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Article
An Approximation to Riemann Hypothesis

Li An-Ping

Independent Researcher, Beijing 100086, P.R.China; apli0001@sina.com

Abstract

Lately it is unfortunately found that there was a mistake of the sign of term (¢ — v)?/20 in Lemma 2.1
of the prior version, which prevented the proof of Theorem 1.1 from being completed as scheduled,
here we will give an alternative argument.

Keywords: Riemann zeta-function; Riemann hypothesis

1. Introduction

Riemann zeta-function {(s) is originally defined as

=1
i(s) = Z et for Res > 1.

and it also can be expressed as the product form

1
5)21;[1——1/}75, for Res > 1.

This formula is called Euler’s product formula, which indicates the relation between {(s) and prime
numbers. About {(s) there is a well-known Riemann hypothesis, states that all the non-trivial zeros
of {(s) are on the critical line Res = 1/2. The researches on the conjecture are no doubt a most
time-consuming one in mathematics, refer to see the survey paper [3].

The so-called trivial zeros of {(s) are s = —2, —4, - - -, and nontrivial zeros of {(s) are known all
in the critical strip 0 < Res < 1.

Denote by N(T) the number of zeros of {(o + it) in the region 0 < ¢ < 1,0 < t < T, and by
Np(T) the number of zeros on the critical line ¢ = 1/2,0 < t < T. Riemann hypothesis is that

No(T) = N(T).
For N(T), it is known that

T T T
N(T) = gy og 5. T O(log T). (1.1)

And for Ny(T), Hardy firstly shown that there are infinity many zeros on the critical line, and then he
and Littlewood [5] and Selberg [8] proved that

Levinson [6] proved

K>

UJI'—‘

and then this result has been improved successively. Conrey [2], Feng [4] proved respectively

x > 0407, x > 0.412.
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In this paper, we will prove that

Theorem 1.1.
N(T) = No(T) + &. (1.2)

where & < T'/?(log T)2.

The main arguments in this paper are based the papers [6],[7] and [1], but instead of using
Riemann-Siegel formula, it will be applied an auxiliary function w(s, Ty, T») defined in Lemma 2.1,
which will play a role of mollifier and ferry, it firstly used in [7] but here with a small modification.

2. Some Lemmas

In the following, it will be used an auxiliary function w(s, Ty, T ), which defined as following.
Suppose that T < T; < Tp, <2T, A = Tl-¢, for any € > 0,51 =A+c+iu,(c > 0),s =v+it, define

g(w) = e’ (w)A 7,
and

1 (T
w(s,T1,T2) = E/T g(s1 — s)du. 2.1)

1

Lemma2.1. Let 0 = A+ ¢ — 0,7 = min{|x — t||x € [Ty, To] }, there is
|w(s, T1, Ta)| < exp(((c —v)* = %) /20) (2.2)

Suppose A > No(= (2BAlog T)V/2, B > 0),ift € [Ty + A, To — A), then

lw(c+it, Ty, To) —1| < T7F. (2.3)
Andift <Ty — A, ort > Tr + A, then
lw(c+it, Ty, )| < TP (2.4)
If |t — u| = o(0?/3), then
Ct—u (t—u)® (c—0)(t—u) 1
argg(s1 —s) = % o2 - +0 - ) (2.5)

Proof. By Stirling’s formula, it has

Re(logT(o + (u — t)i)) = <U B %) log (o2 +2(u — 12

—(u—t) arctan(uT_i'L) + O(%)

—o+ % log(2m)

And
Re(log(T(c + (u — t)i))) + Re(log(A~(HH=Diy) 4 2
- g(fv)z B (”4;;)2 -l 2_0t>2 B éloga—l— %log(27'c) + O<tlf>
Hence, )
jw(s, Ty, To)| < el 2"\/% /T 12 e (D220 gy,  o((e=0)* =) /20
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Besides, it is familiar that
e = L /F(51 —s)A*%1s.
(c)
Hence,
1—w(c+it, T, T) = Ry + Ry,

where

eh e ,
— — A~ A=)
1= 5 /T2 F(A+ (u—1t)i)A du,

e T .
- — A~ A+=)i)
2= 5o /_oo F(A+ (u—1)i)A du,

Hence, if t € [T1 + A, T; — A], then

IRy| < /T :° AT(A + (u = H)i)A~ A =00 gy,
< AT1/2 /Too exp(—(u—t)2/2\)du
<TP 2
and similarly,
Ro| < A71/2 /_T:o exp(—(u—t)2/2\)du < T~F.

ift <T;y —A,ort > T,+ A, then

T
lw(c+it, T1, Tr)| < )fl/z/ ’ exp(—(u — t)2/2A)du < T7F.
T

1
If |t — u| = 0(c?/3), then

t—u  (t—uP  (t—u)
20 302 202

~(e—0)(t—u) —i—O(l
o o

Im(log(T(s; —s)A* 1)) =

_t—u (t—u)® (c—v

20 602 o

S—
—
—
|
=
N—
+
@]
7 N\
| —=
"

O

Lemma 2.2. Let L = log(T/2m), Go(s) = (s) +{'(s)/L,and0 <a <1/2,1<b<p—1,u € [Ty, T,
s1 = A+ c+iu, then

1 a+(u+A)i
/u 8(s1—5)Go(s)Go(2a — s)ds

ﬁ +(u—~)i

1 b+(u+A)i
~ o /bJr(qu)i g(s1 —5)Go(s)Go(2a —s)ds +O(b/T) (2.6)

Proof. Let % be the rectangle with vertices a + (1 — A)i,a+ (u+ A)i, b+ (u — A)iand b+ (u + A)i.
Take the integral [ g(s; —s)G(s)G(2a — s)ds, with the residue theorem, it has
B
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1 b+(u+A)i c (2 p
P 51 —5 s a—s)ds
i /b+(u_A)i 8(s1—5)Go(s)Go( )
1 a+(u+A)i c (2 p
=— 51—5 s a—s)ds
27Tl/a+(u—A)i 8(s1—)Go(s)Gol( )
1 b+ (u+A)i c (2 p
+ 5= / $1—5§ s a—s)ds
2711 Jat (i) 8(s1—)Go(s)Gol( )
1 a+(u—A)i J
+—./ 51 —5)Go(s)Go(2a — s)ds.
271 Jos (un)i 8(s1—)Go(s)Gol( )
On the upper side and the lower side, as |Im(s; — s)| = A, by Lemma 2.1, it has
g(s1 —5)| < 1/TP.
Besides, by the functional equation, it is easy to know
1Go(v+ (44 A)i)Go(2a — (v + (u £ A)i))| < T, (a<v<b).
Hence, the two integrals on the upper side and the lower side of %
1 b+(u£A)i J b
— s1—5)Go(s)Go(2a —s)ds < b/ T,
27T1/u+(uiA)i 8(s1—5)Go(s)Go( )
and the Lemma is followed.
O
Lemma 2.3. Suppose that 0 < « < §—2. Forr > 0, let
1 (T2 oputd /g \® 2 t
_ b —(t—u)*/20 it -
J(r) - /T1 /qu (27() e exp(lt og(re>>dtdu
Thenfor T1 —A <r <Tp+A,
= (N A2,102 704
J(r) = (27'c> r/egt fe™ R, (2.7)
Andifr <Ty — AN orr > To+ A, and A > NgT¢, then
J(r) = O(1). 28

Proof. Denote by

u+hA /¢ \* 5 t
_ —(t—u)*/20 :
F(u) —/u_A <_27t) e exp(ltlog(—re)>dt

And let t = u(1+ x),then
4 .
F(u) = (%) ue Fy (u),

where p = log(u/r) — 1,
A/u
Fi(u) = /_A/u exp(A(x) + B(x)i)dx,
A(x) = alog(1+4x) — (ux)?/20, B(x) = u(1+x)log(1 + x) + uxp.

By Gauss’s integration, it is easy to follow

F(u)=—- ex
1) UN1+ac/u?—ic/u

1 270 (M 4p—in/u)u
< Z(u/a-l-oc/u—i))
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and )
(N g 270 _ (log(u/r) —ia/u)°c
F(u)_<27"[) ¢ \/1+a0'/u2_ig'/uex < 2(1+D(0'/u2—i0'/u)
Ifr e [T — A, T+ Al letu = r(1 + x), then
F) = (5= Vargexp( -0 =) (14 e
~\2n P 2
and
T,/r—1 . 2 1
i/z P(u)rdxiL(Ly V2o \/E exp(a(a+o;+r12)>
27 Jry/r—1 2 \2m (0 +a—ri)/2 2(c+a)?+1?)
- (é)“rl/Zﬁem’M
Ifr<Ti—A,orr>To+ A, and if A > AgT¢, then
|F(u)| < Ta+l/2 o é 22'
exp 7) 3
< T¥V/27B < 0(1/T).
O
3. The Proof of Theorem 1.1 (To Be Completed)
Proof. Let i(s) = /2T (s/2), then the functional equation of {(s) can be written as
h(s){(s) = h(1 —5)(1 —s) 3.1
By Stirling’s formula, it has
logh(s) = %(s —1)log = — S + Cy+0( (3.2)
OBNs) =T 0B Ty T s ‘
Let f(s) = logh(s), then
W(s) 1 s 1
/ _ _ 2 -
f'(s) = W) 2 log 7t O(s) (3.3)
and for larger ¢
! / _ _ i 1
fi(s)+f(1 s)_logzn—l-O(S) (34)
Taking logarithm of equation (3.1), and then derivative, it follows
h(s)Z(s)(f'(s) + f(1=5)) = =h(s)Z'(s) = h(1 =)' (1 =) (3.5)

We note that the right side of (3.5) is a sum of two conjugative complex numbers as s = 1/2 4+ it, so the
zeros of the right side of (3.5) occur if and only if

arg(h(s){'(s)) = /2 mod 7 (3.6)
On the left side of (3.5), clearly, k(s) is never zero, and by (3.4), so these zeros are just the zeros of
C(1/2+it).
Moreover, let x(s) = h(1 —s)/h(s), then {(s) = x(s){(1 —s), and

Z'(s) = =x({(f () +f(1=5)0(1—5)+7'(1-5)} (5.7)
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By (3.6), the zeros of (1/2 + it) are the ones
arg(h(1 —s){(f'(s) + f'(1-5))f(1—s)+'(1—s)}) =n/2 mod 7
on o = 1/2, equivalently,
arg(h(s){(f'(s) + f'(1 —5)){(s) + ' (5)}) = /2 mod 7 (3.8)
ono =1/2. Write L(s) = f'(s) + f(1 —s), and denote by
G(s) ={(s) +'(s)/L(s) 3.9)
The investigation above means
No(T) = %Ag arg(hG(1/2 + it)) (3.10)
By(3.2), it can be known that
Af arg(h(1/2 +it)) = glog % - g +O(log T) (3.11)

So, the main task to determine Ny(T) is to calculate Al arg(G(1/2 + it)).

Let L = log(T/2m), U < T, and let D be the rectangle with the vertices 1/2 + iT, ¢ + iT,
c+i(T+U),1/2+i(T+ U),(c > 3). First of all, we might as well assume there are no zeros of G(s)
on the boundary of D, then by the principle of argument, the change of arg G(s) around D is equal to
27 times Ng (D), the number of zeros of G(s) in D.

On the right side of D

|G(c+it)—1] < ) n “+O0(1/L) <1/3
n>2

so, arg G(s) change less than 71. On the lower side and the upper side of D, by a known result [9, §9.4],
a extension of Jessen’s theorem, taking account on the order of G(s), we can know that arg G(s) = O(L)
as0 <o <3,and argG(c +it) = O(277) as ¢ > 3, hence, for any 0 < b < ¢, it has

/bc arg G(o +iT)do, /bc arg G(o + i(T + U))do < O(L) (3.12)

So,
AU arg(G(1/2 +it)) = —2nNg(D) + O(log T) (3.13)

Now the work is turned into to evaluate Ng (D).
Let1/2 —a = O(1/L), and % be the rectangle with vertices a + iT, c +iT, c+i(T + U),a +i(T + U).
Taking the integral [ log G(s)ds, by the Littlewood’s Lemma [9, §9.9], it has
4
T+U T+U c
/ log |G(a + if)|df — / log |G(c + it)|dt + / arg G(o + i(T + U))do
T T a

_ /C arg G( + iT)do = 27 Y dist (3.14)
a

where ) dist is the sum of the distances of the zeros of G(s) from the left.
By (3.9), it is easy to know

T+U T+U
/ log G(c + it)dt :/ log Z(c + it)dt + O(1/L)
T T

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and it is familiar that Aln)
—A(n
logé(s) = ; nslogn
So
T+U
/ log|G(c+it)|dt < 1.
T
With (3.12), the rest is to calculate the first integral of (3.14).
By the concavity of logarithm, it has
T+Uu 1 pT+U
/ log |G(a + it)|dt = E/ log |G(a + it)|dt
T T
< Yutog (L [ 1Glat it 3.15
<3 og(U/T |G(a +it)] t) (3.15)
At first, we simplify G(s) as
g'(s)
Go(s) = &ls) + 7~
Then
G(s) = Go(s) + E(s).
(L 1\ Lo
E6) = (g5~ 1)76) < 56
And
I N2 T SN2 T . .
/ G(a +it)] dt:/ |Go(a + it)] dt+2Re/ Gola +it)E(a — it)dt
T T1 T
T, .
+ |E(a + it)|~dt (3.16)
Ty
By Cauchy’s inequality

T2 T2 Tz 1/2
/ Gola+it)E(a — it)dt < (/ |Go(u-|-it)|2dt/ |E(u+it)|2dt>
T T T

The third integral in the right side of (3.16) is much smaller than the first one, which will be actually
calculated later, hence

T T,
/ |G(a+it)|2dt=(1+e)/ |Gola + it) [2dt.
T il

Let

= — —5)ds1. 17
wis) =5 [ gls-s)ds (3.17)
[u—t|<A
From Lemma 2.1, it is known that w (s) is the domination of w(s, Ty, T»), and which is a positive real

number apart from a small error term.

Moreover, let

¢(s) = wi’?(s). (3.18)

Then it has
argp(v+ Tyi) = 0(1), arg¢p(v+ Tai) = o(1).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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And . .
/ arg ¢(v + Tyi)dv < o(c), / arg ¢(v + Toi)dv < o(c). (3.19)
a a
Moreover, by Lemma 2.1, there is
T,
/T log [¢(c + it)|dt < TP (3.20)
1
(3.19) and (3.20) indicate that function ¢(s) may be used as a mollifier.
Let
G(s) = Go(s)P(s)- (3.21)
In the following we will replace G(s) by G(s), and let
T
I=[ |G(s)]at (3.22)
Ty
Then,
T;
z= [ IGo(s) P (s)a
A )
27'[/ / (51— 5)du| Go(a + it)|2dt
27_[/ / sl—s |G0(a+1t)|2dtdu+R1 + Ry — R3 — Ry
where

T1+A T1 . 2
Ri=5 / | gls1 = s)dulGola+it) Pat,
Ry :%/T /u g(s1 — s)du|Go(a + it)|*dt,
R; :%/ /T1 g(s1 — s)du|Go(a + it)|*dt,
T+A T
Ry = / / (51 — 8)du|Go(a + it)[2dt.
27T u—A
By the mean-value theorems (cf. [9, Ch.7]), it has
T1+A
Ry < /T |Gola + it) 2dt < AL,
1

similarly,
Ri <AL, i=234

Then, by Lemma 2.2, it has
b+(u+A)i
=5 / /b g(s1 —5)Go(s)Go(2a — s)ds + O(AL)
Moreover, by the functional equation of { (z), it has
((a—(b+it)) =x(2a— (b+it)){(1+b—2a—it),

'(2a— (b+it)) = —x(2a — (b+it))(L{(1 +b—2a +it) + (1 +b—2a +it))

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and
J'(1+b—2a+it)

Go(2a — (b+it)) = —x(2a — (b+it)) T

and it is easy to know

_ V) — f1/2+b-2a _m b
x(2a— (b+it)) =t exp< 1 —I—ztlog<2ne>>

Hence,
I=L+DL+ O(AL).

where | |
/ / Sl_sX(Zﬂ—(bﬂt))é(bﬂt)g(1+b;2“+lf)

/ / g(s1—9) (Za—(b—l—it))C/(b;— it) Z;/(1—‘_bgza_|—it)clt01u

dtdu

Expanding {(s) and {’(s) as Dirichlet’s series, and by Lemma 2.3, it has

27 x)? lo

L xy>1 xb]/bl
—2m (xy)? logxlogy
L =
[2 xyZZl xbyb’
wheret/ =b+1—2a,and b = c(> 1).
Dividing I; and I into three parts respectively,
L=hy+hp+hz= ) + )3 + Y
2mxy<Ti—A T —AL2nxy<Tro+A 2mxy>Tr+A
L = 12,1 + 12,2 + 12,3 = Z + Z + .
2rixy<Ti—A T —AL2nxy<Tr+A 2rxy>Tr+A
Then by Lemmas 2.1,~,3,
1 1
Ly < i Y %‘V, =o(1)
2mxy<Ti—A X7y
1
Ly <y Y =o(1)
2mxy>To+A
1 log xlogy
12,1 <K ﬁ T = 0(1)
2mxy<Ti—n XY
1 log x1
ha<; ¥ 5Bl
Xy
2mxy>To+A
and
2
11,2 = —T[ Z X1_2u logy,
L T1 —AL2mxy<Tr+A
-2 _
Ly = Iz x1 72" log xlog y.

T —AL2mtxy<Tr+A
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Let 1 1
Hn)=—+ Y " logy-— 2 Y x'"*logxlogy
1<xy<n 1<xy<n
It is easy to follow that
H(n) = n nl=-2a _ log?n . logn 1
S L2(1-a)\ (1-24)% 2(1-2a) (1-2a)2 (1-2a)3
Let x = (1 —2a)L, then
H(n) = 2}';—3L(ex —1—x—x%/2) =nL/3 (3.23)

Obviously, estimation (3.23) is not sufficient for the proof of Theorem 1.1. Nevertheless, there is an
alternative way to improve it.

Actually, the argument of Levinson [6] can be extended to differentiate the functional equation of
{(s) to higher order k, and similarly to obtain the functions G(s, k), k = 1,2, ..., and similar results as
(3.23), and more sharper.

For examples, for k =1,

G(s,1) ={(s) +'(s)/L,

and il
H(n,1) = F{al(x)ex —by(x)} =nL/3. (3.24)
where
a1(x) =2,
bi(x) =24 2x + 2.
Fork =2,
G(s,2) =(s) +47'(s)/L+47"(s) /L2
and Wl
H(n,2) = F{az(x)ex —by(x)} =nL/5 (3.25)
where
ap(x) = 384 — 192x 4 48x? — 8x> + %,
bo(x) = 384 +192x + 48x2 + 8x° + x*.
And fork = 3,
G(s,3) = ¢(s) +67'(s)/L+127"(s)/L* + 87" (s)/L>.
and il
H(n,3) = 7{{13(3()6" —b3(x)} =nL/7. (3.26)
where

a3(x) = 46080 — 23040x + 5760x? — 960x> + 120x* — 12x° + x5,
b3(x) = 46080 + 23040x + 5760x% + 960x> 4- 120x* + 12x° + x°.

So, it is predictable that for k > L/2, there will be

H(n, k) = n.
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and
IT=U+T¢,
where € is a arbitrary small positive number.
And
T+u
/ |G (a+it)|2dt = U + T€.
T
Let U = T, by (3.15), it follows
T+U T
i < —1+e
/T log |G (a +it)|dt < 210g<1+T )
< T¢. (3.27)

With (3.12), (3.14), (3.19),(3.20) and (3.27), and (1 — 2a)L = 1, it follows

T¢ +O(AL)

T1/213
1/2 —a <

2nNg(D) <
i.e.
Al arg G(1/2 +it) < O(TYV2L3).

and
(N(2T) — N(T)) — (No(2T) — No(T)) < O(T'/2L3).

Then let T be T/2,1 < k < log,(T), and summing. This proves Theorem 1.1 in the case that there are
no zeros of G(s) on the boundary of D.

For the rest case, let N; and N; be the numbers of zeros of G(s) on the left side of D, ¢ = 1/2,
and in D with o > 1/2, respectively. Indent the left side of D with small semicircles with centers
at the zeros and lying in ¢ > 1/2. Let Nj be the number of distinct zeros in the N; zeros. Let V; be
the variation in arg G in the jth interval between the successive semicircles. Then by the principle of
argument, it has

Y Vi — 7Ny = 27N, + O(L), (3.28)
J

Let W; be the variation of argument of

h(s)(f'(s) + f'(1=5))G(s)

in the jth interval, where W; is taken for increasing ¢, while V; is taken for decreasing . With (3.2) and
(3.28), it has

YW=t =1
] ]

=Im(f)|; " — 27Ny + Ny) + O(L) (3.29)

By (3.8), in the jth open interval, the number of zeros of {(1/2 + it) is at least
(W;/m) —1.
and in all the open intervals, the number of zeros is at least
1 y 1 T+U /
;ij—Nl —-1= %Im(f) r —(@2Na+Np) =Ny —1+0(L)
] T+U

= %Im(f) r —2Ng(D)+ Ni — N{ +O(L) (3.30)
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Moreover, by (3.7), we can know that on the side ¢ = 1/2, a zero of G(s) is also a zero of {'(s), and so
a zero of {(s), with multiplicity one greater, so there are N; 4+ Nj such zeros of {(1/2 + it), adding to
(3.30), in total, it has

No(T + U) — No(T) > %Im(f) T _2Ng(D) +2N; + O(L).

By (3.11), we can know
Ztm(f)| 7 = N(T+U) — N(T) + O(L)
7T
- (N(T+U) — N(T)) — (No(T + U) — No(T)) < O(T2L3).

O

Besides, we know that on the critical line a zero of G(s) is also a zero of {'(s), and so a zero of
{(s), with multiplicity one greater. Hence

Y (m 1) < Ng(D).

where sum is over the distinct zeros of {(s) on the left side of D, m is the multiplicity of a zero.
And so,
Y m <2Ng(D) < O(T"?L3). (3.31)
m>2
This means that the non-trivial zeros of {(s) are all on the critical line, and all are simple, with at most
O(T'2L3) ones excepted.
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