1]. If we put 7 = 1in (4.1), (4.2) and (4.3), then we get the following =7

integral equations 277
3é) (u ! i,h,€)dh 1 4 h
@) = [T hadh= [ 5o (@4
S¢) (@ "o h o= [ 2 4
(Sg)(@) = /0 2(d,h,¢)dh = 0 m (4.5)
Sh)(a ! 1,h,h)dh 1 4
(J )(u) - A HB(”/ ’ ) = 0 9(11+1——|—fi(h)dh (4.6)

The equation (4.4)-(4.6) are the special case of (4.1)-(4.3) respectively where ii € [0,1]. 27

06 00(S%, Sc, Sh)

= {fexp{||SE - Sg| + (1S — Shl| + | 37— 3¢
= o] [l PR ol O+ [Fali )~ ol )]
- \//0 ] [#a(a,, ) — Ha 1,1, &) pa

Y ! exp{ [t jf“iﬁh”u i H9<a+1j+g<h>> ~ st | }dh

3

S(a+1+h(h))  9(a+1+e(h))

o ~11“h_‘11h”+‘llh_"llhhH
= e | [N N T GEsm | T lw e S mmml g,
70 T @ Tmm) ~ e H
[ 4 c(h)—é(h) + fi(h)—g(h) H
— m| 2 (a+1+&(h)) (d+1+¢(h)) (a+1+g(h))(a+1+nh(h)) dh
oA TP n é() —h(h)
i A+ 1TA0) (a+1+e(h)
r &(h) 1 f(h)—¢(h)
DS I b | st u+1+g(h))Hdh+fo (ﬁ+1+g(h))(fz+1+ﬁ(h))Hdh
P 1 &(h)—h(h) n
i + o | ey e ‘

= /e lexplc(h) — )] + 1a(h) (k)] + (k) ~ H(]

m < 7 2
omen| =3

Ul
16 0(38, ¢, Sh) < {m 5M(é,g,ﬁ)} .

Hence, all conditions of Theorem 4.1 hold. The integral equations (4.4), (4.5) and (4.6) have =27
a unique solution by using Theorem 4.1. 280

IN

€ [0,1].

It follows that

5. Conclusions 281

We provided some novel fixed point results in an ordered complete multiplicative ze=
é p-metric space that satisfies a generalized locally A-implicit contractive mappings. In  2es
these spaces, some new definitions and examples are presented. Furthermore, we provided  2es
examples to support our new findings. To demonstrate the originality of main theorems, we  2es
apply them to show the existence of the solutions to a system of nonlinear integral equations. 2es
The obtained results improve and generalize the corresponding results in the ordered metric ~ 2s
space, ordered dislocated metric space, ordered G—metric space, dislocated G—metric 2es
space, ordered partial metric space, multiplicative metric space, ordered multiplicative  2so
metric space and multiplicative D—metric space. The research work done in this paper, 2e0
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in future, will set a direction to work on multivalued mappings, fuzzy mappings, bipolar = ze:
fuzzy mappings, L-fuzzy mappings, and intuitionistic fuzzy mappings. 202
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