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Abstract

A unified e lectromagnetic response t heory has b een formulated in t erms of quasi-energy deriva-
tives within the nonrelativistic single-determinant framework. The formalism is applicable to both 
optical and non-optical electromagnetic responses, without restriction to monochromatic fields. Elec-
tromagnetic properties are expressed through quasi-energy derivatives, providing a consistent and 
general description under arbitrary static or dynamic perturbations. Magnetic properties obtained 
from this framework are inherently gauge-invariant, since a gauge transformation of the electro-
magnetic potentials corresponds to a unitary phase transformation acting on both the Hamiltonian 
and molecular orbitals. The present theory thus offers a comprehensive foundation for evaluating 
(hyper)polarizabilities, (hyper)magnetizabilities, and other related response properties.

Keywords: electromagnetic response theory; time-dependent perturbation theory; analytical quasi-
energy derivatives; polarizabilities; magnetizabilities

1. Introduction
Since the early development of quantum chemistry, one of its central goals has been the accurate

prediction of molecular properties from first principles. Among these properties, those associated
with the response of molecules to external electromagnetic fields—such as (hyper)polarizabilities and
(hyper)magnetizabilities—play a critical role in understanding spectroscopic behavior, intermolecular
interactions, and optical phenomena[1–13].

A straightforward way to evaluate such response properties is the finite-field approach[14,15],
which computes changes in self-consistent field (SCF) energy under small variations of the applied
field. In each field direction, this approach requires a few single-point calculations at slightly different
field strengths to approximate a derivative of a given order. However, its accuracy is highly sensitive
to the choice of field step size, and the accumulated numerical error becomes more pronounced
for higher-order derivatives. This finite-field approach, moreover, is inherently limited to static
field perturbations and cannot capture frequency-dependent response properties induced by time-
dependent electromagnetic fields.

Another commonly used approach is the sum-over-states method[16–19], which expresses re-
sponse properties as explicit sums over electronic excited states. This formulation is derived by taking
derivatives of the expectation value of the dipole operator ⟨µ̂⟩. It originates from Rayleigh-Schrödinger
perturbation theory, where the system’s response is expanded in terms of eigenstates of the unper-
turbed Hamiltonian. In principle, the expansion involves a complete set of many-electron excited
states, rendering the method formally exact. In practice, however, the summation must be truncated to
a manageable number of states in an infinite-dimensional Hilbert space, which introduces numerical
approximations. While conceptually straightforward and potentially accurate when a sufficiently large
and well-described excitation manifold is available, the sum-over-states method is computationally
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demanding and strongly dependent on the quality and completeness of the excited states. These
limitations significantly hinder its routine applicability, especially for large systems and higher-order
response properties.

A more widely applicable and systematically accurate alternative is the analytical derivative
method[20–25], in which molecular response properties are obtained by expanding relevant physical
quantities in a Taylor series with respect to external perturbation parameters. Within this formalism,
the response of molecular orbitals to the applied field must be explicitly taken into account. If the
ground-state orbitals are well-suited, it is often assumed that orbital responses of all orders can be
represented as linear transformations of the unperturbed orbitals. Under this approximation, the
resulting set of equations reduces to a linear system for the transformation matrix, which is often
referred to as the coupled-perturbed (CP) Hartree-Fock (HF) equations. These equations, derived
from the stationarity conditions of the underlying variational energy functionals, provide a rigorous
route to compute response properties of arbitrary order. Because higher-order response properties
are very sensitive to electron correlation effects[20,26], attempts to improve predictive accuracy have
motivated the extension of analytical derivative theory beyond the HF level. Although post HF
methods can offer systematic improvements, they are computationally demanding and impractical
for large systems. The use of nonorthogonal localized molecular orbitals can reduce the cost in large-
scale calculations[13,27,28]. In contrast, Kohn-Sham (KS) density functional theory (DFT) provides
a more computationally affordable means of incorporating electron correlation, prompting several
researchers[26,29–33] to extend the analytical derivative formalism to the KS framework. Compared
with its HF counterpart, the KS-based formulation introduces additional complexity at higher orders—
for instance, third-order response properties require explicit evaluation of the third derivative of the
exchange-correlation (xc) functional with respect to the external perturbation.

In the historical development of the analytical derivative theory, there have emerged three different
formulations, where the response properties are defined as the derivatives of (i) the expectation value
of the dipole operator ⟨µ̂⟩, (ii) the energy E = ⟨Ĥ⟩, or (iii) the so-called quasi-energy W = ⟨Ĥ − i∂t⟩.

Sekino and Bartlett[20] first introduced a systematic formulation at the HF level for evaluating
static and frequency-dependent polarizabilities, based on derivatives of the expectation value of the
dipole operator ⟨µ̂⟩. They thought that, whether the perturbation was static or dynamic, response
properties derived from the dipole expectation value were equivalent to those obtained from energy
derivatives. Building on this foundation, Rice et al.[21] and, independently, Karna and Dupuis[22] later
proposed simplified formulations by leveraging the (2n + 1) rule, which streamlines the computation
of higher-order responses. Their framework was subsequently adopted in numerous studies, including
various extensions to KS-DFT[26,29–31], and has been widely implemented in modern electronic
structure codes. In principle, response properties obtained from this framework are equivalent to
those derived from the full, untruncated sum-over-states method. However, despite its popularity,
the dipole-derivative-based framework suffers from conceptual and formal inconsistencies. First,
the Hamiltonian does not commute with the dipole operator and hence cannot share its eigenstates,
making the dipole expectation value, strictly speaking, not a well-defined observable. Moreover, the
dipole operator is incompatible with periodic boundary conditions in crystalline systems—a well-
known inconsistency that has motivated alternative formulations such as the KGB method, which
introduces the vector potential to circumvent this issue[34]. As a consequence, response of ⟨µ̂⟩ to
perturbations lacks rigorous physical meaning. Second, frequency-dependent response quantities,
such as the first hyperpolarizability tensor βabc(−ωB − ωC; ωB, ωC), can violate the symmetry of
mixed partial derivatives, and the frequency dependence associated with the first dimension is not
treated in a physically meaningful way. Furthermore, the simplification of the second-order response
density matrix necessitates the use of unphysical constructs involving the CP-HF/KS equations that
do not exist under such electromagnetic perturbations. More fundamentally, for a time-dependent
perturbation, the traditional Hellmann-Feynman theorem is no longer valid. There is no physical
justification for the assumption that the electron density remains unaffected by the external field. In
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other words, the dipole moment, i.e., the first derivative of the energy E with respect to the external
field, cannot be equated to ⟨µ̂⟩. The analytical forms of energy and dipole derivatives are no longer
equivalent in the presence of dynamic fields.

Although, to the best of our knowledge, there have been no published formulations that rigorously
express frequency-dependent response properties as energy derivatives under time-varying fields.
Our work shows that, in the presence of time-varying fields, higher-order energy derivatives naturally
contain additional terms with explicit frequency dependence, whose contributions become increasingly
significant at high frequencies. Nevertheless, defining response properties via energy derivatives
under time-dependent perturbations is not without its own theoretical challenges. For such systems,
one must resort to the time-dependent Schrödinger equation, where energy ceases to be a well-
defined quantity. The Hamiltonian expectation value only carries a time-averaged meaning and is
not an observable in the conventional sense. In addition, for magnetic response properties, issues
such as gauge-origin dependence become particularly pronounced. Our deeper analysis, however,
reveals that the commonly perceived gauge problem stems from an incomplete treatment: while most
existing methods account for the gauge transformation of the vector potential in the operators, they
neglect the simultaneous transformation of both the basis functions and the scalar potential. In reality,
electromagnetic fields exhibit gauge invariance, and the HF and KS equations should remain gauge
covariant. Gauge transformations amount to translations of energy-momentum space and leave the
physical system unchanged. Under such a transformation, the wavefunction merely acquires a phase
factor e−ig, with g being the gauge function associated with a chosen gauge origin. While this resolves
the gauge-dependence of energy response in static systems, it also underscores the fact that energy is
not a gauge-invariant quantity under time-dependent magnetic fields. As such, energy-derivative-
based magnetic response properties remain inherently ill-defined in this context. This motivates a
shift to quasi-energy-based formulations as a more consistent foundation for electromagnetic response
theory.

The quasi-energy W is a well-defined, gauge-invariant observable in general, owing to the gauge
covariance of the HF and KS equations. Notably, Rice and Handy[23], as well as Sasagane, Aiga, and
Itoh[25], first suggested the idea of defining response properties as quasi-energy derivatives, though
they did not provide a complete derivation. Later, Banerjee and Harbola[32], together with Aiga
and coworkers[33], advocated using the Floquet-state[24] energy as a means to characterize response
properties. However, the time-averaged Floquet energy is itself time-independent and therefore does
not yield general and meaningful field derivatives. For these reasons, we adopt the quasi-energy
derivative framework proposed by Sasagane et al., which offers a physically consistent foundation for
treating time-dependent perturbations and recovers conventional response theories in the static limit
(ω → 0).

In this work, we present a systematic derivation of analytical quasi-energy derivatives (up to third
order) at the SCF level where the electronic wavefunction is described by a single Slater determinant.
These analytical derivatives are based on a straightforward Taylor expansion in the external fields and
can be applied to a wide range of electromagnetic response properties, including electric-field-induced
polarizabilities and magnetic-field-induced magnetizabilities. The resulting formulation not only
offers enhanced physical clarity for arbitrary-order derivatives but is also amenable to implementation.
Moreover, we generalize the framework to arbitrary time-dependent electromagnetic perturbations,
going beyond the conventional setting of static and monochromatic fields, and thereby extend the
applicability of quasi-energy response theory to a broader class of physical phenomena such as second-
harmonic generation (SHG). In addition, we address a commonly neglected yet essential aspect of
analytical derivative theory: the explicit perturbation dependence of basis functions. In some cases,
a basis set may be adapted to or parameterized by external fields, which introduces an additional
layer of complexity. Under time-dependent perturbations, the operator i∂t also acts on such a basis.
To account for this, we develop a generalized derivative theory that includes the explicit response of
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basis functions to external fields, ensuring that all sources of perturbation dependence are consistently
treated.

2. General Formalism
2.1. Time-Harmonic Electromagnetic Fields

An electromagnetic field may be either static or dynamic, with the latter exhibiting time depen-
dence. In most cases, a time-dependent field can be modeled as a time-harmonic oscillation. According
to Maxwell’s equations, the time-dependent part of such a harmonic field typically consists of two
linearly independent complex-conjugate solutions, eiωt and e−iωt. Any linear combination of these
components can be used to represent the time-harmonic field, i.e.,

F (r, t) = F+(r)eiωt +F−(r)e−iωt. (1)

Sometimes, multiple fields may be present simultaneously, possibly including a static component. The
overall effect is then described by the vector sum of the individual fields,

F (r, t) = ∑
A

(ωA≥0)

[
F+

A(r)e
iωAt +F−

A(r)e
−iωAt

]
= ∑

A
F A(r)eiωAt. (2)

In particular, the case of ωA = 0 corresponds to a static field. Eq. (2) represents the general form of an
electromagnetic field. Even in the case of an anharmonic time-varying field, expansion in a Fourier
series allows it to be expressed as a linear combination of harmonic components, each with a specific
frequency ωA.

We now turn to the question of how the quasi-energy of a system responds to these fields. For
notational simplicity, the partial derivative of a physical quantity with respect to the a-th Cartesian
component of an independent field F A(r, t; ωA), evaluated at zero field, is denoted by placing a
superscript a and appending its characteristic frequency ωA in parentheses, e.g.,

EAa ≡ Ea(ωA) =
∂E

∂[FAa(r)eiωAt]

∣∣∣∣
0
. (3)

It follows directly that

E∗a(ωA) =
∂E∗

∂[FAa(r)eiωAt]

∣∣∣∣
0
=

∂E
∂[FAa(r)e−iωAt]

∣∣∣∣∗
0
= Ea∗(−ωA), (4)

where the asterisk (∗) denotes complex conjugation and the spatial field distribution FAa(r) is assumed
to be real.

2.2. Quasi-Energy Response

Under general time-dependent perturbations, the many-electron wavefunction is no longer an
eigenstate of the Hamiltonian. Instead, its evolution is governed by the time-dependent Schrödinger
equation (in atomic units) [

Ĥ({r}, t)− i∂t
]
Ψ({r}, t) = 0, (5)

where {r} represents the set of all electron coordinates. Following the treatment of Sasagane et al.[25],
the wavefunction can be written as

Ψ({r}, t) = Φ({r}, t) exp
[
−i

∫ t

t0

dt′ W(t′)
]

, (6)
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where Φ({r}, t) is represented as a single Slater determinant and W is the quasi-energy. Substitution
of this ansatz into Eq. (5) transforms it into an eigenvalue equation[

Ĥ({r}, t)− i∂t
]
Φ({r}, t) = W(t)Φ({r}, t). (7)

If the Hamiltonian carries no explicit time dependence, Eq. (7) reduces to the conventional time-
independent Schrödinger equation. Assuming that Φ({r}, t) remains normalized at all times, we can
evaluate the quasi-energy W(t) as

W(t) = ⟨Φ|Ĥ|Φ⟩︸ ︷︷ ︸
E(t)

− ⟨Φ|i∂t|Φ⟩︸ ︷︷ ︸
T(t)

. (8)

The first term in Eq. (8) corresponds to the instantaneous energy of the system, which can be written in
terms of the density matrix Dνµ as

E = DνµHµν +
1
2

DνµDλκ(µν|κλ) + Exc, (9)

where Hµν denotes the core Hamiltonian matrix and Exc is the xc energy. The Einstein summation
convention is adopted throughout. The second term in Eq. (8) represents the dynamic phase arising
from the time-dependence of the wavefunction, and evaluates to

T = DνµTµν + iniC∗
µiSµν∂tCνi, (10)

where ni is the occupation number of the i-th orbital, Cµi denotes the matrix of orbital coefficients, Sµν

is the overlap matrix in the basis function representation, and Tµν is defined as

Tµν = (µ|i∂t|ν). (11)

Theoretically, the responses of Tµν to a static field should vanish at all orders, i.e.,

T 0
µν = 0, (12a)

T a
µν(0) = 0, (12b)

T ab
µν (0, 0) = 0, (12c)

...

In particular, if the basis functions are independent of the external perturbation, Tµν vanishes identi-
cally.

The energy response can be obtained directly by taking successive derivatives of Eq. (9). The
zeroth-order energy reads

E0 = D0
νµH0

µν +
1
2

D0
νµD0

λκ(µν|κλ)0 + E0
xc, (13)

which characterizes the unperturbed system. The first-order energy response is given by

EAa = DAa
νµ F0

µν + D0
νµHAa

µν +
1
2

D0
νµD0

λκ(µν|κλ)Aa + D0
νµ(µνAa|vxc), (14)

where vxc denotes the xc potential, and F0
µν is the zeroth-order Fock matrix, defined as

F0
µν = H0

µν + D0
λκ(µν|κλ)0 + (µν0|vxc). (15)
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Note that the derivative appearing in an xc integral acts on the basis function pair, e.g., (µνAa|vxc) ≡
((µν)Aa|vxc). The second-order energy response takes the form

EAaBb = DAaBb
νµ F0

µν + DAa
νµ FBb

µν + DBb
νµ HAa

µν + D0
νµHAaBb

µν

+ DBb
νµ D0

λκ(µν|κλ)Aa +
1
2

D0
νµD0

λκ(µν|κλ)AaBb

+ DBb
νµ(µνAa|vxc) + D0

νµ(µνAaBb|vxc) + D0
νµ(µνAa| fxc|ρBb),

(16)

where fxc is the xc kernel, i.e., the second functional derivative of Exc, and ρ is not restricted to the
electron density but depends on the variables entering the functional. The third-order energy response

EAaBbCc = DAaBbCc
νµ F0

µν + DAaBb
νµ FCc

µν + DAaCc
νµ FBb

µν + DAa
νµ FBbCc

µν + DBbCc
νµ HAa

µν

+ DBb
νµ HAaCc

µν + DCc
νµ HAaBb

µν + D0
νµHAaBbCc

µν + DBbCc
νµ D0

λκ(µν|κλ)Aa

+ DBb
νµ DCc

λκ(µν|κλ)Aa + DBb
νµ D0

λκ(µν|κλ)AaCc + DCc
νµ D0

λκ(µν|κλ)AaBb

+
1
2

D0
νµD0

λκ(µν|κλ)AaBbCc + DBbCc
νµ (µνAa|vxc) + DBb

νµ(µνAaCc|vxc)

+ DBb
νµ(µνAa| fxc|ρCc) + DCc

νµ(µνAaBb|vxc) + D0
νµ(µνAaBbCc|vxc)

+ D0
νµ(µνAaBb| fxc|ρCc) + DCc

νµ(µνAa| fxc|ρBb) + D0
νµ(µνAaCc| fxc|ρBb)

+ D0
νµ(µνAa| fxc|ρBbCc) + D0

νµ(µνAa|kxc|ρBb|ρCc)

(17)

involves kxc, the third functional derivative of Exc. All terms that involve vxc, fxc, and kxc correspond
to xc contributions of increasing order. Particularly, kxc vanishes in the case of a pure HF exchange.

The response of T cannot be directly obtained by taking derivatives of Eq. (10), as the orbital
coefficients Cµi implicitly depend on the external perturbation. To resolve this, we expand both sides
of Eq. (10) as Taylor series in powers of the external fields {F}, which results in

∞

∑
p=0

T(p)

p!
{F}p =

∞

∑
p=0

∞

∑
q=0

D(p)
νµ T (q)

µν

p!q!
{F}p{F}q

+ ini

∞

∑
p=0

∞

∑
q=0

∞

∑
r=0

C∗(p)
µi S(q)

µν C(r)
νi

p!q!r!
{F}p{F}q∂t{F}r.

(18)

Since each field in {F} is independent, we can collect terms of equal perturbation order on both sides.
The expansion up to third order yields the following equations:

T0 = 0, (19a)

TAa = D0
νµT Aa

µν − ωAniC∗0
µi S0

µνCAa
νi , (19b)

TAaBb = DAa
νµ T Bb

µν + DBb
νµT Aa

µν + D0
νµT AaBb

µν

− ωBni

[
C∗Aa

µi S0
µν + C∗0

µi SAa
µν

]
CBb

νi

− ωAni

[
C∗Bb

µi S0
µν + C∗0

µi SBb
µν

]
CAa

νi

− (ωA + ωB)niC∗0
µi S0

µνCAaBb
νi ,

(19c)
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TAaBbCc =
[

DAaBb
νµ T Cc

µν + DAaCc
νµ T Bb

µν + DBbCc
νµ T Aa

µν + DAa
νµ T BbCc

µν

+ DBb
νµT AaCc

µν + DCc
νµT AaBb

µν + D0
νµT AaBbCc

µν

]
− ωCni

[
C∗AaBb

µi S0
µν + C∗Aa

µi SBb
µν + C∗Bb

µi SAa
µν + C∗0

µi SAaBb
µν

]
CCc

νi

− ωBni

[
C∗AaCc

µi S0
µν + C∗Aa

µi SCc
µν + C∗Cc

µi SAa
µν + C∗0

µi SAaCc
µν

]
CBb

νi

− ωAni

[
C∗BbCc

µi S0
µν + C∗Bb

µi SCc
µν + C∗Cc

µi SBb
µν + C∗0

µi SBbCc
µν

]
CAa

νi

− (ωB + ωC)ni

[
C∗Aa

µi S0
µν + C∗0

µi SAa
µν

]
CBbCc

νi

− (ωA + ωC)ni

[
C∗Bb

µi S0
µν + C∗0

µi SBb
µν

]
CAaCc

νi

− (ωA + ωB)ni

[
C∗Cc

µi S0
µν + C∗0

µi SCc
µν

]
CAaBb

νi

− (ωA + ωB + ωC)niC∗0
µi S0

µνCAaBbCc
νi .

(19d)

A detailed derivation is provided in Appendix A.
The quasi-energy responses up to third order are thus given by

W0 = E0, (20a)

WAa = EAa − TAa, (20b)

WAaBb = EAaBb − TAaBb, (20c)

WAaBbCc = EAaBbCc − TAaBbCc. (20d)

2.3. Density Response

The density matrix Dνµ is defined as

Dνµ = niCνiC∗
µi. (21)

Since the quasi-energy responses involve the density matrix at each order, it is necessary to evaluate
how the density matrix (21) varies with respect to external perturbations. This can be directly achieved
via differentiation. In the absence of perturbation, we recover the zeroth-order density matrix

D0
νµ = niC0

νiC
0∗
µi , (22)

which corresponds to the ground-state density. The first-order response of the density matrix is given
by

DAa
νµ ≡ Da

νµ(ωA)

= ni

[
Ca

νi(ωA)C0∗
µi + C0

νiC
a∗
µi (−ωA)

]
,

(23)

the second-order response is

DAaBb
νµ ≡ Dab

νµ(ωA, ωB)

= ni

[
Cab

νi (ωA, ωB)C0∗
µi + Ca

νi(ωA)Cb∗
µi (−ωB)

+ Cb
νi(ωB)Ca∗

µi (−ωA) + C0
νiC

ab∗
µi (−ωA,−ωB)

]
,

(24)
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and the third-order response reads

DAaBbCc
νµ ≡ Dabc

νµ (ωA, ωB, ωC)

= ni

[
Cabc

νi (ωA, ωB, ωC)C0∗
µi + Cab

νi (ωA, ωB)Cc∗
µi (−ωC)

+ Cac
νi (ωA, ωC)Cb∗

µi (−ωB) + Ca
νi(ωA)Cbc∗

µi (−ωB,−ωC)

+ Cbc
νi (ωB, ωC)Ca∗

µi (−ωA) + Cb
νi(ωB)Cac∗

µi (−ωA,−ωC)

+ Cc
νi(ωC)Cab∗

µi (−ωA,−ωB) + C0
νiC

abc∗
µi (−ωA,−ωB,−ωC)

]
.

(25)

For convenience in the subsequent derivations, we assume that the orbital coefficients at each
order are related to the ground-state coefficients through a linear transformation. These transformation
matrices U are defined by

Ca
µi(ωA) = C0

µjU
a
ji(ωA), (26a)

Cab
µi (ωA, ωB) = C0

µjU
ab
ji (ωA, ωB), (26b)

Cabc
µi (ωA, ωB, ωC) = C0

µjU
abc
ji (ωA, ωB, ωC), (26c)

...

Then, Eqs. (23)–(25) become

Da
νµ(ωA) = ni

[
C0

νjU
a
ji(ωA)C0∗

µi + C0
νiC

0∗
µj Ua∗

ji (−ωA)
]
, (27)

Dab
νµ(ωA, ωB) = ni

[
C0

νjU
ab
ji (ωA, ωB)C0∗

µi + C0
νjU

a
ji(ωA)C0∗

µkUb∗
ki (−ωB)

+ C0
νjU

b
ji(ωB)C0∗

µkUa∗
ki (−ωA) + C0

νiC
0∗
µj Uab∗

ji (−ωA,−ωB)
]
,

(28)

Dabc
νµ (ωA, ωB, ωC) = ni

[
C0

νjU
abc
ji (ωA, ωB, ωC)C0∗

µi + C0
νjU

ab
ji (ωA, ωB)C0∗

µkUc∗
ki (−ωC)

+ C0
νjU

ac
ji (ωA, ωC)C0∗

µkUb∗
ki (−ωB) + C0

νjU
a
ji(ωA)C0∗

µkUbc∗
ki (−ωB,−ωC)

+ C0
νjU

bc
ji (ωB, ωC)C0∗

µkUa∗
ki (−ωA) + C0

νjU
b
ji(ωB)C0∗

µkUac∗
ki (−ωA,−ωC)

+ C0
νjU

c
ji(ωC)C0∗

µkUab∗
ki (−ωA,−ωB) + C0

νiC
0∗
µj Uabc∗

ji (−ωA,−ωB,−ωC)
]
.

(29)

It follows that

Da
νµ(ωA) = Da∗

µν(−ωA), (30a)

Dab
νµ(ωA, ωB) = Dab∗

µν (−ωA,−ωB), (30b)

Dabc
νµ (ωA, ωB, ωC) = Dabc∗

µν (−ωA,−ωB,−ωC), (30c)

...

2.4. Orthonormality

We assume that the molecular orbitals remain orthonormal at all times, i.e.,

Sij = C∗
µiSµνCνj = δij. (31)

Note that matrices with subscripts i, j, k, etc. are represented in the molecular orbital basis. Since the
ground-state orbitals are already orthonormal, we have

S0
ij = C0∗

µi S0
µνC0

νj = δij. (32)
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As a consequence, the higher-order orbital overlaps must vanish. For instance, the first-order condition
reads

S Aa
ij = Ca∗

µi (−ωA)S0
µνC0

νj + C0∗
µi Sa

µν(ωA)C0
νj + C0∗

µi S0
µνCa

νj(ωA)

= Ua∗
ki (−ωA)S0

kj + Sa
ij(ωA) + S0

ikUa
kj(ωA)

= Ua∗
ki (−ωA)δkj + Sa

ij(ωA) + δikUa
kj(ωA)

= Ua∗
ji (−ωA) + Sa

ij(ωA) + Ua
ij(ωA)

= 0,

(33)

where Sa
ij(ωA) = C0∗

µi Sa
µν(ωA)C0

νj. In our notation, when perturbation indices appear in the superscript

of a molecular orbital integral, such as SAa
ij ≡ Sa

ij(ωA), they denote a derivative acting solely on the
matrix elements in the atomic orbital basis, not on the orbital coefficients. To indicate a total derivative,
the perturbation indices are placed as a superscript on the entire matrix element, as in S Aa

ij . It is
worth noting that the derivatives of Sµν with respect to different fields should be identical, such
that SAa

µν ≡ Sa
µν(ωA) = Sa

µν. Accordingly, we omit the frequency argument in parentheses for the
derivatives of Sµν throughout this work. Following a similar procedure as in the first-order case, one
can derive the second- and third-order orthonormality conditions as

S AaBb
ij = Uab∗

ji (−ωA,−ωB) + Ua∗
ki (−ωA)Sb

kj + Ua∗
ki (−ωA)Ub

kj(ωB)

+ Ub∗
ki (−ωB)Sa

kj + Sab
ij + Sa

ikUb
kj(ωB)

+ Ub∗
ki (−ωB)Ua

kj(ωA) + Sb
ikUa

kj(ωA) + Uab
ij (ωA, ωB)

= 0,

(34)

S AaBbCc
ij = Uabc∗

ji (−ωA,−ωB,−ωC) + Uab∗
ki (−ωA,−ωB)Sc

kj

+ Uab∗
ki (−ωA,−ωB)Uc

kj(ωC) + Uac∗
ki (−ωA,−ωC)Sb

kj + Ua∗
ki (−ωA)Sbc

kj

+ Ua∗
ki (−ωA)Sb

klU
c
lj(ωC) + Uac∗

ki (−ωA,−ωC)Ub
kj(ωB)

+ Ua∗
ki (−ωA)Sc

klU
b
lj(ωB) + Ua∗

ki (−ωA)Ubc
kj (ωB, ωC)

+ Ubc∗
ki (−ωB,−ωC)Sa

kj + Ub∗
ki (−ωB)Sac

kj + Ub∗
ki (−ωB)Sa

klU
c
lj(ωC)

+ Uc∗
ki (−ωC)Sab

kj + Sabc
ij + Sab

ik Uc
kj(ωC) + Uc∗

ki (−ωC)Sa
klU

b
lj(ωB)

+ Sac
ik Ub

kj(ωB) + Sa
ikUbc

kj (ωB, ωC) + Ubc∗
ki (−ωB,−ωC)Ua

kj(ωA)

+ Ub∗
ki (−ωB)Sc

klU
a
lj(ωA) + Ub∗

ki (−ωB)Uac
kj (ωA, ωC)

+ Uc∗
ki (−ωC)Sb

klU
a
lj(ωA) + Sbc

ik Ua
kj(ωA) + Sb

ikUac
kj (ωA, ωC)

+ Uc∗
ki (−ωC)Uab

kj (ωA, ωB) + Sc
ikUab

kj (ωA, ωB) + Uabc
ij (ωA, ωB, ωC)

= 0.

(35)

These expressions impose constraints on the orbital transformation matrices U.

2.5. Determination of U: The CP-HF/KS Equations

To determine the transformation matrices U, we minimize the quasi-energy Eq. (8) with respect
to orbital variations, subject to the constraint of orbital orthonormality. This leads to a Roothaan-like
equation [

Fµν − Tµν

]
Cνi − iSµν∂tCνi = SµνCνjε ji (36)
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in the atomic orbital basis. To facilitate the treatment of the time derivative ∂t acting on the orbital
coefficients, we expand each quantity in the above expression as a Taylor series in the external fields:

∞

∑
p=0

∞

∑
q=0

[
Fµν − Tµν

](p)C(q)
νi

p!q!
{F}p{F}q − i

∞

∑
p=0

∞

∑
q=0

S(p)
µν C(q)

νi
p!q!

{F}p∂t{F}q

=
∞

∑
p=0

∞

∑
q=0

∞

∑
r=0

S(p)
µν C(q)

νj ε
(r)
ji

p!q!r!
{F}p{F}q{F}r.

(37)

In analogy with the derivation of the responses of T, we obtain the original CP-HF/KS equations (up
to second order)

F0
µνC0

νi = S0
µνC0

νjε
0
ji, (38a)

Fa
µν(ωA)C0

νi + F0
µνCa

νi(ωA)− T a
µν(ωA)C0

νi + ωAS0
µνCa

νi(ωA)

= Sa
µνC0

νjε
0
ji + S0

µνCa
νj(ωA)ε

0
ji + S0

µνC0
νjε

a
ji(ωA),

(38b)

Fab
µν(ωA, ωB)C0

νi + Fa
µν(ωA)Cb

νi(ωB) + Fb
µν(ωB)Ca

νi(ωA) + F0
µνCab

νi (ωA, ωB)

− T ab
µν (ωA, ωB)C0

νi − T a
µν(ωA)Cb

νi(ωB)− T b
µν(ωB)Ca

νi(ωA)

+ ωBSa
µνCb

νi(ωB) + ωASb
µνCa

νi(ωA) + (ωA + ωB)S0
µνCab

νi (ωA, ωB)

= Sab
µνC0

νjε
0
ji + Sa

µνCb
νj(ωB)ε

0
ji + Sa

µνC0
νjε

b
ji(ωB)

+ Sb
µνCa

νj(ωA)ε
0
ji + S0

µνCab
νj (ωA, ωB)ε

0
ji + S0

µνCa
νj(ωA)ε

b
ji(ωB)

+ Sb
µνC0

νjε
a
ji(ωA) + S0

µνCb
νj(ωB)ε

a
ji(ωA) + S0

µνC0
νjε

ab
ji (ωA, ωB),

(38c)

where ε ji is the Lagrange multiplier matrix, and the first- and second-order Fock matrices are, respec-
tively,

Fa
µν(ωA) = Ha

µν + Da
λκ(ωA)(µν|κλ)0 + D0

λκ(µν|κλ)a + (µνa|vxc) + (µν0| fxc|ρa(ωA)), (39)

and

Fab
µν(ωA, ωB) = Hab

µν + Dab
λκ(ωA, ωB)(µν|κλ)0 + Da

λκ(ωA)(µν|κλ)b + Db
λκ(ωB)(µν|κλ)a

+ D0
λκ(µν|κλ)ab + (µνab|vxc) + (µνa| fxc|ρb(ωB)) + (µνb| fxc|ρa(ωA))

+ (µν0| fxc|ρab(ωA, ωB)) + (µν0|kxc|ρa(ωA)|ρb(ωB)).

(40)

The derivatives of Hµν are typically independent of field frequencies, but may exhibit frequency
dependence when the system is subject to a gauge transformation. This case is not considered here,
but will be discussed in Subsec. 3.2.

2.5.1. The First-Order CP-HF/KS Equation

By substituting the definition (26a) into Eq. (38b) and contracting with C0∗
µk over µ and ν, Eq. (38b)

can be transformed into the molecular orbital representation:

Fa
ki(ωA) + ε0

kjU
a
ji(ωA)− T a

ki(ωA) + ωAS0
kjU

a
ji(ωA) = Sa

kjε
0
ji + S0

klU
a
lj(ωA)ε

0
ji + S0

kjε
a
ji(ωA). (41)

Since ε0
ij and S0

ij are diagonal, we can express the above equation as

Fa
ji(ωA) + ε0

j U
a
ji(ωA)− T a

ji (ωA) + ωAUa
ji(ωA) = Sa

jiε
0
i + Ua

ji(ωA)ε
0
i + εa

ji(ωA), (42)

with no summation implied over the indices of the ground-state orbital energies ε0
i . If we further

assume that εa
ji is block-diagonal, i.e.,

εa
ji(ωA) = 0 (43)
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whenever j ∈ vir and i ∈ occ, or j ∈ occ and i ∈ vir, then we have

Ua
ji(ωA) =

Fa
ji(ωA)− T a

ji (ωA)− Sa
jiε

0
i

ε0
i − ε0

j − ωA
. (44)

As for the occ-occ and vir-vir blocks of Ua
ji(ωA), they can be obtained from the orthonormality condition

given in Eq. (33):
Ua∗

ki (−ωA) + Ua
ik(ωA) = −Sa

ik (45)

for i, k ∈ occ or i, k ∈ vir. The above equation also holds in the static limit of ωA = 0, which implies
that Sa

ik must be Hermitian. For convenience, we further assume that

Ua∗
ki (−ωA) = Ua

ik(ωA), (46)

so that the diagonal blocks of Ua
ik(ωA) can be directly obtained as

Ua
ik(ωA) = −1

2
Sa

ik. (47)

It is important to note that the orthonormality condition (33) may no longer hold for the vir-occ and
occ-vir blocks if the basis set depends on the perturbation. This can potentially violate the overall
orthonormality of the orbitals, and care must be taken when constructing perturbation-dependent
basis sets.

Eq. (44) allows for an iterative determination of the off-diagonal blocks of Ua
ji(ωA). Alternatively,

a more direct approach is to substitute Eq. (39) into Eq. (44), and rearrange the terms such that those
involving Ua

ji(ωA) appear on one side and all constant terms on the other. This yields[
Ajikl + ωAδikδjl

]
Ua

lk(ωA) +BjilkUa∗
lk (−ωA)

= −Ha
ji − nk(ji|kk)a − (jia|vxc)− nk(ji0| fxc|kka) + T a

ji (ωA) + Sa
jiε

0
i ,

(48)

where
Ajikl = nk(ji||kl)0 + (ε0

j − ε0
i )δikδjl , (49a)

Bjilk = nk(ji||lk)0. (49b)

The two-electron integral (ij||kl)0 is defined as

(ij||kl)0 = (ij0|r−1
12 + fxc|kl0). (50)

In Eq. (48), we may take i, k ∈ occ and j ∈ vir, while the index l typically runs over the full orbital space.
When the basis functions are independent of perturbations, the occ-occ block of Ua

lk(ωA) vanishes
(see Eq. (47)), and thus only l ∈ vir contributes. However, if the basis set is perturbation-dependent,
contributions from all orbitals may be nonzero. In this case, since Ua

lk(ωA) for l ∈ occ is already known
from Eq. (47), we may split the summation over l into contributions from virtual and occupied orbitals,
and move the known terms with l ∈ occ to the right-hand side as constants. This leads to[

Ajikl + ωAδikδjl

]
Ua

lk(ωA) +BjilkUa∗
lk (−ωA) = Ra

ji(ωA), (51)

where i, k ∈ occ, j, l ∈ vir, and the right-hand-side constants Ra
ji(ωA) are defined as

Ra
ji(ωA) = −Ha

ji − nk(ji|kk)a − (jia|vxc)− nk(ji0| fxc|kka) + T a
ji (ωA) + Sa

jiε
0
i

+
nk
2

[
(ji||km)0Sa

mk + (ji||mk)0Sa∗
mk

]
.

(52)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 October 2025 doi:10.20944/preprints202510.1887.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.1887.v1
http://creativecommons.org/licenses/by/4.0/


12 of 42

The index m in the last term runs over the occupied orbitals. When the basis functions are field-
independent, only −Ha

ji survives on the right-hand side. By taking the complex conjugate of Eq. (51)
and replacing ωA with −ωA, we obtain another independent equation[

A∗
jikl − ωAδikδjl

]
Ua∗

lk (−ωA) +B∗
jilkUa

lk(ωA) = Ra∗
ji (−ωA). (53)

Together with Eq. (51), this forms a standard linear system:[
Ajikl + ωAδikδjl Bjilk

B∗
jilk A∗

jikl − ωAδikδjl

][
Ua

lk(ωA)

Ua∗
lk (−ωA)

]
=

[
Ra

ji(ωA)

Ra∗
ji (−ωA)

]
, (54)

whose solution directly determines the first-order response density. The above equation bears resem-
blance to the Casida equation[35], but with a key distinction: while Eq. (54) is solved for the response
density, the Casida equation seeks the poles of this expression, i.e., the eigenvalues for which the
operator matrix becomes singular, yielding the excitation energies.

2.5.2. The Second-Order CP-HF/KS Equation

In a similar manner, multiplication of both sides of Eq. (38c) by C0∗
µk followed by summation over

µ and ν yields

Fab
ki (ωA, ωB) + Fa

kj(ωA)Ub
ji(ωB) + Fb

kj(ωB)Ua
ji(ωA) + ε0

kjU
ab
ji (ωA, ωB)

− T ab
ki (ωA, ωB)− T a

kj(ωA)Ub
ji(ωB)− T b

kj(ωB)Ua
ji(ωA)

+ ωBSa
kjU

b
ji(ωB) + ωASb

kjU
a
ji(ωA) + (ωA + ωB)S0

kjU
ab
ji (ωA, ωB)

= Sab
kj ε0

ji + Sa
klU

b
lj(ωB)ε

0
ji + Sa

kjε
b
ji(ωB) + Sb

klU
a
lj(ωA)ε

0
ji + S0

klU
ab
lj (ωA, ωB)ε

0
ji

+ S0
klU

a
lj(ωA)ε

b
ji(ωB) + Sb

kjε
a
ji(ωA) + S0

klU
b
lj(ωB)ε

a
ji(ωA) + S0

kjε
ab
ji (ωA, ωB).

(55)

This is equivalent to the following expression, given that both ε0
ij and S0

ij are diagonal matrices:

Fab
ji (ωA, ωB) + Fa

jl(ωA)Ub
li(ωB) + Fb

jl(ωB)Ua
li(ωA) + ε0

j U
ab
ji (ωA, ωB)

− T ab
ji (ωA, ωB)− T a

jl (ωA)Ub
li(ωB)− T b

jl (ωB)Ua
li(ωA)

+ ωBSa
jlU

b
li(ωB) + ωASb

jlU
a
li(ωA) + (ωA + ωB)Uab

ji (ωA, ωB)

= Sab
ji ε0

i + Sa
klU

b
li(ωB)ε

0
i + Sa

jlε
b
li(ωB) + Sb

klU
a
li(ωA)ε

0
i + Uab

ji (ωA, ωB)ε
0
i

+ Ua
jk(ωA)ε

b
ki(ωB) + Sb

jlε
a
li(ωA) + Ub

jk(ωB)ε
a
ki(ωA) + εab

ji (ωA, ωB).

(56)

We make a similar assumption as in the first-order case, namely that

εab
ji (ωA, ωB) = 0 (57)

for the vir-occ and occ-vir blocks. Under this assumption, we obtain

Uab
ji (ωA, ωB) =

Fab
ji (ωA, ωB) + Gab

ji (ωA, ωB)−W ab
ji (ωA, ωB)

ε0
i − ε0

j − ωA − ωB
, (58)

where Gab
ji and W ab

ji are defined as

Gab
ji (ωA, ωB) = Fa

jl(ωA)Ub
li(ωB) + Fb

jl(ωB)Ua
li(ωA)− Ua

jk(ωA)ε
b
ki(ωB)− Ub

jk(ωB)ε
a
ki(ωA), (59a)

W ab
ji (ωA, ωB) = Sab

ji ε0
i + Sa

jlU
b
li(ωB)ε

0
i + Sa

jkεb
ki(ωB) + Sb

jlU
a
li(ωA)ε

0
i + Sb

jkεa
ki(ωA)

− ωBSa
jlU

b
li(ωB)− ωASb

jlU
a
li(ωA) + T ab

ji (ωA, ωB) + T a
jl (ωA)Ub

li(ωB) + T b
jl (ωB)Ua

li(ωA).
(59b)
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The diagonal blocks of Uab
ji (ωA, ωB) can also be determined by exploiting the orthonormality condi-

tion (34):

Uab∗
ki (−ωA,−ωB) + Uab

ik (ωA, ωB) = −Ua∗
ji (−ωA)Ub

jk(ωB)− Ub∗
ji (−ωB)Ua

jk(ωA)

− Sab
ik − Ua∗

ji (−ωA)Sb
jk − Ub∗

ji (−ωB)Sa
jk − Sa∗

ji Ub
jk(ωB)− Sb∗

ji Ua
jk(ωA).

(60)

Choosing
Uab∗

ki (−ωA,−ωB) = Uab
ik (ωA, ωB) (61)

leads to the following working expression:

Uab
ik (ωA, ωB) = −1

2

[
Ua∗

ji (−ωA)Ub
jk(ωB) + Ub∗

ji (−ωB)Ua
jk(ωA) + Sab

ik

+ Ua∗
ji (−ωA)Sb

jk + Ub∗
ji (−ωB)Sa

jk + Sa∗
ji Ub

jk(ωB) + Sb∗
ji Ua

jk(ωA)
]
.

(62)

To facilitate a more direct solution of the off-diagonal blocks of Uab
ji (ωA, ωB), we insert Eq. (40)

into Eq. (58), isolating the terms involving unknowns on one side to give[
Ajikl + ωAδikδjl

]
Uab

lk (ωA, ωB) +BjilkUab∗
lk (−ωA,−ωB)

= −Hab
ji − Da

λκ(ωA)(ji|κλ)b − Db
λκ(ωB)(ji|κλ)a − nk(ji|kk)ab

− nk(ji||nl)0
[
Ua

lk(ωA)Ub∗
nk(−ωB) + Ub

lk(ωB)Ua∗
nk(−ωA)

]
− (jiab|vxc)− (jia| fxc|ρb(ωB))− (jib| fxc|ρa(ωA))

− Da
λκ(ωA)(ji0| fxc|κλb)− Db

λκ(ωB)(ji0| fxc|κλa)− nk(ji0| fxc|kkab)

− (ji0|kxc|ρa(ωA)|ρb(ωB))− Gab
ji (ωA, ωB) +W ab

ji (ωA, ωB).

(63)

The index l on the left-hand side is summed over all orbitals, as nonzero contributions arise regardless
of whether the basis functions are perturbation-dependent. Following the same procedure, we partition
the index l into virtual and occupied orbitals and move all constant terms to the right-hand side to
obtain [

Ajikl + (ωA + ωB)δikδjl

]
Uab

lk (ωA, ωB) +BjilkUab∗
lk (−ωA,−ωB) = Rab

ji (ωA, ωB), (64)

where

Rab
ji (ωA, ωB) = −Hab

ji − Da
λκ(ωA)(ji|κλ)b − Db

λκ(ωB)(ji|κλ)a − nk(ji|kk)ab

− nk(ji||nl)0
[
Ua

lk(ωA)Ub∗
nk(−ωB) + Ub

lk(ωB)Ua∗
nk(−ωA)

]
− (jiab|vxc)− (jia| fxc|ρb(ωB))− (jib| fxc|ρa(ωA))

− Da
λκ(ωA)(ji0| fxc|κλb)− Db

λκ(ωB)(ji0| fxc|κλa)− nk(ji0| fxc|kkab)

− (ji0|kxc|ρa(ωA)|ρb(ωB))− Gab
ji (ωA, ωB) +W ab

ji (ωA, ωB)

− nk

[
(ji||km)0Uab

mk(ωA, ωB) + (ji||mk)0Uab∗
mk (−ωA,−ωB)

]
.

(65)

In the two equations above, we take i, k, m ∈ occ and j, l ∈ vir. The index n may be restricted to virtual
orbitals if the basis functions are field-independent; otherwise, it must run over all orbitals. Taking the
complex conjugate of Eq. (64) and replacing (ωA, ωB) with (−ωA,−ωB) yields[

A∗
jikl − (ωA + ωB)δikδjl

]
Uab∗

lk (−ωA,−ωB) +B∗
jilkUab

lk (ωA, ωB) = Rab∗
ji (−ωA,−ωB). (66)
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Combined with Eq. (64), this leads to a standard linear system:[
Ajikl + (ωA + ωB)δikδjl Bjilk

B∗
jilk A∗

jikl − (ωA + ωB)δikδjl

][
Uab

lk (ωA, ωB)

Uab∗
lk (−ωA,−ωB)

]
=

[
Rab

ji (ωA, ωB)

Rab∗
ji (−ωA,−ωB)

]
, (67)

which constitutes the working second-order CP-HF/KS equation. It depends on the solutions of the
first-order equation (54), and together, the first- and second-order solutions determine the second-order
response density.

2.6. Quasi-Energy Response: Working Form

Using the expressions derived in Subsecs. 2.3–2.5, the quasi-energy derivatives from Subsec. 2.2
can be simplified to yield the following explicit working formulas that are suitable for practical
evaluation (see Appendix B for details).

The First Order:

Wa(ωA) = −niSa
ii

[
ε0

i +
ωA
2

]
+ D0

νµ

[
Ha

µν − T a
µν(ωA)

]
+

1
2

D0
νµD0

λκ(µν|κλ)a + D0
νµ(µνa|vxc).

(68)

The Second Order:

Wab(ωA, ωB)

= −ni
2

Ua
ji(ωA)Sb∗

ji

(
ε0

i − ωA + ωB

)
− ni

2
Ub

ji(ωB)Sa∗
ji

(
ε0

i + ωA − ωB

)
− ni

2

[
Ua∗

ji (−ωA)Sb
ji + Ub∗

ji (−ωB)Sa
ji

](
ε0

i + ωA + ωB

)
− ni

2
Sab

ii

(
2ε0

i + ωA + ωB

)
+

ni
4

[
Sa

kiS
b∗
ki + Sb

kiS
a∗
ki

](
ε0

k + 3ε0
i

)
+

ni
8

[
(ωA + 3ωB)Sa

kiS
b∗
ki + (ωB + 3ωA)Sb

kiS
a∗
ki

]
− ni

4

{
Sa

ki

[
Fb∗

ki (−ωB)− T b∗
ki (−ωB)

]
+ Sa∗

ki

[
Fb

ki(ωB)− T b
ki (ωB)

]
+ Sb

ki

[
Fa∗

ki (−ωA)− T a∗
ki (−ωA)

]
+ Sb∗

ki

[
Fa

ki(ωA)− T a
ki(ωA)

]}
+

1
2

{
Da

νµ(ωA)
[

Hb
µν − T b

µν(ωB)
]
+ Db

νµ(ωB)
[

Ha
µν − T a

µν(ωA)
]

+ Da
νµ(ωA)D0

λκ(µν|κλ)b + Db
νµ(ωB)D0

λκ(µν|κλ)a + Da
νµ(ωA)(µνb|vxc)

+ Db
νµ(ωB)(µνa|vxc) + D0

νµ(µνb| fxc|ρa(ωA)) + D0
νµ(µνa| fxc|ρb(ωB))

}
+ D0

νµ

[
Hab

µν − T ab
µν (ωA, ωB)

]
+

1
2

D0
νµD0

λκ(µν|κλ)ab + D0
νµ(µνab|vxc),

(69)

where i, k ∈ occ and j ∈ vir.
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The Third Order:

Wabc(ωA, ωB, ωC)

=
ni
2

[
Uab

ji (ωA, ωB)Uc∗
ji (−ωC)− Uab∗

ji (−ωA,−ωB)Uc
ji(ωC)

+ Uac
ji (ωA, ωC)Ub∗

ji (−ωB)− Uac∗
ji (−ωA,−ωC)Ub

ji(ωB)

+ Ubc
ji (ωB, ωC)Ua∗

ji (−ωA)− Ubc∗
ji (−ωB,−ωC)Ua

ji(ωA)
]
(ωA + ωB + ωC)

+ ni

[
Fa

jl(ωA)− T a
jl (ωA)

][
Ub

li(ωB)Uc∗
ji (−ωC) + Uc

li(ωC)Ub∗
ji (−ωB)

]
+ ni

[
Fb

jl(ωB)− T b
jl (ωB)

][
Ua

li(ωA)Uc∗
ji (−ωC) + Uc

li(ωC)Ua∗
ji (−ωA)

]
+ ni

[
Fc

jl(ωC)− T c
jl (ωC)

][
Ua

li(ωA)Ub∗
ji (−ωB) + Ub

li(ωB)Ua∗
ji (−ωA)

]
− ni

[
Fa

ki(ωA)− T a
ki(ωA)

][
Ub∗

ji (−ωB)Sc
jk + Ub∗

ji (−ωB)Uc
jk(ωC)

+ Uc∗
ji (−ωC)Sb

jk + Sbc
ik + Sb∗

ji Uc
jk(ωC) + Uc∗

ji (−ωC)Ub
jk(ωB) + Sc∗

ji Ub
jk(ωB)

]
− ni

[
Fb

ki(ωB)− T b
ki (ωB)

][
Ua∗

ji (−ωA)Sc
jk + Ua∗

ji (−ωA)Uc
jk(ωC)

+ Uc∗
ji (−ωC)Sa

jk + Sac
ik + Sa∗

ji Uc
jk(ωC) + Uc∗

ji (−ωC)Ua
jk(ωA) + Sc∗

ji Ua
jk(ωA)

]
− ni

[
Fc

ki(ωC)− T c
ki(ωC)

][
Ua∗

ji (−ωA)Sb
jk + Ua∗

ji (−ωA)Ub
jk(ωB)

+ Ub∗
ji (−ωB)Sa

jk + Sab
ik + Sa∗

ji Ub
jk(ωB) + Ub∗

ji (−ωB)Ua
jk(ωA) + Sb∗

ji Ua
jk(ωA)

]
+ S abc(ωA, ωB, ωC) + V abc(ωA, ωB, ωC),

(70)

where i, k ∈ occ, and j ∈ vir in the first bracketed term. The quantities S abc(ωA, ωB, ωC) and
V abc(ωA, ωB, ωC) are defined as (with i, k restricted to occupied orbitals)

S abc(ωA, ωB, ωC)

= −ni
2

[
Uab

ki (ωA, ωB)Sc∗
ki

(
ε0

k + ε0
i + ωA + ωB

)
+ Uab∗

ki (−ωA,−ωB)Sc
ki

(
ε0

k + ε0
i + ωC

)
+ Uac

ki (ωA, ωC)Sb∗
ki

(
ε0

k + ε0
i + ωA + ωC

)
+ Uac∗

ki (−ωA,−ωC)Sb
ki

(
ε0

k + ε0
i + ωB

)
+ Ubc

ki (ωB, ωC)Sa∗
ki

(
ε0

k + ε0
i + ωB + ωC

)
+ Ubc∗

ki (−ωB,−ωC)Sa
ki

(
ε0

k + ε0
i + ωA

)]
+

ni
4
(ωA + ωB + ωC)

[
Uab

ki (ωA, ωB)Sc∗
ki + Uac

ki (ωA, ωC)Sb∗
ki + Ubc

ki (ωB, ωC)Sa∗
ki

+ Uab∗
ki (−ωA,−ωB)Sc

ki + Uac∗
ki (−ωA,−ωC)Sb

ki + Ubc∗
ki (−ωB,−ωC)Sa

ki

]
− ni

2

{[
Ub∗

ji (−ωB)Sc
jl + Uc∗

ji (−ωC)Sb
jl + Sbc∗

li

]
Ua

li(ωA)
(

2ε0
i − ωA + ωB + ωC

)
+

[
Ua∗

ji (−ωA)Sc
jl + Uc∗

ji (−ωC)Sa
jl + Sac∗

li

]
Ub

li(ωB)
(

2ε0
i + ωA − ωB + ωC

)
+

[
Ua∗

ji (−ωA)Sb
jl + Ub∗

ji (−ωB)Sa
jl + Sab∗

li

]
Uc

li(ωC)
(

2ε0
i + ωA + ωB − ωC

)}
− ni

2

[
(ωC − ωA − ωB)Uab

ji (ωA, ωB)Sc∗
ji + (ωB − ωA − ωC)Uac

ji (ωA, ωC)Sb∗
ji

+ (ωA − ωB − ωC)Ubc
ji (ωB, ωC)Sa∗

ji

]
− ni

2

[
Uab∗

ji (−ωA,−ωB)Sc
ji

+ Uac∗
ji (−ωA,−ωC)Sb

ji + Ubc∗
ji (−ωB,−ωC)Sa

ji

]
(ωA + ωB + ωC)

− ni
2

[
Ua∗

ji (−ωA)Sbc
ji + Ub∗

ji (−ωB)Sac
ji + Uc∗

ji (−ωC)Sab
ji + Sabc

ii

](
2ε0

i + ωA + ωB + ωC

)
,

(71)
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and

V abc(ωA, ωB, ωC)

= Da
νµ(ωA)

[
Hbc

µν − T bc
µν (ωB, ωC) + (µνbc|vxc) + (µνb| fxc|ρc(ωC)) + (µνc| fxc|ρb(ωB))

]
+ Db

νµ(ωB)
[

Hac
µν − T ac

µν (ωA, ωC) + (µνac|vxc) + (µνa| fxc|ρc(ωC)) + (µνc| fxc|ρa(ωA))
]

+ Dc
νµ(ωC)

[
Hab

µν − T ab
µν (ωA, ωB) + (µνbc|vxc) + (µνa| fxc|ρb(ωB)) + (µνb| fxc|ρa(ωA))

]
+ D0

νµ

[
Habc

µν − T abc
µν (ωA, ωB, ωC) +

1
2

D0
λκ(µν|κλ)abc + (µνabc|vxc)

+ Da
λκ(ωA)(µν|κλ)bc + Db

λκ(ωB)(µν|κλ)ac + Dc
λκ(ωC)(µν|κλ)ab

+ (µνbc| fxc|ρa(ωA)) + (µνac| fxc|ρb(ωB)) + (µνab| fxc|ρc(ωC))
]

+ Da
νµ(ωA)Db

λκ(ωB)(µν|κλ)c + Da
νµ(ωA)Dc

λκ(ωC)(µν|κλ)b

+ Db
νµ(ωB)Dc

λκ(ωC)(µν|κλ)a + (ρa(ωA)|kxc|ρb(ωB)|ρc(ωC)),

(72)

respectively. The third-order derivative of the xc functional (ρa(ωA)|kxc|ρb(ωB)|ρc(ωC)) is computed
numerically but in different forms for various types of functionals, as detailed in Appendix C.

If a perturbation-independent basis set is used, Eqs. (68)–(70) simplify to

Wa = D0
νµHa

µν, (73a)

Wab(ωA, ωB) =
1
2

[
Da

νµ(ωA)Hb
µν + Db

νµ(ωB)Ha
µν

]
+ D0

νµ Hab
µν, (73b)

Wabc(ωA, ωB, ωC)

=
ni
2

[
Uab

ji (ωA, ωB)Uc∗
ji (−ωC)− Uab∗

ji (−ωA,−ωB)Uc
ji(ωC)

+ Uac
ji (ωA, ωC)Ub∗

ji (−ωB)− Uac∗
ji (−ωA,−ωC)Ub

ji(ωB)

+ Ubc
ji (ωB, ωC)Ua∗

ji (−ωA)− Ubc∗
ji (−ωB,−ωC)Ua

ji(ωA)
]
(ωA + ωB + ωC)

+ niFa
jl(ωA)

[
Ub

li(ωB)Uc∗
ji (−ωC) + Uc

li(ωC)Ub∗
ji (−ωB)

]
+ niFb

jl(ωB)
[
Ua

li(ωA)Uc∗
ji (−ωC) + Uc

li(ωC)Ua∗
ji (−ωA)

]
+ niFc

jl(ωC)
[
Ua

li(ωA)Ub∗
ji (−ωB) + Ub

li(ωB)Ua∗
ji (−ωA)

]
− niFa

ki(ωA)
[
Ub∗

ji (−ωB)Uc
jk(ωC) + Uc∗

ji (−ωC)Ub
jk(ωB)

]
− niFb

ki(ωB)
[
Ua∗

ji (−ωA)Uc
jk(ωC) + Uc∗

ji (−ωC)Ua
jk(ωA)

]
− niFc

ki(ωC)
[
Ua∗

ji (−ωA)Ub
jk(ωB) + Ub∗

ji (−ωB)Ua
jk(ωA)

]
+ Da

νµ(ωA)Hbc
µν + Db

νµ(ωB)Hac
µν + Dc

νµ(ωC)Hab
µν + D0

νµHabc
µν

+ (ρa(ωA)|kxc|ρb(ωB)|ρc(ωC)).

(73c)

3. Applications
The general formalism developed in the previous section can be directly applied to two com-

monly encountered types of perturbations: electric and magnetic fields. Electric fields give rise to
(hyper)polarizabilities, while magnetic fields induce (hyper)magnetizabilities. In this section, we
examine the explicit forms of these perturbations, which is essential for practical calculations and
program implementation.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 October 2025 doi:10.20944/preprints202510.1887.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.1887.v1
http://creativecommons.org/licenses/by/4.0/


17 of 42

3.1. Polarizabilities

For a system with zero net charge, if the external electric field can be approximated as homoge-
neous, its interaction with the system may be described by the dipole approximation:

H′ = −µ̂e · E , (74)

where E is the external electric field and µ̂e is the electric dipole operator:

µ̂e = ∑
I

ZIrI − ∑
i

ri, (75)

which includes contributions from both the nuclei and electrons. If the nuclear positions are considered
fixed and unaffected by the external field, the nuclear contribution becomes a constant. As such, only
the electronic part of the dipole operator needs to be taken into account in the SCF procedure.

To characterize the system’s response to such a perturbation, we define the electric dipole moment,
polarizability, and first hyperpolarizability as follows:

µa
e(ωA) = −Wa(ωA)

= −D0
νµHa

µν,
(76a)

αab(ωA, ωB) = −Wab(ωA, ωB)

= −1
2

[
Da

νµ(ωA)Hb
µν + Db

νµ(ωB)Ha
µν

]
,

(76b)

βabc(ωA, ωB, ωC) = −Wabc(ωA, ωB, ωC)

= −ni
2

[
Uab

ji (ωA, ωB)Uc∗
ji (−ωC)− Uab∗

ji (−ωA,−ωB)Uc
ji(ωC)

+ Uac
ji (ωA, ωC)Ub∗

ji (−ωB)− Uac∗
ji (−ωA,−ωC)Ub

ji(ωB)

+ Ubc
ji (ωB, ωC)Ua∗

ji (−ωA)− Ubc∗
ji (−ωB,−ωC)Ua

ji(ωA)
]

× (ωA + ωB + ωC)− (ρa(ωA)|kxc|ρb(ωB)|ρc(ωC))

− niFa
jl(ωA)

[
Ub

li(ωB)Uc∗
ji (−ωC) + Uc

li(ωC)Ub∗
ji (−ωB)

]
− niFb

jl(ωB)
[
Ua

li(ωA)Uc∗
ji (−ωC) + Uc

li(ωC)Ua∗
ji (−ωA)

]
− niFc

jl(ωC)
[
Ua

li(ωA)Ub∗
ji (−ωB) + Ub

li(ωB)Ua∗
ji (−ωA)

]
+ niFa

ki(ωA)
[
Ub∗

ji (−ωB)Uc
jk(ωC) + Uc∗

ji (−ωC)Ub
jk(ωB)

]
+ niFb

ki(ωB)
[
Ua∗

ji (−ωA)Uc
jk(ωC) + Uc∗

ji (−ωC)Ua
jk(ωA)

]
+ niFc

ki(ωC)
[
Ua∗

ji (−ωA)Ub
jk(ωB) + Ub∗

ji (−ωB)Ua
jk(ωA)

]
,

(76c)

where i, k ∈ occ and j, l ∈ vir. In practice, computation of such electric response properties can be
performed with standard (field-independent) basis sets, for which the derivatives of the basis functions
with respect to external fields vanish. The core Hamiltonian has nonzero field derivatives only at first
order:

Ha
µν = (µ|ra|ν). (77)

Derived from the quasi-energy formalism with a field-independent basis set, the first-order
response (76a) coincides exactly with that obtained from the expectation value of the dipole operator,
and the second-order form (76b) is also largely consistent. The only difference at second order lies in
the quasi-energy formalism’s explicit incorporation of the symmetry with respect to the permutation
of differentiation orders. However, discrepancies begin to appear at third order: the quasi-energy
response (76c) includes additional terms involving the second-order response density and exhibits an
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explicit dependence on field frequencies. This indicates a breakdown of the so-called (2n + 1) rule
for time-dependent perturbations. Nevertheless, it is worth noting that when the applied frequencies
satisfy the equation ωA + ωB + ωC = 0, the additional terms in Eq. (76c) cancel out. In other words,
nonlinear optical phenomena such as SHG can still be correctly described. Eqs. (76a)–(76c) can thus
reduce to the special cases presented in the works of Rice et al.[21] and of Karna and Dupuis[22].
However, their derivations are not sufficiently direct—for instance, interpreting SHG by invoking an
artificial external field oscillating at 2ω. In contrast, our formulation is grounded in a more general
framework that allows for arbitrary combinations of time-harmonic perturbations, leading to a clearer
physical interpretation of the resulting response properties.

3.2. Magnetizabilities

When a magnetic field is applied, the system can also respond to it. If the source of the field is
sufficiently distant, the magnetic field B can be approximated as uniform. Under this assumption, the
nonrelativistic magnetic interaction takes the form

Ĥ′ = ∑
i

[
−iA(ri) ·∇i +

1
2

A2(ri) +
1
2

σi ·B
]

= ∑
i

[
− i

2
B× ri ·∇i +

1
8
(B× ri)

2 +
1
2

σi ·B
]

= −µ̂m ·B+
1
8 ∑

i

[
B2r2

i − (B · ri)
2
]
,

(78)

where A is the vector potential, defined by ∇× A = B, and σi ≡ σ is the Pauli vector. The first term in
Eq. (78) corresponds to the paramagnetic contribution of the electrons, which is precisely the classical
magnetic dipole interaction, and the electronic magnetic moment operator µ̂m arises from both orbital
and spin angular momenta:

µ̂m = −1
2 ∑

i

(
l̂i +gsŝi

)
≈ −1

2 ∑
i
(−iri ×∇i + σi), (79)

where the leading minus sign results from the negative charge of the electron, the factor of 1
2 corre-

sponds to the Bohr magneton, and gs ≈ 2 is the Landé g-factor for the electron spin, introduced to
correct the gyromagnetic ratio. The second term in Eq. (78) represents the diamagnetic contribution of
the electrons, which reflects the system’s tendency to oppose the applied magnetic field.

Strictly speaking, the magnetic interaction operator should also include paramagnetic and dia-
magnetic contributions from the nuclei. Even under the Born-Oppenheimer approximation, atomic
nuclei possess spin magnetic moments and exhibit diamagnetic responses to an external magnetic
field. However, these terms involve mass in the denominator, and since the nuclear mass is at least
three orders of magnitude greater than the electronic mass, the nuclear contributions to the mag-
netic interaction are negligibly small compared to those of the electrons and are therefore commonly
neglected.

We now define the (permanent) magnetic moment, magnetizability, and first hypermagnetizability
of the system as

µa
m(ωA) = −Wa(ωA)

= −D0
νµHa

µν,
(80a)

ξab(ωA, ωB) = −Wab(ωA, ωB)

= −1
2

[
Da

νµ(ωA)Hb
µν + Db

νµ(ωB)Ha
µν

]
− D0

νµHab
µν,

(80b)
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ζabc(ωA, ωB, ωC) = −Wabc(ωA, ωB, ωC)

= −ni
2

[
Uab

ji (ωA, ωB)Uc∗
ji (−ωC)− Uab∗

ji (−ωA,−ωB)Uc
ji(ωC)

+ Uac
ji (ωA, ωC)Ub∗

ji (−ωB)− Uac∗
ji (−ωA,−ωC)Ub

ji(ωB)

+ Ubc
ji (ωB, ωC)Ua∗

ji (−ωA)− Ubc∗
ji (−ωB,−ωC)Ua

ji(ωA)
]

× (ωA + ωB + ωC)− (ρa(ωA)|kxc|ρb(ωB)|ρc(ωC))

− niFa
jl(ωA)

[
Ub

li(ωB)Uc∗
ji (−ωC) + Uc

li(ωC)Ub∗
ji (−ωB)

]
− niFb

jl(ωB)
[
Ua

li(ωA)Uc∗
ji (−ωC) + Uc

li(ωC)Ua∗
ji (−ωA)

]
− niFc

jl(ωC)
[
Ua

li(ωA)Ub∗
ji (−ωB) + Ub

li(ωB)Ua∗
ji (−ωA)

]
+ niFa

ki(ωA)
[
Ub∗

ji (−ωB)Uc
jk(ωC) + Uc∗

ji (−ωC)Ub
jk(ωB)

]
+ niFb

ki(ωB)
[
Ua∗

ji (−ωA)Uc
jk(ωC) + Uc∗

ji (−ωC)Ua
jk(ωA)

]
+ niFc

ki(ωC)
[
Ua∗

ji (−ωA)Ub
jk(ωB) + Ub∗

ji (−ωB)Ua
jk(ωA)

]
− Da

νµ(ωA)Hbc
µν − Db

νµ(ωB)Hac
µν − Dc

νµ(ωC)Hab
µν,

(80c)

where i, k ∈ occ, j, l ∈ vir, and a field-independent basis set is used. Due to the presence of non-
linear (quadratic) terms in the magnetic interaction operator, the one-electron core Hamiltonian has
nonvanishing derivatives up to second order:

Ha
µν =

1
2
(µ|−iϵa

jkrj∂k + σa|ν), (81a)

Hab
µν =

1
4
(µ|δabr2 − rarb|ν), (81b)

where ϵa
jk is the Levi-Civita tensor. Eqs. (80b) and (80c) can be decomposed into paramagnetic

and diamagnetic contributions, owing to the differing orders of the paramagnetic and diamagnetic
interaction operators in the external magnetic field. Specifically, for magnetizability, we have

ξab
p (ωA, ωB) = −1

2

[
Da

νµ(ωA)Hb
µν + Db

νµ(ωB)Ha
µν

]
, (82a)

ξab
d = −D0

νµHab
µν. (82b)

For the first hypermagnetizability, the paramagnetic and diamagnetic parts are given by

ζabc
p (ωA, ωB, ωC) = −ni

2

[
Uab

ji (ωA, ωB)Uc∗
ji (−ωC)− Uab∗

ji (−ωA,−ωB)Uc
ji(ωC)

+ Uac
ji (ωA, ωC)Ub∗

ji (−ωB)− Uac∗
ji (−ωA,−ωC)Ub

ji(ωB)

+ Ubc
ji (ωB, ωC)Ua∗

ji (−ωA)− Ubc∗
ji (−ωB,−ωC)Ua

ji(ωA)
]

× (ωA + ωB + ωC)− (ρa(ωA)|kxc|ρb(ωB)|ρc(ωC))

− niFa
jl(ωA)

[
Ub

li(ωB)Uc∗
ji (−ωC) + Uc

li(ωC)Ub∗
ji (−ωB)

]
− niFb

jl(ωB)
[
Ua

li(ωA)Uc∗
ji (−ωC) + Uc

li(ωC)Ua∗
ji (−ωA)

]
− niFc

jl(ωC)
[
Ua

li(ωA)Ub∗
ji (−ωB) + Ub

li(ωB)Ua∗
ji (−ωA)

]
+ niFa

ki(ωA)
[
Ub∗

ji (−ωB)Uc
jk(ωC) + Uc∗

ji (−ωC)Ub
jk(ωB)

]
+ niFb

ki(ωB)
[
Ua∗

ji (−ωA)Uc
jk(ωC) + Uc∗

ji (−ωC)Ua
jk(ωA)

]
+ niFc

ki(ωC)
[
Ua∗

ji (−ωA)Ub
jk(ωB) + Ub∗

ji (−ωB)Ua
jk(ωA)

]
,

(83a)
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ζabc
d (ωA, ωB, ωC) = −Da

νµ(ωA)Hbc
µν − Db

νµ(ωB)Hac
µν − Dc

νµ(ωC)Hab
µν. (83b)

Magnetic response properties bring in considerations related to gauge transformations, as the
vector potential enters explicitly in the interaction Hamiltonian. According to Maxwell’s equations, a
gauge transformation of the scalar and vector potentials,

φ → φ′ = φ − ∂tg, (84a)

A → A′ = A +∇g, (84b)

with g being the gauge function, leaves the physical electromagnetic fields unchanged. Similarly, the
HF and KS equations must obey gauge covariance—i.e., they must retain their validity under such
transformations. It would be unphysical for the HF/KS equations to break down simply because the
gauge has changed. Under a gauge transformation, the one-electron wavefunction acquires a position-
and time-dependent phase factor:

ψi → ψ′
i = ψie−ig(r,t). (85)

As rigorously shown in Appendix D, The function g appearing in the exponent of the phase factor is
exactly the gauge function.

When a gauge transformation is considered, both the transformed operators and wavefunctions
(more specifically, the basis functions) must be taken into account. Due to the introduction of a phase
factor, the basis functions become dependent on the external magnetic field (see Eq. (A63)). In this case,
more general expressions for the quasi-energy derivatives are required to properly evaluate magnetic
response properties. Fortunately, the added phase factor does not affect the overlap between basis
functions, as it cancels out:

S′
µν = (µ′|ν′) = (µ|ν) = Sµν. (86)

It follows that all field derivatives of Sµν vanish at any order. As a result, the magnetic response
properties up to third order take the forms

µa
m(ωA) = D0

νµ

[
T a

µν(ωA)− Ha
µν(ωA)

]
, (87a)

ξab(ωA, ωB) =
1
2

Da
νµ(ωA)

[
T b

µν(ωB)− Hb
µν(ωB)

]
+

1
2

Db
νµ(ωB)

[
T a

µν(ωA)− Ha
µν(ωA)

]
+ D0

νµ

[
T ab

µν (ωA, ωB)− Hab
µν(ωA, ωB)

]
,

(87b)
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ζabc(ωA, ωB, ωC) = −ni
2

[
Uab

ji (ωA, ωB)Uc∗
ji (−ωC)− Uab∗

ji (−ωA,−ωB)Uc
ji(ωC)

+ Uac
ji (ωA, ωC)Ub∗

ji (−ωB)− Uac∗
ji (−ωA,−ωC)Ub

ji(ωB)

+ Ubc
ji (ωB, ωC)Ua∗

ji (−ωA)− Ubc∗
ji (−ωB,−ωC)Ua

ji(ωA)
]

× (ωA + ωB + ωC)− (ρa(ωA)|kxc|ρb(ωB)|ρc(ωC))

− ni

[
Fa

jl(ωA)− T a
jl (ωA)

][
Ub

li(ωB)Uc∗
ji (−ωC) + Uc

li(ωC)Ub∗
ji (−ωB)

]
− ni

[
Fb

jl(ωB)− T b
jl (ωB)

][
Ua

li(ωA)Uc∗
ji (−ωC) + Uc

li(ωC)Ua∗
ji (−ωA)

]
− ni

[
Fc

jl(ωC)− T c
jl (ωC)

][
Ua

li(ωA)Ub∗
ji (−ωB) + Ub

li(ωB)Ua∗
ji (−ωA)

]
+ ni

[
Fa

ki(ωA)− T a
ki(ωA)

][
Ub∗

ji (−ωB)Uc
jk(ωC) + Uc∗

ji (−ωC)Ub
jk(ωB)

]
+ ni

[
Fb

ki(ωB)− T b
ki (ωB)

][
Ua∗

ji (−ωA)Uc
jk(ωC) + Uc∗

ji (−ωC)Ua
jk(ωA)

]
+ ni

[
Fc

ki(ωC)− T c
ki(ωC)

][
Ua∗

ji (−ωA)Ub
jk(ωB) + Ub∗

ji (−ωB)Ua
jk(ωA)

]
+ Da

νµ(ωA)
[
T bc

µν (ωB, ωC)− Hbc
µν(ωB, ωC)

]
+ Db

νµ(ωB)
[
T ac

µν (ωA, ωC)− Hac
µν(ωA, ωC)

]
+ Dc

νµ(ωC)
[
T ab

µν (ωA, ωB)− Hab
µν(ωA, ωB)

]
+ D0

νµ

[
T abc

µν (ωA, ωB, ωC)− Habc
µν (ωA, ωB, ωC)

]
.

(87c)

Note that the gauge transformation of the scalar potential causes the core Hamiltonian matrix Hµν to
become explicitly dependent on the magnetic fields (or field frequencies), which must be properly
accounted for in practical calculations. Tµν can now be explicitly expressed as

Tµν = (µ′|i∂t|ν′)
= (µ|(∂tg)|ν)

= − i
2 ∑

A
ωABAeiωAt · R × (µ|r|ν),

(88)

which is, perhaps unexpectedly, identical to the result of the gauge-transformation operator for the
scalar potential. Moreover, it involves only the first-order field derivative:

T a
µν(ωA) = − iωA

2
ϵa

jkRj(µ|rk|ν). (89)

Eqs. (87a)–(87c) are exactly equivalent to Eqs. (80a)–(80c), thereby confirming that the response proper-
ties derived from quasi-energy derivatives are completely independent of the choice of gauge origin,
as all gauge-dependent contributions cancel out. This is a direct consequence of the gauge covariance
of the HF/KS equations.

3.2.1. Comparison with the GIAO Method

The magnetic response properties derived above are gauge-invariant, as the quasi-energy itself is
a gauge-invariant quantity. In contrast, the energy and the dipole expectation are not conserved under
gauge transformations. Consequently, frameworks based on their field derivatives inevitably lead to
gauge-dependent magnetic properties. To address this so-called gauge-origin dependence, several
gauge localization schemes[36–41] have been developed. Among them, the most widely adopted is
the gauge-including/independent atomic orbitals (GIAOs)[39–41], originally referred to as London
atomic orbitals[42]. In this method, the gauge in a gauge-transformed basis function ϕ′

ν is modified as

gν = −1
2
B · (R − Rν)× r, (90)
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where the gauge origin R is fixed at the center Rν of the ν-th atomic orbital, i.e.,

ϕ′
ν = ϕνe−igν = ϕνe−

i
2B·(Rν−R)×r . (91)

However, the gauge function appearing in the field-dependent operators remains unchanged. This
artificial treatment compromises the covariance of the HF/KS equations under gauge transformations.

In this case, the gauge-transformed overlap matrix S′
µν no longer vanishes:

S′
µν = (µ|eB·Uµν |ν), (92)

where we define
Uµν = − i

2
Rµν × r = − i

2
(

Rν − Rµ

)
× r. (93)

The matrix T ′
µν becomes

T ′
µν =

i
2 ∑

A
ωABAeiωAt · (Rν − R)× (µ|reB·Uµν |ν). (94)

Both Eq. (92) and Eq. (94) contribute nonzero higher-order field derivatives, which necessitates the use
of the full formulation with field-dependent basis sets in magnetic response theory.

Moreover, one can show that gauge-origin dependent terms in Eqs. (87a)–(87c) such as

H′a
µν(ωA)− T ′a

µν(ωA)

=

(
µ

∣∣∣∣U a
µν

[
−1

2
∇2 − ∑

I

ZI

|r − rI |

]
− i

2
ϵa

jkrj
ν∂k +

1
2

σa − i
2

ωAϵa
jkRj

νrk
∣∣∣∣ν) (95)

and
H′ab

µν (ωA, ωB)− T ′ab
µν (ωA, ωB)

=

(
µ

∣∣∣∣U a
µνU b

µν

[
−1

2
∇2 − ∑

I

ZI

|r − rI |

]
− i

2

[
U a

µνϵb
jk + U b

µνϵa
jk

]
rj

ν∂k

+
1
2

[
U a

µνσb + U b
µνσa

]
− i

2

[
ωBU a

µνϵb
jk + ωAU b

µνϵa
jk

]
Rj

νrk +
1
4

[
δabr2

ν − ra
νrb

ν

]∣∣∣∣ν)
(96)

(with rν defined as r − Rν) merely redistribute the gauge dependence over the atoms. While the
resulting expressions may appear free of explicit dependence on the gauge origin R, the computed
magnetic properties remain strongly basis-set-dependent.

In this regard, the GIAO method does not fundamentally resolve the gauge problem but instead
introduces additional complexity. If all the atomic centers Rµ, Rν, . . . in the GIAO expressions are set
to zero, one immediately recovers the expressions under the conventional gauge transformation. The
core issue is that GIAOs fail to recognize the inherent gauge covariance of the HF/KS equations. Since
the quasi-energy is an observable, it should by construction be gauge-invariant—without resorting to
artificial gauge localization schemes.

4. Results and Discussion
4.1. Numerical Tests

We have implemented the newly developed electromagnetic response theory based on the HF/KS
quasi-energy framework within the PySCF platform[43–46] for computing general response properties.
The core computational step is solving the CP-HF/KS equations (54) and (67), which are linear and
can, in principle, be handled by standard linear solvers. However, such direct approaches are often
inefficient for large-scale and sparse systems. To improve performance, our implementation includes
interfaces to not only an exact solver but more efficient iterative techniques, including Krylov subspace
methods[47,48] and Newton-Krylov (N-K) algorithms[49,50]. These methods enable faster convergence
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to a target accuracy in many cases. We benchmarked all implementations against the conventional
solver as a reference, evaluating both their numerical accuracy and computational efficiency.

First-order response properties require no additional elaborate computation; once the unperturbed
density is known, they can be directly evaluated. Therefore, these properties are not included in
the following numerical tests. When the sum of the frequencies of the external fields acting on
different components of the response tensor is zero, the second- and third-order electromagnetic
response properties obtained from our formalism coincide with those given by existing frameworks.
Accordingly, we computed the second- and third-order electromagnetic responses corresponding to
several conventional optical properties of the H2O molecule (O-H bond length: 0.957 Å, H-O-H bond
angle: 104.5°) at both the spin-restricted HF and KS-DFT levels, using the STO-3G basis set from
the Basis Set Exchange (BSE) database[51]. The results obtained by different numerical solvers were
compared.

For KS-DFT, which includes electron correlation effects to some extent, the numerical complexity
of the kxc term in Eq. (72) depends on the form of the xc functional (see Appendix C). For exam-
ple, the local-density-approximation (LDA) functional depends only on the electron density ρ; the
generalized-gradient-approximation (GGA) functional further includes its gradient ∇ρ; and the meta-
GGA (mGGA) functional introduces ∇2ρ and the kinetic-energy density τ as additional variables.
Non-collinear functionals may also depend on the spin magnetization vector m and the kinetic spin-
density vector u. Although our implementation is capable of numerically evaluating all these cases, the
present tests were limited to collinear functionals, among which SVWN5, PBE, and TPSS were chosen
as representatives of the LDA, GGA, and mGGA functionals, respectively. The radial and angular
grids were set to 99 and 590 points for the numerical integration.

Tables 1 and 2 summarize the computed results for the electric and magnetic response properties,
respectively. The monochromatic field was assigned a frequency of 0.1 a.u. To make the data more
compact, spherical averages of the response tensors were used—for example, the spherically averaged
polarizability:

ᾱ =
1
3

αii, (97)

and the spherically averaged first hyperpolarizability:

β̄ =
√

β̃i β̃i, where β̃i =
1
3
(

βijj + β jij + β jji
)
. (98)

For the electric response properties, reference data from Gaussian 16 Rev. B.01[52] are provided for
comparison, while for the magnetic responses, results from Dalton 2020.1[53] are included. There are
only a few quantum chemistry packages that support the calculation of magnetizabilities. Even the
Dalton program still lacks a complete library of mGGA functionals and is limited to the evaluation
of static magnetizabilities for closed-shell systems. Since odd-order magnetic response properties of
closed-shell systems are purely imaginary for one-component nonrelativistic theory, only the second-
order results are presented here. In Table 2, the diamagnetic contribution depends solely on the
unperturbed density and does not require solving the CP equations, whereas the paramagnetic term,
analogous to the electric polarizability, involves the first-order CP equations. Accurate solutions
of the CP-HF/KS equations rely on well-converged unperturbed molecular orbitals; therefore, the
ground-state SCF energy was converged to 10−11 a.u. in all calculations. The Krylov solver used for the
CP-HF/KS equations employed a convergence threshold of 10−9 a.u. within the subspace iterations.
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Table 1. Static and dynamic (ω = 0.1 a.u.) spherically averaged polarizabilities and first hyperpolarizabilities of
H2O calculated using various solvers at the spin-restricted HF, SVWN5, PBE, and TPSS levels with the STO-3G
basis set. All values are given in atomic units.

Method Solver ᾱ(0, 0) ᾱ(−ω, ω) β̄(0, 0, 0) β̄(−2ω, ω, ω)

HF

Krylov 2.456114 2.493836 9.724434 10.67309
N-K 2.456114 2.493836 9.724434 10.67309
exact 2.456114 2.493836 9.724434 10.67309

Gaussian 2.456114 2.493836 9.724434 10.67309

SVWN5

Krylov 2.337072 2.378101 9.601582 10.94481
N-K 2.337072 2.378101 9.601582 10.94481
exact 2.337072 2.378101 9.601582 10.94481

Gaussian 2.337074 2.378104 9.601611 10.94484

PBE

Krylov 2.389041 2.430847 9.490396 10.78105
N-K 2.389041 2.430847 9.490396 10.78105
exact 2.389041 2.430847 9.490396 10.78105

Gaussian 2.389024 2.430829 9.490255 10.78088

TPSS

Krylov 2.447234 2.488514 9.555978 10.75230
N-K 2.447234 2.488514 9.555978 10.75230
exact 2.447234 2.488514 9.555978 10.75230

Gaussian 2.447381 2.488667 9.563478 10.76102

Table 2. Static and dynamic (ω = 0.1 a.u.) spherically averaged magnetizabilities of H2O calculated using various
solvers at the spin-restricted HF, SVWN5, PBE, and TPSS levels with the STO-3G basis set. All values are given in
atomic units.

Method Solver ξ̄d ξ̄p(0, 0) ξ̄(0, 0) ξ̄(−ω, ω)

HF

Krylov -3.004265 0.354248 -2.650016 -2.638684
N-K -3.004265 0.354248 -2.650016 -2.638684
exact -3.004265 0.354248 -2.650016 -2.638684

Dalton -3.004263 0.354248 -2.650015 -

SVWN5

Krylov -2.997094 0.391350 -2.605744 -2.589627
N-K -2.997094 0.391350 -2.605744 -2.589627
exact -2.997094 0.391350 -2.605744 -2.589627

Dalton -2.997093 0.391350 -2.605744 -

PBE

Krylov -3.010564 0.399143 -2.611421 -2.594833
N-K -3.010564 0.399143 -2.611421 -2.594833
exact -3.010564 0.399143 -2.611421 -2.594833

Dalton -3.010565 0.399143 -2.611422 -

TPSS

Krylov -3.017507 0.380711 -2.636796 -2.622316
N-K -3.017507 0.380711 -2.636796 -2.622316
exact -3.017507 0.380711 -2.636796 -2.622316

Dalton - - - -

As shown in Tables 1 and 2, the results obtained from our implementation are largely reliable.
In Table 1, the deviations from the Gaussian 16 results become slightly more pronounced with the
increasing complexity of the xc functional, which is likely attributable to the different numerical
integration grid pruning schemes employed in the two programs (NWChem-type grids in PySCF vs.
SG-1 grids in Gaussian 16). In addition, the results produced by the various solvers implemented in
our code are virtually identical. Considering the superior efficiency of the Krylov solver for large linear
systems, it is therefore adopted as the default solver for the CP equations in subsequent calculations.
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4.2. Non-Optical Properties

The electromagnetic response formalism developed in this work encompasses all conventional
optical properties, which correspond to processes where the sum of the perturbation frequencies
equals zero—i.e., the frequencies of the emitted fields match those of the incident ones. In practice,
however, inelastic scattering processes can occur, where the frequency balance is broken due to energy
exchange between the external field and the electronic system. Such situations give rise to non-optical
response properties, including frequency-mixed or frequency-converted responses that are typically
inaccessible in standard optical response theories. The present formalism enables direct prediction of
these non-optical responses, which can exhibit pronounced dependence on the field frequencies. To
illustrate this capability, we computed several frequency-dependent non-optical properties of the H2O
molecule at ω = 0.05, 0.10, 0.15, 0.20 a.u., and the results are summarized in Table 3.

Table 3. Dynamic (ω = 0.05, 0.10, 0.15, 0.20 a.u.) spherically averaged non-optical electromagnetic response
properties of H2O calculated at the generalized HF, SVWN5, PBE, and TPSS levels with the STO-3G basis set. All
values are given in atomic units.

Method ω ᾱ(ω, ω) β̄(ω, ω, ω) ξ̄(ω, ω) ζ̄(ω, ω, ω)

HF

0.05 2.465426 10.03915 -0.096125 1.060108
0.10 2.493836 11.07370 -0.087554 1.104119
0.15 2.542842 13.17900 -0.072223 1.167423
0.20 2.615197 17.39514 -0.048216 1.254649

SVWN5

0.05 2.347162 10.04824 -0.060547 1.184807
0.10 2.378101 11.58515 -0.048325 1.236818
0.15 2.432036 15.09977 -0.025942 1.318000
0.20 2.513118 24.29370 0.010578 1.437984

PBE

0.05 2.399326 9.921563 -0.058666 1.182924
0.10 2.430847 11.39941 -0.046085 1.233733
0.15 2.485755 14.74416 -0.023015 1.314061
0.20 2.568186 23.14165 0.014707 1.433669

TPSS

0.05 2.457400 9.962100 -0.079933 1.117914
0.10 2.488514 11.33683 -0.068962 1.163513
0.15 2.542545 14.35058 -0.049021 1.234274
0.20 2.623225 21.48152 -0.016914 1.337470

To obtain nonzero third-order magnetic responses, the generalized HF/KS framework was
employed. This approach allows each molecular orbital to mix α- and β-spin components, thereby
accounting for spin-magnetic coupling and non-collinear operator contributions that are essential for
accurately describing magnetic correlation effects.

For non-optical properties, as indicated by Eqs. (76c) and (80c), the (2n + 1) rule breaks down,
and the third-order responses show explicit frequency dependence. Consequently, they vary more
strongly with the field frequency than the second-order responses under dynamic fields, as illustrated
in Table 3.

4.3. Gauge-Invariant Magnetic Properties

Gauge transformations of the electromagnetic potentials introduce a gauge-dependent phase
factor e−ig into the orbitals and simultaneously impose a unitary transformation on the Hamiltonian.
Since a unitary transformation leaves all physical observables of the system unchanged, the quasi-
energy and its derivatives are inherently gauge-invariant without any additional corrections.

In contrast, the magnetic properties derived from the GIAO method are based on energy deriva-
tives. Under a dynamic electromagnetic field, the energy is not a gauge-conserved quantity, and the
correction introduced by GIAO effectively adds a degree of arbitrariness by distributing the gauge
origin among individual atomic centers. This leads to a stronger basis-set dependence of the computed
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properties. Nevertheless, as the basis set approaches completeness, the difference between GIAO and
non-GIAO results diminishes, as can be seen from Table 4. Despite its widespread use, the GIAO
approach is conceptually and computationally more involved, and offers limited physical insight.

Table 4. Static spherically averaged magnetizabilities of H2O calculated with and without GIAO at the spin-
restricted HF, SVWN5, and PBE levels using the STO-3G, 6-31G, cc-pVDZ, and Sadlej-pVTZ basis sets. All values
are given in atomic units.

Method Gauge Basis STO-3G 6-31G cc-pVDZ Sadlej-pVTZ

HF - -2.650016 -2.997862 -2.820516 -2.949613
GIAO -2.459860 -2.798452 -2.773012 -2.931758

SVWN5 - -2.605744 -2.983692 -2.820797 -3.062157
GIAO -2.417908 -2.784379 -2.768266 -3.059146

PBE - -2.611421 -2.967591 -2.796043 -3.032509
GIAO -2.402182 -2.754203 -2.740750 -3.027743

5. Conclusions
Conventional electromagnetic response theories often suffer from internal inconsistencies and

limited generality, particularly under time-dependent perturbations, where the expectation value of the
Hamiltonian is no longer an observable. In such cases, frameworks based on energy derivatives become
invalid, whereas the quasi-energy provides a more general and physically well-defined quantity. In this
work, we have developed a general electromagnetic response theory based on quasi-energy derivatives,
which enables the calculation of a wide range of electromagnetic response properties. First, the present
theoretical framework provides a more general, consistent, and rigorous derivation, particularly for
systems under time-dependent perturbations. Second, the formalism places no restriction on the type
or combination of external fields, allowing the treatment of arbitrary dynamic or static perturbations.
As a result, it not only encompasses all optical properties but also extends naturally to the prediction
of non-optical responses. Additionally, the gauge dependence of magnetic properties is fully resolved
within this framework, since the quasi-energy and its derivatives are themselves gauge-invariant
quantities.
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Appendix A. Derivation of T-Response
Isolating the first three orders of the expansion in Eq. (18), we directly obtain

T0 = 0, (A1a)

TAaFAa = D0
νµT Aa

µν FAa + iniC∗0
µi S0

µνCAa
νi ∂tFAa, (A1b)

1
2

TAaBbFAaFBb =

[
DAa

νµ T Bb
µν +

1
2

D0
νµT AaBb

µν

]
FAaFBb

+ ini

[
C∗Aa

µi S0
µν + C∗0

µi SAa
µν

]
CBb

νi FAa∂tFBb

+
i
2

niC∗0
µi S0

µνCAaBb
νi ∂tFAaFBb,

(A1c)
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1
6

TAaBbCcFAaFBbFCc =

[
1
2

DAaBb
νµ T Cc

µν +
1
2

DAa
νµ T BbCc

µν +
1
6

D0
νµT AaBbCc

µν

]
FAaFBbFCc

+ ini

[
1
2

C∗AaBb
µi S0

µν + C∗Aa
µi SBb

µν +
1
2

C∗0
µi SAaBb

µν

]
CCc

νi FAaFBb∂tFCc

+
i
2

ni

[
C∗Aa

µi S0
µν + C∗0

µi SAa
µν

]
CBbCc

νi FAa∂tFBbFCc

+
i
6

niC∗0
µi S0

µνCAaBbCc
νi ∂tFAaFBbFCc.

(A1d)

The summation indices in Eqs. (A1c) and (A1d) are dummy variables, and exchanging them does
not affect the value of the expressions., e.g., DAa

νµ T Bb
µν FAaFBb = DBb

νµT Aa
µν FAaFBb. Therefore, the

expressions can be symmetrized by averaging over all permutations of the field indices, which gives

TAaBbFAaFBb

=
[

DAa
νµ T Bb

µν + DBb
νµT Aa

µν + D0
νµT AaBb

µν

]
FAaFBb

+ ini

[
C∗Aa

µi S0
µν + C∗0

µi SAa
µν

]
CBb

νi FAa∂tFBb

+ ini

[
C∗Bb

µi S0
µν + C∗0

µi SBb
µν

]
CAa

νi FBb∂tFAa

+ iniC∗0
µi S0

µνCAaBb
νi ∂tFAaFBb,

(A2)

TAaBbCcFAaFBbFCc

=
[

DAaBb
νµ T Cc

µν + DAaCc
νµ T Bb

µν + DBbCc
νµ T Aa

µν + DAa
νµ T BbCc

µν

+ DBb
νµT AaCc

µν + DCc
νµT AaBb

µν + D0
νµT AaBbCc

µν

]
FAaFBbFCc

+ ini

[
C∗AaBb

µi S0
µν + C∗Aa

µi SBb
µν + C∗Bb

µi SAa
µν + C∗0

µi SAaBb
µν

]
CCc

νi FAaFBb∂tFCc

+ ini

[
C∗AaCc

µi S0
µν + C∗Aa

µi SCc
µν + C∗Cc

µi SAa
µν + C∗0

µi SAaCc
µν

]
CBb

νi FAaFCc∂tFBb

+ ini

[
C∗BbCc

µi S0
µν + C∗Bb

µi SCc
µν + C∗Cc

µi SBb
µν + C∗0

µi SBbCc
µν

]
CAa

νi FBbFCc∂tFAa

+ ini

[
C∗Aa

µi S0
µν + C∗0

µi SAa
µν

]
CBbCc

νi FAa∂tFBbFCc

+ ini

[
C∗Bb

µi S0
µν + C∗0

µi SBb
µν

]
CAaCc

νi FBb∂tFAaFCc

+ ini

[
C∗Cc

µi S0
µν + C∗0

µi SCc
µν

]
CAaBb

νi FCc∂tFAaFBb

+ iniC∗0
µi S0

µνCAaBbCc
νi ∂tFAaFBbFCc.

(A3)

By inserting each independent field as FAa(r, t) = FAa(r)eiωAt into Eqs. (A1b), (A2), and (A3) and
canceling out the shared factors, we arrive at Eqs. (19a)–(19d).

Appendix B. Derivation of W-Response
Appendix B.1. The First-Order W-Response

Let us first evaluate the first term in the first-order energy response (14):

Da
νµ(ωA)F0

µν = ni

[
C0

νjU
a
ji(ωA)C0∗

µi + C0
νiC

0∗
µj Ua∗

ji (−ωA)
]

F0
µν

= ni

[
Ua

ji(ωA)F0
ij + Ua∗

ji (−ωA)F0
ji

]
.

(A4)

Since the ground-state Fock matrix is diagonal in the molecular orbital basis, i.e., F0
ij = δijε

0
j , the

summation over j yields

Ua
ji(ωA)F0

ij + Ua∗
ji (−ωA)F0

ji = [Ua
ii(ωA) + Ua∗

ii (−ωA)]ε
0
i . (A5)
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By virtue of the orthonormality condition (33), we have

Da
νµ(ωA)F0

µν = −niSa
iiε

0
i . (A6)

Thus, the first-order response of the electronic energy becomes

Ea = −niSa
iiε

0
i + D0

νµHa
µν +

1
2

D0
νµD0

λκ(µν|κλ)a + D0
νµ(µνa|vxc). (A7)

Now we turn to the first-order response of T, as given in Eq. (19b). The second term therein can
be rewritten as

−ωAniC0∗
µi S0

µνCa
νi(ωA) = −ωAniC0∗

µi S0
µνC0

νjU
a
ji(ωA)

= −ωAniδijUa
ji(ωA)

= −ωAniUa
ii(ωA)

=
1
2

ωAniSa
ii.

(A8)

Then, Eq. (19b) is equivalent to

Ta(ωA) = D0
νµT a

µν(ωA) +
1
2

ωAniSa
ii. (A9)

The total first-order quasi-energy response is therefore Eq. (68)

Appendix B.2. The Second-Order W-Response

Similarly, we begin by evaluating the first term in Eq. (16), using the definition of the second-order
density matrix (28):

Dab
νµ(ωA, ωB)F0

µν = ni

[
Uab

ji (ωA, ωB)F0
ij + Ua

ji(ωA)Ub∗
ki (−ωB)F0

kj

+ Ub
ji(ωB)Ua∗

ki (−ωA)F0
kj + Uab∗

ji (−ωA,−ωB)F0
ji

]
.

(A10)

Owing to the diagonal structure of the zeroth-order Fock matrix in the molecular orbital basis, the
summation over j can be carried out to produce

Uab
ji (ωA, ωB)F0

ij + Ua
ji(ωA)Ub∗

ki (−ωB)F0
kj + Ub

ji(ωB)Ua∗
ki (−ωA)F0

kj + Uab∗
ji (−ωA,−ωB)F0

ji

=
[
Ua

ji(ωA)Ub∗
ji (−ωB) + Ub

ji(ωB)Ua∗
ji (−ωA)

]
ε0

j +
[
Uab

ii (ωA, ωB) + Uab∗
ii (−ωA,−ωB)

]
ε0

i ,
(A11)

where the expression inside the second brackets can be reduced by virtue of the orthonormality
condition (34), resulting in

Uab
ii (ωA, ωB) + Uab∗

ii (−ωA,−ωB)

= −Ua∗
ji (−ωA)Sb

ji − Ua∗
ji (−ωA)Ub

ji(ωB)− Ub∗
ji (−ωB)Sa

ji

− Sab
ii − Sa∗

ji Ub
ji(ωB)− Ub∗

ji (−ωB)Ua
ji(ωA)− Sb∗

ji Ua
ji(ωA).

(A12)

Accordingly, we obtain

Dab
νµ(ωA, ωB)F0

µν = ni

[
Ua

ji(ωA)Ub∗
ji (−ωB) + Ub

ji(ωB)Ua∗
ji (−ωA)

](
ε0

j − ε0
i

)
− ni

[
Ua∗

ji (−ωA)Sb
ji + Ub∗

ji (−ωB)Sa
ji + Sab

ii + Sa∗
ji Ub

ji(ωB) + Sb∗
ji Ua

ji(ωA)
]
ε0

i .
(A13)
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For further simplification, we separate the summation over j in the above expression into contributions
from virtual and occupied orbitals (the latter can be transformed using Eq. (47)), and write

Dab
νµ(ωA, ωB)F0

µν = ni

[
Ua

ji(ωA)Ub∗
ji (−ωB) + Ub

ji(ωB)Ua∗
ji (−ωA)

](
ε0

j − ε0
i

)
− ni

[
Ua∗

ji (−ωA)Sb
ji + Ub∗

ji (−ωB)Sa
ji + Sab

ii + Sa∗
ji Ub

ji(ωB) + Sb∗
ji Ua

ji(ωA)
]
ε0

i

+
ni
4

[
Sa

kiS
b∗
ki + Sb

kiS
a∗
ki

](
ε0

k + 3ε0
i

)
,

(A14)

where i, k ∈ occ and j ∈ vir.
The second term in Eq. (16) can be recast into

Da
νµ(ωA)Fb

µν(ωB) = ni

[
Ua

ji(ωA)Fb∗
ji (−ωB) + Ua∗

ji (−ωA)Fb
ji(ωB)

]
. (A15)

Similarly, by separating the summation over j into contributions from virtual and occupied orbitals,
we obtain

Da
νµ(ωA)Fb

µν(ωB) = ni

[
Ua

ji(ωA)Fb∗
ji (−ωB) + Ua∗

ji (−ωA)Fb
ji(ωB)

]
− ni

2

[
Sa

kiF
b∗
ki (−ωB) + Sa∗

ki Fb
ki(ωB)

]
= niUa

ji(ωA)
[
Ub∗

ji (−ωB)
(

ε0
i − ε0

j + ωB

)
+ T b∗

ji (−ωB) + Sb∗
ji ε0

i

]
+ niUa∗

ji (−ωA)
[
Ub

ji(ωB)
(

ε0
i − ε0

j − ωB

)
+ T b

ji (ωB) + Sb
jiε

0
i

]
− ni

2

[
Sa

kiF
b∗
ki (−ωB) + Sa∗

ki Fb
ki(ωB)

]
,

(A16)

where i, k ∈ occ and j ∈ vir, and Eq. (44) has been fully utilized.
It can be seen that the combination of Eqs. (A14) and (A16) leads to partial cancelation of terms:

Dab
νµ(ωA, ωB)F0

µν + Da
νµ(ωA)Fb

µν(ωB)

= niUa
ji(ωA)

[
T b∗

ji (−ωB) + ωBUb∗
ji (−ωB)

]
+ niUa∗

ji (−ωA)
[
T b

ji (ωB)− ωBUb
ji(ωB)

]
− ni

[
Ub∗

ji (−ωB)Sa
ji + Sab

ii + Sa∗
ji Ub

ji(ωB)
]
ε0

i

+
ni
4

[
Sa

kiS
b∗
ki + Sb

kiS
a∗
ki

](
ε0

k + 3ε0
i

)
− ni

2

[
Sa

kiF
b∗
ki (−ωB) + Sa∗

ki Fb
ki(ωB)

]
.

(A17)

Consequently, the second-order energy response takes the form

Eab(ωA, ωB)

= niUa
ji(ωA)

[
T b∗

ji (−ωB) + ωBUb∗
ji (−ωB)

]
+ niUa∗

ji (−ωA)
[
T b

ji (ωB)− ωBUb
ji(ωB)

]
− ni

[
Ub∗

ji (−ωB)Sa
ji + Sab

ii + Sa∗
ji Ub

ji(ωB)
]
ε0

i +
ni
4

[
Sa

kiS
b∗
ki + Sb

kiS
a∗
ki

](
ε0

k + 3ε0
i

)
− ni

2

[
Sa

kiF
b∗
ki (−ωB) + Sa∗

ki Fb
ki(ωB)

]
+ Db

νµ(ωB)Ha
µν + D0

νµHab
µν

+ Db
νµ(ωB)D0

λκ(µν|κλ)a +
1
2

D0
νµD0

λκ(µν|κλ)ab + Db
νµ(ωB)(µνa|vxc)

+ D0
νµ(µνab|vxc) + D0

νµ(µνa| fxc|ρb(ωB)).

(A18)
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However, upon closer inspection, one can show that the first-order terms in Eq. (16) can be
reorganized as

Da
νµ(ωA)Fb

µν(ωB) + Db
νµ(ωB)Ha

µν + Db
νµ(ωB)D0

λκ(µν|κλ)a

+ Db
νµ(ωB)(µνa|vxc) + D0

νµ(µνa| fxc|ρb(ωB))

= Db
νµ(ωB)Fa

µν(ωA) + Da
νµ(ωA)Hb

µν + Da
νµ(ωA)D0

λκ(µν|κλ)b

+ Da
νµ(ωA)(µνb|vxc) + D0

νµ(µνb| fxc|ρa(ωA))

(A19)

according to Eq. (39). Proceeding in the same manner, we obtain an alternative expression for the
second-order energy response:

Eab(ωA, ωB)

= niUb
ji(ωB)

[
T a∗

ji (−ωA) + ωAUa∗
ji (−ωA)

]
+ niUb∗

ji (−ωB)
[
T a

ji (ωA)− ωAUa
ji(ωA)

]
− ni

[
Ua∗

ji (−ωA)Sb
ji + Sab

ii + Sb∗
ji Ua

ji(ωA)
]
ε0

i +
ni
4

[
Sa

kiS
b∗
ki + Sb

kiS
a∗
ki

](
ε0

k + 3ε0
i

)
− ni

2

[
Sb

kiF
a∗
ki (−ωA) + Sb∗

ki Fa
ki(ωA)

]
+ Da

νµ(ωA)Hb
µν + D0

νµHab
µν

+ Da
νµ(ωA)D0

λκ(µν|κλ)b +
1
2

D0
νµD0

λκ(µν|κλ)ab + Da
νµ(ωA)(µνb|vxc)

+ D0
νµ(µνab|vxc) + D0

νµ(µνb| fxc|ρa(ωA)).

(A20)

This expression is mathematically equivalent to Eq. (A18), but to make the symmetry under the
interchange of differentiation order explicit, we take the average of the two forms in the final result:

Eab(ωA, ωB)

=
ni
2

Ua
ji(ωA)

[
T b∗

ji (−ωB)− Sb∗
ji ε0

i

]
+

ni
2

Ua∗
ji (−ωA)

[
T b

ji (ωB)− Sb
jiε

0
i

]
+

ni
2

Ub
ji(ωB)

[
T a∗

ji (−ωA)− Sa∗
ji ε0

i

]
+

ni
2

Ub∗
ji (−ωB)

[
T a

ji (ωA)− Sa
jiε

0
i

]
+

ni
2
(ωB − ωA)

[
Ua

ji(ωA)Ub∗
ji (−ωB)− Ub

ji(ωB)Ua∗
ji (−ωA)

]
− niSab

ii ε0
i +

ni
4

[
Sa

kiS
b∗
ki + Sb

kiS
a∗
ki

](
ε0

k + 3ε0
i

)
− ni

4

[
Sa

kiF
b∗
ki (−ωB) + Sa∗

ki Fb
ki(ωB) + Sb

kiF
a∗
ki (−ωA) + Sb∗

ki Fa
ki(ωA)

]
+

1
2

[
Da

νµ(ωA)Hb
µν + Db

νµ(ωB)Ha
µν + Da

νµ(ωA)D0
λκ(µν|κλ)b

+ Db
νµ(ωB)D0

λκ(µν|κλ)a + Da
νµ(ωA)(µνb|vxc) + Db

νµ(ωB)(µνa|vxc)

+ D0
νµ(µνb| fxc|ρa(ωA)) + D0

νµ(µνa| fxc|ρb(ωB))
]

+ D0
νµHab

µν +
1
2

D0
νµD0

λκ(µν|κλ)ab + D0
νµ(µνab|vxc),

(A21)

where we choose i, k ∈ occ and j ∈ vir.
The second derivative of T is also simplifiable. From Eq. (19c), we find that[

Ca∗
µi (−ωA)S0

µν + C0∗
µi Sa

µν

]
Cb

νi(ωB)

=
[
C0∗

µkUa∗
ki (−ωA)S0

µν + C0∗
µi Sa

µν

]
C0

νjU
b
ji(ωB)

=
[
δkjUa∗

ki (−ωA) + Sa
ij

]
Ub

ji(ωB)

=
[
Ua∗

ji (−ωA) + Sa∗
ji

]
Ub

ji(ωB).

(A22)
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Similarly, [
Cb∗

µi (−ωB)S0
µν + C0∗

µi Sb
µν

]
Ca

νi(ωA)

=
[
Ub∗

ji (−ωB) + Sb∗
ji

]
Ua

ji(ωA).
(A23)

For the last term in Eq. (19c), we have

C0∗
µi S0

µνCab
νi (ωA, ωB)

= S0
ijU

ab
ji (ωA, ωB)

= δijUab
ji (ωA, ωB)

= Uab
ii (ωA, ωB)

= −1
2

[
Ua∗

ji (−ωA)Sb
ji + Ua∗

ji (−ωA)Ub
ji(ωB)

+ Ub∗
ji (−ωB)Sa

ji + Sab
ii + Sa∗

ji Ub
ji(ωB)

+ Ub∗
ji (−ωB)Ua

ji(ωA) + Sb∗
ji Ua

ji(ωA)
]
.

(A24)

Hence, Tab(ωA, ωB) can be cast into

Tab(ωA, ωB)

=
ni
2

[
Ua

ji(ωA)T b∗
ji (−ωB) + Ua∗

ji (−ωA)T b
ji (ωB)

+ Ub
ji(ωB)T a∗

ji (−ωA) + Ub∗
ji (−ωB)T a

ji (ωA)
]

+
1
2

[
Da

νµ(ωA)T b
µν(ωB) + Db

νµ(ωB)T a
µν(ωA)

]
+ D0

νµT ab
µν (ωA, ωB)

+
ni
2
(ωA − ωB)

{[
Ua∗

ji (−ωA) + Sa∗
ji

]
Ub

ji(ωB)−
[
Ub∗

ji (−ωB) + Sb∗
ji

]
Ua

ji(ωA)
}

+
ni
2
(ωA + ωB)

[
Ua∗

ji (−ωA)Sb
ji + Sab

ii + Ub∗
ji (−ωB)Sa

ji

]
.

(A25)

Splitting the summation over j into virtual and occupied orbitals gives

Tab(ωA, ωB)

=
ni
2

[
Ua

ji(ωA)T b∗
ji (−ωB) + Ua∗

ji (−ωA)T b
ji (ωB)

+ Ub
ji(ωB)T a∗

ji (−ωA) + Ub∗
ji (−ωB)T a

ji (ωA)
]

− ni
4

[
Sa

kiT
b∗

ki (−ωB) + Sa∗
ki T

b
ki (ωB) + Sb

kiT
a∗

ki (−ωA) + Sb
kiT

a
ki(ωA)

]
+

1
2

[
Da

νµ(ωA)T b
µν(ωB) + Db

νµ(ωB)T a
µν(ωA)

]
+ D0

νµT ab
µν (ωA, ωB)

+
ni
2
(ωA − ωB)

{[
Ua∗

ji (−ωA) + Sa∗
ji

]
Ub

ji(ωB)−
[
Ub∗

ji (−ωB) + Sb∗
ji

]
Ua

ji(ωA)
}

+
ni
2
(ωA + ωB)

[
Ua∗

ji (−ωA)Sb
ji + Sab

ii + Ub∗
ji (−ωB)Sa

ji

]
− ni

8

[
(3ωA + ωB)Sa∗

ki Sb
ki + (3ωB + ωA)Sb∗

ki Sa
ki

]
,

(A26)

where i, k ∈ occ and j ∈ vir.
Consequently, the second-order quasi-energy response can be written as Eq. (69).
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Appendix B.3. The Third-Order W-Response

By analogy with previous derivations, we make use of the canonical form of the ground-state
molecular orbitals and the orthonormality condition (35), which allows us to simplify the first term in
the third-order energy response (17) as

Dabc
νµ (ωA, ωB, ωC)F0

µν

= ni

[
Uab

ji (ωA, ωB)Uc∗
ji (−ωC) + Uc

ji(ωC)Uab∗
ji (−ωA,−ωB)

+ Uac
ji (ωA, ωC)Ub∗

ji (−ωB) + Ub
ji(ωB)Uac∗

ji (−ωA,−ωC)

+ Ubc
ji (ωB, ωC)Ua∗

ji (−ωA) + Ua
ji(ωA)Ubc∗

ji (−ωB,−ωC)
](

ε0
j − ε0

i

)
− ni

[
Uab∗

ji (−ωA,−ωB)Sc
ji + Uac∗

ji (−ωA,−ωC)Sb
ji + Ua∗

ji (−ωA)Sbc
ji

+ Ua∗
ji (−ωA)Sb

jkUc
ki(ωC) + Ua∗

ji (−ωA)Sc
jkUb

ki(ωB) + Ubc∗
ji (−ωB,−ωC)Sa

ji

+ Ub∗
ji (−ωB)Sac

ji + Ub∗
ji (−ωB)Sa

jkUc
ki(ωC) + Uc∗

ji (−ωC)Sab
ji

+ Sabc
ii + Sab∗

ji Uc
ji(ωC) + Uc∗

ji (−ωC)Sa
jkUb

ki(ωB) + Sac∗
ji Ub

ji(ωB)

+ Sa∗
ji Ubc

ji (ωB, ωC) + Ub∗
ji (−ωB)Sc

jkUa
ki(ωA) + Uc∗

ji (−ωC)Sb
jkUa

ki(ωA)

+ Sbc∗
ji Ua

ji(ωA) + Sb∗
ji Uac

ji (ωA, ωC) + Sc∗
ji Uab

ji (ωA, ωB)
]
ε0

i .

(A27)

According to the definition of the second-order Fock matrix (40), we find in Eq. (17) that

Da
νµ(ωA)Fbc

µν(ωB, ωC) + Dbc
νµ(ωB, ωC)

[
Ha

µν + D0
λκ(µν|κλ)a + (µνa|vxc)

]
+ D0

νµ

[
(µνa| fxc|ρbc(ωB, ωC)) + (µνa|kxc|ρb(ωB)|ρc(ωC))

]
= Dbc

νµ(ωB, ωC)Fa
µν(ωA) + Da

νµ(ωA)
[

Hbc
µν + Db

λκ(ωB)(µν|κλ)c + Dc
λκ(ωC)(µν|κλ)b

+ D0
λκ(µν|κλ)bc + (µνbc|vxc) + (µνb| fxc|ρc(ωC)) + (µνc| fxc|ρb(ωB))

]
+ Db

νµ(ωB)(µνc| fxc|ρa(ωA)) + Dc
νµ(ωC)(µνb| fxc|ρa(ωA))

+ D0
νµ(µνbc| fxc|ρa(ωA)) + (ρa(ωA)|kxc|ρb(ωB)|ρc(ωC)),

(A28)

where
Dbc

νµ(ωB, ωC)Fa
µν(ωA)

= ni

[
Ubc

ji (ωB, ωC)Fa∗
ji (−ωA) + Ubc∗

ji (−ωB,−ωC)Fa
ji(ωA)

]
+ niFa

jl(ωA)
[
Ub

li(ωB)Uc∗
ji (−ωC) + Uc

li(ωC)Ub∗
ji (−ωB)

]
.

(A29)

The summation over j in the first brackets above can be partitioned into contributions from the
occupied and virtual subspaces. For the occupied part, using the orthonormality condition (34), we
have

ni

[
Ubc

ki (ωB, ωC)Fa∗
ki (−ωA) + Ubc∗

ki (−ωB,−ωC)Fa
ki(ωA)

]
= niFa

ki(ωA)
[
Ubc

ik (ωB, ωC) + Ubc∗
ki (−ωB,−ωC)

]
= −niFa

ki(ωA)
[
Ub∗

ji (−ωB)Sc
jk + Ub∗

ji (−ωB)Uc
jk(ωC) + Uc∗

ji (−ωC)Sb
jk

+ Sbc
ik + Sb∗

ji Uc
jk(ωC) + Uc∗

ji (−ωC)Ub
jk(ωB) + Sc∗

ji Ub
jk(ωB)

]
,

(A30)
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where i, k ∈ occ, and j runs over the full orbital space. For the virtual part, by virtue of the first-order
CP-HF/KS equation (44), we obtain

ni

[
Ubc

ji (ωB, ωC)Fa∗
ji (−ωA) + Ubc∗

ji (−ωB,−ωC)Fa
ji(ωA)

]
= niUbc

ji (ωB, ωC)
[
Ua∗

ji (−ωA)
(

ε0
i − ε0

j + ωA

)
+ T a∗

ji (−ωA) + Sa∗
ji ε0

i

]
+ niUbc∗

ji (−ωB,−ωC)
[
Ua

ji(ωA)
(

ε0
i − ε0

j − ωA

)
+ T a

ji (ωA) + Sa
jiε

0
i

]
,

(A31)

where i, k ∈ occ and j ∈ vir. Consequently, Eq. (A29) becomes

Dbc
νµ(ωB, ωC)Fa

µν(ωA)

= niUbc
ji (ωB, ωC)

[
Ua∗

ji (−ωA)
(

ε0
i − ε0

j + ωA

)
+ T a∗

ji (−ωA) + Sa∗
ji ε0

i

]
+ niUbc∗

ji (−ωB,−ωC)
[
Ua

ji(ωA)
(

ε0
i − ε0

j − ωA

)
+ T a

ji (ωA) + Sa
jiε

0
i

]
− niFa

ki(ωA)
[
Ub∗

ji (−ωB)Sc
jk + Ub∗

ji (−ωB)Uc
jk(ωC) + Uc∗

ji (−ωC)Sb
jk

+ Sbc
ik + Sb∗

ji Uc
jk(ωC) + Uc∗

ji (−ωC)Ub
jk(ωB) + Sc∗

ji Ub
jk(ωB)

]
+ niFa

jl(ωA)
[
Ub

li(ωB)Uc∗
ji (−ωC) + Uc

li(ωC)Ub∗
ji (−ωB)

]
,

(A32)

where i, k ∈ occ, and the indice j is restricted to the virtual orbitals in the first two terms, but otherwise
runs over all orbitals. Similarly, we have

Dac
νµ(ωA, ωC)Fb

µν(ωB)

= niUac
ji (ωA, ωC)

[
Ub∗

ji (−ωB)
(

ε0
i − ε0

j + ωB

)
+ T b∗

ji (−ωB) + Sb∗
ji ε0

i

]
+ niUac∗

ji (−ωA,−ωC)
[
Ub

ji(ωB)
(

ε0
i − ε0

j − ωB

)
+ T b

ji (ωB) + Sb
jiε

0
i

]
− niFb

ki(ωB)
[
Ua∗

ji (−ωA)Sc
jk + Ua∗

ji (−ωA)Uc
jk(ωC) + Uc∗

ji (−ωC)Sa
jk

+ Sac
ik + Sa∗

ji Uc
jk(ωC) + Uc∗

ji (−ωC)Ua
jk(ωA) + Sc∗

ji Ua
jk(ωA)

]
+ niFb

jl(ωB)
[
Ua

li(ωA)Uc∗
ji (−ωC) + Uc

li(ωC)Ua∗
ji (−ωA)

]
,

(A33)

and
Dab

νµ(ωA, ωB)Fc
µν(ωC)

= niUab
ji (ωA, ωB)

[
Uc∗

ji (−ωC)
(

ε0
i − ε0

j + ωC

)
+ T c∗

ji (−ωC) + Sc∗
ji ε0

i

]
+ niUab∗

ji (−ωA,−ωB)
[
Uc

ji(ωC)
(

ε0
i − ε0

j − ωC

)
+ T c

ji (ωC) + Sc
jiε

0
i

]
− niFc

ki(ωC)
[
Ua∗

ji (−ωA)Sb
jk + Ua∗

ji (−ωA)Ub
jk(ωB) + Ub∗

ji (−ωB)Sa
jk

+ Sab
ik + Sa∗

ji Ub
jk(ωB) + Ub∗

ji (−ωB)Ua
jk(ωA) + Sb∗

ji Ua
jk(ωA)

]
+ niFc

jl(ωC)
[
Ua

li(ωA)Ub∗
ji (−ωB) + Ub

li(ωB)Ua∗
ji (−ωA)

]
.

(A34)
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By separating the summation over j in the second-order U-dependent terms of Eq. (A27) into contribu-
tions from virtual and occupied orbitals, we find that Eqs. (A27) and (A32)–(A34) can be combined in
such a way that certain terms cancel out:

Dabc
νµ (ωA, ωB, ωC)F0

µν + Dab
νµ(ωA, ωB)Fc

µν(ωC)

+ Dac
νµ(ωA, ωC)Fb

µν(ωB) + Dbc
νµ(ωB, ωC)Fa

µν(ωA)

= ni

{
Uab

ji (ωA, ωB)
[
T c∗

ji (−ωC) + ωCUc∗
ji (−ωC)

]
+ Uab∗

ji (−ωA,−ωB)
[
T c

ji (ωC)− ωCUc
ji(ωC)

]
+ Uac

ji (ωA, ωC)
[
T b∗

ji (−ωB) + ωBUb∗
ji (−ωB)

]
+ Uac∗

ji (−ωA,−ωC)
[
T b

ji (ωB)− ωBUb
ji(ωB)

]
+ Ubc

ji (ωB, ωC)
[
T a∗

ji (−ωA) + ωAUa∗
ji (−ωA)

]
+ Ubc∗

ji (−ωB,−ωC)
[
T a

ji (ωA)− ωAUa
ji(ωA)

]}
+ niFa

jl(ωA)
[
Ub

li(ωB)Uc∗
ji (−ωC) + Uc

li(ωC)Ub∗
ji (−ωB)

]
+ niFb

jl(ωB)
[
Ua

li(ωA)Uc∗
ji (−ωC) + Uc

li(ωC)Ua∗
ji (−ωA)

]
+ niFc

jl(ωC)
[
Ua

li(ωA)Ub∗
ji (−ωB) + Ub

li(ωB)Ua∗
ji (−ωA)

]
− niFa

ki(ωA)
[
Ub∗

ji (−ωB)Sc
jk + Ub∗

ji (−ωB)Uc
jk(ωC) + Uc∗

ji (−ωC)Sb
jk

+ Sbc
ik + Sb∗

ji Uc
jk(ωC) + Uc∗

ji (−ωC)Ub
jk(ωB) + Sc∗

ji Ub
jk(ωB)

]
− niFb

ki(ωB)
[
Ua∗

ji (−ωA)Sc
jk + Ua∗

ji (−ωA)Uc
jk(ωC) + Uc∗

ji (−ωC)Sa
jk

+ Sac
ik + Sa∗

ji Uc
jk(ωC) + Uc∗

ji (−ωC)Ua
jk(ωA) + Sc∗

ji Ua
jk(ωA)

]
− niFc

ki(ωC)
[
Ua∗

ji (−ωA)Sb
jk + Ua∗

ji (−ωA)Ub
jk(ωB) + Ub∗

ji (−ωB)Sa
jk

+ Sab
ik + Sa∗

ji Ub
jk(ωB) + Ub∗

ji (−ωB)Ua
jk(ωA) + Sb∗

ji Ua
jk(ωA)

]
− ni

2

[
Uab

ki (ωA, ωB)Sc∗
ki + Uab∗

ki (−ωA,−ωB)Sc
ki + Uac

ki (ωA, ωC)Sb∗
ki

+ Uac∗
ki (−ωA,−ωC)Sb

ki + Ubc
ki (ωB, ωC)Sa∗

ki + Ubc∗
ki (−ωB,−ωC)Sa

ki

](
ε0

k + ε0
i

)
− ni

[
Ua∗

ji (−ωA)Sbc
ji + Ua∗

ji (−ωA)Sb
jlU

c
li(ωC) + Ua∗

ji (−ωA)Sc
jlU

b
li(ωB)

+ Ub∗
ji (−ωB)Sac

ji + Ub∗
ji (−ωB)Sa

jlU
c
li(ωC) + Uc∗

ji (−ωC)Sab
ji + Sabc

ii

+ Sab∗
ji Uc

ji(ωC) + Uc∗
ji (−ωC)Sa

jlU
b
li(ωB) + Sac∗

ji Ub
ji(ωB)

+ Ub∗
ji (−ωB)Sc

jlU
a
li(ωA) + Uc∗

ji (−ωC)Sb
jlU

a
li(ωA) + Sbc∗

ji Ua
ji(ωA)

]
ε0

i ,

(A35)
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with i, k restricted to occupied orbitals, and j, l running over all orbitals except in the first term in
braces, where the index j refers only to virtual orbitals. Therefore, the third-order energy response
reads

Eabc(ωA, ωB, ωC)

= Dabc
νµ (ωA, ωB, ωC)F0

µν + Dab
νµ(ωA, ωB)Fc

µν(ωC) + Dac
νµ(ωA, ωC)Fb

µν(ωB)

+ Dbc
νµ(ωB, ωC)Fa

µν(ωA) + Da
νµ(ωA)Db

λκ(ωB)(µν|κλ)c

+ Da
νµ(ωA)Dc

λκ(ωC)(µν|κλ)b + Db
νµ(ωB)Dc

λκ(ωC)(µν|κλ)a

+ Da
νµ(ωA)

[
Hbc

µν + (µνbc|vxc) + (µνb| fxc|ρc(ωC)) + (µνc| fxc|ρb(ωB))
]

+ Db
νµ(ωB)

[
Hac

µν + (µνac|vxc) + (µνa| fxc|ρc(ωC)) + (µνc| fxc|ρa(ωA))
]

+ Dc
νµ(ωC)

[
Hab

µν + (µνbc|vxc) + (µνa| fxc|ρb(ωB)) + (µνb| fxc|ρa(ωA))
]

+ D0
λκ

[
Da

νµ(ωA)(µν|κλ)bc + Db
νµ(ωB)(µν|κλ)ac + Dc

νµ(ωC)(µν|κλ)ab
]

+ D0
νµ

[
(µνbc| fxc|ρa(ωA)) + (µνac| fxc|ρb(ωB)) + (µνab| fxc|ρc(ωC))

]
+ D0

νµ

[
Habc

µν +
1
2

D0
λκ(µν|κλ)abc + (µνabc|vxc)

]
+ (ρa(ωA)|kxc|ρb(ωB)|ρc(ωC)).

(A36)

For Tabc(ωA, ωB, ωC) as given in Eq. (19d), one can observe that[
Cbc∗

µi (−ωB,−ωC)S0
µν + Cb∗

µi (−ωB)Sc
µν + Cc∗

µi (−ωC)Sb
µν + C0∗

µi Sbc
µν

]
Ca

νi(ωA)

=
[
Ubc∗

ki (−ωB,−ωC) + Ub∗
ji (−ωB)Sc

jk + Uc∗
ji (−ωC)Sb

jk + Sbc∗
ki

]
Ua

ki(ωA),
(A37a)

[
Cac∗

µi (−ωA,−ωC)S0
µν + Ca∗

µi (−ωA)Sc
µν + Cc∗

µi (−ωC)Sa
µν + C0∗

µi Sac
µν

]
Cb

νi(ωB)

=
[
Uac∗

ki (−ωA,−ωC) + Ua∗
ji (−ωA)Sc

jk + Uc∗
ji (−ωC)Sa

jk + Sac∗
ki

]
Ub

ki(ωB),
(A37b)

[
Cab∗

µi (−ωA,−ωB)S0
µν + Ca∗

µi (−ωA)Sb
µν + Cb∗

µi (−ωB)Sa
µν + C0∗

µi Sab
µν

]
Cc

νi(ωC)

=
[
Uab∗

ki (−ωA,−ωB) + Ua∗
ji (−ωA)Sb

jk + Ub∗
ji (−ωB)Sa

jk + Sab∗
ki

]
Uc

ki(ωC).
(A37c)

Similarly, we can obtain [
Cc∗

µi (−ωC)S0
µν + C0∗

µi Sc
µν

]
Cab

νi (ωA, ωB)

=
[
Uc∗

ji (−ωC) + Sc∗
ji

]
Uab

ji (ωA, ωB),
(A38a)

[
Cb∗

µi (−ωB)S0
µν + C0∗

µi Sb
µν

]
Cac

νi (ωA, ωC)

=
[
Ub∗

ji (−ωB) + Sb∗
ji

]
Uac

ji (ωA, ωC),
(A38b)

[
Ca∗

µi (−ωA)S0
µν + C0∗

µi Sa
µν

]
Cbc

νi (ωB, ωC)

=
[
Ua∗

ji (−ωA) + Sa∗
ji

]
Ubc

ji (ωB, ωC).
(A38c)

The third-order coefficients Cabc
νi (ωA, ωB, ωC) appearing in C0∗

µi S0
µνCabc

νi (ωA, ωB, ωC) deserve particular
attention, as this term can be recast as

C0∗
µi S0

µνCabc
νi (ωA, ωB, ωC)

= S0
ijU

abc
ji (ωA, ωB, ωC)

= δijUabc
ji (ωA, ωB, ωC)

= Uabc
ii (ωA, ωB, ωC),

(A39)
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to which we need to apply a further assumption. Imposing the relation Uabc
ki (−ωA,−ωB,

−ωC) = Uabc
ik (ωA, ωB, ωC) for the occ-occ block gives

Uabc
ii (ωA, ωB, ωC)

= −1
2

[
Uab∗

ji (−ωA,−ωB)Sc
ji + Uab∗

ji (−ωA,−ωB)Uc
ji(ωC) + Uac∗

ji (−ωA,−ωC)Sb
ji

+ Ua∗
ji (−ωA)Sbc

ji + Ua∗
ji (−ωA)Sb

jkUc
ki(ωC) + Uac∗

ji (−ωA,−ωC)Ub
ji(ωB)

+ Ua∗
ji (−ωA)Sc

jkUb
ki(ωB) + Ua∗

ji (−ωA)Ubc
ji (ωB, ωC) + Ubc∗

ji (−ωB,−ωC)Sa
ji

+ Ub∗
ji (−ωB)Sac

ji + Ub∗
ji (−ωB)Sa

jkUc
ki(ωC) + Uc∗

ji (−ωC)Sab
ji

+ Sabc
ii + Sab∗

ji Uc
ji(ωC) + Uc∗

ji (−ωC)Sa
jkUb

ki(ωB) + Sac∗
ji Ub

ji(ωB)

+ Sa∗
ji Ubc

ji (ωB, ωC) + Ubc∗
ji (−ωB,−ωC)Ua

ji(ωA) + Ub∗
ji (−ωB)Sc

jkUa
ki(ωA)

+ Ub∗
ji (−ωB)Uac

ji (ωA, ωC) + Uc∗
ji (−ωC)Sb

jkUa
ki(ωA) + Sbc∗

ji Ua
ji(ωA)

+ Sb∗
ji Uac

ji (ωA, ωC) + Uc∗
ji (−ωC)Uab

ji (ωA, ωB) + Sc∗
ji Uab

ji (ωA, ωB)
]
.

(A40)

Therefore, Tabc(ωA, ωB, ωC) finally takes the form

Tabc(ωA, ωB, ωC)

=
[

Dab
νµ(ωA, ωB)T c

µν(ωC) + Dac
νµ(ωA, ωC)T b

µν(ωB) + Dbc
νµ(ωB, ωC)T a

µν(ωA)

+ Da
νµ(ωA)T bc

µν (ωB, ωC) + Db
νµ(ωB)T ac

µν (ωA, ωC) + Dc
νµ(ωC)T ab

µν (ωA, ωB)

+ D0
νµT abc

µν (ωA, ωB, ωC)
]
− ωAni

[
Ubc∗

ki (−ωB,−ωC) + Ub∗
ji (−ωB)Sc

jk

+ Uc∗
ji (−ωC)Sb

jk + Sbc∗
ki

]
Ua

ki(ωA)− ωBni

[
Uac∗

ki (−ωA,−ωC) + Ua∗
ji (−ωA)Sc

jk

+ Uc∗
ji (−ωC)Sa

jk + Sac∗
ki

]
Ub

ki(ωB)− ωCni

[
Uab∗

ki (−ωA,−ωB) + Ua∗
ji (−ωA)Sb

jk

+ Ub∗
ji (−ωB)Sa

jk + Sab∗
ki

]
Uc

ki(ωC)− (ωA + ωB)ni

[
Uc∗

ji (−ωC) + Sc∗
ji

]
Uab

ji (ωA, ωB)

− (ωA + ωC)ni

[
Ub∗

ji (−ωB) + Sb∗
ji

]
Uac

ji (ωA, ωC)− (ωB + ωC)ni

[
Ua∗

ji (−ωA)

+ Sa∗
ji

]
Ubc

ji (ωB, ωC)− (ωA + ωB + ωC)niUabc
ii (ωA, ωB, ωC).

(A41)

Subtracting Eq. (A41) from Eq. (A36), one arrives at Eq. (70).

Appendix C. Evaluation of (ρa(ωA)|kxc|ρb(ωB)|ρc(ωC))

Table A1. The variables on which different types of xc functionals depend

{x} LDA GGA mGGA

spin-restricted ρ ρ,∇ρ ρ,∇ρ,∇2ρ, τ

collinear
[

ρ↑
ρ↓

]
a

[
ρ↑
ρ↓

]
,∇

[
ρ↑
ρ↓

] [
ρ↑
ρ↓

]
,∇

[
ρ↑
ρ↓

]
,∇2

[
ρ↑
ρ↓

]
,
[

τ↑
τ↓

]
b

locally-collinear
[

ρ+
ρ−

]
c

[
ρ+
ρ−

]
,∇

[
ρ+
ρ−

] [
ρ+
ρ−

]
,∇

[
ρ+
ρ−

]
,∇2

[
ρ+
ρ−

]
,
[

τ+
τ−

]
d

non-collinear
[

ρ
m

] [
ρ
m

]
,∇

[
ρ
m

] [
ρ
m

]
,∇

[
ρ
m

]
,∇2

[
ρ
m

]
,
[

τ
u

]
a
[

ρ↑
ρ↓

]
=

1
2

[
ρ + mz
ρ − mz

]
; b

[
τ↑
τ↓

]
=

1
2

[
τ + uz
τ − uz

]
; c

[
ρ+
ρ−

]
=

1
2

[
ρ + m
ρ − m

]
; d

[
τ+
τ−

]
=

1
2

[
τ + u
τ − u

]
.
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When the third-order (quasi-)energy response is evaluated in the main text, the third-order
derivative of the xc functional, Eabc

xc (ωA, ωB, ωC), is involved. In many cases, a standard basis
set independent of perturbations is used, and for an LDA functional, Eabc

xc (ωA, ωB, ωC) reduces to
(ρa(ωA)|kxc|ρb(ωB)|ρc(ωC)), with the explicit form given by

(ρa(ωA)|kxc|ρb(ωB)|ρc(ωC))

=
∫

drρa(r; ωA)
δ

δρ(r)

∫
dr′ρb(r′; ωB)

δ

δρ(r′)

∫
dr′′ρc(r′′; ωC)

δExc

δρ(r′′)

=
∫

drρa(r; ωA)
δ

δρ(r)

∫
dr′ρb(r′; ωB)

δ

δρ(r′)

∫
dr′′ρc(r′′; ωC)

∂exc

∂ρ(r′′)

=
∫

drρa(r; ωA)
δ

δρ(r)

∫
dr′ρb(r′; ωB)

∫
dr′′

δρ(r′′)
δρ(r′)

δ

δρ(r′′)

∫
dr′′ρc(r′′; ωC)

∂exc

∂ρ(r′′)

=
∫

drρa(r; ωA)
δ

δρ(r)

∫
dr′ρb(r′; ωB)

∫
dr′′δ(r′ − r′′)ρc(r′′; ωC)

∂2exc

∂ρ2(r′′)

=
∫

drρa(r; ωA)
δ

δρ(r)

∫
dr′ρb(r′; ωB)ρ

c(r′; ωC)
∂2exc

∂ρ2(r′)

=
∫

drρa(r; ωA)
∫

dr′
δρ(r′)
δρ(r)

δ

δρ(r′)

∫
dr′ρb(r′; ωB)ρ

c(r′; ωC)
∂2exc

∂ρ2(r′)

=
∫

drρa(r; ωA)
∫

dr′δ(r − r′)ρb(r′; ωB)ρ
c(r′; ωC)

∂3exc

∂ρ3(r′)

=
∫

drρa(r; ωA)ρ
b(r; ωB)ρ

c(r; ωC)
∂3exc

∂ρ3(r)
,

(A42)

where exc is the xc integrand:

Exc =
∫

dr exc. (A43)

If the xc functional is a pure HF exchange, which depends on the second-order reduced density
ρ(r1, r2), we know that (for a closed-shell system) the non-local HF kernel has the form

fHFx = −1
2

δ(r1 − r′1)δ(r2 − r′2)
r12

, (A44)

and thus kHFx vanishes. For GGA, mGGA, as well as non-collinear functionals, Exc may depend
on additional independent variables. In this case, the chain rule for functional derivatives must be
expanded in a complete function space. By applying integration by parts, we obtain a more general
form for Eabc

xc (ωA, ωB, ωC):

Eabc
xc (ωA, ωB, ωC) =

∫
dr xa

i (r; ωA)xb
j (r; ωB)xc

k(r; ωC)
∂3exc

∂xi(r)∂xj(r)∂xk(r)
. (A45)

Here, {x} represents the independent variables on which exc depends. The specific set of variables
differs for different types of functionals, as summarized in Table A1.

Appendix D. Gauge Transformations
Maxwell’s equations permit arbitrary gauge transformations (84) of the scalar and vector poten-

tials without altering the physical electromagnetic fields. To maintain gauge covariance of the HF and
KS equations (

f̂ − i∂t

)
ψi = ε jiψj →

(
f̂ ′ − i∂t

)
ψ′

i = ε jiψ
′
j (A46)

under such transformations, it is natural to assume that the single-electron wavefunctions transform
by a local phase factor:

ψ′
i = ψie−i f (r,t), (A47)
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where f is a scalar function to be determined. We now examine the gauge-transformed HF/KS
equations to verify whether they retain their form.

For the term f̂ ′ψ′
i , we have

f̂ ′ψ′
i =

[
−1

2
∇2 − i(A +∇g) ·∇+

1
2
(A +∇g)2 +

1
2

σ ·B− φeff + (∂tg)
]

ψie−i f

= −1
2
∇ ·

(
e−i f∇ψi + ψi∇e−i f

)
− i(A +∇g) ·

(
e−i f∇ψi + ψi∇e−i f

)
+

1
2
(A +∇g)2ψie−i f +

1
2

σ ·Bψie−i f − φeffψie−i f + ψie−i f ∂tg

= −1
2

(
∇e−i f

)
·∇ψi −

1
2

e−i f∇2ψi −
1
2
(∇ψi) ·∇e−i f − 1

2
ψi∇2e−i f

− i(A +∇g) ·
(

e−i f∇ψi + ψi∇e−i f
)
+

1
2

A2ψie−i f + ψie−i f A ·∇g

+
1
2

ψie−i f (∇g) ·∇g +
1
2

σ ·Bψie−i f − φeffψie−i f + ψie−i f ∂tg.

(A48)

We can then apply the identity
∇e−i f = −ie−i f∇ f , (A49a)

∇2e−i f = −e−i f (∇ f ) ·∇ f − ie−i f∇2 f (A49b)

to obtain
ei f f̂ ′ψ′

i = i(∇ f ) ·∇ψi −
1
2
∇2ψi +

1
2

ψi(∇ f ) ·∇ f +
i
2

ψi∇2 f

− i(A +∇g) ·∇ψi − (A +∇g) · ψi∇ f +
1
2

A2ψi

+ ψi A ·∇g +
1
2

ψi(∇g) ·∇g +
1
2

σ ·Bψi − φeffψi + ψi∂tg.

(A50)

For the time derivative term i∂tψ
′
i , we can write it as

i∂tψ
′
i = i∂tψie−i f

= ie−i f ∂tψi + iψi∂te−i f .
(A51)

By virtue of the chain rule
∂te−i f = −ie−i f ∂t f , (A52)

we get
ei f (i∂t)ψ

′
i = i∂tψi + ψi∂t f . (A53)

Therefore, substituting Eqs. (A48) and (A51) into the gauge-transformed equation in Eq. (A46),
and left-multiplying by ei f , gives

i∂tψi + ψi∂t f + ε jiψj

= i(∇ f ) ·∇ψi −
1
2
∇2ψi +

1
2

ψi(∇ f ) ·∇ f +
i
2

ψi∇2 f

− i(A +∇g) · ψi − (A +∇g) · ψi∇ f +
1
2

A2ψi

+ ψi A ·∇g +
1
2

ψi(∇g) ·∇g +
1
2

σ ·Bψi − φeffψi + ψi∂tg.

(A54)

Subtracting the original HF/KS equations(
−1

2
∇2 − iA ·∇+

1
2

A2 +
1
2

σ ·B− φeff − i∂t

)
ψi = ε jiψj (A55)
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from Eq. (A54), we arrive at the condition that the scalar function f must satisfy:

ψi∂t f = i(∇ f ) ·∇ψi +
1
2

ψi(∇ f ) ·∇ f +
i
2

ψi∇2 f − i∇g ·∇ψi

− (A +∇g) · ψi∇ f + ψi A ·∇g +
1
2

ψi(∇g) ·∇g + ψi∂tg.
(A56)

It follows that this condition is fulfilled only if

f = g + a, (A57)

where a is an arbitrary constant. Without loss of generality, we may set a = 0. Therefore, the phase
factor must be of the form e−ig, and g is required to satisfy the Laplace equation ∇2g = 0.

This shows that the gauge transformation of the electromagnetic potentials does not alter the
form of the HF/KS equations. The resulting wavefunction differs from the original one only by a
unitary phase factor e−ig, which indicates that the transformation corresponds to a global unitary
transformation of the system.

If we express the external vector potential A in terms of the magnetic induction B, we can
construct

A =
1
2
B× rg, (A58)

where the gauge-shifted position vector is defined as rg = r − R, with R being the gauge origin. The
magnetic field B is assumed to be spatially uniform in the vicinity of the molecule, i.e., independent of
the electronic coordinate r. This expression can be derived from the definition of the vector potential:

∇× A = B ⇐⇒ ϵijk∂j Ak = Bi. (A59)

Integrating both sides gives
ϵijk(Ak − A0k) = Bi

(
rj − Rj

)
, (A60)

where A0k and Rj are integration constants. Setting A0k = −∂kg, multiplying both sides by ϵlij followed
by summation over indices i and j, and using the identity ϵkijϵlij = 2δkl , we obtain

2δkl(Ak + ∂kg) = ϵlijBi
(
rj − Rj

)
, (A61)

which is equivalent to

Al + ∂l g =
1
2

ϵlijBi
(
rj − Rj

)
⇐⇒ A′ = A +∇g =

1
2
B× (r − R). (A62)

By setting A = 0 at r = 0, a one-to-one correspondence is established between the gauge function g
and the gauge origin R:

∇g = −1
2
B× R =⇒ g = −1

2
r ·B× R + g0. (A63)

The integration constant g0 can be set to zero, as it has no effect on observable quantities. It is also
evident that this choice of g satisfies the condition ∇2g = 0, as required. By dropping the prime on
A′ in Eq. (A62), we recover the general expression for the vector potential under a uniform magnetic
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field, as given in Eq. (A58). It can further be verified that this choice of A satisfies the Coulomb gauge
condition:

∂i Ai =
1
2

∂iϵijkBjrk

=
1
2

ϵijk
(
∂iBj

)
rk +

1
2

ϵijkBj∂irk

= 0 +
1
2

ϵijkBjδik

= 0.

(A64)

Since our primary interest is in the response of the system to external magnetic fields, the magnetic
fields generated by the motion of nuclei and electrons are neglected.
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