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Abstract

Let G be a graph with n vertices and let ρ1, ρ2, . . . , ρn be the eigenvalues of

Randić matrix. The Randić Estrada index of G is REE(G) =
∑n

i=1 e
ρi . In this

paper, we establish new lower and upper bounds for Randić index in terms of

graph invariants such as the number of vertices and eigenvalues of graphs and

improve some previously published lower bounds.
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1 Introduction

Let G = (V,E) be a simple undirected graph with n vertices and m edges. The

adjacency matrix A(G) of G is defined by its entries as aij = 1 if vivj ∈ E(G) and

0 otherwise. Let λ1 ⩾ λ2 ⩾ · · · ⩾ λn denote the eigenvalues of A(G). λ1 is called
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the spectral radius of the graph G. The graph invariant EE defined by

EE(G) =
n∑

i=1

eλi

was introduced by Estrada [7] in 2000, it is called Estrada index. Estrada index

was first used to quantify the degree of folding of protein. It has also been used

to measure centrality of complex networks. Applications of the Estrada index

in quantum chemistry [8] and in information theory [5] can also be found in the

literature. In addition to this, in [8] a connection between EE and the concept of

extended atomic branching was considered. An application of the Estrada index

in statistical thermodynamic has also been reported [9]. Mathematical properties

of the Estrada index were studied in a number of recent works ( [1], [6], [10], [11],

[12], [13], [14], [20]).

For any graph G of order n, the Randić matrix of G, R = (rij), is defined in [2] as

follows:

rij =


1√

di×dj
if the vertices vi and vj of G are adjacent

0 otherwise.

The Randić eigenvalues ρ1, ρ2, . . . , ρn of the graphG are the eigenvalues of its Randić

matrix. Since R(G) is real symmetric matrix, its eigenvalues are real number. So

we can order them so that ρ1 ≥ ρ2 ≥ · · · ≥ ρn.

Then the Randić Estrada index of the graph G is defined in [3] as following:

REE(G) =

n∑
i=1

eρi .

Recall that the general Randić index of a graph G is defined in [4] as following:

Rα = Rα(G) =
∑

uv∈E(G)

(dudv)
α.

The general Randić index when α = −1 is

R−1 = R−1(G) =
∑

uv∈E(G)

1

dudv
.

We make use of the following results in this paper.
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Lemma 1. [15] Let a1, a2, ..., an ≥ 0 and p1, p2, ..., pn ≥ 0 such that
∑n

i=1 pi = 1.

Then
n∑

i=1

piai −
n∏

i=1

apii ≥ nΥ

(
1

n

n∑
i=1

ai −
n∏

i=1

a
1
n
i

)
.

where Υ = min{p1, . . . , pn}. Equality holds if and only if a1 = · · · = an.

Lemma 2. [18] Let a1, a2, ..., an > 0. Then

n

 1

n

n∑
i=1

ai −

(
n∏

i=1

ai

) 1
n

 ≤ Φ ≤ n(n− 1)

 1

n

n∑
i=1

ai −

(
n∏

i=1

ai

) 1
n

 ,

where Φ = n
∑n

i=1 ai −
(∑n

i=1

√
ai
)2

.

Lemma 3. [16] The Randić spectral radius is one.

Lemma 4. For any real x, ex ⩾ 1 + x + x2

2 + x3

3 + x4

4! +
x5

5! . Equality holds if and

only if x = 0.

Let tr denotes the trace of a Randić matrix and ρ1, ρ2, ..., ρn be the eigenvalues

of the Randić matrix R(G), recall that

Nk = tr(Rk) =

n∑
i=1

ρki

and

REE(G) =

n∑
i=1

Nk

k!
.

Lemma 5. [17] Let G be a graph of order n and Randić matrix R. Then

tr(R) = 0, (1)

tr(R2) = 2
∑

uv∈E(G)

1

dudv
, (2)

tr(R3) = 2
∑

uv∈E(G)

1

dudv

∑
z∈V (G)
z∼u,z∼v

1

dz
, (3)

tr(R4) =
∑

u∈V (G)

 ∑
v∈V (G)
u∼v

1

dudv


2

+
∑

u,v∈V (G)
u̸=v

1

dudv

 ∑
z∈V (G)
z∼u,z∼v

1

dz


2

. (4)
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Theorem 1. [19] Let An(x) and Gn(x) be the arithmetic and the geometric mean,

respectively. Then

An(x)−Gn(x) ≥
1

n

(√
b−

√
a
)2

where a = x1 ≤ x2 ≤ · · · ≤ xn = b.

2 Motivation

Given that the Estrade index is one of the first and most applications topological

indices. Recently, the Randić index has come to the attention of many researchers

and also, we all know that the Randić index has wide applications in chemistry

and physics. Maden in [17], obtained some of bounds for Randić Estrada index and

Bozkurt et al. [3], discussed on the Randić Estrada index. In this paper, we decided

to improve the published bounds of the Randić Estrada index.

3 Bounds for the Randić Estrada index

In this section, we establish some lower bounds for the Randić Estrada index in

terms of graph invariants such as the order and eigenvalues. First we present a

lower bound for Randić Estrada index that this bound improve bound in Theorem

1 for n ≥ 3.

Theorem 2. Let G be a connected graph of order n. Then

REE(G) ≥ e+ (n− 2).

Proof. Consider the following function f(x) = (x− 1)− ln(x) for x > 0. Clearly, f

is decreasing in (0, 1] and increasing in [−1,+1). Hence, f(x) ≥ f(1) = 0, implying

that

x ≥ 1 + lnx, x > 0, (5)

with equality if and only if x = 1. By the definition of Randić Estrada index and
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Inequality (5), we get:

REE(G) ≥eρ1 + (n− 1) +

n∑
i=2

ln eρi

= eρ1 + (n− 1) +

n∑
i=2

ρi

= eρ1 + (n− 1) +
n∑

i=1

ρi − ρ1

= eρ1 + (n− 1)− ρ1.

Since the function g(x) = ex + (n − 1) − x, is increasing on Dg = [0,+∞), using

Lemma 3 we get the result.

If G is bipartite, the property of R-eigenvalues of G is similar to that of A-eigen

values of G, hence ρ1 = −ρn. In the following result, we obtain a sharp lower bound

of the Randić Estrada index for a bipartite graph.

Theorem 3. Let G be a connected bipartite graph of order n. Then

REE(G) > e+
1

e
+ (n− 2).

Proof. By the definition of Randić Estrada index and Inequality (5), we have

REE(G) = eρ1 + e−ρ1 +

n−1∑
i=2

eρi

≥ 2 cosh ρ1 + (n− 2) +

n−1∑
i=2

ρi

= 2 cosh ρ1 + (n− 2) +

n∑
i=1

ρi + ρ1 − ρ1

= 2 cosh ρ1 + (n− 2).

Since,

f(x) = 2 coshx+ (n− 2).

is an increasing function on Df = [0,+∞), hence we get the result.

The bound of Theorem 3 improves the next results for all connected bipartite

graphs G with ∆(G) ≥ n
2 .
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Theorem 4. [17] Let G be a connected bipartite graph with n vertices. Then

REE(G) ≥ e+
1

e
+

√
(n− 2)2 +

2(n− 2∆)

∆
.

The next result presented in [17], is an immediate consequence of Theorem 2.

Corollary 1. [17] Let G be a connected bipartite graph of order n. Then

REE(G) ≥ e+
1

e
.

Now using Lemmas 4 and 5 we present a lower bound for Randić Estrada index

of graphs.

Theorem 5. Let G be a graph of order n. Then

REE(G) ⩾
√

n2 + nN2 +
nN3

3
+

nN4

12
+

nN5

60
+

N2N3

6
+

N2
2

4
.

Proof. Suppose that ρ1, ρ2, . . . , ρn is the spectrum of G. Using Lemma 4 we have

EE(G)2 =
n∑

i=1

n∑
j=1

eρi+ρj

⩾
n∑

i=1

n∑
j=1

(
1 + ρi + ρj +

(ρi + ρj)
2

2
+

(ρi + ρj)
3

6
+

(ρi + ρj)
4

24
+

(ρi + ρj)
5

120

)

=

n∑
i=1

n∑
j=1

(
1 + ρi + ρj +

ρ2i
2

+
ρ2j
2

+ ρiρj +
ρ3i
6

+
ρ3j
6

+
ρ2i ρj
2

+
ρiρ

2
j

2
+

ρ4i
24

+
ρ4j
24

+
ρ2i ρ

2
j

4
+

ρ3i ρj
6

+
ρiρ

3
j

6
+

ρ5i
120

+
ρ5j
120

+
ρ4i ρj
24

+
ρiρ

4
j

24
+

ρ3i ρ
2
j

12
+

ρ2i ρ
3
j

12

)
.
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By Equalities (1)-(4), we have the following equations:

n∑
i=1

n∑
j=1

(ρi + ρj) = n
n∑

i=1

ρi + n
n∑

j=1

ρj = 0,

n∑
i=1

n∑
j=1

ρiρj = (
n∑

i=1

ρi)
2 = 0,

n∑
i=1

n∑
j=1

(
ρ2i
2

+
ρ2j
2
) =

n

2

n∑
i=1

ρ2i +
n

2

n∑
j=1

ρ2j = nN2,

n∑
i=1

n∑
j=1

(
ρ3i
6

+
ρ3j
6
) =

n

6

n∑
i=1

ρ3i +
n

6

n∑
j=1

ρ3j =
nN3

3
,

n∑
i=1

n∑
j=1

(
ρ4i
24

+
ρ4j
24

) =
n

24

n∑
i=1

ρ4i +
n

24

n∑
j=1

ρ4j =
nN4

12
,

n∑
i=1

n∑
j=1

(
ρ5i
120

+
ρ5j
120

) =
n

120

n∑
i=1

ρ5i +
n

120

n∑
j=1

ρ5j =
nN5

60
,

n∑
i=1

n∑
j=1

(
ρ2i ρ

3
j

12
+

ρ3i ρ
2
j

12

)
=

1

12

n∑
i=1

n∑
j=1

ρ2i ρ
3
j +

1

12

n∑
i=1

n∑
j=1

ρ3i ρ
2
j =

N2N3

6
,

n∑
i=1

n∑
j=1

ρ4i ρj
24

=
1

24

n∑
i=1

ρ4i

n∑
j=1

ρj = 0,

n∑
i=1

n∑
j=1

ρiρ
4
j

24
=

1

24

n∑
i=1

ρi

n∑
j=1

ρ4j = 0,

n∑
i=1

n∑
j=1

ρ2i ρ
2
j

4
=

1

4

n∑
i=1

ρ2i

n∑
j=1

ρ2j =
N2

2

4
,

n∑
i=1

n∑
j=1

ρiρ
3
j

6
=

1

6

n∑
i=1

ρi

n∑
j=1

ρ3j = 0,

n∑
i=1

n∑
j=1

ρ3i ρj
6

=
1

6

n∑
i=1

ρ3i

n∑
j=1

ρj = 0,

n∑
i=1

n∑
j=1

ρiρ
2
j

2
=

1

2

n∑
i=1

ρi

n∑
j=1

ρ3j = 0,

and

n∑
i=1

n∑
j=1

ρ2i ρj
2

=
1

2

n∑
i=1

ρ2i

n∑
j=1

ρj = 0.
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Combining the above relations, we get

REE(G) ⩾
√

n2 + nN2 +
nN3

3
+

nN4

12
+

nN5

60
+

N2N3

6
+

N2
2

4
,

as desired.

Next, we obtain a lower bound for the Randić Estrada index in terms of the

order and the eigenvalues of its Randić matrix.

Theorem 6. Let G be a graph with n ≥ 2 vertices and m edges. Then

REE(G) ≥ 2(n− 1)e
ρ2+···+ρn
2(n−1) + eρ1 − n+ 1.

Proof. Let p1 =
1
2n , pi =

2n−1
2n(n−1) for i = 2, . . . , n and aj = eρj for j = 1, . . . , n. Note

that Υ = min{ 1
2n ,

2n−1
2n(n−1)} = 1

2n . By Lemma 1 we have

eρ1

2n
+

2n− 1

2n(n− 1)

n∑
i=2

eρi −Ψ ≥ 1

2

(
1

n

n∑
i=1

eρi − 1

)
where

Ψ = e
ρ1
2n

n∏
i=2

e
ρi(2n−1)

2n(n−1) .

It is easy to verify that

Ψ = e
ρ1
2n

n∏
i=2

e
ρi(2n−1)

2n(n−1) = e
ρ2+···+ρn
2(n−1) .

Hence,
eρ1

2n
+

(2n− 1) (
∑n

i=1 e
ρi − eρ1)

2n(n− 1)
−Ψ ≥ 1

2n

n∑
i=1

eρi − 1

2
.

Therefore,

e
ρ2+···+ρn
2(n−1) +

eρ1

2(n− 1)
− 1

2
≤ 1

2(n− 1)
REE(G).

Now derive a lower bound and an upper bound of the Randić Estrada index in

terms of the order n and the eigenvalues of its Randić matrix.

Theorem 7. Let G be a graph of order n. Then(∑n
i=1 e

ρi
2

)2
− n

n− 1
≤ REE(G) ≤

(
n∑

i=1

e
ρi
2

)2

− n(n− 1). (6)

Equalities holds if and only if G is the empty graph Kn.
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Proof. Setting ai = eρi for i = 1, 2, ..., n and applying Lemma 2, we have

n

 1

n

n∑
i=1

eρi −

(
n∏

i=1

eρi

) 1
n

 ≤ n
n∑

i=1

eρi −

(
n∑

i=1

e
ρi
2

)2

.

Since
∑n

i=1 ρi = 0, we get

n∑
i=1

eρi − n ≤ n

n∑
i=1

eρi −

(
n∑

i=1

e
ρi
2

)2

.

Therefore by the definition of Randić Estrada index, we have

REE(G) ≥

(∑n
i=1 e

ρi
2

)2
− n

n− 1
.

Again by Lemma 2, we obtain

n
n∑

i=1

eρi −

(
n∑

i=1

e
ρi
2

)2

≤ n(n− 1)

 1

n

n∑
i=1

eρi −

(
n∏

i=1

eρi

) 1
n

 .

By the definition of Randić Estrada index, we have

REE(G) ≤

(
n∑

i=1

e
ρi
2

)2

− n(n− 1).

The equality holds if and only if all ρi are zero that is G is Kn.

Theorem 8. Let G be a graph of order n. Then

REE(G) ≥
(√

eρ1 −
√
eρn
)2

+ n.

Furthermore, this bound is sharp for Kn.

Proof. Setting b = eρ1 and a = eρn , xi = eρi for i = 1, 2, ..., n and applying Lemma

1, we have

REE(G)

n
=

1

n

n∑
i=1

eρi

≥ 1

n

(√
eρ1 −

√
eρn
)2

+

(
n∏

i=1

eρi

) 1
n

=
1

n

(√
eρ1 −

√
eρn
)2

+ 1

and this leads to the desired bound.
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The bound in Theorem 8 improves the next bound when n ≥ 2 and 1
e1/n−1 < 1.

Theorem 9. [17] Let G be a connected graph of order n. Then

REE(G) ≥ e+
n− 1

e
1

n−1

.

If ∆ ≥ 2, then we have

e+

√
(n− 1) +

(
1 +

n− 2

e
2

n−1

)
+ 2

(
2n

∆
− 3

)

≤ e+

√
(n− 1) + (1 + n− 2) + 2

(
2n

2
− 3

)
= e+

√
4(n− 1)

= e+ 2
√
n− 1,

and so for n ≥ 7, we have

e+ 2
√
n− 1 <

(√
eρ1 −

√
eρn
)2

+ n.

Thus the bound in Theorem 8 improves the next bound for all graphs of order n ≥ 7

with ∆(G) ≥ 2.

Theorem 10. [17] Let G be a graph of order n with maximum degree ∆. Then

REE(G) ≥ e+

√
(n− 1) +

(
1 +

n− 2

e
2

n−1

)
+ 2

(
2n

∆
− 3

)
.

Conclusions

In this paper, At first we obtain new bounds for Randić Estrada index and improved

some of the important published bounds.
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[19] S. Simić, On a class of self-improving inequalities, Kragujevac J. Math. 37

(2013), 269–273.

[20] Y. Shang, Lower bounds for Gaussian Estrada index of graphs. Symmetry.

(2018), 10, 325.

12

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 31 December 2020                   doi:10.20944/preprints202012.0818.v1

https://doi.org/10.20944/preprints202012.0818.v1

