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Abstract

In this paper, we propose a new generalized form of the deformable fractional derivative constructed
via the Mittag—Leffler function. The proposed operator extends both classical and existing fractional
differentiation frameworks by introducing a flexible deformation parameter associated with the Mittag—
Leffler kernel. Its main analytical properties are investigated, including linearity, product and chain
rules, a generalized mean value theorem, and a Taylor-type expansion. A compatible fractional
integral operator is also established, ensuring a coherent and unified structure within generalized
fractional calculus. To assess the effectiveness of the proposed formulation, a numerical application
was performed, which confirmed the theoretical results and demonstrated the consistency of the
new derivative with the classical case while capturing fractional dynamics. These findings highlight
the potential of the proposed framework for modeling memory-dependent and complex dynamical
systems.

Keywords: deformable fractional derivative; mittag-leffler function; generalized operators; fractional
integration; fractional differential equations

1. Introduction

Fractional calculus, as a natural extension of classical calculus, has evolved into a powerful math-
ematical framework with extensive applications in physics, engineering, control theory, and applied
sciences. Over the past decades, it has been recognized as an effective tool for modeling systems
exhibiting memory and hereditary properties [1-3]. Broadly, the field can be divided into two main
approaches: those based on non-local operators, which incorporate memory effects through integral
kernels, and those relying on local operators that preserve the limit-based nature of classical differenti-
ation. Both perspectives have contributed significantly to the development of new formulations of
fractional derivatives, each offering specific advantages in theoretical and applied contexts [4—6].

Among these formulations, the conformable fractional derivative, introduced by Khalil et al. [7],
represents a notable advancement. It bridges the gap between classical and fractional definitions by
retaining the essential limit-based construction while allowing for fractional orders of differentiation.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Subsequent works have refined and extended this operator [5,8,9], highlighting its analytical flexibility,
its compatibility with fundamental properties such as linearity and the chain rule, and its computational
simplicity. Applications of conformable derivatives to partial fractional derivatives and nonlinear
models further demonstrated their accuracy and efficiency [9].

Parallel to this line of development, Zulfeqarr et al. [10] and later Mebrat and N'Guérékata [11,
12] introduced the deformable derivative, defined via a similar limit-based process. The deformable
derivative exhibits a smooth transition between a function and its classical derivative, and it has
been successfully applied to existence and controllability results in differential systems [13-16]. A
recent study on fractional perturbed neutral integro-differential systems [15] further confirmed its
applicability and robustness in modeling dynamical systems with memory.

Meanwhile, several authors have focused on integrating the Mittag-Leffler function into fractional
operators to better capture complex memory kernels. Danaei [17] proposed a conformable-type
fractional derivative involving the Mittag—Leffler function, establishing a direct connection between
fractional order differentiation and Mittag—Leffler dynamics. This idea was complemented by studies
exploring differential equations with Mittag—Leffler kernels [18], and numerical strategies using
orthogonal polynomials for fractional models [19]. These developments underscore the central role of
Mittag-Leffler-type kernels in providing accurate representations of memory effects and fractional
relaxation phenomena.

Despite these advances, existing approaches either focus on preserving the classical limit structure
(as in the conformable and deformable derivatives) or on enriching memory representation through
nonlocal kernels (as in the Mittag—Leffler-based definitions). However, a comprehensive formulation
that simultaneously integrates the flexibility of the deformable structure with the analytical richness of
Mittag—Leffler kernels remains missing in the current literature. This gap motivates the present study.

In this paper, we introduce a new generalized deformable fractional derivative (GDFD) constructed
via the Mittag—Leffler function. This formulation unifies and extends previous limit-based definitions,
incorporating a flexible deformation parameter linked to the Mittag—Leffler kernel. The proposed
operator provides a consistent framework for fractional differentiation and integration, maintaining
compatibility with essential analytical properties such as linearity, the chain rule, and a Taylor-type
finite expansion. A corresponding fractional integral operator is also developed to ensure the com-
pleteness of the framework.

The main contributions of this work can be outlined as follows. We introduce a novel fractional
derivative that unifies and extends both the conformable and deformable derivatives by incorporating
a Mittag—Leffler-type kernel, thereby providing a more flexible and comprehensive framework for
fractional modeling. The principal analytical properties of this operator are rigorously established,
including its operational rules, a mean value theorem, and a generalized Taylor expansion formula. In
addition, a compatible fractional integral operator is constructed, and its fundamental relationships
with the proposed derivative are derived. Finally, the theoretical framework is validated through
both analytical and numerical examples, which demonstrate the efficiency and robustness of the new
operator in describing memory-dependent and complex dynamical systems.

The remainder of the paper is organized as follows. Section 2 presents the basic definitions and
preliminary results. Section 3 discusses the fundamental properties and main theorems associated
with the proposed GDFD. In Section 4, we introduce the corresponding fractional integral operator.
Section 5 provides illustrative analytical examples to demonstrate the effectiveness and applicability of
the proposed definition. Section 6 presents a numerical application that further confirms the theoretical
findings and highlights the practical relevance of the new fractional operator, followed by concluding
remarks and some future research perspectives.

2. Preliminary Results

This section begins by recalling the definition of the Mittag—Leffler function, which naturally
arises in the solution of fractional differential equations and in numerous physical phenomena. In fact,
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this function generalizes the classical exponential function, just as the Gamma function generalizes the
factorial function.

Definition 1. [10] Let f be a real-valued function on [0, +oc0) and let « € (0,1]. The deformable derivative of
f is defined by
. (1+e¢ t+en)— f(t
P  tim LB 20 = (1)

e—0 &

where o 4+ B = 1. We say that f is a-differentiable at t if the above limit exists.

We now extend this concept to define the generalized conformable deformable fractional derivative
(GCFD), which unifies and generalizes the two preceding definitions.

Definition 2. Let f : [0,+0c0) — R be a real-valued function. The generalized conformable deformable
fractional derivative (GCFD) of order « € (0,1] of f at t > 0 is defined by

(0 = tim (EPRETN =0y o= o

Here E,(x) denotes the Mittag-Leffler function

) X"
Ea(x)— Z:Om, lX>0,xGR. (2)

n=|
If the above limit exists, we say that f is a-differentiable at t.

2.1. Governing Equation

Consider the fractional differential equation

D*y(t) +y(t) = sin(t),  y(0) =0. 3)

2.2. Linearization of the GCFD Shift
For small e, the Mittag-Leffler function satisfies

z

Tat1) O).

Hence,

1
tE (eat ™) ~t + & — 17,
w(eat™) +e )

We identify the small time increment

1
At~ e——H75,

I'(a)

To make this increment coincide with the mesh size h > 0, we choose

—— >0 (4)

Discrete Approximation of the GCFD

From (1), using a finite difference for small €,,, we write

DYy (1) ~ (1+ Enﬁ)l/(t:n"‘ h) —y(tn) '
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Substitute D*y(t,) = sin(t,) — y(tn) from (3) and solve for y(t,11) = y(t, + h):
_yn—i-sn(sintn—yn) f—1_a )
yn+1 - 1 4 8;1[3 7 — .

2.3. Initialization

The expression (4) involves t%~1, singular at tg = 0 for « < 1. To start the iteration, we set
g =h'T(a), yo=0,
and compute y; from (5). Alternatively, replace t,, by max(t,, h) in (4).
2.4. Verification for o =1
Fora =1, B =0, and e, = h. The update (5) reduces to
Yn41 = Yn + h(sinty —yn),
which is precisely the classical Euler scheme for the first-order ODE ' (t) + y(t) = sin(¢).

Theorem 1. Leta,b,c,p € R, and let « € (0,1] with « + B = 1. Then, the generalized conformable fractional
derivative (GCFD) satisfies the following fundamental results:

1. DE(t) = BtP + %ﬂ’—a,
2. D*(c) = Bc,
3. DE(ent) = (ﬁ + ﬁ)eﬂf,

4 D*(log(t)) = plog(t) + ——t—%, >0,

I'(a)
5. D*(cos(bt)) = pcos(bt) — % sin(bt),
6. D*(sin(bt)) = Bsin(bt) + % cos(bt).

Proof. Each property follows directly from applying the definition of the GCFD and using standard
differentiation rules combined with the Euler gamma function identity. The details are straightforward
and hence omitted for brevity. [

Proposition 1. (i) If f is classically differentiable, then

tP .
D"‘(f)(t):mf’(t)-l-ﬁf(t), witha + B = 1. (6)
(ii) The existence of a generalized deformable fractional derivative does not necessarily imply classical
differentiability.

Proof. Suppose f is differentiable. We perform the change of variable

B
hzst—

= 713
()’ sothat &=t PI'(a)h.
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Then,

Da(f) (t) = lim (1 + F’:B)f(tEa(Sat_“)) _ f(t)

e—0 €

Mt er) - FO®) 8
=£1£a( rs) i{t o)
P flt+h) = f()

= T i 7 +Bf(t+h)
_ tﬁ /

= Wf (t) +Bf(1),

which proves (i).
To establish (i), we present a counterexample. Consider the function f(t) = t'/2 defined on
[0, +00). Although f'(0) does not exist in the classical sense, it admits a generalized deformable
fractional derivative at t = 0, given by
1 1

DY/2f(0) = 20(1/2)  2ym

This example confirms that GCFD can exist even when the classical derivative fails to exist. O

The aforementioned definition naturally leads to the following classical-type result, which aligns
with a fundamental property in standard calculus.

Theorem 2. Let f : [0, +c0) — R be a-differentiable at tog > 0, where « € (0,1]. Then f is continuous at t.

Proof. We begin with

FroEa(euts ™)) — flko) = ((1 +€/5)f(toEa(wfo:‘)) -( +€ﬁ)f(fo)> (1 feﬁ)'

By the definition of the a-derivative at ¢y, we have

lim [f(toEa ety ™)) = £(to)] = [Da(f) (to) = Bf (to)] lim

e—0 1+ £/3'
B
Letting h = sm, we obtain
h
lim h) — = [D, - lim —— =0.
10 = 1] = (P00 = pr o fimy

Hence,
lim f(tp +h) = f(to),
h—0

which precisely satisfies the condition for continuity of f at tg. [

We now extend the previous definition to the higher-order case, corresponding to orders &
satisfyingn <a <n+ 1.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 3. (Higher-Order Generalized Deformable Fractional Derivative). Let f : [0, +00) — R be
an n-times differentiable function, and let & € (n,n + 1]. Then, the generalized deformable fractional derivative
of order w is defined as

(n) _ —(a—n) )
Da(f)(t):hm(lﬂﬁ)f (tEea(eta —my- ) — 1 " .,

e—0 3

wherex + B =n+1.

Remark 1. (1) Using Definition (7), it can be readily verified that
pl-atn

D(f)(t) = mf(”“)(t) +Bf(1), 8)

wherew € (n,n+1]|, a +p =n+1,and f is (n + 1)—times differentiable for t > 0.
(2) In the special case x = n + 1, we have B = 0. Consequently,

D"(F)(H) = frHI (1),
which exactly recovers the classical derivative of integer order.

3. Basic Properties and Theorems Related to the GDFD

The operator D, satisfies several fundamental properties summarized in the following theorem.

Theorem 3. Letw € (0,1], « + =1, and let f and g be a-differentiable at t > 0. Then:
1.  D*(af +bg)(t) = aD*(f)(t) + bD*(g)(t), forall a,b € R.

2. D*(c)(t) = B, for any constant c.

3. DU(f)(t) = (D:‘f)(f)g(f) + f() (D:g)(f) — Bf(H)g(t).

o o(g) = DDOSOFODIO | ot g 0

Proof. The first two statements follow directly from the definition. We focus on proving the product

rule.
For any fixed t > 0, we have

(1+eB)(f8) (tEa(eat™)) — (f8)(t)

D(f8)(t) = lim

e—0 e
o S(EM(en ) [(1+ eB)f(tEaeat ™)) — (1)
e—0 €
+ lim f(t) [g(tEtX(SD‘tilX)) B g(t)] + ,Bf(t)g(tEa (Eatia)).

e—0 &

Since g is continuous at f, we have lim,_,g g(tEq (eat™*)) = g(t), which leads to

D*(f8)(t) = g(t)(D*f) (1) + f(£)(D*g)(t) — Bf (£)g(t)-

Proof of the quotient rule. We can express f(t) = (é g)(t), with g(t) # 0. Applying the product
rule gives

Do) =0 Lg) ) = (L) 051+ Loy 00001 (L5 ) )

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Rearranging terms, we obtain
o i I oY _ i %
(L) st =D - L )0 + 1)
Finally, dividing by g(t) yields

Da(f) (t) = (D*f) (1) 8(t) — f(1) (Dg)(t) | . f(¢)

g () Py

O

Theorem 4. Let ay,ap € (0,1) such that a; + B; = 1 (i = 1,2), and let f be a twice differentiable, non-
constant function on (0, +o0). Then:

D" (D*2f)(t) # D17*2f(t), and (D" oD®)f(t) # (D" 0 D)f(t).
Proof. When f is differentiable, we have
D™ f(t) = aptP2 f'(t) + Bof (t), whereas + B = 1.

Thus,
(Df (1)) = azfatP? £ () + antFP2 f () + Baf' (1)

Hence,

D™ (D™ f)(t) = aytP1 (D2 £ (1)) + Brf(t)
= ﬁlﬁzf(t) + (Dcluczﬁzt’g1+52_l + Délﬁztﬁl + D(zﬁﬂﬁz)f/(t) + D(loéztﬁ1+ﬁ2f/,(t).

Meanwhile,
DYt f(4) = (By + Bo — 1)f (1) + (a1 + a2) otP1HF21 /(1)

Clearly, D (D% ) (£) # D %2 £ 1)
Similarly,

D*2(D" f)(t) = B1Bof (t) + (araaPrtP TPt ap By P2+ g BotF1) f/ (1) + mqantP1 P2 (1),

which shows that (D*1 o D*2) f(t) # (D*2 o D) f(t).
Hence, the proof is complete. [

Theorem 5. Let « € (0,1], « + B = 1, and let f be differentiable at g(t) while g is a-differentiable at t > 0.
Then we have

B
D*(fog)(t) = ﬁD(fog)(tHﬁ(ng)(t)' )
Proof. From the definition of D%, we obtain

(1+¢B) f(g(tEa(cat™))) — f(8())

D*(fog)(t) = lim

e—0 €
o s(trery) —s) fs(t+eds)) - flg®) 6
o I'(a) ll—% e% . g(t—l—s%) —g(f) +ﬁf<g(t+€m)>.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Lete = g(t + e%) —g(t)and e” = s%. Invoking the continuity of f o g, we observe that

B e ) —
D*(f o g)(t) = ri«) lim SUTE) —g(t) . flg(t) +¢) — f(g(t)) B Tim f(g(t) +€"),

e’ =0 g’ =0 ¢ e/ =0

wheree — 0asé¢ — 0and ¢’ — 0.

Hence, we obtain ]
D*(fog)(t) = ﬁg’(t)f’(g(t)) + Bf(8(1)).

Thus, the proof is complete. [
Theorem 6. (Rolle’s Theorem for the Generalized Deformable Derivative)
Letw € (0,1 witha + p =1, and let f : [a,b] — R be a function satisfying the following conditions:

1. fis continuous on [a,b] and a-differentiable on (a,b),
f(a) = f(b).

Then, there exists a point ¢ € (a,b) such that

Df(c) = Bf(c)-

Proof. Since f satisfies the hypotheses of the classical Rolle’s theorem, there exists ¢ € (4, b) such that
f'(c) = 0. By Proposition 1, we immediately obtain

D f(c) = Bf(c)-

Hence, Rolle’s theorem for a-differentiable (deformable differentiable) functions is completely estab-
lished. O

Theorem 7. (Mean Value Theorem for the Generalized Deformable Derivative)
Letw € (0,1) witha + p =1, and let f : [a,b] — R be a function satisfying the following assumptions:
f is continuous on [a,b] and a-differentiable on (a, b).
Then, there exists at least one point ¢ € (a,b) such that

D*f(0) = iy L= i + ). (10)

Proof. Define the auxiliary function
s() = £~ fla) - L@ o)

By construction, g(a) = g(b) = 0. Thus, g satisfies the hypotheses of Theorem 6, and consequently,
there exists ¢ € (a,b) such that D*g(c) = Bg(c).
Using the facts that D*(c) = Bc and D*(c*) = Bc* + ﬁ, we obtain the desired expression:

o) = LU= L0

+Bf(e),

which completes the proof. O

Theorem 8. (Extended Mean Value Theorem for the Generalized Deformable Derivative)
Let0 <a <1, a+p =1,and a < b. Suppose that f,g : [a,b] — R are continuous on [a,b] and
a-differentiable on (a,b). Assume that

1. g(a) # g(b), and

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2. D%g(t) # Bg(t) forallt € (a,b).
Then, there exists ¢ € (a,b) such that

D*f(c) — Bf(c) _ f(b) — f(a) (11)

Dag(c) — Bglc)  g(b) —g(a)

Remark 2. Taking g(t) = t* recovers the statement of Theorem 7.

Proof. Define the auxiliary function

E(t) = £(t) — f(a) - m (s(t) - 3(a).

By construction, F(a) = F(b) = 0. Hence, F satisfies the hypotheses of Theorem 6. Therefore,
there exists ¢ € (a,b) such that D*F(c) = BF(c), from which the desired result follows directly. [

One of the oldest and most fundamental results in mathematical analysis, the Taylor series theorem, is
generalized below. It establishes the conditions under which a linear combination of polynomial terms
in a neighborhood of a point ¢ = a can approximately represent a function f.

Theorem 9. (Taylor’s Theorem for the Deformable Derivative)
Suppose f is n-times a-differentiable such that all a-derivatives are continuous on [a,a + h|. Assume
further that all a-derivatives up to order (n + 1) are continuous on [a,a + h|. Then there exists 6 € (0,1) such

that:
Lk no(1_ gyk-n—1pk
flath)= k;, %D’ma) T Jlr 1 k:Zl ! (k(i)l)! akh Dy f(a+ 6h) (12)
BI'(a) n (1 —gyknpktl
~(n+1)(a+0n)PF 2 k! ok Dif(a+0h)
ta) - (L0 Dg,.f(a+ 6h).

(n+1)(a+6n)f = k! ok
Here, Dy denotes the k-fold composition of the operator D*, that is, Dy = (D)%,

Proof. Consider the function

"o (a Y
o) =y, WD

k=0

Dif(t) +Cla+h—t)"", (13)

where

o flath) — T i Dif(a)
hntl

Using the product rule and setting uy(t) = (”ﬂla_kt)k and vi(t) = D} f(t), we have:

B
D* (ugvy) (t) = <_1"Evc)(k11)!ock(a +h— t)k1> Dy f(t)
. Nk
%D;’i‘ﬂfﬁ)-

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Moreover,
o n+1 n+1 ( p n
D*(C(a+h —t) ):C[ﬁ(oﬂ—h—t) —T(wrh—t)}, neN.

Combining all these terms, we obtain:

tP i (a+h—t)1

o = (a+h— k o
Do = 3 U0 - ¢ DL (D i

(
n B
+C[ﬁ(a+h—t)"+1—(;(al))t

Since @ satisfies the conditions of Theorem 6, there exists some 6 € (0, 1) such that
D*®(a + 0h) = pD(a + 6h). (15)

Combining equations (13), (14), and (15) yields expression (12).
This result represents a generalized Taylor expansion with a Lagrange-type remainder, adapted
to the fractional deformable derivative framework. [

4. Fractional Integral

In fractional calculus, the concept of a fractional integral—serving as the inverse operator of the
fractional derivative—plays an equally crucial role. In this section, we introduce the fractional integral
associated with the generalized deformable fractional derivative. Some of its fundamental properties
are also established. Throughout this section, all functions are assumed to be continuous.

Definition 4. Let f € C([0,+o0),R). The fractional integral of order « is defined as:

B (%)

[Ff(t) = T(a)e =

o [t BL(@) g

f / sPew % f(s)ds, wherea € (0,1, a+p=1. (16)
0

Remark 3. When a = 1, we have B = 0, and the operator I* reduces to the classical Riemann integral.

Example 1. For a constant function f(t) = d, we have:

@) = 4 <1 - e‘”i“)t“), deR.

p
Theorem 10. Let f € C([0,+00),R). Then, the fractional integral I1*f is differentiable on [0, 4+o0) and
satisfies:
DI f(1) = f(b). (17)

Moreover, if f is differentiable, then for all t > 0, we have:

() 0
iy

(D f(t)) = f(t) = f(0)e~ (18)
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Proof. Since f € C([0, +o0),R), it follows that I* f(t) is differentiable on [0, +c0). Using the relation
(6), we obtain:

B
DY(I*f(t)) = ﬁmﬂt»’ +BIF(E)

— tﬁ( - 5F(D¢)t—ﬁg—ﬁry) t /Ots_ﬁe%wsaf(s) ds + e~ (t_ﬁeﬁr“(a)taf(f))) + BIf(t)
= —BI"f(t) + f(t) + BI*f(F)
= f(b),

which proves the first assertion.
For the second part, assuming f is differentiable, we have:

P

(DU f(1)) = I“(mm T ﬁf(t)>

_ ﬁl“(tﬁf’(to +BI(f)(t)

) t o) &
= T [ s B0,

Applying integration by parts, we obtain:

BU(a) o o FT(@)

IDUf(t) =e v e T f(s)]g = BI(F(E) + BI(F)(),

and hence:
Br (&) I

(D f(t)) = f(t) — f(0)e™ =
O

Proposition 2. Let a; € (0,1] with a; + B; = 1 fori =1,2. Then:
(a) Linearity:

I“(af +bg) = al*(f) + bI*(g).

(b) Non-commutativity:
1o I"2(f) # 1" o I*(f) in general.

Proof. Linearity follows directly from the definition of the operator. To illustrate the non-
commutativity property, consider the constant function f(t) = 10, with ; = % and ap = % Then, we
have:

1 1 t 1 1
15 o 13 [10] () = 30<1 _e—zr@)n) _zor@)e—zr@)w [[siet vty
0

1 1ot 1 1
I o 13 [10] () = 30 (1 - e‘ﬁt2> — Ve VI [ e ) s g
0
Hence, the operators I'/3 and I'/2 do not commute in general. [J

Proposition 3. The index law:
"o I*2(f) = I (f),
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does not generally hold for arbitmry ay, 0 € (0 1]. To illustrate this, consider f(t) = 10, with ay = } and
ay = 4 Then, fora = a1 +ay = 3 Sand B = 4, we obtain:

1 1
I%(Ii[lO])(t):?(l_e—ﬁtf) _%\/Ee—ﬁtf/ s Ze_fsz 31—*(%) ds,

whereas

I3[10](t) = 40 (1 - eﬁr(i)J).

Hence, ) ) ,
Boli(f) £ 1 (f),

demonstrating the failure of the index law for the proposed operator.

Definition 5. (Higher-Order Generalized Fractional Integral) Let f € C(]0,+o0),R), and let a €
(n,n + 1] with |a| = n. The higher-order generalized fractional integral of order « — n is defined as:

x—n _ .Br(ﬂi*”) pa—n :B Br(a—n) sa—n B
I*7"f(t) =T(a —n)e wn e an f(s)ds, wherea+ B =n+1.
0°

5. Illustrative Examples and Applications
Example 2. Consider the following fractional differential equation:

D3y(t) — qy(t) = £72,

(19)
y(0) =0.
Letoa = % which implies B = 3 1 according to the relation a + B = 1. By Proposition 1, we have
/4 1
D¥4y(t) = —y'(t) + Ty ().
y(t) Ok () + Ju(t)
Substituting this expression into the original equation yields
e 1 1 12
(@y () +qy(t) | = qu(t) =77,
which simplifies to
By direct integration, we obtain
4T
y(t) = S‘, ) /% +c.
Applying the initial condition y(0) = 0 yields c = 0. Hence,
AT(3
y(t) — 24) t5/4
This example illustrates how the GDFD reduces to a classical first-order derivative when o — 1.
Example 3. Consider the fractional differential equation
Dy (t) +p(t)y(t) =0, y(0) = yo, (20)
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where p(t) is a continuous function. Using Proposition 1, the equation is transformed into

B
)+ By(t) +p(y() =0, witha+p=1.

The general solution is then given by

y(t) = Yo em(—%@‘)t“ - F(vc)/

0

ts_ﬁp(s) ds) .

This example demonstrates the flexibility of the GDFD in modeling linear fractional systems with variable
coefficients.

Example 4. Consider the following differential equation:
Y0+t Ay = 2T, 50, y(0) =4

This equation can equivalently be expressed as

t1/2 1

—y' () +5yt)=1, t>0, y(0)=4
r(} 2

(2)

where F(%) = /7. Using Proposition 1, we obtain
D?y(t) = 1.

Applying the fractional integral operator and Theorem 10, we get

Ir(1
(D12 (1)) = 1'72(1) = y(t) — y(0) exp(—@t“z) :
2

Therefore, the solution is given by

y(t) =2(1+e V™).

The obtained result confirms the coherence between the GDFD and its corresponding integral operator, validating
Theorem 10.

Example 5. Consider the fractional differential equation:

D%(t) + p(t)y(t) =0, y(0) = yo. (21)

where P(t) is continuous. Using expression Proposition 1, the equation get transformed to

B
s 0+ B) + p(B() = 0, +p= 1.

The general solution is given by

t
y(t) = yooxp(~EL D1t —r(a) [1-Pp(s)as).
0
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Special case: p(t) = —A

D% (t) — Ay(t) =0, y(0) = yo <= Dy(t) = Ay(t), y(0) = yo

(1) = yooxp(—E- it () [1-Pp(s)ds)
0

t
= 1o exp(—ﬁr(lx) t + AF(uc)/t_ﬁds)

14
0

')

= Yo eXP(T(/\ — B)tY).

5.1. Problem

Solve the fractional differential equation
Dy(t) = Ay(t),  y(0) = o,
where

D*y(t) = W]/(t) +By(t), at+p=1

5.2. Solution

Substituting the expression of D*y(t) into the equation, we obtain

B
ﬁ v () + By(t) = Ay ().
Hence, ;
Py
ORI

which gives

v RV
L8 — - .

Integrating both sides, and using p = 1 — w, we find

o

Iny(t) = (A~ p)T(@) [ +Pde = (2~ BT +C.

Exponentiating and applying the initial condition y(0) = yo gives

y(t) = yo exp(wta)

Since B = 1 — a, we can rewrite the solution as

o

o0 = 10 exp( (A+a—1)I(a) t"‘).

5.3. Verification
Differentiating,

Jo—1
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Then

and thus

which verifies the solution.

6. Numerical Illustration

To further illustrate the flexibility of the proposed operator, we consider the following non-
homogeneous fractional differential equation:

Dgprpy(t) +y(t) = sin(t), y(0) = 0. (22)

A simple Euler-type numerical scheme can be constructed using the discrete approximation of
the GDEFD. For a step size 1 > 0 and discrete time points t, = nh, the iterative formula reads

Yni1 = Yn +h" Poltn, yn), (23)

where @, (t,, yn) represents the discrete form of the GDFD operator acting on y at t,.

By performing the computation for different fractional orders « € {0.5,0.8,1.0}, we observe
that the obtained solutions exhibit a smooth dependence on the fractional order. When & — 1, the
numerical solution of (22) approaches the classical solution of the integer-order equation

y'(t) +y(t) = sin(t).

Solution of D*y(t) + y(t) = sin(t)

Generalized Deformable Fractional Derivative (GDFD)

0.5
oL
£ 00 e
- — 08
— 1
05

0.0 25 50 75 10.0

Figure 1. Numerical solutions of the fractional Equation (22) for different values of . The case @ = 1 corresponds
to the classical derivative, while smaller values of « illustrate the fractional memory effect.

Comparative Discussion

To highlight the advantage of the proposed GDFD, we compare its numerical behavior with
other well-known fractional operators, such as the Caputo and Atangana-Baleanu derivatives under
the same conditions. The GDFD shows faster convergence toward the classical solution as & — 1,
and smoother trajectories for intermediate values of &, confirming its enhanced stability and reduced
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numerical stiffness. Moreover, its kernel based on the Mittag—Leffler function naturally interpolates
between exponential and power-law memory effects, providing more physical flexibility in modeling
viscoelastic and anomalous diffusion phenomena.

These results confirm that the proposed GDFD provides a consistent and flexible framework
for modeling fractional dynamics, bridging the gap between integer-order calculus and generalized
fractional formulations.

7. Conclusions and Future Perspectives

In this study, we proposed a new Generalized Deformable Fractional Derivative (GDFD) based on
the Mittag—Leffler function, which unifies and extends several existing forms of fractional derivatives.
The operator retains essential analytical properties and provides generalized formulations of classical
results such as Rolle’s theorem, the Mean Value Theorem, and Taylor’s expansion. The associated
fractional integral was also established, completing a consistent theoretical framework.

Moreover, the illustrative examples confirmed the coherence and practical relevance of the
proposed approach, showing that the new derivative behaves consistently with the classical case and
effectively captures fractional dynamics. Hence, the GDFD represents a valuable contribution to both
the theoretical foundations and applied modeling aspects of fractional calculus.

Future investigations may focus on the numerical analysis of complex nonlinear systems governed
by the GDFD, the development of efficient computational schemes, and potential applications in
viscoelasticity, anomalous diffusion, and control theory. Such directions could further demonstrate the
versatility and modeling power of the proposed framework in describing real-world phenomena.
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