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Abstract: This article investigates a class of interval-valued multiobjective optimization problems
(IVMOPs, in short). We define the Hestenes-Stiefel (HS, in short) direction for the objective function
of IVMOPs and establish that it has a descent property at noncritical points. An Armijo-like line
search is employed to determine an appropriate step size. We present an HS-type conjugate direction
algorithm for IVMOPs and establish the convergence of the sequence generated by the algorithm.
Moreover, we furnish several numerical examples, including convex, locally convex, and large-scale
IVMOPs, to demonstrate the effectiveness of our proposed algorithm and solve them by employing
MATLAB R2024a. To the best of our knowledge, the HS-type conjugate direction method has not yet
been explored for the class of IVMOPs.
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1. Introduction

Multiobjective optimization problems (MOPs, in short) involve the simultaneous optimization
of two or more conflicting objective functions. Vilfredo Pareto [1] introduced the concept of Pareto
optimality in the context of economic systems. A solution is called Pareto optimal or efficient, if none
of the objective functions can be improved without deteriorating some of the other objective values
(see, [2]). MOPs arise in scenarios where trade-offs are required, such as balancing cost and quality in
business operations or improving efficiency while reducing environmental impact in engineering (see,
[3,4]). As a consequence, various techniques and algorithms have been proposed to solve MOPs in
different frameworks (see, [5-7]). For a more detailed discussion on MOPs, we refer to [2,8] and the
references cited therein.

In many real world problems arising in engineering, science and related fields, we often encounter
data that are imprecise or uncertain. This uncertainty can arise from various factors such as unknown
future developments, measurement or manufacturing errors, or incomplete information in model
development (see, [9,10]). In several optimization problems, the presence of imprecise data or un-
certainty in the parameters or the objective functions is modeled as intervals. These optimization
problems are termed interval-valued optimization problems (IVOPs, in short). IVOPs have significant
applications in various fields, including management, economics and engineering (see, [11-13]). The
foundational work on IVOPs is attributed to Ishibuchi and Tanaka [14], who investigated IVOPs by
transforming them into corresponding deterministic MOPs. Wu [15] derived optimality conditions for
a class of constrained IVOPs, employing the notion of Hukuhara differentiability and assuming the
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convexity hypothesis on the objective and constraint functions. Moreover, Wu [16] developed Karush-
Kuhn-Tucker-type optimality conditions for IVOPs and derived strong duality theorems that connect
the primal problems with their associated dual problems. Bhurjee and Panda [17] explored IVOPs
by defining interval-valued functions in parametric forms. More recently, Roy et al. [18] proposed a
gradient based descent line search technique employing the notion of generalized Hukuhara (gH, in
short) differentiability to solve IVOPs.

In the theory of mathematical optimization, if the uncertainties involved in the objective functions
of MOPs are represented as intervals, the resulting problems are referred to as interval-valued multiob-
jective optimization problems (IVMOPs, in short). IVMOPs frequently arise in diverse fields such as
transportation, economics, and business administration [19,20]. As a result, several researchers have
developed various methods to solve IVMOPs. For instance, Kumar and Bhurjee [21] studied IVMOPs
by transforming them into their corresponding deterministic MOPs and establishing the relationships
between the solutions of IVMOPs and MOPs. Upadhyay et al. [22] introduced Newton’s method for
IVMOPs and established the quadratic convergence of the sequence generated by Newton’s method
under suitable assumptions. Subsequently, Upadhyay et al. [23] developed quasi-Newton methods for
IVMOPs and demonstrated their efficacy in solving both convex and non-convex IVMOPs. For a more
comprehensive and updated survey on IVMOPs, see [24-27] and the references cited therein.

It is well-known that the conjugate direction method is a powerful optimization technique that can
be widely employed for solving systems of linear equations and optimization problems (see, [28,29]).
It has been observed that several real-life optimization problems emerging in different fields of modern
research, such as electromagnetic scattering [30], inverse engineering [31], and geophysical inversion
[32]. The conjugate direction method was first introduced by Hestenes and Stiefel [28], who developed
the conjugate gradient method to solve a system of linear equations. Subsequently, Pérez and Prudente
[29] introduced the HS-type conjugate direction algorithm for MOPs by employing an inexact line
search. Wang et al. [33] introduced an HS-type conjugate direction algorithm for MOPs without
employing line search techniques, and established the global convergence of the proposed method
under suitable conditions. Recently, based on the memoryless Broyden-Fletcher-Goldfarb-Shanno
update, Khoshsimaye-Bargard and Ashrafi [34] presented a convex hybridization of the Hestenes-
Stiefel and Dai-Yuan conjugate parameters. From the above discussion, it is evident that HS-type
conjugate direction methods have been developed to solve single-objective problems as well as MOPs.
However, there is no research paper available in the literature that has explored the HS-type conjugate
direction method for IVMOPs. The aim of this article is to fill the aforementioned research gaps by
developing the HS-type conjugate direction method for a class of IVMOPs.

Motivated by the works of [28,29,33], in this paper, we investigate a class of IVMOPs and define
the HS-direction for the objective function of IVMOPs. A descent direction property of the HS-direction
is established at noncritical points. To determine an appropriate step size, we employ an Armijo-
like line search. Moreover, an HS-type conjugate direction algorithm for IVMOPs is presented, and
the convergence of this algorithm is established. Finally, the efficiency of the proposed method is
demonstrated by solving various numerical problems employing MATLAB R2024a.

The primary contribution and novel aspect of this article are threefold. Firstly, the results presented
in this paper generalize several significant results from existing literature. Specifically, we generalize
the results established by Pérez and Prudente [29] on the HS-type method from MOPs to a more
general class of optimization problems, namely, IVMOPs. Secondly, if the conjugate parameter is
set to zero and if every component of the objective function of the IVMOP is a real-valued function
rather than interval-valued function, then the proposed algorithm reduces to the steepest descent
algorithm for MOPs, as introduced by Fliege and Svaiter [5]. Thirdly, it is imperative to note that the
proposed HS-type algorithm is applicable to any IVMOP, where the objective function is continuously
gH-differentiable. However, Newton’s and Quasi-Newton methods proposed by Upadhyay et al.
[22,23] require the objective functions of the IVMOPs to be twice continuously gH-differentiable. In
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view of this fact, our proposed algorithm can be applied to a broader class of optimization problems
compared to the algorithms introduced by Upadhyay et al. [22,23].

The rest of the paper is structured as follows. In Section 2, we discuss some mathematical
preliminaries that will be employed in the sequel. Section 3 presents an HS-type conjugate direction
algorithm for IVMOPs, along with a convergence analysis of the sequence generated by the algorithm.
In Section 4, we demonstrate the efficiency of the proposed algorithm by solving several numerical
examples via MATLAB R2024a. Finally, in Section 5, we provide our conclusions as well as future
research directions.

2. Preliminaries

Throughout this article, the symbol N denotes the set of all natural numbers. For n € N, the
symbol R" refers to the n-dimensional Euclidean space. The symbol R__ refers to the collection of all
negative real numbers. The symbol @ is employed to denote an empty set. For any non-empty set X
and m € N, the notation X" represents the Cartesian product defined as

X=X x...x X

(m times)

Lety, u € R". Then the symbol (y,u) is defined as

n
(yu) :== Y yru.
k=1

For u € R”, the symbol ||u|| is defined as

[ull := 4/ (,20).

Let n,m € N. Then, the notations .#,; and .#,, are used to represent the following sets:

I =A1,...,n},
Jm = {1,...,111}.

Lety, u € R". The following notations are employed throughout this article:

ySu < yy <, forallke .7,
y<u < yr<u, forallke 7,
y<u < y=<uand y #u

Forue R"and ¢4 : R" — R, we define

0¥ Gy, ue B un) — G (ug, U Uy

—_— =1 , 1

81.1];F () ﬁE& B @
and 09 @ @

9 )= lim (ug, ..., ue+ B, .. uy) — (ul,...,uk,...,un), 2

du, p—0- p

which denote the one-sided right and left k-th partial derivatives of ¢ at the point u, respectively,
assuming the limits defined in (1) and (2) are well-defined.
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If for every k € %, and ii € R, F(L_l) and aafi, (1) exist, then we define
_ 097 ,_ 09
V. ¢ (1) = <a_(“)r ’ _(u)>/
u; ou,
_ 09 _ 09 _
Vi (w) = (M(u)' '3 :(“))

Let p,q € R. The symbol [p V q] represents the following:

[p V q] = [min{p, q}l max{p, q}]

The interval X := [b, b] € €(R) is referred to as a degenerate interval if and only if
b="0.

Let X = [p,p], 3 := [9,q] € €(R), and { € R. Corresponding to X, 3, and §, we define the following
algebraic operations (see, [22]):

X®3:=[p+qp+a],

Xo3:=p—-qp—q,

Fox = [Cp, CP), 20
[Ep,Cp], ¢ <O.

The subsequent definition is from [35].

Definition 1. Consider an arbitrary set £ := [e, €] € €(R). Then, the symbol ||| represents the norm of €
and is defined as follows:
1€]]1 := max{]e], [e[}.

For X := [p,p] and 3 := [q,7] € €(R), we adopt the following notations throughout the article:

XZiy3 <= p<gand p<q,
X<l < p<gand p<7q,
X<iu3 < XZpy3and X #3.

Let £ = (€1,...,Em), R = (Ry,...,%m) € (€(R))™. The ordered relations between £ and R are

described as follows:
E=uR < & SuRe forallk e sy,

E<nR — Ek <ru Rk, forallk € .#,,.

The following definition is from [35].

Definition 2. For arbitrary intervals X := [p,p] and 3 := [q,7q] € €(R), the symbol X Oqp 3 represents the
gH-difference between X and 3 and is defined as

XSeu3:=[p—qVp—d

The notion of continuity for G : R” — €(RR) is recalled in the subsequent definition (see, [35]).
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Definition 3. The function G : R" — &€(R) is termed a continuous function at a point it € R" if for any € > 0,
there exists some 6 > 0 such that for any u € R" satisfying ||[u — ii|| < d¢, the following inequality holds:

[G(u) —G(@|; <e.
The subsequent definition is from Upadhyay et al. [23].

Definition 4. The function G : R" — &(R) is said to be convex function if, for all uj, u, € R" and any
B € [0,1], the following inequality holds:

G((1 =B+ Pw) Sty (1-B) ©G(ug) ® O G(uy).
If there exists some 7y > 0 and a convex function ® : R" — €(R), such that the following condition holds:
1
G(u) =0(u) ® §||u||2 O [v,7], forallu € R",

then G is said to be a strongly convex function on R". Moreover, G is said to be locally convex (respectively,
locally strongly convex) at a point it € R" if there exists a neighborhood ¥ of i such that the restriction of G to
¥ is convex (respectively, strongly convex).

The subsequent definition is from [36].

Definition 5. Let ii € R" and 0 € R" with d # 0. The gH-directional derivative of G : R" — €(R) at fiin
the direction 0 is defined as

DgHg(ﬁ,a) = ‘311>IBI+ g(ﬁ—’—ﬁo)ﬁegH g(ﬁ),

provided that the above limit exists.
The subsequent definition from [36].
Definition 6. Let it € R" and G : R" — €(R) be defined as
G(u) :=[G(u),G(w)], foralluecR".

Let the functions G, G, : R" — R be defined as follows:

Gi1(u) := M, forallu € R",
Go(u) := w, forallu € R".

The mapping G is said to be gH-differentiable at 1 if, there exist vectors wi,wy € R" with wy =
(wl(l),...,wl(”) and wy = w2(1),...,w2(”)), and error functions F1,Fp : R" — R, such that
lir% Fi(z) = lir% Fa(z) =0, and for all z # 0 the following hold:

zZ— zZ—

GiE+2)—Gi(@) = Y @z + 2] Ailz),
k=1

and

= (k)
Y wy z + ||z Fa(z)
k=1

If G is gH-differentiable at every element i € R", then G is said to be gH-differentiable on R".

|Ga(i+2z) — Go(@)| =

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The proof of the following theorem can be established using Theorem 5 and Propositions 9 and 11
from [36].

Theorem 1. Let it € R" and let G : R" — €(R) be defined as
G(u) :=[G(u),G(w)], forallueR".

If G is gH-differentiable at i € R", then for any ® € R", one of the following conditions is fulfilled:
(i)  The gradients VG () and VG () exist, and

DgnG(1;0) = [(VG(1),0) v (VG (1),0)].
(i) IfV_G@),V_G(@), V4G (), and VG (1) exist and satisfy:
Vg =V.G(u), V-G(u) =V, G(u).

Moreover,
DeuG(%;0)

[(V-G(@),0) v(V-G(®),2)],
or,
DG (5:2) = [(V1G(8),0) v (V. T(®),2)].
We define the interval-valued vector function # : R" — (¢(RR))" as follows:

H(u) = (Hi(w),..., Hm(u)), forallue R",

where H; : R" — €(R) (k € .#,) are interval-valued functions.
The subsequent two definitions are from [26].

Definition 7. Let H : R" — (€(R))" and it € R". Suppose that every component of H possesses gH-
directional derivatives. Then, @i is called a critical point of H, provided that there does not exist any 0 € R",

satisfying:
DeuyH(©,0) N(E(R--))" # @,

where Doy (1,0) := (DguH1(8,0), ..., DeggHm(8,0)).

Definition 8. An element 0 € R" is referred to as descent direction of H : R" — (&€(R))" at a point i € R",
provided that some p (B € R, B > 0) exists, satisfying:

H(G+ 1) <, H(n), forallte (0,

Definition 9. Let it € R". Then, the function H : R" — (&(R))" is said to be continuously gH-differentiable
at 1 if every component of H is continuously gH-differentiable at 1.

Remark 1. In view of Definitions 5 and 8, it follows that if H : R" — (€(R))" is continuously gH-
differentiable at 1 € R" and if o € R" is a descent direction of H at i, then

DgpHye(n,0) <y [0,0],  forallk € 7.

3. HS-Type Conjugate Direction Method for IVMOP

In this section, we present an HS-type conjugate direction method for IVMOPs. Moreover, we
establish the convergence of the sequence generated by the above method.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Consider the following IVMOP:

(IVMOP) Minimize H(u):= (Hi(u),..., Hm(u)),
subjectto u e R",

where the functions H; : R" — €(R) (k € .#,) are defined as
Hi(u) := [Hi(u), Hi(u)], forallueR"

The functions #H; (k € %) are assumed to be continuously gH-differentiable unless otherwise
specified.

The notions of effective and weak effective solutions for IVMOP are recalled in the subsequent
definition (see, [22]).

Definition 10. A point it € R” is referred to as effective solution of the IVMOP if there is no other point
u € R", such that
H(u) = H(n) and H(u) # H(n).

Similarly, a point it € R" is referred to as weak effective solution of the IVMOP provided that there is no other
point u € R" for which:
H(u) <pm H(m).

In the rest of the article, we employ P to represent the set of all critical points of H.
Letii € R"™.

In order to determine the descent direction for the objective function H of IVMOP, we consider
the following scalar optimization problem with interval-valued constraints (see, Upadhyay et al. [26]):

(P); Minimize ¢(a,0):=ga,
. _ 1
subject to Doy Hi(8,0) + 5 [||o||2, ||a||2] <iu [wal,
ke Fn,
where ¢ : R x R” — R is a real-valued function. It can be shown that the problem (P); has a unique
solution.
Any feasible point of the problem (P); is represented as (ag, 05), where ay € R and 03 € R”. Let

Ka € R+ denote the feasible set of (P);. We consider the functions d : R* — R"” and a : R" — R,
which are defined as follows:

(a(i),d(@i)) := arg min ¢(ag, 0g).

(aﬁ,aa)elCu

From now onwards, for any u € R", the notation («(u),d(u)) will be used to represent the optimal
solution of the problem (P),,.
In the subsequent discussions, we utilize the following lemmas from Upadhyay et al. [26].

Lemma 1. Let it € R". If i ¢ P, then d(i) is a descent direction at i for H.

Lemma 2. For it € R", the following properties hold:
(i) Ifue P, thend(i) =0 € R" and (i) = 0.
(i) Ifu ¢ P, then a(i) <O.

Remark 2. From Lemma 1, it follows that if i ¢ P, then the optimal solution of (P)y yields a descent direction.
Furthermore, from Lemma 2, it can be inferred that the value of a (i) can be utilized to determine whether i € P

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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or not. Specifically, for any given point ii € R", if a(1i) = 0, then @t € P. Otherwise, i ¢ P, and in this case,
d(in) serves as a descent direction at ii for H.

We recall the following result from Upadhyay et al. [26].

Lemma 3. Let it € P. If the functions Hy (k € #,) are locally convex (respectively, locally strongly convex) at
@i, then i is a locally weak effective (respectively, locally effective) solution of IVMOP.

The proof of the following lemma follows on the lines of the proof of Lemma 3.

Lemma 4. Let it € P. If the functions Hy (k € Fyy,) are strongly convex on R", then 1i is an effective solution
of IVMOP.

To introduce the Hestenes-Stiefel-type direction for VMOP, we define a function ® : R” x R" — R
as follows
D (u,0) := max DgorHy(u,0), forall (1,0) € R" x R", 3)
€Im

where,
DepHi(u,0) := [QgH’Hk(u,D),EgHHk(u,D)], for all (u,0) € R" x R".

In the following lemma, we establish the relationship between the critical point of H and the function

D.
Lemma 5. Let & : R” x R" — R be defined by (3), and @i € R". Then, i is a critical point of H if and only if
®(,0) >0, forallo € R"

Proof. Let ii be a critical point of H. Then, by Definition 7, for every o € R" there exists k € ., such
that

DgHHk(ﬁ, )NER__)=0.
Consequently, it follows that Dy H (i, 9) > 0, which implies

S

(@,0) > 0.

Conversely, suppose that
®(&,0) >0, forallde R"

Then, for any 0 € R" there exists k € ., such that
®(i1,0) = Doy Hy(11,0) > 0.
This further implies that for any o € R”,
DepH (1, 0) N (C(R--))" = .

Therefore, it follows that i is a critical point of H. This completes the proof. O

We establish the following lemma, which will be used in the sequel.
Lemma 6. Let it € R" and let (a (i), d(1i)) be the optimal solution of the problem (P)g. Then

a(i) = (i, d(@)).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. Since (a(i1),d(i1))) € Kg, therefore we have
DgHHk(ﬁ, d(ﬁ)) éLLI [zx(ﬁ), a(ﬁ)], forall k € .#,. (4)
From (4), we obtain
DepHi(n,d(w)) < a(n), forallk € .7,.
Consequently,
(0, d(i1)) < a(i). (5)

Let us define ay := &)(ﬁ, d(11)). Then, we have
Do Hi(,d(n)) < DgrHi(,d(n) < D(n,d(1)) = ag, forallk € 7.
Therefore, we obtain
DgHHk(ﬁ,d(ﬁ)) §Lu [(Xﬁ, l’(ﬁ], forallk € .7,.

This implies that (ag,d(i1)) € Ky. Since (a(it),d(i))) is the optimal solution of the problem (P);, we
obtain
a(f) < ag = P(1,d()). (6)

Combining (5) and (6), we conclude

This completes the proof. [

Lets € {0,1,2,...} be fixed and let {u(")}<,<; C R"™. We now introduce a Hestenes-Stiefel
direction (HS-direction, in short) w{* at uls),

WS — d(u(s)); if s=0, "
) d(ul)) + Biwis gy ifs>1,
where WE':_ 1) represents the HS-direction at (s — 1)-th step, and for s > 1, B* is defined as
_&)(u(s>,d(u<s))) +&)(u(s—l)ld(u(s—1)))
o= ®)

R ) B O
Remark 3. If every component of the objective function H of the IVMOP is a real-valued function rather than
interval-valued function, that is, H : R" — R™, then Equation (7) reduces to the HS-direction defined for
vector-valued functions, as considered by Pérez and Prudente [29]. As a result, the parameter B introduced in
(8) extends the HS-direction from MOPs to IVMOPs, which belong to a broader class of optimization problems.
Moreover, when m = 1, Equation (7) further reduces to the classical HS-direction for a real-valued function,
defined by Hestenes and Stiefel [28].

It can be observed that B°, defined in (8), become undefined when

&D(u(s),w?:_l)) = &)(u(s_l),w?:_l)),

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and the direction w® defined in Equation (7) may not provide a descent direction. Therefore, to address
this issue, we adopt an approach similar to that proposed by Gilbert and Nocedal [37] and Pérez and
Prudente [29]. Hence, we define s and w(®) as follows:

0, if (B < 0 or undefined) or s = 0;
B = 0, if&J(u(S*I),d(u(S*IU) > &D<u(s),d(u(s))>, ©9)

S 7a, ))—5(u(5—1),w(s—1)) , otherwise.

and
w® = d(u®) + Bewl D, (10)

In the following lemma, we establish an inequality that relates the directional derivative of H at point
1) in the direction w*~1 to Bs.

Lemma 7. Let u(®) and uG~1) be noncritical points of H. Suppose that w's=1) represents a descent direction of
H at point uS=1), Then, we have

Bs © Dy Hi(u®, WD) <117 (0,0, forall k € S (11)

Proof. In view of Definition 9, it follows that Bs > 0. Now, the following two possible cases may arise:
Case 1: If B; = 0, then

Bs © DgryHp(u®®, w1y = [0,0], forallk € .7,

Therefore, the inequality in (11) is satisfied.
Case 2: Let 5 > 0. Our aim is to prove that

Bs @ DgprHy(ul®), wl=1) <117 [0,0],  forallk € 7.
Since B; > 0, it suffices to show that
DoprHy(u®,wt=1) <147 [0,0],  forallk € 7.

On the contrary, assume that there exists k € .%, such that

DoprHy(u®, w1y £ [0,0]. (12)
This implies that
®(u, i) > 0. (13)
Since w(*~1) is a descent direction of # at point u*~1), we have

DgH,Hk(u(sil),W(sil)) <iu [0, 0], forallk € .#,,.

This implies that
&:(u@*l),w@*l)) <0. (14)

From (13) and (14), we obtain
&D(u(s),w(s_l)) - é(u(s—l),w(s—”) > 0. (15)

Now, if
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then from Definition 9, we obtain

which contradicts the assumption that s > 0. On the other hand, if

<T>(u(5-1>,d(u(s—1>)) < &)(u(s),d(u(s))>,
d~><u(571),d<u(571))) - &D(u(s),d(u(s))) <0.

Using (15) and Definition 9, we obtain

then

,BS S 0/
which is a contradiction. This completes the proof. [

Notably, for s = 0, the direction w() as defined in Equation (10), coincides with d(u(s) ). Thus,
by Lemma 1, we conclude that w(®) serves as a descent direction at ul®) for s = 0. Therefore, in
the following theorem, we establish that w(®) serves as a descent direction at u®®) for s > 1, under
appropriate assumptions.

Theorem 2. Let u”) (r € {0,1,...,s}) be noncritical points of H. Suppose that w\"), as defined in Equation
(10), serves as descent direction of H at u") for all (r € {0,1,...,(s —1)}). Then, w®) serves as a descent
direction at u'®) for the function H.

Proof. Since the functions Hy. (k € .7,,) are continuously gH-differentiable, therefore to prove that w(®)
is a descent direction at u(®) it is sufficient to show that

DeprHi(ul®,w®)) <111 [0,0], forallk € .7,.
Let s > 1 be fixed. From Theorem 1, we have
DgHHk(u(S),W(s)) :DgH’Hk(u(s),d(u(s)) + /35\,\,(5—1)),
T
[ 1) () o) »

__ T
V Vi Hy (u<5>) (d(u(s)) + /ssw@—l))}, forallk € 7.
Consider

Vi Hy (u(s))T(d(u(s)) + ﬂsw(s—l)) =V H (u(s))Td(u(s)) + BV Hy (u(s))TW(s—l).

< oc(u(s)) + ﬁsﬁgHHk(u(s),w(s_l)), forallk € .7,. )
Therefore, from (17), Lemmas 2 and 7, we obtain
V. H, (u<5>)T(d(u(S>) + ,Bsw(s’l)) <0, forallk € .7, (18)
Similarly, we can prove that
V. Hy (u<5>)T(d(u(S>) + ﬁsw(s_l)) <0, forallk e 7, (19)
Therefore, from (16), (18) and (19), we conclude that
DoHi(ul®,wl®)) <11, [0,0], forallk € 7. (20)
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This completes the proof. [

Now, we introduce an Armijo-like line search method for the objective function H of IVMOP.
Consider u,w € R" such that w is a descent direction at u for the function H. Lety € (0,1). A
step length t is acceptable if it satisfies the following condition:

Hi(u+tw) S Hi(u) Spu (vt) © DggHi(u,w), forallk € Fy. (21)

Remark 4. If every component of the objective function H of the IVMOP is a real-valued function rather than
an interval-valued function, that is, H : R" — R", then (21) reduces to the following Armijo-like line search,
defined by Fliege and Svaiter [5]:

Hu+tw) < H(u) + ytJH(w)w,
where JH (u) represents the Jacobian of H at u.
In the next lemma, we prove the existence of such t which satisfies (21) for a given 7y € (0,1).

Lemma 8. If H is gH-differentiable and DgpyHy (1, w) <ry [0, 0] for each k € 7y, then for given v € (0,1)
there exists £ > 0, such that

Hk(u + tW) O¢H Hk(u) <iu (’)/t) ® DgHHk(u,W), ke #,, te (0, f)

Proof. Letk € .7, be fixed. By the definition of the directional derivative of Hy, there exists a function
T : R* — €(R) such that

Hy(u 4 tw) O¢H Hi(u) =t DgHHk(u,W) +to (), (22)

where 7 (t) — [0,0] as t — 0.
From (22) and Definition 2, the possible two cases may arises:

Case 1:
Hye(u+ tw) — Hy(u) = tDopy Hye(u, w) + tey(t), 3)
Hi(u+ tw) — Hy(u) = tDgr Hy(w, w) + tei(t).
Since Doy Hy(u,w) <pu [0,0], therefore DogHy(u,w) < 0and DgpyHy (1, w) < 0. Define
€:= max{—(l = 7)DgpHy(w,w), —(1 - 'y)ﬁgHHk(u,w)} > 0. (24)
Since T (t) — [0,0] as t — 0, there exists f; > 0 such that
lt(t)]l; <€ forallt e (0,#). (25)
Substituting (24) and (25) in (23), we have
Hi(u+tw) — Hi(u) < tDgpyHy(w,w) — H(1 — ¥) Doy Hi(u,w), forallt € (0, )
Hi(u+ tw) — Hy(u) < tDgyHy(u,w) — (1 — ) DgpHy(u,w), forallt € (0, ).
This implies that
Hy(u 4+ tw) O¢H Hi(u) Sy (v8) © DgH’Hk(u,w), forall t € (0, fk) (26)
Case 2: o -
Hie(u+ tw) — Hye(u) = tDepHi(u, w) + teg(t), 2

Hy(u+ tw) — Hy(u) = tDguH(u,w) + teg ().
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On the lines of the proof of Case 1, it can be shown that the inequality in (26) holds for all ¢ € (0, #;) for
some f; > 0.

Since k € .%,, was arbitrary, we conclude that for each k € .%,, there exists f, > 0 such that (26)
holds. Let us set f := min{fy,...,t,}, we have

Hi(u+ tw) Ogn Hi(u) Spu (7t) © DgpMy(u,w), forallk € 7y, forallt € (0,F).
This completes the proof. [

Remark 5. From Lemma 8, it follows that for uw € R", if DogH(u, w) <py [0,0] (k € S ), then there exists

some t > 0 such that Equation (21) holds for all t € (0, ). To compute the step length t numerically, we employ

the following steps:

We start with p = 0 and check whether Equation (21) holds for t = 2%,

(a) If the inequality in (21) is satisfied, we take t = 5 as the step length.

(b) Otherwise, set p := p + 1 and update t = zi,,, repeating the process until the Equation (21) is satisfied.

In view of the fact that, as some t > 0 exists such that Equation (21) holds for all t € (0, 1), and the sequence
1

2
peNU{0}
Thus, at any u € R" with DggHy(w,w) <py [0,0] (k € #y), we can choose 17 as the largest t from the

converges to 0, the above process terminates after a finite number of iterations.

set 1

such that Equation (21) is satisfied.
Now, we present the HS-type conjugate direction algorithm for IVMOP.

Remark 6. It is worth noting that if B in (10) is set to zero and if every component of the objective function H
of the IVMOP is a real-valued function rather than interval-valued function, that is, H : R" — R™, then the
Algorithm 1 reduces to the steepest descent algorithm for MOPs, as proposed by Fliege and Svaiter [5].

Algorithm 1 HS-Type Conjugate Direction Algorithm for IVMOP

1: Lety € (0,1), initial point u® e R", ¢ > 0,and set s = 0.
2: Solve the optimization problem (P) () and obtain the values of a(u(®)) and d (u(s)) .

ul
3: If |a(u)| < e, then stop. Otherwise, proceed to the next step.
4: Calculate w(®) using (10).
5: Select 7(*) as the largest value of t € {2% :peNU {0}} that satisfies (21). Update the iterate as
follows:
ulsHD) = () q(s)w(s).

6: Sets:= s+ 1, and go to Step 2.

It is worthwhile to note that if, at iteration s, Algorithm 1 does not reach Step 4, that is, if it
terminates at Step 3, then in view of Lemma 2, it follows that u(®) is an approximate critical point of
H. On the other hand, if Algorithm 1 converges in a finite number of iterations, then the last iterative
point is an approximate critical point of H. As a consequence of this fact, we establish the convergence
of the infinite sequence generated by Algorithm 1. That is, (u(®)) # 0 for all s € N. Consequently, we
have a(u®)) < 0 and w®) serves as a descent direction at u(®) for all s € N.

In the following theorem, we establish the convergence of the sequence generated by the Algo-
rithm 1.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.1514.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 May 2025 d0i:10.20944/preprints202505.1514.v1

14 of 21

Theorem 3. Let (u9)) oy be an infinite sequence generated by Algorithm 1. Suppose that the set
T = {ueR": H(u) <n Hu)},

is bounded. Under these assumptions, every accumulation point of the sequence (u5))sc is a critical point of
the objective function of IVMOP.

Proof. From (21), for alls € {0,1,2, ...}, we have
Hie () Ogn M) Zpy (17)) © DerHy(ul,wl)),  forallk € .7,
Using Remark 1, forall s € {0,1,2,...}, we obtain
M) Ogm He(u®)) Sty (11®) © DgrHi(u®, wl) <14y 0,0),  forallk € S (28)
This implies that
H(uGD) <y He(u®)),  foralls € {0,1,2,...} and for all k € .%,. (29)

From (29), the sequence (u(s) )sen lies in 7 which is a bounded subset of R”. As a result, the sequence
(u)),en is also bounded. Hence, it possesses at least one accumulation point, say ii. We claim that i is
a critical point of the objective function of IVMOP.

Indeed as (u®))scy is a bounded sequence in R" and for all k € .%,, Hy is gH-continuous on R",
therefore using (29), we conclude that, for all k € .%;, the sequence (’Hk(u(s) )) N is non-increasing

and bounded. Consequently, from (28), it follows that

lim ) © DeprHp(u®,w) = [0,0], k€ A (30)

5—00

Since ;1) € (0,1] for all s € N, therefore the value lim sup ;7(*) exists. Therefore, the following two
S—00
possible cases may arise:

Case 1: Let limsup 7(®) > 0. Hence, employing (30) and taking into account the fact that i is an

S— 00
accumulated point of the sequence (u(®)),c, there exist subsequence (1 )jey and (n% )jeN of (u¥),en

and (7°) respectively, such that

seNs
limu% =1, lim#% = limsup 17(5) >0,
J—=ee j—ro0 s—300
and
]‘lij?o DerHi(u),wl)) = [0,0], forallk € .7, (31)

Our aim is to show that ii is a critical point of . On the contrary, assume that {i is a noncritical point
of H. This implies that there exists o € R" such that

DgHHk(ﬁra) <tu [010]/ ke jm (32)
Since H is continuously gH-differentiable, therefore there exist € > 0 and > 0, such that
DerHi(u,0) <pu [—€,—€], forallk € .#, and for all u € Bs(i), (33)

where, B;(ii) represents an open ball of radius J centered at ii.
Since u’ — fias j — oo, therefore using (33), there exists g € N, such that

DepHi(u%,0) <y [—€, —€], forallk € .%, and for all j > ny. (34)
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Now, for every j > ng, by defining as; := @ (u%,0), we get
DonMi(w,0) Spu [as, ag], forallk € 7.
This implies that, for every j > ny,
(zxsj,b) €K, (35)
Using (34) and (35), for all j > ng, we obtain
a(u”) < g < —e.
This implies that, for all j > n, we get
DgH’Hk(usf,d(usf)) <ru [—6, —E], for all k € .#,. (36)
Now, for all j > ngp and for all k € .%,,, we consider
Darr My (w5, w5 ) =Dgrr i (w5, d(u9) + Bt
T
[ (5 (a0 )
_ T
v VL (u)) (d(w)) + ﬁsjw(sf‘l))}
Therefore, using (36), for all j > ng and for all k € .#,, we conclude that
Do Hi(u'),wi)) <1y [—e,—€] + B, © DgnHi (d(usf),w(sf_l)).
Now using Lemma 7, for all j > ng and for all k € .%,, we obtain
Dy (™), w)) <1y [—¢, €. (37)
This leads to a contradiction with Equation (31).
Case 2: Let limsup () = 0. Since 5*) > 0, for all s € N, therefore we get
S—00
; () —
AT =0
Now, for p € N, there exists 1, € N such that
17(5) < le, § > 1.
Therefore, for t = zlp, Equation (21) is not satisfied, that is for all s > 1, we have
, 1 , , .
H, (u(si) + 2—pu(sl)) Oen H, (u(sf)) %Lu zlp © DgpH, (u(sf),w(sl)), forallk € .7,. (38)

Letting p — oo (along a suitable subsequence, if necessary) in both sides of the inequality in (38), there
exists k € %, such that

DerHi(u),wl)) 111 v © DeurHi (u, w)), ;> n,,

which leads to a contradiction. This completes the proof. [J
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4. Numerical Experiments

In this section, we furnish several numerical examples to illustrate the effectiveness of Algorithm
1 and solve them by employing MATLAB R2024a.

In the following example, we provide an example of a strongly convex IVMOP to illustrate the
significance of Algorithm 1.

Example 1. Consider the following problem (P1) which belongs to the class of IVMOPs.

(P1) Minimize (H7(uz,up,u3), Ho(uz, up, u3)),

subject to (ug,up,u3) € R,
where Hy : R® — €(R) (k = 1,2) are defined as follows:
Hi(ug,up,u3) := [(ul 124+ d+ (3 —1)2 V13 + (up—2)> + (uz — 3)2},
Hy(ug,up,u3) := [eul +et'2 et v u% +u§ +u§]

Evidently, (0,2,3) is a critical point of the objective function of (P1). Since the components of the objective
function in (P1) are strongly convex, it follows from Lemma 4 that (0,2, 3) is an effective solution of (P1).

Now, we employ Algorithm 1 to solve (P1), with an initial point (14,17,11). The stopping criterion is
defined as |a(u®))| < e = 10~%. The numerical results for Algorithm 1 are shown in Table 1.

Table 1. Sequence generated by Algorithm 1 for the problem (P1).

s uls) w(s) 7 la(u®))]
0 (14,17,11) (—28,-30,—16) 0.0625 970

1 (12.25,15.125,10) (—24.5,—-26.25,—14) 0.0625 742.66
2 | (10.719,13.484,9.125) (—21.437,—22.969, —12.25) 0.0625 568.6
3 | (9.3789,12.049,8.3594) (—18.758, —20.098, —10.719) 0.0625 435.33
4 | (8.2065,10.793,7.6895) (—16.413, —17.585, —9.3789) 0.125 333.3

5 | (6.1549,8.5945,6.5171) (—12.31,—-13.189, —7.0342) 0.125 187.48
6 | (4.6162,6.9459,5.6378) (—9.2324, —9.8918, —5.2756) 0.125 105.46
7 | (3.4621,5.7094,4.9784) (—6.9243, —7.4189, —3.9567) 0.25 59.32
8 | (1.7311,3.8547,3.9892) (—3.4621, —3.7094, —1.9784) 0.5 14.83

9 | (25519 x1078,2,3) | (0.00011572, —0.00062104, —0.00096434) 0 4.0092 x 1079

From Step 9 of Table 1, we conclude that the sequence converges to an approximate effective solution
(2.5519 x 10~8,2,3) of (P1).

In Example 2, we consider a locally convex IVMOP to demonstrate the effectiveness of Algo-
rithm 1.

Example 2. Consider the following problem (P2) which belongs to the class of IVMOPs.

(P2) Minimize (7‘[1(111,112),7‘[2(141,112)),
subject to  (ug,up) € R?,

where Hy : R* — &(R) (k = 1,2) are defined as follows:

1 1
Hi(ug,up) = {Z(W — 124 (up—1)% — E(ul —1° VvV (u —w)*+ eu1+u2} )

Hy (1, u7) = [(u1 124 (p—1)2 v (u1+1)2+(u2+1)2].
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It is evident that (1,1) is a critical point of the objective function of (P2). Since the components of the objective
function in (P2) are locally convex at (1,1), it follows from Lemma 3 that (1,1) is a locally weak effective
solution of (P2).

Now, we employ Algorithm 1 to solve (P2), with an initial starting point (—4,12). The stopping criterion
is defined as |a(u®))| < € = 10~*. The numerical results for Algorithm 1 are shown in Table 2.

Table 2. Sequence generated by Algorithm 1 for the problem (P2).

s u(s) wis) 7 | (u(®))]
0 (—4,12) (10, —22) 0.125 292

1| (-275,9.25) (7.5, —16.5) 0.25 164.25

2 | (—0.875,5.125) (3.75, —8.25) 0.5 41.062

3 (1,1) (—0.00099217, —0.00099217) 0 1.2 x 107

From Step 3 of Table 1, we conclude that the sequence converges to locally weak effective solution (1,1) of
(P2).

It is worth noting that the locally weak effective solution of an IVMOP is not an isolated point. However,
applying Algorithm 1 with a given initial point can lead to one such locally weak effective solution. To generate
an approximate locally weak effective solution set, we employ a multi-start approach. Specifically, we generate
100 uniformly distributed random initial points and subsequently execute Algorithm 1 starting from each of
these points. In view of the above fact, in Example 2 we generate a set of approximate locally weak effective
solutions by selecting 100 uniformly distributed random initial points in the domain [0,10] x [0, 10] using the
“rand” function of MATLAB R2024a. We use |a(u®))| < € = 10~* or a maximum of 1000 iterations as the
stopping criteria. The sequences generated from these points are illustrated in Figure 1.

10+

Uy

Figure 1. Approximate locally weak effective solutions generated from 100 uniformly distributed random initial

points.

In view of the works of Upadhyay et al. [22,23], it can be observed that Newton’s and Quasi-
Newton methods are applicable to solve certain classes of IVMOPs in which the objective functions of
IVMOPs are twice continuously gH-differentiable. In contrast, our proposed algorithm only requires
the continuous gH-differentiability on the components of the objective function. In view of this,
Algorithm 1 could be applied to solve a broader class of IVMOPs compared to the algorithms proposed
by Upadhyay et al. [22,23]. To demonstrate this, we consider an IVMOP, where the first component of
the objective function is not twice continuously gH-differentiable.
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Example 3. Consider the following problem (P3) which belongs to the class of IVMOPs.

(P3) Minimize

subject to

(HI(UI,UZ), HZ(’J],UZ)),
(u1,u2) S Rz,

where, H : R? — ¢(R) and H; : R? — &(R) are defined as follows:
M—i—u] \/M—i—ul —i—u% , ifu; >3,
H] (u1,u2) =

2 2
Y_owy 9yM w9, 2 j
T2 tIVE -7t fu <3,

and
Ho(ug,up) := [(u1 =32 +ud v+ (u— 4)2]

It can be verified that H is gH-differentiable but not twice gH-differentiable. As a result, Newton’s and
Quasi-Newton methods proposed by Upadhyay et al. [22,23] cannot be applied to solve (P3).

We solve (P3) by employing Algorithm 1 and MATLAB R2024a. We initialize the algorithm at the starting
point (9,4) and define the stopping criteria as |a(u®))| < e = 10~*. The numerical results for Algorithm 1 are
shown in Table 3.

Table 3. Sequence generated by Algorithm 1 for the problem (P3).

s u(s) w(s) 11(5) |a(u(5)) |

0 ,4) (=7, -0.00099728) 1 245

1 (2,3.999) (—0.4555, —0.14238) 0.5 0.11387

2 | (1.7723,3.9278) (—0.34145, —0.12352) 0.5 0.06592

3 | (1.6015,3.8661) (—0.25917, —0.10383) 0.5 0.038973

4 | (1.4719,3.8141) (—0.19892, —0.085853) 0.5 0.023469

5 | (1.3725,3.7712) (—0.15416, —0.070341) 0.5 0.014354

6 (1.2954,3.736) (—0.12042, —0.057329) 0.5 0.008892

7 | (1.2352,3.7074) (—0.094691, —0.046586) 0.5 0.0055667

8 | (1.1878,3.6841) (—0.074865, —0.03779) 1 0.0035148

9 (1.113, 3.6463) (—0.044284, —0.023278) 1 0.0012498
10 | (1.0687,3.623) (—0.026646, —0.014336) 1 0.00045745
11 | (1.0421,3.6087) (—0.016225, —0.0089043) 1 0.00017037
12 | (1.0258,3.5998) (—0.0099184, —0.0054681) 1 6.4004 x 107>
13 | (1.0159,3.5943) | (—0.0061017, —0.0034133) | 1 | 24231 x 1073
14 | (1.0098,3.5909) (—0.0038132, —0.002264) 1 8.5523 x 10~°
15 | (1.006,3.5886) | (—0.0023159,—0.0013489) | 1 |3.2717 x 1076
16 | (1.0037,3.5873) | (—0.0014456, —0.00089985) 1 1.1303 x 10~°
17 | (1.0022,3.5864) | (—0.00091828, —0.00065009) 1 3.1304 x 1077

Therefore, in view of Step 17 in Table 3, the sequence generated by Algorithm 1 converges to an approximate
critical point (1.0022,3.5864) of the objective function of (P3).

In the following example, we apply Algorithm 1 employing MATLAB to solve a large-scale
IVMOP for different values of .

Example 4. Consider the following problem (P4) which belongs to the class of IVMOPs.

(P4) Minimize

subject to

/un))/

(Hi(ug,u, . un), Ha(ug, up, -

(ug,...,uy) € RY,
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where Hy : R" — €(R) (k = 1,2) is defined as follows:

(e +4)°

=

(e —1)*V

=

7

7{1(u1,u2,...,un) e [

k

Il
-

k

(w2 +ub) v Y (we+ 1)

NgE
= L

Hz(u1,u2,...,un) = [

k

Il
—_

k=1

We consider a random point, obtained using the built-in MATLAB R2024a function rand (n, 1), as the initial
point of Algorithm 1. We define the stopping criteria as |a(u’®))| < € = 10~* or reaching a maximum of 5000
iterations. Table 4 presents the number of iterations and the computational times required to solve (P4) using
Algorithm 1 for various values of n, starting from randomly generated initial points.

The computations were carried out on an Ubuntu system with the following specifications: Memory: 128.0
GiB, Processor: Intel® Xeon® Gold 5415+ (32 cores), and OS Type: 64-bit.

Table 4. The numerical results of Algorithm 1 for the problem (P4).

n | Number of iterations | Computation times (in seconds)
100 4498 414.3
120 4336 436.7
140 4641 468.8
160 4895 525.6
180 4880 586.8
200 4619 628.2
220 4886 727.7
240 4686 810.5
260 4707 896.6
280 5000 10444
300 5000 1148.0

5. Conclusions and Future Research Directions

In this article, we have investigated a class of unconstrained IVMOPs. We have defined the
HS-direction for IVMOPs and established its descent property at noncritical points. To ensure efficient
step size selection, we have employed an Armijo-like line search. Furthermore, we have proposed
an HS-type conjugate direction algorithm for IVMOPs and derived the convergence of the sequence
generated by the proposed algorithm. Finally, the efficiency of the proposed algorithm has been
demonstrated through numerical experiments in convex, locally convex, and large-scale IVMOPs via
MATLAB R2024a.

The results established in this article have generalized several significant results existing in
the literature. Specifically, we have extended the work of Pérez and Prudente [29] on the HS-type
conjugate direction method for MOPs to a more general class of optimization problems, namely,
IVMOPs. Moreover, it is worth noting that, if the conjugate parameter is set to zero and if every
component of the objective function of the IVMOP is a real-valued function rather than interval-
valued function then the proposed algorithm reduces to the steepest descent algorithm for MOPs, as
introduced by Fliege and Svaiter [5]. Furthermore, it is imperative to note that the proposed HS-type
algorithm is applicable to any IVMOP where the objective function is continuously gH-differentiable.
However, Newton’s method proposed by Upadhyay et al. [22] requires the objective function of
the IVMOP to be twice continuously gH-differentiable. In view of this, our proposed algorithm can
be applied to a broader class of optimization problems compared to the algorithms introduced by
Upadhyay et al. [22].

It has been observed that all objective functions in the considered IVMOP are assumed to be
continuously gH-differentiable. Consequently, the findings of this paper are not applicable when the
objective function involved do not satisfy this requirement, which can be considered as a limitation of
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this paper. Moreover, the present work does not explore convergence analysis using alternative line
search techniques, such as the Wolfe and Goldstein line searches.

The results presented in this article leave numerous avenues for future research works. An
important direction for future research is the exploration of hybrid approaches that integrate a convex
hybridization of different conjugate direction methods (see, [34]). Another key direction is investigating
the conjugate direction method for IVMOP without employing any line search techniques (see, [38]).
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