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Abstract: In the paper, we consider conformal mappings of Riemannian spaces onto 
Ricci-2-symmetric Riemannian spaces and geodesic mappings of spaces with affine connections 
onto Ricci-2-symmetric spaces. The main equations for the mappings are obtained as a closed system 
of differential equations of Cauchy-type in covariant derivatives. We have found the number of 
essential parameters which the solution of the system depends on. A similar approach was applied 
for the case of conformal mappings of Riemannian spaces onto Ricci-m-symmetric Riemannian spaces 
and geodesic mappings of spaces with affine connections onto Ricci-m-symmetric spaces.
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1. Introduction11

Conformal mappings were considered in many monographs, surveys, and papers. The theory of12

conformal mappings gives very important applications to the general relativity (e. g. [4,5,13–15]).13

The question of whether a Riemannian space admits a conformal mapping onto some Einstein14

space was reduced by Brinkmann [3] to the question whether solutions of some nonlinear system15

of PDE’s of Cauchy type with respect to unknown functions exists. This subject was set out in a16

monograph written by A. Z. Petrov [13].17

In papers [6,11] the main equations of the above said mappings are reduced to a linear system of18

differential equations in covariant derivatives. Also, the mobility degree with respect to conformal19

mappings onto Einstein spaces was found.20

In [11] authors have found an estimation of the first lacuna in a distribution of degree of mobility21

groups of Riemannian spaces with respect to conformal mappings onto Einstein spaces. It was proved22

in [11] that the maximal degree of mobility with respect to the conformal mappings is admitted by23

conformal flat spaces, and only by them. The paper presents a criterion in tensor form for Riemannian24

spaces, different from conformally Euclidean ones, for which the maximal degree of mobility r = n− 1,25

where n is the dimension of the spaces (n > 2). Hence, the estimation of the first lacuna in a distribution26

of degree of mobility was obtained and the spaces with the maximal degree of mobility, different from27

conformally Euclidean ones, was distinguished.28

In the above said explorations, it’s supposed that all geometric objects under consideration belong29

to the sufficiently high smoothness class.30

A paper [6] presents the minimal conditions on the differentiability of objects under consideration31

to be satisfied by conformal mappings of Riemannian spaces onto Einstein spaces. The main equations32
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for the mappings are obtained as a closed system of differential equations of Cauchy-type in covariant33

derivatives taking into account the minimal requirements on the differentiability of metrics of spaces34

which are conformally equivalent.35

A paper [1] is dedicated to conformal mappings of Riemannian spaces onto Ricci-symmetric36

spaces. The main equations for the mappings were reduced to a closed system of differential equations37

of Cauchy-type in covariant derivatives. Also, the authors have found the number of essential38

parameters which the solution of the system depends on. It is worth noting that the system is39

nonlinear.40

The theory goes back to the paper [9] of T. Levi-Civita, in which the problem on the search for41

Riemannian spaces with common geodesics was stated and solved in a special coordinate system. We42

note a remarkable fact that this problem is related to the study of equations of dynamics of mechanical43

systems.44

The theory of geodesic mappings has been developed by T. Thomas, H. Weyl, P. A. Shirokov,45

A. S. Solodovnikov, N. S. Sinyukov, J. Mikeš, and others [4,10,12,13,16].46

The best known equations are the Levi-Civita equations obtained by him for the case of47

Riemannian spaces. Later, H. Weyl have obtained the same equations for geodesic mappings between48

spaces with affine connections.49

N. S. Sinyukov [16] has proved that the main equations for geodesic mappings of50

(pseudo-)Riemannian spaces are equivalent to some linear system of differential equations of51

Cauchy-type in covariant derivatives.52

A paper [17] extends the results to the case of geodesic mappings of geodesic mappings of53

equiaffine spaces with affine connections onto (pseudo-)Riemannian spaces.54

In a paper [2], authors proved that the main equations of geodesic mappings of spaces with55

affine connections onto Rici-symmetric spaces are equivalent to some system of differential equations56

of Cauchy-type in covariant derivatives. In this paper, the main equations for conformal mappings57

of Riemannian spaces onto Ricci-2-symmetric Riemannian spaces and geodesic mappings of spaces58

with affine connections onto Ricci-2-symmetric spaces are obtained as a closed system of differential59

equations of Cauchy-type in covariant derivatives. We have found the number of essential parameters60

which the solution of the system depends on. The obtained results were extended for the case of61

conformal mappings of Riemannian spaces onto Ricci-m-symmetric Riemannian spaces and geodesic62

mappings of spaces with affine connections onto Ricci-m-symmetric spaces. We suppose throughout63

the paper, that all geometric objects under considerations are continuous and sufficiently smooth.64

2. Basic conceptions of conformal and geodesic mappings65

Let us consider conformal mapping f of a Riemannian space Vn with the metric tensor g onto a66

Riemannian space Vn with the metric tensor g.67

Let us suppose that the Riemannian spaces Vn and Vn are referred to a common coordinate system68

x1, x2, . . . , xn relative to a mapping.69

A diffeomorphism f : Vn −→ Vn is called a conformal mapping if in a common coordinate system
x1, x2, . . . , xn relative to the mapping their metric tensors g and g are proportional and the components
of the tensors are in the relation

gij(x) = e2ψ(x) · gij(x), (1)

where ψ(x) is a function of the x’s.70

From (1) it follows that conformal mappings preserve angles between tangent vectors of any pair71

of curves. Conformal mappings are completely characterized by that property.72

From (1) it follows also that relations between the Christoffel symbols formed with respect to the
two metric tensors are given by

Γh
ij(x) = Γh

ij(x) + δh
i ψj(x) + δh

j ψi(x)− ψh(x) · gij(x), (2)
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where ψi =
∂ψ

∂xi is a gradient vector, ψh(x) = ghαψα, gij are components of the inverse matrix to gij,73

and δh
i is the Kronecker delta.74

A conformal mapping is called homothetic if the function ψ(x) is a constant i. e. gij(x) = c · gij(x).75

The condition is equivalent to ψi(x) = 0, hence the mapping is also an affine one.76

Let us recall that in Riemannian space Vn with a metric tensor gij(x), the Riemann tensor, the
Ricci tensor, and the scalar curvature are defined by the metric tensor as follows:

Rh
ijk =

∂Γh
ik

∂xj −
∂Γh

ij

∂xk + Γα
ikΓh

αj − Γα
ijΓ

h
αk, Rij = Rα

ijα, R = Rαβgαβ. (3)

It is known [4,10,13,16] that under conformal mappings a relationship between the Riemann
tensors is presented by the formulas:

Rh
ijk = Rh

ijk + δh
k ψij − δh

j ψik + gijψ
h
k − gikψh

j + (δh
k gij − δh

j gik)41 ψ, (4)

where ψij = ψi,j−ψiψj, ψh
k = ghαψαk,41ψ = gαβψαψβ, and symbol “,” denotes the covariant derivative77

with respect to the metric tensor of a space Vn.78

Contracting the equations (4) for h and k in the reduction, we get

ψi,j =
µ

n− 2
gij + ψiψj −

1
n− 2

(
Rij − Rij

)
, (5)

where µ is a certain invariant.79

A curve is called a geodesic if the tangent vector field along the curve is parallel along the curve.80

We say that a diffeomorphism f : An → An is an geodesic mapping if any geodesic curve of An is81

mapped under f onto a geodesic curve in An.82

According to [10,12,13,16], a necessary and sufficient condition for the mapping f of a space An

onto a space An to be geodesic is that in the common coordinate system x1, x2, . . . , xn the deformation
tensor Ph

ij(x) of the mapping f

Ph
ij(x) = Γ(

ijx)− Γh
ij(x), (6)

has to satisfy the condition
Ph

ij(x) = ψi(x)δh
j + ψj(x)δh

i . (7)

The symbols Γh
ij(x) and Γh

ij(x) are components of affine connections of the spaces An and An83

respectively, ψi(x) is a covariant vector.84

A geodesic mapping is called nontrivial if ψi(x) 6= 0. It is obvious, that any space An with affine85

connection admits a nontrivial geodesic mapping onto some space An with affine connection. Generally86

speaking, similar idea concerning geodesic mappings of Riemannian spaces onto Riemannian spaces87

is wrong. In particular, there are Riemannian spaces that do not admit nontrivial geodesic mappings88

onto Riemannian spaces.89

3. Conformal mappings of Riemannian spaces onto Ricci-2-symmetric Riemannian spaces90

A space An with affine connection (Riemannian space Vn) is called Ricci-m-symmetric if its Ricci
tensor Rij satisfies the condition

Rij|k1k2 ...km = 0, (8)

where the symbol “ | ” denotes a covariant derivative with respect to the connection of the space An. In
particular, for the case of Ricci-2-symmetric spaces (8) is written as follows:

Rij|km = 0. (9)
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Let us consider conformal mappings of a Riemannian space Vn with the metric tensor g onto
another Riemannian space Vn with the metric tensor g. If the spaces Vn and Vn are referred to the
common coordinate system x = (x1, x2, . . . , xn), then we get

Rij|k = Rij,k − Pα
kiRαj − Pα

kjRiα. (10)

Taking account of (2), it follows from (10) that

Rij|k = Rij,k − ψiRkj − ψjRik − 2ψkRij + ψαgikRαj + ψαgjkRiα. (11)

Differentiating (11) with respect to xm in the space Vn and taking into account ψα
,m = gαβψβ,m, we

obtain (
Rij|k

)
,m

= Rij,km − ψi,mRkj − ψiRkj,m − ψj,mRik − ψjRik,m − 2ψk,mRij − 2ψkRij,m+

+ gαβgikRαjψβ,m + ψαgikRαj,m + gαβgjkRiαψβ,m + ψαgjkRiα,m .
(12)

According to the definition of covariant derivative we get(
Rij|k

)
,m

= Rij|km + Pα
miRαj|k + Pα

mjRiα|k + Pα
mkRij|α . (13)

Taking account of (12) and (13), we have

Rij|km = Rij,km − ψi,mRkj − ψiRkj,m − ψj,mRik − ψjRik,m − 2ψk,mRij − 2ψkRij,m + gαβgikRαjψβ,m+

+ ψαgikRαj,m + gαβgjkRiαψβ,m + ψαgjkRiα,m − Pα
miRαj|k − Pα

mjRiα|k − Pα
mkRij|α .

(14)

We introduce the tensor Rijk defined by
Rij,k = Rijk . (15)

Since the space Vn is Ricci-2-symmetric, it follows from (14) that

Rijk,m = θimRkj + ψiRkjm + θjmRik + ψjRikm + 2θkmRij + 2ψkRijm − gαβθβm(gikRαj + gjkRiα)−
− ψα(gikRαjm + gjkRiαm) + θα

miθαjk + θα
mjθiαk + θα

mkθijα ,
(16)

where

θij =
µ

n− 2
gij + ψiψj −

1
n− 2

(
Rij − Rij

)
,

θijk = Rijk − ψiRkj − ψjRik − 2ψkRij + ψαgikRαj + ψαgjkRiα,

θh
ij = δh

i ψj + δh
j ψi − ψhgij.

Let us differentiate (5) with respect to xk in the space Vn and alternate the obtained result in j and k. In
view of the Ricci identity and the fact that the Ricci tensor is symmetric, we get

(n− 2)ψαRα
ijk = − gijµ,k + gikµ,j − gαβψα

(
gikRβj − gijRβk

)
+

+ Rik,j − Rij,k + Rijψk − Rikψj + µ(gijψk − gikψj).
(17)

Let us multiply (17) by gij and contract for l and j. According to the Voss-Weyl formula Rij,kgjk =
1
2 R,i, we obtain

(n− 1)µ,k = gαβ
[
(n− 2)ψγRγ

βkα − (n− 1)ψβRαk − ψβRαk

]
+ [R + (n− 1)µ]ψk −

1
2

R,k . (18)
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Also, we have the notation
ψi = ψ,i . (19)

Obviously, in the space Vn the equations (5), (15), (16), (18) and (19) form a closed mixed system of91

PDE’s of Cauchy type with respect to functions ψ(x), ψi(x), µ(x), Rij(x) and Rijk(x) and the functions92

Rij(x) must satisfy the algebraic conditions Rij(x) = Rij(x). Hense we have proved93

Theorem 1. In order that a Riemannian space Vn admits a conformal mapping onto a Ricci-2-symmetric space94

Vn, it is necessary and sufficient that the mixed system of differential equations of Cauchy type in covariant95

derivatives (5), (15), (16), (18) and (19) has a solution with respect to functions ψ(x), ψi(x), µ(x), Rijk(x) and96

Rij(x) (= Rij(x)).97

It is obvious, that the general solution of the mixed system of Cauchy type depends on no more98

than 1
2 n · (n + 1)2 + n + 2 essential parameters.99

It is easy to see that if we differentiate covariantly with respect to xρ in the space Vn and taking100

into account the definition of covariant derivative writing expression for the tensor (Rij|km),ρ, then we101

have obtained the expression for the covariant derivative of Rij|kmρ through Rij,kmρ.102

Hence in the case when the space Vn is Ricci-3-symmetric, the main equations for the mapping103

can be written in the form of a closed system of equations of Cauchy type in covariant derivatives.104

Obviously, continuing this way, it is readily shown that the main equations for conformal105

mappings of Riemannian spaces onto Ricci-m-symmetric spaces also can be presented as a closed106

system of equations of Cauchy type in covariant derivatives.107

4. Geodesic mappings of spaces with affine connections onto Ricci-2-symmetric spaces108

Let us consider a geodesic mapping of a space An with affine connections onto a Ricci-2-symmetric109

space An. Suppose that the spaces An and An are referred to a coordinate system common to the110

mapping.111

One knows [10,16] that under conformal mappings a relationship between the Riemann tensors

Rh
ijk and Rh

ijk of the spaces An and An respectively is presented by the formulas:

Rh
ijk = Rh

ijk + Ph
ik,j − Ph

ij,k + Pα
ikPh

αj − Pα
ij P

h
αk . (20)

Taking into account that a deformation tensor Ph
ij of the connections is defined by (7), it follows from

(20) that
Rh

ijk = Rh
ijk − δh

j ψi,k + δh
k ψi,j − δh

i ψj,k + δh
i ψk,j + δh

j ψiψk − δh
k ψiψj . (21)

Contracting the equations (21) for h and k we get

Rij = Rij + nψi,j − ψj,i + (1− n)ψiψj . (22)

Alternating (22) with respect to the indices i and j, we obtain

R[ij] = R[ij] + (n + 1)ψi,j − (n + 1)ψj,i . (23)

Here we denote by the brackets [ij] an operation called antisymmetrization (or, alternation) without
division with respect to the indices i and j. Taking account of (22), from (23) it follows

ψi,j =
1

n2 − 1
[
nRij + Rji − (nRij + Rji)

]
+ ψiψj . (24)

Using the relation (10) and taking ito account that the deformation tensor is defined by (7), we find

Rij|k = Rij,k − 2ψkRij − ψiRkj − ψjRik . (25)
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Differentiating (25) with respect to xm in the space An, we obtain

(Rij|k),m = Rij,km − 2ψk,mRij − 2ψkRij,m − ψi,mRkj − ψiRkj,m − ψj,mRik − ψjRik,m . (26)

Taking account of the formalas (13) and (7), from (26) it follows

Rij|km = Rij,km − 2ψk,mRij − 2ψkRij,m − ψi,mRkj − ψiRkj,m − ψj,mRik − ψjRik,m − ψiRmj|k−

− 3ψmRij|k − ψjRim|k − ψkRij|m .
(27)

Suppose that the space An is Ricci-2-symmetric. Then, taking account of (15), (24) and (25) we have
from (27),

Rijk,m = 2ρkmRij + 2ψkRijm + ρimRkj + ψiRkjm + ρjmRik + ψjRikm+

+ ψiρmjk + 3ψmρijk + ψjρimk + ψkρijm ,
(28)

where
ρij =

1
n2 − 1

(
nRij + Rji −

(
Rij + Rji

))
+ ψiψj,

ρijk =Rijk − 2ψkRij − ψiRkj − ψjRik.

Obviously, in the space An the equations (15), (28), and (24) form a closed system of differential112

equations of Cauchy type in covariant derivatives with respect to functions ψi(x), Rij(x) and Rijk(x).113

Hence we have proved114

Theorem 2. In order that a space An with affine connection admits a geodesic mapping onto a Ricci-2-symmetric115

space An, it is necessary and sufficient that the closed system of differential equations of Cauchy type in covariant116

derivatives (15), (28) and (24) has a solution with respect to functions ψi(x), Rij(x) and Rijk(x).117

The general solution of the closed system of differential equations of Cauchy type in covariant118

derivatives (15), (28), and (24) depends on no more than 1
2 n · (n + 1)2 + n essential parameters.119

It is obvious that similarly to the case of conformal mappings, the main equations for geodesic120

mappings of spaces with affine connections onto Ricci-m-symmetric space could be obtained in a form121

of a closed system of equations of Cauchy type in covariant derivatives.122
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Abbreviations124

The following abbreviation is used in this manuscript:125

126

PDE Partial Differential Equation127
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