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Abstract: Nonparametric density estimation for nonnegative data is considered in a situation where
a random sample is not directly available but the data are instead observed from the length-biased
sampling. Due to the boundary bias problem of the location-scale kernel, the approach in this paper
is an application of asymmetric kernel. Two nonparametric density estimators are proposed. The
mean integrated squared error, strong consistency, and asymptotic normality of the estimators are
investigated. Some simulations illustrate the finite sample performance of the estimators.
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1. Introduction

Nonparametric density estimation is a major issue of statistics and econometrics. Although the
kernel density estimator (KDE) of location-scale type, originally proposed by Rosenblatt (1956) and
Parzen (1962), is perhaps the most popular in the literature, its boundary bias problem is an important
matter of concern when the support of the density to be estimated is not the whole real line R. Various
remedies for avoiding the boundary bias problem have been discussed, on the basis of renormalization,
reflection, and generalized jackknifing (Jones (1993)), transformation (Marron and Ruppert (1994)),
advanced reflection (Zhang et al. (1999)), and so on. Recently, there has been a vast literature on this
subject, especially, with the renewed interest in revisiting an asymmetric kernel method after Chen
(1999, 2000).

For the standard statistical inference problem of nonnegative data, it is assumed that a random
sample {Xj,..., X, } of a size n is drawn from a population with density f(x), x > 0. Practically,
one encounters many situations where the available data are observed only under a certain biased
sampling scheme (see, e.g., Patil and Rao (1978)). Then, it may be reasonable to regard a functional of
the biased distribution as the inferential target. But, some analyses need the estimation referring to the
original distribution. Cox (1969) considered estimating the population mean y = f0°° tf(t) dt(> 0) and
cumulative distribution function F(x) = [ f(t) dt, x > 0. An overview of nonparametric functional
estimation under the biased sampling scheme is found in Cristébal and Alcala (2001).

Nonparametric density estimation from the biased data started in the late 1980s. Two important papers
often quoted are Bhattacharyya et al. (1988) and Jones (1991) (see also Richardson et al. (1991) and Guillamén
etal. (1998)). Jones (1991) studied a kernel smoothing on the basis of Cox’s (1969) distribution estimator,
without cares about the boundary bias problem of the classical Rosenblatt-Parzen location-scale KDE.
The main contribution of this paper is to revisit the nonparametric density estimation under the biased
sampling scheme, using asymmetric kernel method which enables us to avoid the boundary bias
problem and then have desirable asymptotic properties. Our approach is different from Mnatsakanov
and Ruymgaart (2003,2006) on moment-type density estimation motivated by the so-called moment
problem, and Chaubey et al. (2010) using Hill’s lemma (Feller (1971; (1.5) of page 220)).

The rest of this paper is organized as follows. Section 2 describes the length-biased (LB)
distribution and illustrates, in detail, the boundary behavior of a convolution integral. After a brief
introduction of the asymmetric kernel method, two density estimators from the LB data are proposed,
in parallel with those of Bhattacharyya et al. (1988) and Jones (1991). Sections 3 and 4 state the required
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assumptions and main results of this paper. All proofs are given in the appendix. In Section 5, some
simulations illustrate the finite sample performance of the density estimators.

As usual, we use the notation ||1||s = sup,. s |(x)| for any bounded function / on S. We write,
forj € N, hU)(x) = (d/dx)ih(x) (if it exists), and h(%) (x) = h(x). For an estimator f(x) of f(x), where
x > 0, the mean squared error (MSE) is defined by

MSE[f(x)] = E[{f(x) — f(x)}*] = Bias’[f(x)] + V[f(x)],

~

and the mean integrated squared error (MISE); MISE[f] = Jo° MSE[f(x)] dx is a global measure of
discrepancy of f from f.

2. Preliminaries

2.1. LB Density

Nonparametrically, we wish to estimate the density f with nonnegative support, in a situation
where a random sample {Xj, ..., X, } is not directly available but a sample {Y;,...,Y,} = YV, (say) is
instead observed from the LB distribution having the density

xf(x
fLB(X)I&, x>0.
K
Throughout this paper, if there is no confusion, the X;’s are iid copies of the random variable X having
the density f, whereas the Y;’s are iid copies of the random variable Y having the LB density f; 5. We
repeatedly use the fact that, for a measurable function G and a real number 7,

ENG] = [ G fun(r)df = :{ [ty ar = ;E[xrﬂc(x)] (if it exists).
0 0
2.2. Boundary Bias Problem and Asymmetric Kernel Method
When supp(g) = [0,00), it is well known that a usual approximation (near the origin) of a

certain smooth nonnegative function g as the convolution integral does not hold when g(0) > 0. We
emphasize that the following fact is a starting point in the present paper: Even for the case g(0) = 0,
the convergence rate near the origin x = 0 is slower when g¢’(0) # 0; a typical example is g(x) = xe ™.

More precisely, if k is a symmetric density on [—1,1] (say) and & = h, > 0is a bandwidth which
tends to zero as n — oo (hereafter, we will omit the phrase “as the sample size n tends to the infinity”
unless otherwise stated, and we denote by x the location where the density estimation is made), then,

as shown in, e.g., Jones (1993),

®1 sx—s
|5k 8ts) ds — g(x)
min(x/h,1)

-/ k(t)g(x — ht)di — g(x)

-1

[1 k(t)g(x — ht)dt — g(x) = hz# /1 £2k(t) dt,

- 1 1

[ K(tglx = htydt - g(x) ~ ~g(0) /,, K(t) dt + g (0) /,, (—p+t)k(t)at,

according to x > horx = hp (0 < p < 1), because the kernel k((x — -)/h)/h creates a mass
outside [0, 00) when the location x is at or near the origin. This is the motivation that, instead of the
location-scale kernel k((x — -)/h)/h, we focus on an application of an asymmetric kernel k(+; 8, x),
whose support matches the support of the target function, where g = ,, > 0is a smoothing parameter,
with B — 0. It should be remarked that, after Chen (2000), the notation j (rather than /) is common in
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the asymmetric kernel method; indeed, the parameter § for the asymmetric kernel under consideration
has no meaning of the bandwidth / as in the classical Rosenblatt-Parzen location-scale kernel with a
compact support, although f corresponds to h? and controls the bias-variance trade-off. This is why
we refer to § as a smoothing parameter (rather then a bandwidth).

We formally require that

/Oook(s; B,x)g(s)ds = g(x) +O(B) foranyx >0,

if supp(g) = [0, ). To the best of our knowledge, Silverman (1986; page 28) first mentioned a fairly
simple idea of using gamma and log-normal (LN) kernels for the nonnegative data, where the kernel
shape varies according to (B, x). Perhaps, Chen’s (2000) gamma kernel, defined by!

1 /s\*/B e 5/P
k() (s; B,x) = 3(3) e

plays a central role in this area; however, some simulations reveal that when the the target density at
the origin is zero, the gamma kernel is disadvantage compared to the LN kernel (e.g., Igarashi (2016)).
Subsequent authors have discussed various kernels like LN, inverse Gaussian (IG), reciprocal IG (RIG),
Birnbaum-Saunders (BS), and inverse gamma. The analysts can now choose what they like, among
many options available for the kernel with support [0, o). According to Igarashi and Kakizawa (2020)
(see also Kakizawa (2021)), let us choose k(+; B, x) in the following form:

s,x >0,

Definition 1 (Igarashi and Kakizawa (2020)). Given a baselined density p(-;-), we set

k(s; B, x) = ;P(;;) $,x>0,

where the functional form of p, with nonnegative support, is independent of 8 and x.

To make this formulation clear, let

s>0

a'® (s/0,) 2y A (s/6,)
_03}) 016, ! =

(qBS) 0. 0, 0:)=C
fg (S/ 1,92, 3) gg({ 91

be a symmetrical-based qBS density, associated with a density generator g, where 61,6, > 0,63 € R,

1
— (1 —¢t71), 0,

ad) =4 29 ( )oa# and AW (t) = % (#9714 ¢ (a4
logt, q=0,

(due to the fact (t7 — +79)/q = (tl1l — t-141)/|q|, it is enough to take g > 0). Note that the
density Cy g(u?) on R is symmetric about the origin, where 1/Cq =[5y 1/2g(y)dy. Here, it is
common to standardize g so that [ uZCg ¢(u?)du = 1, without loss of generality. Indeed, as
long as [ u?Cyg(u*)du = ] for some constant | = J; > 0, this standardization can always be
imposed with the replacement of g(y) by J'/2¢(Jy); the nomalizing constant Cy is then invariant, i.e.,

[ V2 (qu2)du = [©, g(2)dt =1/Cq.

L Clearly, the kernel is a rescaled version of the (standard) gamma density s~ 'e~*/T'(8), with substitution of x/8 + 1 for the

shape parameter 0. Here, the shape 6 is limited to be greater than or equal to 1, so as to ensure that the resulting kernel is
bounded.

doi:10.20944/preprints202306.1944.v1
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Given constants 4 > 0 and ¢ > 0, a family of symmetrical-based non-central qBS kernels
(Kakizawa (2021))? is defined by

kP (53 ,x) = L) (55017 (x/ B+ 0), Blx/ B+ <), 001/ (x/B+0)), s,x>0,

where 6 € R. Kakizawa (2018) considered the central case 6 = 0. Such a family kéqBS)
the (infinite-dimensional) density generator g, as well as the parameter 4 > 0. In some numerical
studies of Section 5, we will put g = 1/2 (symmetrical-based BS kernel) or g = 0 (log-symmetrical (LS)
kernel), with (6, c) = (0, 1), for simplicity, and use the power exponential (PE) generator; gpg(,| (y) =
exp(—Apy?), p > 1/2, where the particular choice A, = {T'(3/(2p))/T'(1/(2p))}’ ensures that
the PE density has the variance 1, like the standard normal density. Other generators (Kotz-type,
generalized Pearson-type VII, and generalized logistic-type III) are found in Kakizawa (2018,2021). A
symmetrical-based central qBS kernel belongs to a family of symmetrical-based qMIG kernels (MIG
is an abbreviation of a mixture of IG and RIG), which is enlarged, linking to a class of skew-BS type
kernels. See Kakizawa (2018,2021).

is flexible via

Remark 1. Chaubey and Li (2013) applied Scaillet’s (2004) RIG kernel. As pointed out by Igarashi and
Kakizawa (2014), an RIG KDE, however, also suffered from the boundary bias problem, so that the
re-formulated RIG kernel should be applied.

2.3. Two density estimators under LB sampling scheme

Using E[Y fo t=1 fip(t) dt = 1/, as well as the relation

1
fx) = nyB() E[{(L?l(]), x>0,

our first estimator is defined in parallel with that of Bhattacharyya et al. (1988), as follows:

= ()Y (Yz‘/‘ﬁ X)
foe¥) = o o (Yite) lte’

x>0.

Except for a technical issue that needs to take a small € « n~1/2, this estimator may be natural in

the sense that fip(x), x > 0, is consistently estimable by the asymmetric KDE n=1 Y k(Y;; B, x)
(Bhattacharyya et al. (1988) used the classical Rosenblatt-Parzen KDE n 1 Y | (1/h)k((x — Y;) /h)).
On the other hand, Jones’s (1991) idea;

E[Y~Y(1/h)k((x — Y)/h)] ©1 /x—s
E[Y ]| :/0 Ek( I >f<s)ds

(see Cox (1969)) is also reasonable. However, in order to solve its boundary bias problem unless
£(0) = f'(0) = 0 (see Introduction), our second estimator

n Y Yi_lk(Yi; B, x)
nIy"  (Yi+e)l+e’

R
v
o

fﬁ,e(x) -

2 Itis easy to see that

(K759 (5; B, x) 12

(C /C ) (¢BS) . (q) S
Wﬂ (s 1/(x//3+c),ﬁ(x/‘BJrc),Bq/l/(x/ﬁ+c))A‘7(W>, 5, >0,

provided that g2 is also a density generator.
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is proposed, for which some asymptotic properties will be studied in Subsection 4.1.

Before we proceed with description of our required assumptions (Section 3) and specific
asymptotic results (Section 4), we highlight a novelty, compared with Jones (1991). Suppose that
f(0) = 0but f/(0) # 0 (we have an example f(x) = xe™*, x > 0). Then,

¢ Jones’s (1991) estimator ﬁl,]onesr based on the location-scale kernel with the support [—1,1]
(say), suffers from the boundary bias problem, i.e., Bias[fjjones(x)] = O(h?) for x > h and
Bias|[fj jones(x)] = O(h) for 0 < x < h, and, as a result, it is shown that

MISE[fijones] = O(F* + (nh) ™) (= O(n=/4));
* our estimator ﬁg/e achieves the convergence rate n~*/5 of the MISE (see Theorem 4).

We notice that ﬁgre is more preferable, since fﬁ,e has the factor x ! (it is numerically unstable near the
origin); besides, a rigorous error analysis for the (unweighted) MISE of fg . seems to be hard technically
(or it might be impossible), although the pointwise MSE (for x > 0) and weighted MISE of fg . are
tractable (see Subsection 4.2).

3. Assumptions

We use the notation f_;(-) = f(-)/(-)/. In order to prove asymptotic properties of f/s,e (Subsection
4.1), the following set of assumptions, labeled as F, is imposed for the density f to be estimated:

E (i) 1. f is a twice continuously differentiable function on [0, o), where f, f’, and f” are bounded;
2. f " is a Holder-continuous function (with exponent 0 < # < 1)on [O, ), i.e., there exists a
constant L > 0, such that |f"(u) — f”(v)| < L|u — o|" for any u,v > 0.
(ii) 1. f_1 is a bounded function on [0, »);
2. f_; is a Holder-continuous function (with exponent 0<#n'<I)on [0 0).
(iii) the inverse moment of X; E[X 1] = [Pt~ f(t)dt = [~ f-1(t) dt =y’ (say) exists (note
that E[Y~2] = y1E[X"1))
(iii") E[X~(1+9)] = o f _(14q) () dt =y (144q) (say) exists for some constant g > 0.

(v) fo {f'(t) }Zdt Jo Lt () }zdt and [~ f_3/2(t) dt exist.

Remark 2. Under the boundedness of f_1, given in F(ii.1), the density f to be estimated must have
a constraint f(0) = 0 (note that F(iii’) for some g > 1 implies f_1(0) = 0). However, as illustrated
earlier, even in the case f(0) = 0, Jones’s (1991) estimator suffers from the boundary bias problem
when f'(0) # 0 (we have an example f(x) = xe™*, x > 0).

On the other hand, for J?/S,e (Subsection 4.2), we additionally make some assumptions on the
corresponding LB density, labeled as F:

F'. 1. In addition to F(i.1), fip, f{, and f{’; are bounded functions® on [0, o);
2. f{’s is a Holder-continuous function (with exponent 0 < " < 1) on [0, c0).

Lastly, high-level conditions on the kernel k(+; B, x), labeled as A, are needed, whose details will
be given in the top of Appendix. For notational simplicity, we write

&5 (%)
2

By(x) = L108'(x) + 21 xg"(x), V() = 0575,

3 It automatically means that fip is a Lipschitz-continuous function (i.e., Holder-continuous function, with exponent 17 = 1)

on [0,00), with fi5(0) = 0, and that f{; and f{; are continuous functions on [0, c0); besides, under F(ii.1), f(0) = 0 and
fL(0) = 0. Note that i (1) = = {ifU=(1) +t£0(1)}, j = 1,2

doi:10.20944/preprints202306.1944.v1
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where the constants 11,021, and ¢ ({21,{ > 0) appear in Assumption Al.2-3 of Appendix. It is
convenient for us to define ]ékg) (x) = [y k(s; B, x)g(s) ds, Bék’g> (x) = ]ék’g> (x) — g(x),and ]ékz’g> (x) =
Jo K3(s; B, x)g(s) ds. Obviously, the following inequalities hold:

2
158 () < llsllioesy . 1BES () <2llglloe) T5 () < {supk(s; B2} (x).

s>0
It should be remarked that most of the items in Assumption F (or F') are needed to approximate
J é> (x), whose error analyse is found in Appendix. Roughly speaking, we obtain | ék’f ) (x) =~ f(x) +
BBf(x) under F(i) and y]ékz’f -1 (x) = g~V 2]4Vf71 (x) under FE(ii), for the estimator f/g,e. Also, for the

estimator fﬁ,e/ it is shown that, under F*,

Bl (x) = £ lfip(x) + BBy, (x)] = £(x) + BB(x),
2

(Y= ()5 =™

x
where B(x) = (u/x)Bf,, (x). Note that
_ X
B(x) = Ga{x () + ()} + Goa { £1(x) + 5 f1(0) } = Bp(x) + Qa1 fa () + Gaaf (x).
We can see that, under F(i.1 and iv), [;° B]%(x) dx = 1% (say) and [;° Ve (x)dx = 11 (say) are
well-defined; besides?, fooo B?(x)dx =1 B2 (say) is well-defined (we assume F(ii.1)).
4. Main Results
We assume that
B(1). B =n""4(n), where { is a (positive) slowly varying function.

Note that all powers of logy and a function L(y) approaching a positive limit vary slowly. For the
achievement of the optimal rate of the M(I)SE, = Cn—2/5 must be feasible, at least, where C > 0 is a
constant, independent of n.
In what follows, let e = C'n~1/2, where C’ > 0 is a constant, independent of 1. We write
wpy(x) = B2 712+ B2+ (Br) 112,
wg .y (x;8) = B2V (x) (Bx ™)V 2 + xpoeyery (BX)T7D/2,

where X is the indicator function of the set S.

4 Note that
[T o= ([ + [V awars [ fapwas [ o< [7fap0ae,

This, together with F(ii.1), implies that [;” f2, (t) dt exists.
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4.1. Asymptotic Properties of ]?/S,e

Theorem 1. Suppose that Assumptions Al, A2.1(v = 0,1); see Appendix, and F(i-iii) hold. Under B(0 < 1 <
1), given constants c;, > 0and 0 < T < 1, we have

1 sup |Bias[fpe(x)]| = O(BT +171/2),

0<x<cB*

sup  VI[fpe(x)] = O™~ +n~1/2p%);

0<x<c BT
2. forx > c BT,

Bias|fse (x)] = BBy (x) + RE™(x),  V[fe(x)] = n B2y, (x) + RY (x),
with
[RE™ (x)] < M[wp, (x) +n~1/2 + n1/2p|By(x)]],
IRE(x)] < M [0~ Hawpy (3 f1) + 14 Vp , (x)} + 07 V2{BBHx) + o, (0},

where M, M’ > 0 are constants, independent of n, B, and x. Also, we have

Bias(fye(0)] = Bf'(0) [ up(u;0)du-+ O(n~1/2 + 62),

Vpe(©) = 1767 uf1(0) [ p?(ui0) du
_'_O(nflﬁiy’fl + nfl + 1’173/2‘371 + n71/2’82> .

Remark 3. (i) The asymptotic bias and variance of _ﬁgre (x) when x is near the origin; x/ — «, where
x > 0is finite, can be obtained, as in Kakizawa (2018,2021). The details are omitted.
(ii) The pointwise MSE of f . is a corollary of Theorem 1(2), as follows: For fixed x > 0,

MSE[]/%,G:(X)] = AMSEx[ﬁ] + O(ﬁz + n—lﬁ—l/Z) )
where
AMSEy[B] = BB} (x) + '3V (x)

> s B vy ()55 i By(x) £0

(the equality holds iff B = [{uV} , (x)}/{4B%(x)}]2/5n*2/5),
() We have MSE[fse(0)] = O(F2 + 1 11)(= O(n /%) if £/(0)1(0) #0)

Theorem 2. Suppose that Assumptions A1, A2.1(v = 0,1); see Appendix, and F(i-iii) hold. Under B(0 < 1 <
1/2), we have fg ¢ (x) 225 f(x) for fixed x > 0 (note that fp,e(0) 2% £(0) = 0).

Theorem 3. Suppose that Assumptions Al, A2.2(v = 0,1); see Appendix, and F(i-iii’) hold.
(i) Under B(0 < 1 < min{2g/(2+ q),1}), we have

(BY )2 { o (x) — E[fpe (0)]} 5 N(O, uVy_, (x)) for fixed x > O.

(ii) Under B(0 <t < q/(2 4+ q)), we have

(1B)2{F3e (0) — Elfe (O)]} = N(0,1uf1(0) [ p2(1;0) du)
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For fixed x > 0, the replacement of E [ﬁ;e (x)] by f(x) is a routine by combining Theorem 3(i) with a
bias of Theorem 1(2): If Assumption F(iii’) holds for some g > 1/2,and if2/5 <« < min{2q/(2+¢),1}
(for the extreme case t = 2/5, assume nﬁS 2 _, 0), then,

(Tlﬁl/z)l/z{}?ﬁ,e(x) — f(x)} A, N(0, V¢ (x)) for fixed x > 0.

Theorem 4. Suppose that Assumptions A1, A2.1(v = 0,1), A3(H = 6/5 + 1+ &y); see Appendix, and F
hold, where [;° t23/1+V)+% £ (t) dt exists for some constant 5y > 0. Under B(0 < 1 < 1), we have

MISE([fg] = AMISE[B] +o(B* +n~1p~1/?),
where
AMISE[B] = p1%F + n~1p=1/21 "7
> S () B (x) 20
(the equality holds iff p = {(ylvffl )/(413%)}2/511_2/5 = Bopt (say)).
4.2. Asymptotic Properties of _ﬁgle

Due to the presence of the factor x~! in the estimator j?/glg, the case x = 0 is excluded throughout

this subsection; besides, in Theorem 8 (see also Remark 5), we will consider a truncated MISE of fﬁ/e,
for the global performance.

Theorem 5. Suppose that Assumptions Al, A2.1(v = 0); see Appendix, F(ii.1 and iii), and Ft hold. Under
B(0 < 1 < 1), given constants c;, > 0and 0 < T < 1, we have, for x > c1 B,

Bias[fge(x)] = BB(x) + REP™(x),  VIfge(x)] =n~"p2uVy , (x) + REV (x),
with
[REPS (x)] < M*[x 7 cop (%) + 172 (14 x71) +n 7 /2p|B(x)] |,
REY ()] < MY [ {wpp(x f 1) + 14372+ Vy_, (x)}
VBB (x) + x 2wk (00}
where MY, M'' > 0 are constants, independent of n, B, and x.
Remark 4. As a corollary of Theorem 5, we have, for fixed x > 0,
MSE(fp,e(x)] = AMSEL[B] + o(B* + n~'p71/2),

where

AMSEL[B] = B*B*(x) +n 'V, (x)

> s PP vy (055 i B(x) £0

(the equality holds iff B = [{uVy (x)}/{4B2(x)}]¥/5n2/5).
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Theorem 6. Suppose that Assumptions A1, A2.1(v = 0); see Appendix, F(ii.1 and iii), and F* hold. Under
B(0 <t < 1), we have fp(x) 2%, f(x) for fixed x > 0.

Theorem 7. Suppose that Assumptions Al, A2.2(v = 0); see Appendix, F(ii.1 and iii), and Ft hold. Under
B(0 < ¢ < 1), we have

(BY2)V2( Fp o (%) — Elfpe ()]}~ N(O,uVy, (x)) for fixed x > 0,

For fixed x > 0, the replacement of E [}755 (x)] by f(x) is a routine by combining Theorem 7 with a
bias of Theorem 6: If 2/5 < 1 < 1 (for the extreme case t = 2/5, assume n,85/ 2 0), then,

(ﬂﬁl/2)l/2{f73,e(x) — f(x)} L N(O/VVf,l (x)) for fixed x > 0.

Theorem 8. Suppose that Assumptions A1, A2.1(v = 0), A3(H = 2/5" + 1+ dy); see Appendix, F(ii.1, i,
and iv), and F* hold, where [;° 2"+ 0)+00 £ (1) dt exists for some constant 8y > 0. Under B(O < ¢ < 1),
we have, for every 0 < T < 1/2,

/‘[;o MSEU:ﬁ/G(x)] dx = AMISE+[‘B] + O(ﬁz + 11_1'3_1/2) ,

where

AMISE*[ﬁ] _ ﬁleZ +n’1ﬁ’1/2ylvf—1
5

2 V _ .
> s (B3 (a1 #5045 ifB(x) 20

(the equality holds iff p = {(yIfol )/ (AIB*)}2/5,=2/5),

Remark 5. Whether or not there exists a 0 < T < 1/2, such that fo’g " MSE [ﬁ;e(x)] dx is order o(B% +
n~18~1/2) (under some additional unnecessary stronger conditions) would be rather technical. We do
not pursue the issue any more.

5. Simulation Studies

To demonstrate the finite sample performance of the proposed density estimator f‘\gle, we generated
1000 random samples of size n = 200,300, 500 from the LB density fig(x) = x?*e~*/2, and computed
the PE[p|-based BS/log KDEs (p = 1,3/2) and gamma KDE for the original density f(x) = xe™*.
In the simulation, we used the least squared cross-validated (LSCV) smoothing parameter, for each
sample. Then, the average integrated squared errors (ISEs), (1/1000) y}°0 I {fﬁe i (x) — f(x) 12 dx,
were reported in Table 1, where f/},e, ) is computed from the (th sample.

Table 1. Average ISEsx 1000 of the estimators using the LSCV selected smoothing parameter. The value
in the parenthesis stands for the standard deviation.

PE[p]-based BSKDE PE[p]-based log KDE Gamma KDE
n p=1 p=3/2 p=1 p=3/2

200 12.882 12440 12678 12.128 12.698
(14.863)  (14.960)  (15.083)  (14.326) (13.601)

300  9.767 9.699 9.809 9.833 9.939
(11.067)  (11.587)  (11.414)  (12.160) (10.339)

500  6.896 6.703 7.123 6.886 7.567

(7.873)  (7.376)  (8257)  (7.973) (8.373)



https://doi.org/10.20944/preprints202306.1944.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 June 2023 doi:10.20944/preprints202306.1944.v1

10 of 25

As expected, all average ISEs decreased as the sample size n increased, which is in agreement with
the MISE result. The BS/LN KDEs (p = 1) were, overall, improved by the estimators with p = 3/2;
such a tendency can be illustrated via the AMISE relative efficiency index

AMISEopt(p)  { 1-1/(2p) r'2(3/(2p)) e
AMISEqp(1) — {2 pﬁrm(l/(Zp))}

(see Kakizawa (2018,2021)), since

8be(y)

5 ) C2 4/5
5 © _
AMISEopt(p) = : (IBf)l/S [(CPEM)V/O fa/0(x) dx] n—4/5

Needless to say, the best implemented smoothing parameter Bopt, given in Theorem 4, depends on the
unknown f, so that the data-driven procedure is crucial. We tried to conduct the LSCV smoothing
parameter selection®. Unlike the direct sample (Kakizawa (2018,2021)), the present LB setting, for small
sample size n = 100 (not being reported here), produced multiple local minima for the LSCV score (in
many cases, it was rather unstable numerically), whereas such an undesirable behavior seemed to be
fixed when n = 300. A further issue of considering a plug-in selection with a pilot estimator is left in
future.

6. Discussion

Our asymptotic results under the LB sampling can be extended to more general biased sampling,
i.e., a weighted distribution for a known (positive) weight function w, given by f,,(x) o w(x)f(x). The
LB density is a special case of w(x) = x, and another example is w(x) = x? (the area-biased density).
Also, the d-variate weighted density is defined by f,(x) &« w(x)f(x), x = (x1,...,x;)". Ahmad (1995)
extended Jones’s (1991) estimator to the d-variate case. Note that the product-kernel-method, using
the product asymmetric kernel H;-izl k(Xij; Bj, xj), x € [0, )4, instead of H}Ll k((xj — Xij)/h;)/hj, or
the non-product kernel (Igarashi (2018) and Kakizawa (2022)), can be straightforwardly applied to
solve the boundary bias problem of Ahmad’s (1995) estimator.
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Abbreviations
The following abbreviations are used in this manuscript:

5 The rule of thumb (ROT) procedure, with the gamma or LN reference, was also considered. But, these results were not

reported here, since, not surprisingly, the ROT was non-robust for the misspecification, although the computational speed of
the ROT was very high.
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KDE  kernel density estimator

LB length-biased

MSE  mean squared error

MISE  mean integrated squared error
LN log-normal

IG inverse Gaussian

RIG reciprocal inverse Gaussian
BS Birnbaum-Saunders

LS log-symmetrical

PE power exponential

MIG  mixture of IG and RIG

LSCV  least squared cross-validated
ISE integrated squared error
ROT  rule of thumb

Appendix A

Appendix A.1 Technical Conditions on k(-; B, x)

There are three indispensable requirements on the kernel k(s; B, x), s, x > 0:
(I) approximations of y;(k(-;B,x)) = [, (s — x)/k(s; B, x) ds and [~ k*(s; B, x) ds;
(IT) uniform /nonuniform bounds of sup_-., k(s; B, x);
(IT) behavior of the tail integral of k(s; 8, x) with respect to x (the regularity as x — co will be
required only for dealing with an asymptotic expansion of the MISE rigorously).
More precisely, we assume (e.g., Igarashi and Kakizawa (2020) and Kakizawa (2021)):

Al. In addition to Definition 1, there exists a density p(-; -), such that

L[5 up(u;0)du exists and, for any y > 0, [;° up(u; y)du(< C(1 + y)) exists, where C > 0

is a constant, mdgpendent of y;
2. given constants 0 < 7 < 1 and ¢; > 0, for all sufficiently small 8 > 0, x > ¢; 87 implies

that

Blia+rip(x), ]

ui(k(;B,x)) = Booix+rp(x), j

ra,8(x), j

with [r1p(x)] < Mip*2/xY/2, rpp(x)| < Map? 0 < rgp(x) < Myp?(x + B)%, where
011,021 (C21 > 0) and M, My, My > 0 are constants, independent of B and x;

7

1
2,
4

7

3. f (1;0) du exists, and, given constants 0 < ## < 1and ¢y > 0, for all sufficiently small
B> 0 x > ¢ B implies that
M B \1/2
<
(++p)

'/ Klsipx)d <ﬁx>1/2 = B2 \x 15

where ¢, M > 0 are constants, independent of § and x.
A2(v). upy(x) = sup,o{(B/s)"k(s; B, x)} satisfies:

L. sup,oqupy(x) < Ly B~!, where Ly, > 0 is a constant, independent of ;

2. forx >0, ug,(x) < L%,V(/%x)’l/ 2, where Ly, > 0is a constant, independent of f and x.
A3(H). Given a constant T > 0, and for all sufficiently small g > 0,

/000</ Tk(S B,x)g(s)d >ds:o(ﬁT(H+]))

Htlg(s) ds exists).

(assume that [;°s
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Most of the existing asymmetric kernels satisfy Assumptions A1, A2(0), and A3(H); see Igarashi and
Kakizawa (2020) and Kakizawa (2021). For instance, the constants {1 1,21, and ¢ (given in A1.2-3),

associated with k ( B, x),are givenby {11 = c+ 60+ Jg/2,{p2 = Jg,and { = C3/C 2, independent

of ¢ > 0, where J; = [*_u?C,y g(u?) du. Of course, we need to impose a set of requlrements on the

density generator g, under which A1, A2(0) and A3(H) hold for the asymmetric kernel k ( B, x);
see Kakizawa (2018,2021). For simplicity, we assume that there exist constants Mg, B > O such that
g(y) < Mge P for every y > 0. It remains to discuss A2(v > 0). Note that A2(v = 0, 1) is technically
required to prove Theorems 14 (i.e., (A8) and (A11) under A2(v = 1)); indeed, (A11) is crucial for
Lemma A3. On the other hand, A2(v = 0) is enough for the proofs of Theorems 5-8.

Property A1l. The kernel kéqBS) (+; B, x) satisfies Assumption A2(v) for any v > 0, with

CgeXp{v+1 max(—6,0) v+
- 2 _
cv{ﬁ(x+ﬁc)}1/z( zg}%z{ij<cl/z |u|)g(u )}, 7=0,
+v+
C{® (1+ ) +2}" 7
ARG+ pOIT

where Mg, (q) = supyzo[(y + 1) a1/ (29) g (y)].

Mg (q), q>0,

Proof. Recall that, with a(y) = 1/(y + ¢)/? (note that Sup,~g a(y) =1/c?),

k) (53, %)
I a® (a?(x/B)(s/B)) 2
= ar s U e /L) AT IB/B).
This, together with /s < (x + Bc)/(cs) = B/{csa®(x/B)}, yields
,(aBS) C al? (1) 2y AW (1)
G0 < gy sl ~ e ) 5] vzo.

It suffices to bound ¢ VAW (t) = (1/2)tV(#7~1 + +~(@*+1), g > 0, in the same manner as Kakizawa
(2018). O

Appendix A.2 Auxiliary Lemmas

We mention (without proof) the following basic lemma; (ii) is a slight modification of Kakizawa
(2021):

Lemma A1. (i) Let g be a twice continuously differentiable function on [0, 00), where g, g, and " are bounded;
besides, §"" is Holder-continuous with exponent 0 < y < 1. Under Assumption A1.1-2, given constants ¢ > 0
and 0 < T < 1, we have, for all sufficiently small B > 0,

1. sup [B{¥ (x)| = 0(p7);

0<x<cp BT
2.8 (0) = fg'(0) [~ uplu;0) du +O(B?)
3.for x > c1 BT, Bﬁk’ >(x) = BBg(x) + Ep(x),

with |Eg(x)| < Mg wg,(x), where Mg > 0 is a constant, independent of B and x.
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(i) Let g be a bounded and Holder-continuous function (with exponent 0 < 1’ < 1) on [0,00). Under
Assumptions Al and A2(v = 0), given constants c;, > 0 and 0 < T < 1, we have, for all sufficiently small
g >0,

K2 - * _
LI 0) = B715(0) [ p(50) du+ O(B" ),
2. for x > ¢ BT, ]ék2’g> (x) = BV 2Vy(x) + Ep(x),
with |€I'3(x)| < Mg {wp,y(x;8) + 1}, where My > 0 is a constant, independent of p and x.
We can verify that, according to, e.g., Igarashi and Kakizawa (2020) and Kakizawa (2021),
/ {BY® (x))? dx = 1% + o(f?) and / I8 () dx = p21% 1 o(p1/2)

if [ 123/ min(y,1')+1}+00 ¢ (t) dt exists for some constant &y > 0, as follows:

1 () For2/3 <7 <1, [ {BY (x)}2 dx = O(B°") = o(f?) using Lemma A1(i.1).

(ii) Take a constant 0 < 7’ < 7/(3 + 77)(< 1/4). Using Lemma A1(i.3), we have, for any
0<t<l,

‘/ (B89 ()2 dx - 1%

B
52( )Bg(x) dx +2p {1’3?' /ﬁ ’S E3(x) dx] v + /ﬁ '5 E3(x) dx
2

(iii) Under A3(H = 6/1 + 1+ &), we have, for2/(H+1) < 7' <5/(3+7),
P o0 o0
B P < Algllom [ [ ([ Hom st dr ) s+ [ go)a]
= O(B™ 1Y) = o(p%).

2. () Fort>1/2, [ ]ékz’g>(x) dx < Lo B Y18l ljo,0) = 0(B71/2) by A2.1(v = 0).
(ii) Take a constant 0 < v < #1'/(1+#1')(< 1/2). Using Lemma A1(ii.2), we have, for any

0<t<l,
<[31/2</ /)vg dx+/ |5ﬁ(x)|dx

=o(p71/2).

’/ S (x) d - 120

(iii) Under A3(H = 6/1" +1+ &), wehave, for 1/{2(H+ 1)} </ <n'/(1+7"),

/oi, ];;kz'g>(x) dx < Lgop* /000 (/:T, k(s;x,B)g(s) dx) ds (by A2.1(v = 0))
= O(pIT(HH1)-1/2}-1/2) _ (g=1/2)


https://doi.org/10.20944/preprints202306.1944.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 June 2023 doi:10.20944/preprints202306.1944.v1

14 of 25
Appendix B
Define "
e = % Y u(Yi+e) T +pe—1.
i=1
Then,
Fpe(x) = Jw with {g(x) = % YooY k(Y B x) — f(x). (A1)
€ i=1
Also, )
~ f(x) + (u/x)C5(x) L
ety = TR i g ) = . Y KGB,3) ~ fual). (A2)

Appendix B.1 Some basic results for (.

For ease of reference, we first mention the tail probability /moment bounds of .. Rewrite
e =De + 0, (A3)
where ¢ = uE[(Y +¢€) '] + pe — 1, and A, is the average of zero-mean independent random variables
Aie = u(Y; +e)71 — uE[(Y; —1—6)71], i=1,...,n,
with [A;e| < pe™l, VAl < p?E[(Y +€)72] < ue ! (we also have V[A;] < u?E[Y~2]). Then,

Bernstein’s inequality yields the exponential bound of the tail probability

2
P[|Be] > §2exp{2 net

(hence, Ae 225 0 if (ne)/ logn — o).
Suppose that E[Y 2] exists. Using u(Y + €)1 — uY 1 = —pueY~1(Y +¢€)~!, we have
[0c] < pe(1+E[Y2]). (A5)
Furthermore, it is easy to see that

V[A] = n Y2V[(Y + €)Y < n Yu2E[Y 2,

B = 5 Eiad )+ 20D (viad)? < it {(ne?) 4 3ELY 2 P22
It follows that
E[(3) =82+ V[A] =O(n™"), E[g¥] <8(s*+E[As]) = O(n~2). (A6)

Appendix B.2 Some preliminary results for {g(x)

We next list some facts about {g(x), including the tail probability /moment bounds and asymptotic
normality. Rewrite

— k,
Zp(x) = Bp(x) + By (x), (A7)
where Zﬁ (x) is the average of zero-mean independent random variables

Aip(x) = pY; k(Y B x) — pE[Y; k(Y B,%)], i=1,...,m,
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with |A;(x)] < plugs(x m VIAip(x)] < iPE{Y k(Y B,2)17) < B lupa (1) (x) (we also
have V[A; 5(x)] < ugo(x)p ] fu (x)). Assumption A2.1(v = 1) and Bernstein’s inequality yield the
exponential bound of the taﬂ probability

P[|Ag(x)| > t] < 2exp{ — np
PR = 0= 2P T2 ([l + £/3) L1

} forallt >0 (A8)
(hence, Ag(x) 2%, 0 if (np?)/logn — oo, which is implied by, e.g., B « n~* for some constant
0 < ¢ < 1/2). On the other hand, F(iii’), A1.3, and A2.2(v = 0) imply that, for fixed x > 0 (assume
f(x) > 0), we have, under B(0 < ¢ < min{2g/(2+ g),1}) (note that 1 = 2/5 is feasible when F(iii’)
holds for some g > 1/2),

L ow AP L [l
25 5 o <P | v e

i=1
— o(n*q/25*(1+q/2)/2) =0(1),

hence,

mf&gw L N(0,1), ie., (1Y) Rg(x) 5 N(O, uVy_, (x)) (A9)

using Lyapunov’s theorem (for triangular arrays), together with np!/2V[Ag(x)] — uVy_ (x) for fixed
x > 0, which will be shown in (A18) below. Similarly, F(iii’), A1.3, and A2.1(v = 0) imply that, for the
case f_1(0) > 0, we have, under B(0 < : < g/(2+ q)) (note that : = 1/3 is feasible when F(iii’) holds
for some g > 1 (in this case, f_1(0) = 0), i.e., : = 1/3 is unfortunately infeasible for 0 < q < 1),

1 B8O
5 L Vs <1

n(2Lgop1)*H
(n2V[Ag(0)])1+a/2

— O(nfq/zﬁ,(uq/z)) _ 0(1),
hence,

(V[AAZ(((:)))])UZ Lo N(0,1), i, (nB)/*Ag(0) L N(o, 1f_1(0) /Ooo P2 (1;,0) du) (A10)

using Lyapunov’s theorem, together with nﬁV[Kﬁ( ) = ufoa fo (11;0) du, which will be shown
in (A14) below.
It is easy to see that
VIAR(x)] = nt [JPEY k(Y B,x) Y2 = {REDY k(Y B,%)]1]
= [ @) = U P (< ),
E[G3(0)] = {By" (1)}? + V[Ap()]
< (B ()P +n ™ (x) = Dp(x) (say),
. 1 -1

EBA) = & Elnd (0] + 222 (v ()
<{(nB)'Lk1 B~ u}*Dp(x) +3DF(x) (by A2.1(v = 1)). (A11)
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iy (k.f)
In addition to sup, - |B/5 (x)] <2] |f||[0,°o),
sup V[Ag(x)] <n Lo Bl f-1ll ) by A2.1(v =0)), (A12)
x>
ko — a g « . 2 .
By (0) = Bf'(0) /O up(u;0) du + O(B2)  (by Lemma A1(i.2)), (A13)
VIBG(O)] = 0B ufa(0) [ p(;0)d
+O(n "1+ n71)  (by Lemma Al(ii.1)), (A14)
Lemma A1 implies that, given a constant0 < 7 < 1,
sup [By") (x)] = O(") (A15)

0<x<p™

(obviously, fOﬁT{Bék’f> (x)}2dx = O(B*") and foﬂr V[Ag(x)]dx = O(n~'g7"1)), and that, for x > BT,

By (x) = BBy ()] < My (x), (A16)
Ufzkz'f‘l)(x) =BTV ()] S M {wpy (x;f1) +1}, (A7)
V()] —n B 20V (x)] < MG gy (6 £-1) + 13+ |If1f o)) (A18)

Remark AL If [ 23/ min(17)+11+0 £(1)dt exists for some constant §y > 0 (this ensures
) ) 6/ min(iy,q/)+1+(50
f0°° 12{3/ mm(r],t]’)+1}+50f_1 (#)dt < {f0°° 2{3/ m1n(17,17’)+1}+60f(t) dt} 26/ min(n)+1}+% exists), in line with,

e.g., Kakizawa (2021), Assumption A3(H = 6/min(7,4') + 1 + &) about the behavior of the
tail integral of k(s; B, x) with respect to x is crucial for proving the negligibility of the integral
f;ffl E[@% (x)] dx(< fg:/ Dg(x) dx), as follows: We have, for any constant 7/ > 2/(H + 1),

/:T, Dg(x)dx < 2||f||[o,oo){/ooo (/:T, k(s;x, B)f(s) dx)ds—l—//;T/ f(x)dx}
Lo B /0 ” ( /ﬁ Y k(six, B)f () dx) ds (by A21(v = 0))

!

— O(ﬁr/(H-H)(l + n—lﬁ—l)) — 0(‘32 + n_lﬁ_l/z).
Then, the approximation
| B3 dx = 217 4 0 2 o2 4 )
can be verified, since, by taking 2/ (H+ 1) < v/ <min{y/(3+7n),17'/(1+7')},
B B
| EGildx = 08 +n g + /ﬁ [Dp(x) —n 15 ()17 dx

2
:'BZIBf—FTlilﬁil/z]lIVf*l +0(ﬁ2+n71‘371/2)

(we also take 2/3 < T < 1; see the argument after Lemma A1).
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Appendix B.3 Some Preliminary Results for gg(x)

We here list some facts about ¢ ;g (x), including the tail probability /moment bounds and asymptotic
normality. Rewrite

{h(x) = AT(x) + B (), (A19)
where Elg (x) is the average of zero-mean independent random variables

Alg(x) = k(Yi; B, %) — Ek(Y; 8,x)], i=1,...,n,

with [Af5(x)] < ugo(x), VIAT,(x)] < ERR(Y;B,%)] < upo(x)] (x). As in, e, Igarashi and
Kakizawa (2020) and Kakizawa (2021), by Assumption A2.1(v = 0), an application of Bernstein’s
inequality yields the exponential bound of the tail probability

npt?
[ fuBl[[0,00) +t/3)LK0

P[|Fﬁ(x)| >t < 2exp{—2( } forallt >0 (A20)

(hence, F/g(x) 2%, 0if (nB)/ logn — o), whereas, if B — 0 and n'/? — oo, then, A2.2(v = 0) implies
that, for fixed x > 0 (assume fp(x) > 0),

1o EIAL P [ (WP M
n2+p = (V[Eﬁ(x)])l+p/2 B {H(HV[A*ﬁ(x)]) } =0((np*/%)7F/%) foranyp >0,
hence, o
Af _
m}g;})m 4, N(0,1), ie. (nﬁm)mg ATp(x) 5 N(O, uVy_, (%)) (A21)

using Lyapunov’s theorem, together with n!/2(u/x)?V[At p(x)] = uVy  (x) for fixed x > 0, which
will be shown in (A26) below.
It is easy to see that
— 2 2
VIAR(0)) =m0 () — ) (0)12] (< I (),

E{THx)}Y) = {By™ (x)}2 + V(AT ()]
(B ()12 + V) (x) = D) (say),
1 3(n—1

B850 + 22 (vl (o))

n3 n3
(n'Lio B~)?DE(x) +3{D}(x)}* (by A21(v = 0)). (A22)

IN

E[{a5(x)}Y] <

IN

In addition to sup, - |B/<3k’fLB>(x)| < 2[|fiB|l[0,00) and

VIAE(x)] < n Lo B fisllpe)  (by A21(v = 0), (A23)
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Lemma Al implies that, given a constant 0 < 7 < 1, we have, for x > BT,
BB () = BB(x)| < MK (), (A24)
H\2 (€ fis) - . %
| (;) o () = B2 (0| < M {neopa (i f) + (B) (A25)
A
() VATl = n 187120, ()] < ! [ M o (35 £1)
2
+(E) tMp, + 11 sl ]
<n MY {wpa(x;f1) + 17, (A26)

where Mf M}LBy—ir( fLB+ HfLB|| )

Remark A2. As mentioned in Theorem 8, we take an arbitrary constant 0 < T < 1/2 and consider
a weighted MISE, with a weight function w(f) = x|gr o) (t) (say). In line with, e.g., Kakizawa (2021),
if fooo t2(1+’7”)/’7”+‘50fLB(t) dt exists for some constant §y > 0, Assumption A3(H = 2/5" + 1+ &),
together with sup g (u/x) <1 (say) for any constant T/ > 0, is crucial for proving the negligibility

of fﬁof,/ (],t/x)zE[{C;L3 (%)} dx(< fﬁofrf Dl‘;(x) dx), as follows: We have, for any constant 2/(H + 1) <
o < 17///(1 +17//),

/:T, D(x) dx < 2||fLB||[o,oo){/0°° (/: K(s; x,,B)fLB(S)dx> ds + /;/ fis(x) dx}
Lo B / </ k(s B) fip(s) d )ds (by A2.1(v = 0))
=O0(F" (A +n1p7)) = o(B + 01 pR).
We can verify that
L (BY EHgh 2 dx = 217 4 20 4 o(82 407172

forevery 0 < T < 1/2, since

‘/T kaB x)}zdx—,BZIBZ
Sﬁz(/o —I—/T/)Bz(x)dx
1/2 !

vt [ [0 () R ] a1 () )
=o(p%),
(&) Vs g

s
<nlp1/2 </ / T,>Vf1( )dx+MfLB/ {wﬁl( fo1) +x2}dx
— o(n~1p71/2).
Appendix B.4 Proofs of Main Results

Before proving Theorems 1-4, we prepare two lemmas (Lemmas A2 and A3):
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Lemma A2. Suppose that E[Y 2] exists. Then,
E[g5(x)C2] < Myin™'Dg(x),
where My > 0 is a constant, independent of n, B, and x.

Proof. It is easy to see that

E[8) (1)) = 5 E[A% 5(x)a3,) +

M [VIaLp (NI + 2(Coofas p(x), ] Y]
%E[A%( 183+ I ey,

where

E[A3 5(x)A ] < 4 [ AE[(Y + €)Y 23(Y; B, )] + BHPE[Y (Y B, x)[iPEL(Y +€) 72
48(e 2+ 3EY ) ().
The result follows from
EG3(x)22] < H{E[B(x)A] + V[Ap(x)]02} +2{BF (x)12E[2).
O

Now, we rewrite (Al) as

. 2
Foe) = F0) (1=t 755) + 80 (1= T557) = FO + Lpel) + Ryelw), (420)

where )

Epela) = G3(0) — F)Ge, Relo) = FO0) 75 — ) o

We need to evaluate E [Ré ()]

Lemma A3. Suppose that Assumptions A2.1(v = 1) and B hold, and that E[Y 2] exists. Under the
boundedness of f, we have

E[RG(x)] < M[4n~2 +n~'Dp(x)],

where M > 0 is a constant, independent of n, B, and x
Proof. Considering an event S, = {Vy : |{e| < 1/2} (say), we have

IRge(x)|xs, <2{f(x)Z2+|2p(x)Zel}xs,,
IR ()| (1= xs,) < [(06) H{f(x) + I2p ()]} + Fx) + {F(2el + 12601} (1 = xs,)
< [(ne) () + 12p(0)1} +2{3f (122 + 8p(¥)Ge} | (1 = xs,) -

Using {V : |Ce| > 1/2} C {Vn : |Ae| > 1/4} (say) for all sufficiently large 7, it can be shown that

E[R3o(x)] < 16[9£2(x)E[g?] + E[c3(x)2)]
+4(ue) 2 [{f2(x) + Dp(x)}PI[Ac| = 1/4] + {E[Bs(x)|P[|Ac| > 1/4]}'/2].
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Then, the result follows from (A4), (A6), (A11), and Lemma A2, under Assumption B (recall that
€ = C'nV2; in this case, P[|K€| >1/4] < 2e_9"1/2, where ¢ > 0 is a constant, independent of n). O

We are ready to prove Theorems 1-4.

Proof of Theorem 1. We start with

Elfpe ()] = F(x) + By (x) = F(x)0c + E[Rpe(x)], (A28)
Fpe(x) = Elfpe(x)] = Bp(x) — f(x)Be + Rpe(x) — E[Rge(x)], (A29)
where
V[fse(x)] = V[Bp(x)] +2Co0[Bp(x), —f(x)Be + Rpe(x)] + V- f(x)Be + Rpe(x)].  (A30)
Also,

Coo[Bp(x), Be] = ™! [|PEI(Y + €)Y TUk(Y; B, )] — E[Y "'k (Y; B, )HEI(Y +€)71]],

hence, B B ) )
(CovfBg(x), Al < n ™ 1] () + T ()] < 07 al | Falljo o) + 11 io) -

It is shown from (A28) and (A30) that

|Bias[fye(x)] = B (x)] < 1|fllg)de + {EIRG(x)]}1/2,

VIFpe(x)] = V()] < Mo [0+ {n g ) (1) EIRG ()] 112 + B[RS o (x)]

where M; > 0 is a constant, independent of n, 8, and x. Using Lemma A3 and

{n S (RS (0112 < M0 DY (x) + n 2Dy (x)]
<MYt 4 (n7! + 072 Dg(x)],

we have

‘Biastﬁle(x)] - Bék’ﬁ(x)‘ < Ms {n71/2 + n71/2|B/<3k’f>(x)|} (assume n~ 181 = 0(1)),

-~

VIae(@)] = VIB()]| < Ma[n™ +n712Dg()],
where M3, My > 0 are constants, independent of 7, 8, and x. Then, using (A12)—-(A18), the proof is

completed. O

Proof of Theorem 2. Recall (Al) (also (A3) and (A7)). The strong consistency follows from (A4), (A5),

and (A8), together with Bék’f ) (x) = O(P) for fixed x > 0 (we also have Bg{’f ) (0) = O(B)). See Lemma
A1(.2-3). O

Proof of Theorem 3. By Lemma A3, we notice that Rg¢(x) — E[Rg(x)] = 0,((np!/?)~1/2) for fixed
x > 0,and that Rg¢(0) — E[Rg(0)] = op((nB)~1/2). Recalling (A29), where Ac = O, (n~1/2), we have

(nBY2)V2(fg e (x) — Elfpe(x)]) = (np/?)V/%Ag(x) +0p(1) for fixed x > 0,
(nB)2(f,(0) — Elfp,c(0)]) = (nB)/*Ag(0) + 0, (1)

The results (i) and (ii) follow from (A9) and (A10), respectively. O
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Proof of Theorem 4. In the same way as the argument of Remark A1, a rigorous derivation of the
MISE is made by splitting the integral into three parts (we set H = 6/1 4+ 1 4 &), as follows:

(i) Theorem 1 yields [ MSE[fge(x)] dx = O(B* + n1pT=1) = o(f2 +n1p~1/2) for2/3 < T <
1.
(ii) Take a constant T/ > 2/(H + 1). The inequality

e—Z//3 y [gﬁ( x)Z2] deO(n—l)/Ooo [/:T/ k(s; B, x){f-1(s) + f(s)} dx|ds
+o() [

Dg(x)dx (Lemma A2),

!

together with (A6), enables us to see that, by (A27),
o ElFpe() = F)Y)
<4 - Py 1l EIZE

() {1 fllom B+ [, EGOZax |

=0o(B2+n"1p712) (see the argument in Remark A1).

(iii) Taking2/3 <7 <1land2/(H+1) < <min{n/(3+1n),4'/(1+#')}, Theorem 1 yields
‘/,f {Bias® fp e (X)) + VIfpe (1))} dx — (21" + 01 p~ 121 1)
< /32</OﬁT+/:T/>B}(x) dx
128 [13% /ﬂ ' {Rgias(x)}zdx] L / & {RBia%x)}de

+n1,81/2;4</ +/ )vf1 dx+/ |RV( )| dx

=o(B*+n1p12).

O

Before proving Theorems 5-8, we prepare two lemmas (Lemmas A4 and A5):
Lemma A4. Suppose that E[Y 2] exists. Then,
E[{Zh(0) Y222 < Min~'Dl(x),
where M} > 0 is a constant, independent of n, B, and x.
Proof. It is easy to see that
E[{B5(x))°A¢]
= E[AT ()23 ] + i [VIAL (0] VIAse] +2{CovlA] 5(x), A]}?]
1

AT ()28 ]+ 5 TR (B 7,
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where
E[{A] ()07 <4 [ZE [(Y +)723(Y; B, x)] + SER(Y; B, ) I PEL(Y +¢) 77|
42(e2 + 3E[Y 2 ().
The result follows from
EN{TH(x)}23) < A{E[{By () YA + V[Ap(x)]02} +2{BS (x) Y2E[¢2).
]

Now, (A2) can be rewritten as

N 2 g
Foel) = F0) (1= e+ 155) + 200 (1= 1755 = £+ B AL + Rhe(0)}, - (a0D)

where

+ oty + _ - Ce
Lge(x) = Cp(x) — fip(x)le, Rpe(x) —fLB(x) éﬁ( )

+ Ce Tl

We need to evaluate E[{R} (x)}?].

Lemma A5. Suppose that Assumptions A2.1(v = 0) and B hold, and that E[Y 2] exists. Under the
boundedness of fip, we have

E[{RE()}?] < M [n™2 +n~'Dj(x)],

where MY > 0 is a constant, independent of n, B, and x.
Proof. We have
IRE(0)|xs, < 2{fiB(¥)Z% + |G (*) el }xs,
IR (011 = xs,) < [ (1) {fin(x) + IZh ()1}
+ fun (%) + {fun(x)ICel + 131 (1 - xs,)
< [(ne) ™ {fun(x) + 125 ()1} +2{3fin ()82 + IC(x)2el ] (1 — xs,) -
Using {Vy : |Ze| > 1/2} € {Vu : |Ae| > 1/4} (say) for all sufficiently large n, it can be shown that
E[{Rh()}?]
< 16[9f25 () EIg2] + E[{g} (x)}¢2]]
+4(€) 2| {fE5(x) + D0 }PIA] = 1/4] + {E[{AT5 (x) V]PIA] = 1/4]}1/2] .

Then, the result follows from (A4), (A6), (A22), and Lemma A4, under Assumption B (recall that
€ = C'n~V/2;in this case, P[|A¢| > 1/4] < 2e=9""? where 0 > Ois a constant, independent of ). [

We are ready to prove Theorems 5-8.

Proof of Theorem 5. We start with

E[fpe(x)] = f(x) + £ (B (x) — fip(x)oc + EIRp ()]}, (A32)
Foe(x) = Elfpe()] = £ {B5(x) = fup(x)Be + Rf o (x) — EIR} (x)]}, (A33)


https://doi.org/10.20944/preprints202306.1944.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 June 2023 doi:10.20944/preprints202306.1944.v1

23 0f 25
where
Ve ()] = (£ {VIBH(x)] + 2C00(Bh(x), fin(x)Be + R (x)]
V[~ fis(x)Be + Rb ()]} (A34)
Also,
Coo[Ap(x), Ae] = n~! [KE[(Y +€) 7k (Y; B,%)) — E[K(Y; B, x)[ME[(Y +¢)7"]],
hence,

71- p— _ —
(Coo[Bg(x), Ael| < m [ (x) + I5 ()] < 11| lljo o) + I il o] -
It is shown from (A32) and (A34) that

| Bias|f. ()] - B“m%ﬂ E 11l 1000y +{EMRE(x)121172],

[VIFpe(x)] (@2 @] < M5 (B) [t + ) (RS ()21
+E[{Rh(x)}]],

where Mé > (0 is a constant, independent of #, 8, and x. Using Lemma A5 and

_14(K?, B -
{n 1]é fLB>(x)E[{RE’€(x)}2]}1/2 < (M2 Pn 1{DE(x)}1/2 4 1/2D7§(x)]
< (MNV2[n32 1 on 12D (),
we have
. ~ k, B B B k,
[Bias fpe ()] — £ B ()] < MY[n1/2(1 4 x71) 412K BJEAR) ()
(assume n~ 1871 = 0(1)),
~ 2 —t B B
‘V[fﬁfe(x)] - (%) V[Aﬁ(x”‘ < Mj {n Y14x2) +n 1/2(V) D} (x )}
where M}, M} > 0 are constants, independent of n, 8, and x. Then, using (A24)—(A26), the proof is
completed. O

Proof of Theorem 6. Recall (A2) (also (A3) and (A19)). The strong consistency follows from (A4), (A5),
and (A20), together with (p/ x)Blgk’f 1B (x) = O(P) for fixed x > 0 (see (A24)). O

Proof of Theorem 7. Recall (A33), where A, = Op(n’l/ 2). For fixed x > 0, Lemma A5 implies that
RE,e(") - E[Rg,e(x)] = 0p((”,31/2)71/2), ie.,

(nB")V2(Fpe(x) — Elfpe(x)]) = (nﬁ”z)”z% Afp(x) +0p(1).
The asymptotic normality follows from (A21). O

Proof of Theorem 8. We assume that [;° t2(1/7"+1)+% £ 5 (+) dt = I (say) exists for some constant
) 2/5"+1+4)

do > 0 (then, [° 2A/1" 0+ f(1)dt = p [ 2/1"F1400 fi 5 (t) dt < pI20/7+D+%0 exists). In the same

way as the argument of Remark A2, a rigorous derivation is made by splitting the integral into two

parts (we set H =2/5" + 1+ &), as follows:
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(i) Take a constant " > 2/(H + 1). The inequality

e [ UGy < 067 [ [T KB + funle)) s

*T,

+0(1) /!:o/ D;g(x) dx (Lemma A4),

together with (A6) and sup, -, g (u/x) <1 (say), enables us to see that, by (A31),

!

/ﬁ " Efpe(x) — f(x)}¥ dx
<4l [7, Dh dr+11fl g EICH

<) {110 E)+ [, ELEGHY 2R ax |
=o(B2+n"'p72) (repeat the same argument in Remark A2).

(ii) Taking2/(H+1) <7 <n"/(1+1n"), Theorem 5 enables us to see that, for every 0 < 7 < 1/2,

‘/;Tl {Biusz[fﬁle(x)] + V[fﬁe(x)]} dx — (/32132 + g2y )
< ﬁ2</0ﬁr +/13°°T,)32(x) dx
+2B [IBZ /;T/ {REBiaS(x)}zdx] v + /;T/ {REBiaS(x)}zdx

BT oo p
“1,-1/2 RV
+n B V(/o —i—/ﬂT,)Vf_l(x)dx—i—/ﬁT | B (x)] dx
_ o(ﬁz—l—n_lﬁ_l/Z).

O
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